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Here we are interested in the |X> representation and | p> representation of the ket |1,//>,

in the forms of the wave functions <X|l//> and <p|t//> in the one-dimensional system. The

solution of the Schrodinger equation is given by such forms. We also introduce the
transformation function <X| p> which plays an important role for the Fourier transform

between the |X> representation and | p> representation. We also discuss the property of

the Dirac delta function.

1. | X> representation

The wave function y(X) in the | X> representation can be described by

w(x)=(x|w),
or

v () =(xlw) =(w|x),
where

|x'> is the eigenket of X with the eigenvalue x’.

|X'> is the state vector that a particle is located at X = X’.

KX|1//>‘2 dx : probability of finding a particle between X and x+dXx.
Note that

%) = x| x),

e

The eigenstate |X> obeys the orthonormality condition,

X

Xv> — <X"|X'| Xv> — Xv<xn| Xv> =x' 5(XH_XV) .

<Xn| Xv> — é‘(xn_xv) ,

where o(X"—-X') is the Dirac delta function.



Using the closure relation:
de| X)(x|dx =1,
the inner product can be rewritten as
(w|p) = Idx v |X)(x|@)dx = dew*(X)co(X)dX-

The state |X> is also rewritten as

=[de’| |dxj J'dx J'dx NS(x=X').

s | p> representation

The wave function in the | p> representation is defined by

w(p)=(p|w)

| p> : state that a particle has a linear momentum p.
plp)=p|p) (p"|p[p)=(p"|P'|p)=p'(P"|P) = p'6(P"~P"
K p|1//>‘2 : probability of finding a particle having a linear momentum between p and p +dp.
<[ Tew1o0(o) o)~ [ewloi(o) - Jowlopoc-o1 |

(p|p)=5(p-p"

Closure relation

[ do| p)(p|dp =1

3. Transformation function



| p'> is the eigenket of P with the eigenvalue p',
plp)=pp).
Note that in general, (formula)

(X plw)=

R h o
Bly) =" (). 1)

(This formula will be discussed later in association with the translation operator). When
|1//> = | X'> in Eq.(1), we get

When |y) =| p) in Eq.(1), we get

(x[p p) = p(x| p) = [ dx'(x

_Idx——5(x X)X |>

—&J.dxﬁ(x - x)(x'| p)

h o
—T&<X| p)

or

h o
T XP)= (X[ p). @

using the property of the Dirac delta function.

((Alternative method))
Using the formula

Sy 10
(loly) =22 ()
with |z//> :| p> , we get

(x

p

o) =7 = (x/p)= plx|p). o)



The solution of Eq.(2) is given by
ipx
(x|p)=C exp(%)
where C is the constant which is determined from the normalization condition.

() = ]l = 0 e expt- 2
X—X'
h

=|C|2J'exp[g(x—x')]dp = |C|227r§( )

or
(X[ x) = 5(x—x) = |C|227r5(%x') = [c[ 27h5(x - x')

from the property of the Dirac delta function (we will discussed later)

or
cl= o
N2
Here we choose a real number C given by
c-_1
27
The transformation function:
(x|p) = —exp(H), @)
or
(b= p)" = o100, ®

((Property of the Hermite operator p))

@)

(a|p|B) =(Blp*




Thus we have p* = p (Hermitian operator).

4. Fourier transform
We can define the Fourier transform using the transformation function

(plw)=[{p| >< v )

—j |w dx

= —% jexp(— 7)<X|w>dx

and

(cly) = [ ) plv ) == [exp5) plw o

Using this Fourier transform, we can confirm the formula

(x{plw) == (v

In fact, we have



fi 8
T (X j——— <——)mw>
= ﬁj pexp(7)< p|y)dp

= [ p(x|p){ply)dp
= [(x[p| p)(p|w)dp = (x|plw)

using the closure relation.

S. Summary
(1) Transformation function

ipx/h
giPx

()=

or

<p|X> :<p|X>* :ﬁe—ipxm

2) Fourier transform

<p|V/>:J‘_O;<p| >< |l// dX_\/_'[ e—le/h
and

(Xw)=[" (x| p)(p|w)dp = \/—J 0 oy Y
6. k) space

Here we introduce Kk, as p =7k

(p|p)=6(p-p"
= S[h(k — k"]

s = Lkl
= ok=k) h<k|k>

Then we have the following relation

w )dx



or

and

1

(KX =(cl) = e

Fourier transform in the x-k space

(klw) = [ {k[x)(xlw)ox

* e—ikx<x|l//>d

1
-Lr

and
(X} = [, (<l
:ﬁ [ e (k|y)dk

7. Expectation value

00

(k") = (Kl = [ )l )

= [ty e

o0

(p")=(w[p"lw)=[(w|p)(p|p"|w)dp

—00

<plw> "(pw)dp

Il
—38
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where

8. Another method to calculate <f)“>

< f)”> can be evaluated in a different way;

0

(87) =197 = [l o
. h oy (1
- (2]

o0

()= ()= [y o=

—00

o0

= [l (el

—00

or

o0

(3) = (w[%"w) = [(w|p)(p[%"|w)dp

—00

- [ ol ol

—00

)

9. Proof of Eq.(1)

(1) o= g (15 o= towie

N I
R
_ 27m'[jopneipx/h<p|w>dp



Then we have

n |px/h

:T; \/_j e (p'ly) dp\/—j p"e™"(p|y)dp

jdpjdp dee'”’ 0 pl) " (plw)

Note that
[axereoe 281 (p - Pl =2715(p - P
we get
| = popo'{p'W p"(p|w)s(p—p") =_po<p|w>* p"(plw)

—00 —o0

10. Proof of Eq.(2)

()= [ ol (02 ol

(ih%jn<p|w> — j:(ihijne—w<x|w>dx
i

I x"e |px/h

lpx/h

(x7) = __[0 p\/_J. ™" (x|y) dx' l;zh [ xme™ " (x| )ax
= L[ ax o (xlu) X" (x]y) [dpen 0
Note that

[ dpeP* " = 27h5(x — x')



(=)= dxzdxv<xv|w>*xn<x|w>5(x_xv) [ k(x| x|y

11. Mathematica
The FourierTransform is defined by

w (k) =(k|y) =f [e7 "y (x)dx

w(X) = (x|y J_ Je (ak

In Mathematica, we use the following command for the above Fourier transform.
Fourier transform of y (X):
FourierTransform[ i [X], X, K, FourierParameters— {0,-1}]:

Inverse Fourier transform of  (k):
InverseFourierTransform[ y [K], k, X, FourierParameters— {0,-1}]:

w(p)= < p|l//> can be calculated from w (k) = <k |z//> as

1

v =(ply)=r=(kly)= \/—t//(k)
where
P
.

Note that

w(p) = \/1— Te‘ikxw(X)dX

F je hz//(x)dx

—_yk=2
ﬁw[ h]
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12. Exercise-1 (Gasirowicz, p.53)
Given that

2

v (x) =[1j_ e
(04

calculate

(a) <X“>=<w|f<”|w>=TW*(X)X“W(X)dX

(b) Ax= <x2>—<x>2 .
Solution

N o o [+ (D"] o N
()= Ty coxpo == ==a " *r )

13. Exercise-2
Calculate the momentum space wave function for system described by the wave
function

2

y(x) =(1j_ -
o

calculate

n

@ <p”>=Tw*(p)p”w(p)dpsz*(x)(iﬁ]; (X)X

Xn

11



—|kx

(X|y)dx

(k) =(k|w)= FI e

- 7[1/4\/%(;) \/EeXp(_W)

V(D)= (ply) = (klv) = [

1 3/4
- 7[1/4\/5(5) \/EGXP(—Z)

(k)= (i) v o

—00

1+n

2\/—[lJr( "l I=>

h
AXAP = —
P 2

((Note))

n

o\ foe (R) D
<p>‘_[f” (x)[ij ~

w (X)dx

<I52> = _ZW*(X)(?] aa—);t//(x)dx = a;lz

W AT
(p)= Ll// (X)( : jax w(X)dx =0

—|kx

dx

14. Exercise-3
Given the wave function

12



w(X)=

x* +a?

(a) Calculate N needed to normalize y(X):
(b) Calculate <)?”> . What values of n lead to convergent integrals?

(©) Calculate <p2 > directly, and using the momentum space wave function.
(d) Use the definitions

O e P O S

to calculate AXAp for this problem.

((Solution))
(a)

aa/z\/?
N =a3/2\/§, T
T

Fig. Plot of y(X) as a function of x. a = 1.

(b) )
(x")=(w|%"|w) = [w" COX"y(x)dx

1 NiaN m _ n_ﬂ'
== [+ (D' l)sec( : j

13



only for n =1 and 2.
()= wl%ly)=2’
(x) = wlily) =0

(c)

i) =(kly) == e (xly)ox
= Jae *[e**@(—k) + O(K)]

Fig.  Plot of (k) as a function of k. a=1.

o0

(k") = (ko) k" (ko )k

—00

1
= 21+n

[1+(-1)"]a"T'(1+n)

(d)

14



s[4 - 4
Then we have

AxAp:i>E
2

NG

15.  ((LiBoff 5-53))

A free particle moving in one dimension is in the state
o a%k’

(X|y)=w(x)= J.efTi sin(ak)e™dk

(a) What values of momentum, px = p of the particle will not be found?
(b) If the momentum of the particle in this state [<X|l//> =w(X) ], in which momentum

state is the particle most likely to be found? Hint: calculate <p|1//> =w(p).

(c) If a = 2.1 A, and the particle is an electron, what value of energy (in eV) will
measurement find in the state described in part (b).

((Solution))
(a)

We note that

T 1 I ikx
()= [Oxlfkly )k == e i
Comparing this with
© ak? _
X|y)=w(X)= |e ? isin(ak)e™dk
(Xp)=p 0= | (ak)e"
we get

a’k?
<k|l//> —e 2 isin(ak)

1
N2

or

15



aZk?

<k|1//> =27e 7 i sin(ak)

Since p =7k and |p>:%|k>

azp2
(blv) = (Klv) = e isin®)

2,2

22T N (3
‘<p|l//>‘ B A € Sin (h)

2,2

_ap” )
Plot of the P(x)=¢ " sinz(%) =e™* sin’ k with x = % by using Mathematica 5.2

We find that P(x) becomes zero at k=0 (p =0) and x =+ (p = *o0).

(b)

dP(x)
d:

=26 sin k(Cosk — Ksink)

When « = % ==+0.86033, P(x) has a local maximum.
(c)
The energy of the free electron is given by

hk> h22 0.86033 .,
E() ===

)? = 0.64eV

where
a=2.1A=2.1x10% cm
m=9.109381x 1028 g

1h=1.05457 x 10?7 erg sec
1eV=1.602176 x 10"? erg

Note that we can calculate <X|w> using Mathematica

16



| [z (x—?z (x+?2
<X|W>=E\/;[_e 2w e 2]

((Mathematica))
Clear["Global %"]; Clear["Global " %"];

exp_* :=exp /- {Complex[re_, im_] :» Complex[re, -im]};
f = Exp[-x*] Sin[x]?;

Plot[f,{x.-3.3}.PlotStyle-»{Hue[0],Thick},Background-GrayLevel|0.5],
AxesLabel->{"x","T"}]

g1=D[F,x]//Simplify

2e Sin[x] (Cos[kx] -k Sin[x])

Plot[gl, {x, -3, 3}, PlotStyle » {Hue[0], Thick},
Background - GrayLevel [0.5], AxesLabel -» {"x", "1"}]

hl = Cos[x] - k Sin[x]; FindRoot[hl == 0, {x, O, 1}]
{x - 0.860334}



FindRoot[hl =0, {x, -1, 0}]
{x - -0.860334}

- 2,2
gZ:J Exp[-azk ] (2 Sin[ak] ) Exp[i kx] dk // Simplify[#, a> 0] &

a+x2 2%
T o2 =
e 2a (—1+ea

a

g21=92 /. x»a¢& // Simplify

o3 162 (-1+e29)

s
2

a

Plot[Abs[g21]® /. a»1, {£, -3, 3}, PlotStyle » {Hue[0], Thick},
Background - GrayLevel [0.5] , AxesLabel » {"¢", "z[rz"}]

Physics constant

phycon = {uB » 9.274009 x 10", A »1.054571x 10", m »9.109382 x 10,
e-4.803242x107%, eV » 1.60217642 x 10?};

n? ( 0.86033

2
Energy = o ) / eV /.a-»2.1x107% /. phycon
m

a
0.639461

16.  ((Sakurai 1-21))
Evaluate the x-p uncertainty <(AX)2><(Ap)2> for a one-dimensional particle confined
between two rigid walls

V =0 for 0<x<a, 00 otherwise.

Do this for both the ground and excited states?

18



[nfinity

Fegion |

Region I

Region |

The Hamiltonian:
b=t

2 2

Ho(x) =~ & %) = Eg(x) =

2m dx’
The solution of this equation is
@(X) = Asin(kx) + B cos(kx)

where

Using the boundary condition:

p(x=0)=p(x=2a)=0




we have
B = 0 and A#0.
sin(ka) =0
ka=nz (n=1,2,..))

Note that n = 0 is not included in our solution because the corresponding wave function
becomes zero. The wave function is given by

. Nax 2 . nax

2,(X) =(X|p,) = A, Sm(T) =\ SIH(T)
with

-5

2m\ a

The calculation of <X> and <(AX)2>

(x)=(g.[dl0) = [dx, C0xp, 00 =

0

(%) = (0, [%]n) = [ b, 00X, (00 = %(2 —n%z)

) o\ g2 & o 3 & a1
(a5 = () <X>_6(2 ) 4_n27z2(12 2

The calculation of (p) and <(Ap)2>

o) = Fao 02 0 o
<p>_<¢n|p|¢n>_£dX¢n (X) | aX¢n(x)_0

20



. . _a . E 26_2 B @ 2
(p*)=(p, 0 |¢n>_.(|;ngon (x)(i] v (/)n(x)—( " j

(8 =(p*)=(p)" = (@j

a

Then we have

) 2 2 2232
(Ax)' (Ap) =2 2(n > —ljn ol

nz-\ 12 2) a

((Mathematica))

21
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Clear["Global "*"]; Clear["Global *"];
exp_*:=exp /. {Complex[re , im_] > Complex[re, -im]};

2 _ rhnax
¥x ] :=\/;S|n[ n ];

a
avx = J- x ¢ [x]12dx // Simplify[#, n € Integers] &
0

a
2

a
avsgx = j x? g [x]%dx // Simplify[#, n € Integers] &
0

A a
avp = — j Y[X]D[¥[x], x]dx// Simplify[#, n e Integers] &
1 Jo
0]
A\2 (a _ -
avsqp = (;] J;w[x] Dly[x], {x, 2}1dx // Simplify[#, n e Integers] &

n? 7% n?
22

X1 = (avsqx - avx®) // Simplify ; P1= (avsgp - avp?) // Simplify;

hl = X1P1
1 o 6 2,2
12n (1—n2ﬂ2)ﬂh

Vhl /.n-1//Simplify[#, £>0]1&//N
0.567862 h

17.

(a)

((Sakurai 1-27))
Suppose that f (A) is a function of a Hermitian operator A with the property,

a)=ala)

Evaluate <b”| f (A)|b'> when the transformation matrix from the a' basis to the b'

basis is known.
la)=U[p), [a)=U]b")

22



where U is the unitary operator.
(b) Using the continum analogue of the result obtained in (a), evaluate

p)

(PIF)

Simplify your expression as far as you can. Note that f =(X,¥,Z). We assume
that F(r) depends only on r;

F(r)=F()
with
((Solution))
(a)
[b)=Ula), b) = Ula)
or
bl=@o. =y
(b"[f (A)|b)=(a"|U* f (AU|a)
= ;<a"|0 “f(Aa")aUla’)
- ;<a"|0*|a'”>f (@"")a"Jla’)
DY VEERICHIVEY
where
(a"U"fa) = (a0
(b)

23



"

)= e e e e )
_Jdr Idrn pn|rn>|:(r) v| >< v| pv>
:'[drj'dr" p"[rF(r)S(r=r")(r'| p')

= Jdr(p[r)F (e p)

Using the transformation function

1 in-
(rlp) = e )

'H

Idr exp(—u) F(r )exp(—)

{

P)= (2 h)

—— [dr expll PP gy

2 h) h

Here we use the spherical co-ordinate (r, 6, ¢). The direction of Ap =p'—-p" is the z axis.

AP
F

dr'=r”sindr'd&d¢

(pv_ pu) = | pv_ p”|r'cos<9

24



Suppose that F(r) is a function of the magnitude of r.

< | > 2 h) .[F(I’ )r'zdrj.dé’sm@exp[m]
Note that

Tdesin O exp[ i[p'—p'lr'cos 9] _2n Sin@ o p..|r,J

0 h |p'_ pu|r, h
Then

o h
" F r ' 12 Ln )
(p"|F(®)|p') = (Zﬂh) e
h
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APPENDIX-I Heisenberg’s principle of uncertainty
Here we chose the wave function in the X-representation, as

2

X
40° )

w(X)=(X|y)= exp(—

1
\N27wo
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So that the probability P(X) =|l//(X)|2 has a form of the Gaussian distribution function.
We note that

T|W (X)|2 dx =1 (normalization)

—00

and

2

P(X) =l (X)f = éa exp(— )

(Gaussian distribution function)

The uncertainty AX is evaluated as
(Ax) = jx2|w(x)|2dx =0’

Fourier transform of w(X) can be obtained as

w(p)=(ply)

1 [ 1 X’ q
_EIGXP[_E pX]\/\/Eo- exp(—402) p

2 1/4 . 262

(;) Vo)
1 2

——————expl-—5—]

Noy 2y
20 20

The probability P(p) also has the form of the Gaussian distribution function.

P(p)=|w(p)

20 2p’c?
= — —C —
\E 5 P

)

2

I 1 p
exp(— )
h 2
N2 ) h :
20 4o
2

_ 1 b
“2ro, 0

p

26



where

We note that the normalization condition is satisfied,
< 2
[lw(pldp=1

The uncertainty Ap is evaluated as

) hZ
(ap) = [P dp = 5 =0,
Then we get
AXAp = ai = E
20 2
((Mathematica))
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Clear["'Global '] ;
P[x_] :=

Exp[_—l2 xz];

1
V2n o 20

mez P[x]dx// Simplify[#, o> 0] &

[ee]

02

Jm P[x]dx // Simplify[#, o> 0] &

[o0]

1
wIx ] := = Exp[4_—12 x2]
V2r o o
_ 1 ® -1 p X
x[p_1 == NCET L‘)Exp[ - ]dr[x] dx

28



x1=x[p] // Simplify[#, o> 0] &
02 52

(e_ 72 (%)l/4\/€

J.m p?Ppdp // Simplify[#, {a>0, o> 0}] &

h2
4 c?

F Ppdp // Simplify[#, {>0, o > 0}] &

oo}

1

APPENDIX-II
Mathematica: Fourier transform
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FourierTransform

FourierTransform expr, t, w]
gives the symbolic Fourier transform of expr.

FourierTransform(expr, {t;, b, ...}, {wl, w2, ...}]

gives the multidimensional Fourier transform of expr.

w Details and Options

1

Vo

The Fourier transform of a function f(t) is by default defined to be

[ fve“tdt.

Other definitions are used in some scientific and technical fields.
Different choices of definitions can be specified using the option FourierParameters.

With the setting FourierParameters -> {a, b} the Fourier transform computed by FourierTransform is
Ibi ;
— ﬁ ftye' Pt dt.
Q2n)ia J-=

Some common choices for {a, b} are {0, 1} (default; modern physics), {1, -1} (pure mathematics; systems engineering),
{-1, 1} (classical physics), and {0, -2 Pi} (signal processing).

The following options can be given:

Assumptions $Assumptions assumptions to make about parameters
FourierParameters {0 , 1y parameters to define the Fourier transform
GenerateConditions False whether to generate answers that involve

conditions on parameters

FourierTransform [expr, t, w] yields an expression depending on the continuous variable w that represents the symbolic
Fourier transform of expr with respect to the continuous variable t. Fourier (list] takes a finite list of numbers as input, and
yields as output a list representing the discrete Fourier transform of the input.

In TraditionalForm, FourierTransform is output using 7. »
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