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1. Definition of the operator N
We define the operator N from the eigenvalue problem

filx) = X|x).
with

n

0)=00)=0, f

1) =11 =1

where X =0 and 1. A is the projection operator and is defined by

The matrix of A under the basis of {|0> ,

. (0 0
n=

The operator N is the projection operator on the state |1>

1) } is given by

2. Definition of the operator M =1-1
We define the operator M as

m=1-A

where 1 is the identity matrix of 2x2,

~ (1 0
1=

For simplicity, here, we use M instead of . We note that
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9 =)~ = -2

X) = (1-1)

Thus we have

m

1)=0/1)=0

0)=|0), m

The matrix of M under the basis of {|O> , |1> } is given by

. (1 O
m=
0 0

The operator N is the projection operator on the state |O>

3. Properties of 1 and M

A

A% =A

=m

=3
I

n=0

=3

m =

>

m+n=1

4. Pauli matrix



1 oy 1 A A
h=—(1-2), m=—1+2), Z=A-m
S(1=2) S1+2)

Py

Y =iXZ =-iZX , 7 =iYX =—iXY, X =iZY =-iYZ

S. Hadamard operator
A=t Mo Lxez
22U -1 2
HE = (R4 2R+ 2) = (K24 X+ 2R +2%) =1
HXH =7, HZH=X.
Note that
HXH :%oe + )RR +2)
:%oz L2+ X2)
:%(mzmzmzm
=%<>e+z+>222_22>2)
_7
H2H =%<>z L+ D2(R+2)
=%(>€ +Z2)(1+ZX)
:%(mz_xznzzx)
:%(mz_zmz)
_ X

HOH = (X+2)®(X +2)= (X ®X +XOZ+2@X +Z®2)
6. Calculation of matrices by using Mathematica
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Clear["Global +"]; 12 = ldentityMatrix[2];

(00
(0 1

Y = PauliMatrix[2] ; Z = PauliMatrix[3]; ¢0 = (

s1=(7);

m // MatrixForm
5 o)

00
n// MatrixForm

o 1]

n.n-n// MatrixForm

ool

m.m-m// MatrixForm

ool

); m=12-n; X =PauliMatrix[1];

1
0

):



n.X-X.m// MatrixForm
[0 o)

00
m.X-X.n// MatrixForm
[0 o)

00
m-n// MatrixForm

1 0

o -1
Z. X+ X.Z// MatrixForm
[0 o)

00
(12-2) // MatrixForm

OO)
01

% (X +Z) // MatrixForm

- ~ NI

1

2
1
2

NI NI



1 ,
Hl = — (X+Z2); H1 // MatrixForm
V2
1
V2o V2
1
V2 V2

X_.X // MatrixForm

o 1)

Z.Z // MatrixForm

03]

X.Z+Z_X// MatrixForm
[0 o)

00
H1_.H1 // MatrixForm

03]

H1.X.H1-Z// MatrixForm

ool



H1.Z_.H1 - X // MatrixForm
[0 o)
00

H1 .40 // MatrixForm

1
V2
1
V2

H1.¢1 // MatrixForm

1
V2
_ 1

V2

11 = KroneckerProduct[m, 12] +
KroneckerProduct[n, X];
11 // MatrixForm



12 =

% (KroneckerProduct[12, 12 + X] +

KroneckerProduct[Z, 12 - X]) ;
12 // MatrixForm

1 000

0100
O00O01
0010

13 =
% (KroneckerProduct[12 +Z, 12] +

KroneckerProduct[I12 -Z, X]) ;
13 // MatrixForm

1 000

0100
O00O01
0010

S11 = KroneckerProduct[n, n] +
KroneckerProduct[m, m] +
KroneckerProduct[X.n, X.m] +
KroneckerProduct[X.m, X.n];

S11 // MatrixForm



ol oo
OoOmr OO
OOoOrOo
L O OO

C11 = KroneckerProduct[m, 12] +
KroneckerProduct[n, X];
Cl1l1l // MatrixForm

Z+ 1 X .Y // MatrixForm
[0 o)

00
Y+ 1 Z_X// MatrixForm
o o)

00
X+1Y.Z// MatrixForm

ool



KroneckerProduct[H1, H1] // MatrixForm

i 1 1 1
2 2 2 2
1 1 1 1
2 2 2 2
i1 1 1
2 2 2 2
i 1 1 1
2 2 2 2
Ul = (ull ulZ);
u2l u22

KroneckerProduct[12, Ul] // MatrixForm

ull ul2z O 0]
u2l u22 O 0]
0] O ull ul2
0] 0O u2l1 u22

hl =
KroneckerProduct[H1, H1] .KroneckerProduct[X, X] //
MatrixForm

N [ N“_\Nll—\ NI
NIFPNIFRNIFRDNIF

7. The CNOT gate with U,
The CNOT gate is defined by
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Ueor =M@ 1+A® X
=l(i+z”)®i+l(i—z”)®>2
2 2
=%(i®i+2®i+i®>€ ~7Z2®X)
with
UCNOT2:1
LjCNOT (1—2):(312 ®1

=%(i®i®i+2®i®i+i®>€ ®i-7®X ®i)
UCNOT(1—3)=%(1®1®1+2®i®i+i®i®>€—2®i®>2)

((Mathematica))

Clear["Global +'"];

12 = IdentityMatrix[2] ;

X = PauliMatrix[1]; Y = PauliMatrix[2] ;
Z = PauliMatrix[3] ;

UCNOT =

% (KroneckerProduct[12, 12] +

KroneckerProduct[Z, 12] +

KroneckerProduct[I12, X] -

KroneckerProduct[Z, X]) ;
UCNOT // MatrixForm
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UCNOT12 =

% (KroneckerProduct[12, 12, 12] +

KroneckerProduct[Z, 12, 12] +

KroneckerProduct[12, X, 12] -

KroneckerProduct[Z, X, 12]) ;
UCNOT12 // MatrixForm

1 00000O0O
01 0000O00O
001000O00O
00010000
O000O0O010O0
O000OO0O0O0O01
00001000
0O000O0100
UCNOT13 =

% (KroneckerProduct[12, 12, 12] +

KroneckerProduct[Z, 12, 12] +

KroneckerProduct[I12, 12, X] -

KroneckerProduct[Z, 12, X]) //
MatrixForm

1 0000O0O0O
01 000O0O00O
0O001000O00O
O0010000O
O00O0O0100
O00O01000O0
O000O0OO0O0O0O01
O00O0OO0O010O0

8. Swap (exchange) operator
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éswap is called a swap (exchange) operator, which simply interchanges the states of qubits 1
and 2.

A
A

Gappp =N®OA+ M@ M + (Xﬁ) ® (Xrh) + (Xrh) ®(>2ﬁ)

—_

=—(1-2)®d-2)+- (1+Z)®(1—Z)+ [X(l—Z)]®[X(1+Z)]

.l;

[X(1+2)®[X(1-2)]

-bl»—‘

12 @7)+ (X = X2)® (X +>zz)+i(>z L X2)® (X - X2)

~
—>
®
—>
p— .l;

—~~
—>
®
—
N>

+Z2®Z)+—(X +iY)®(X — i\f)+%()2—i\r7)®(X+i\f)

=N
®
_I_
x>
®
><
-<>

N~ N~ N~
.[;

QY +7Z®7)

Then the swap operator becomes equivalent to the Dirac exchange spin operator

9. Toffoli gate

la> ® la'>
|b> L 2 |b'>
|c> O |c'>
Only if |a-b) =|1)
[@)=[a),  [b)=[b)
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c)=Ulc)
Other wise
[@)=[a),  [b)=[b)
c)=lc)
Truth table
a b c a’ b’ c’
0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
0 1 1 0 1 1
1 0 0 1 0 0
1 0 1 1 0 1
1 1 0 1 1 U|0) =u,,[0) +u,,[1)
I 11 U)=u,|0)+uy,l1)
1 000 O0O0 O O
010000 O O
001 00O0 0O O I 0 0 O
& (U= 0001000 O] (0O 1 00
2000010 0 0 (001 0
0 000O0OT1 0 O 0 0 0 U
000 00O u, uy,
00 000 O0 u, u,
10. Example: equivalent quantum circuits

We show that a two-qubit controlled gate canted using a combination of one qubit controlled
gate as

GrooilU1= Gy 23(Conor @DA®CIV 1)Gepor DG, 5.
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€

S

This can be also described by
GroroilU1=Gy13(Conor @DIIO GV +)](G‘CNOT DG, 5
which means that éroﬁon[U] is a universal gate (reversible).

(RN

|
|
|
|
|
p |
|
I
|
|
|
|

et

E

r

|
|
| |
|
|
|
| |

The left hand-side is the Toffoli gate with the matrix U,

é‘ToffoIi [U]=

S O O O o O
S O O O O O

C
c

11 12

S O O = O O O O
S O = O O O o O

C

S O O O O o o
S O O O O o = O
S O O O O = O O
S O O O = O O O

C

21 22

where
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Lj :[Ull UIZJ
U21 U22

Suppose that the matrix U is expressed by U =V?, where V is the unitary operator.
The CNOT operator is given by

o>

cNoT —

0 X

S o o =
S O = O
- o O O
S = O O
Il
7N\
(=)
N——

GCNOT ®1 is obtained as

>

b 0 0 0

. ~ (1 0y ~ o [, 0 0
®1= ®1= 2 -
cwr@i=(y o]0 b 0T
0 0 I, 0

The control V gate is given by

. I 0 . (1 0
G[V]:[o VJ" Gl ]:(o v+]

Then we have

<
S o O

Gy :i®Lj[V]:

= === =)
o oo o o o
o oo -
o o < o
o - o o
< o o o

<
<

o o0 o0 o o o ~—
o oo o o o~ O
oo ocoSN=<oc o
o o o o B<

o oo —~ 0o o oo
o o~ o o o oo

=<
=<

évn is the matrix obtained from the matrix i@é[\/] by the appropriate interchange of row and

column,
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o - o o
= =)
N—

Il
OOOOOOVan
000000VnV1
OOOOVmeOO
0000VnV100
o oo - o o o o
o o — o o o o o
S —~ o o o o o o
— O o o o o o o

Il

| |

=

X0}

((Mathematica))
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1 0 O 0
Clear["Global *"]; 12 = IdentityMatrix[2]; CV = 01 0 0
15 12= y [21:CV=10 0 vi1 v12
0 0 v21 v22
10 O 0
01 O 0 i
CVP = 0 0 vllc v2ic |’
0 0 vl2c v22c
vil v12\ .
Vl:(v21v22)’

CUV13[A_] = Module[{Al, U, Ul, U1l1l, U122}, Al = A;
U = KroneckerProduct[12, Al];
Ul={U[[AIL, 111, ULLANL, 211, ULLALNL, 511, ULLAIIL, 611,
ULLALL, 311, ULLAIL, 411, ULLALL, 711, ULLALL, 811 };
U1l = Transpose[Ul];
Ulz = {U11[[1]1], U11[[2]1], U1L1[[S]], U11[[6]1], ULL[[3]],
UL1[[4]1], UL11[[7]11, ULL[[8]11}];

CV13 = CUV13[CV]; CV13 // MatrixForm

1000 O 0 0 0
0100 O 0 0 0
0010 O 0 0 0
0001 O 0 0] 0]
0O000OWwv11 vi2 O 0
0 00O wv21 v22 O 0
0000 O 0O wvl1l1l vi12
0000 O 0 v21 v22
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12];

KroneckerProduct[UCNOT,

]; UCNOTI2

OO0
OO
O+ 00O
= O O O

UCNOT

UCNOTI2 // MatrixForm

100000O00O
01 0000O00O
001000O00O
000100O00O
00000010

0O00OO0O00OO01

000010O00O0

00000100

KroneckerProduct[12, CV];

Cv23

CV23 // MatrixForm

0]
0]
0]
0]

0] O 00 O
O 00 O
O00O0Ov11 vi2 OO0 O

0]

0]
1

O 0v21 v22 0 O O

0]
0]
0]

O 01 O 0]
O O 0 vi1 viz
O O 0 v21 v22

0]
0]

0
0]

0]

0]
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CVP23 = KroneckerProduct[12, CVP]; CVP23 // MatrixForm

10 O 0O OO0 O 0
o1 O 0O OO0 O 0
0O 0 vllc v21c 0 O O 0
0 0 vl2c v22c 0 O O 0
o0 O 0O 10 O 0
o0 O 0O 01 O 0
o0 O 0O O O vllc v2ic
00 0 0 0 0 vli2c v22c

K1 = CV23.UCNOTI12.CVP23.UCNOTI12.CV13 // FullSimplify;

vlil vl1Z2 vlilc vZic) _
vve = (v21 v22) '(v12c v220) g
vllc v21c v1il vi12\ .
vev = (v12c v220) '(v21 v22) ’

Ul=V1.V1// Simplify;

rulel = {vvc[[1, 1]]1 -1, vvc[[1, 2]]1 -0, vvc[[2, 1]1]1 -0,
vvc[[2, 2]] -1, vev[I[1l, 1]1] -1, vecv][[1, 2]1] -0, vev[[2, 1]]1 -0,
vev[[2, 2]1]1 »1};

rule2 = {U1[[1, 1]1] - U111, U1[[1, 2]] »U12, U1[[2, 1]] » U221,
uirr2, 211 » U223y;

K11 =K1 //. rulel; K12=K11 //. rule2; K12 // MatrixForm
1 00000 O 0
010000 O 0
001000 O 0
000100 O 0
000010 O 0
000001 O 0
00O0O0O0O0 U1l U2
0O 0OO0O0O0O0 U221 U222
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L1 = CV13.UCNOTI12.CVP23_.UCNOTI2.CV23 // FullSimplify;

L11=L1//. rulel; L12=L1L11//. rule2; L12 // MatrixForm
100000 O 0
010000 O 0
O01000 O 0
O0O0100 O 0
O0O0O010 O 0
OO0O0O0O061 O 0
O 0OO0OO0O0O0 U1l U1z
O OO0 000 U21 U22
10.  Equivalent circuits

We show the equivalence between two quantum circuits as shown below,

L I
| U

W/

fa
\/

(i ® éCNOT )(GCNOT ® i)(i ® éCNOT )= (éCNOT ® i)én (CNQOT)
0 0 0O

S O O O O O o =
S O O O O O =
S O O o o = O O
S O O o = O O
—_ O O O O O O
o = O O O O QO
S O = O O O O O
S O O = O O O O

where
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0 000 O0O0FPO

1
0
0

0 000 OO

1

0 00 0O
1

0

0 00O

0 00

0

1

1

0 00 0 OO

0000 O0O0OTP O

0 00O

0 0 0
1

1

0

0

0 00 0O

e

CNOT ®

0 000 O0O0OTPO

1

0

0 000 OO

1 0 00O

0 00

0

0 00 0O

1

0

0 00
1

1

0 00O

0

1

0

0

0 00 0O

000 0OO0OTP O
000 0 OO

1

® GCNOT

Cr=—f

000 0O0O0DP

1

1 000 00O
1
0 00

0

0 00 0O
1

000 00O

0 00O

0

1

1 0 00
000 0O0O0ODP O

0 00O

1

1

000 0OP O

CNOT13

‘O
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o ™
) o o Fo ®
> >
o o o "o
> >
= I~
o SIS
= Iy
o © So Jeo
o — o o ©o o
o o o o o o
o o o o o o
— o o o o o
Il
e
®
=2
AGI

Vl 2
V22

Vll
0V,

]

Vl 2

00 V,
0 0 0V,

0

0
0

0
0

0
0

V2 2

Gl3[v]:

0
0

0 00 O
1

1

0

0 0 O

0
0

0
1

0
0 00

Vl 2

0000V,

V22

000 0V,

Vl 1 Vl 2

0
0

0 00 0 O

V2 2

Vl

0 00 0 O

((Mathematica))
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Clear["Global +"]; 12 = ldentityMatrix[2];

X = PauliMatrix[1]; Y = PauliMatrix[2] ;

Z = PauliMatrix[3];

V- (Vll V12)
V21 V22

UV =
% (KroneckerProduct[12, 12] +

KroneckerProduct[Z, 12] +
KroneckerProduct[12, V] -
KroneckerProduct[Z, V]) ;
UV // MatrixForm
10 O 0]
O1 O 0]

O 0O Vi1 V12
O 0O V21 V22

C12V = KroneckerProduct[UV, 12];
C12V // MatrixForm

1000 O 0] 0] 0
0100 O 0] 0] 0]
0010 O 0] 0] 0]
O001 O 0] 0] 0]
OO0OO0OO0VI1I1I O Viz O
O0O0OO0O O Vi1 0 Viz
O0O0OO0OOV2T 0 V22 O
OO0OO0OO0O O V21 0 V22
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C23V = KroneckerProduct[12, UV];
C23V // MatrixForm

10 O O 00 O 0
01 O O 00 O 0]
O OVl vi2 0 0 O 0]
O 0V2l1 v22 0O O O 0]
OO0 O O 10 O 0]
OO0 O O 01 O 0]
OO0 O O O O Vi1 Vviz
OO0 O O O O V21 V22

C1l3V =
% (KroneckerProduct[12, 12, 12] +

KroneckerProduct[Z, 12, 12] +

KroneckerProduct[12, 12, V] -

KroneckerProduct[Z, 12, V]) ;
C13V // MatrixForm

1000 O 0] 0] 0]
0100 O 0] 0] 0]
0010 O 0 0] 0]
0001 O 0 0] 0]
O 0O0OOVWV1I1Vi2 O 0]
O O0OO0OV21 V22 O 0]
O0O0O0 O 0O Vil V12
O0O0O0O0 O 0 V21 V22

11 Toffoli gate:
The Toffoli gate is given by
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—>
+
>

>S>
® ® ®

G, . =

toffoli

Il Il

3 3 3
® ® ®
¥ ® ®
+

>

S O O O O O O
S O O O O o = O
S O O O O = O O
S O O O = O O O

where
Genor =MO1+A® X

((Mathematica))

~

o O O~ o o o ©o >

>

®

>
(@)
2
e}
=3

—>
+

S O = O O O O O
—_ O O O O O O O D

®

S = O O O O O O =

®
+
5>
®

x>

®

x>

o o o -
S O = O
S - O O
X o o o
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Clear["Global *"1; 12 = IdentityMatrix[2]; X = PauliMatrix[1];

Y = PauliMatrix[2]; Z = PauliMatrix[3]; n = (8 2)
no (1 0).
“o0):
1000
0100].
UCNOT = | 0 5 0 11+
0010

TOF1 = KroneckerProduct[m, 12, 12] +
KroneckerProduct[n, UCNOT] ;
TOF1 7/ MatrixForm

1 O0O0O0O

OFr OO0 O0O0O0O0o

OO O0OO0O0O0o0O0o
ol eoloNolNolNol o)
ol eolNolNolNoll e
OO0 oOoor oo
OO0 oOoPr O0O0O0
OO0OPr OO0OO0o0O0o
O OO0OO0OO0OOo

12. Fredkin gate
The Fredkin gate is given by
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|

—>
—>
=3
+
a

12

=

>

o
®
>

GFredkin -

Il
® &
® ®
>
+
®
+
x>
®
>
+
=<
®
=
+
N>
®
5)
®
>

S o0 o o o o =
O o0 o o o —~ o
o oo oc o —~ o o
oo~ o o o o o -
o oo —~ o o o o
O oo o~ o o o
O —- o o o o o o
-_— O O o ©o © o o

where GSWAP is the SWAP operator,

S = O O
S O = O
- o O O

((Mathematica))
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Clear["Global +"]; X = PauliMatrix[1]; Y = PauliMatrix[2];

) ) _ 00\, (10},
Z = PauliMatrix[3]; n = (O l),m- (O O)’

12 = IldentityMatrix[2] ;
1000

O010].
SWAP = 0100!°
0001
Fredkin =
KroneckerProduct[I12, 12, m] +

KroneckerProduct [SWAP, n] // Simplify;
Fredkin // MatrixForm

1 00000O00O
01 000O0O0O
00100O0O00O
0O000O0O0O01O00O0
00001000
000100O00O
0O000O0OO0O0OO010O0
0O000O0OO0O0O0O0O01

SWAP =
% (KroneckerProduct[12, 12] + KroneckerProduct[X, X] +

KroneckerProduct[Y, Y] + KroneckerProduct([Z, Z]) ;
SWAP // MatrixForm

Or OO
OOoOorOo

0]
0]
0]
1

ol eReN

13.  Controlled V gate
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00VnV2

S - O O

— O O O
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Clear["Global *"]; 12 = IdentityMatrix[2];
X = PauliMatrix[1]; Y = PauliMatrix[2] ; Z = PauliMatrix[3];
V- (Vll V12)

V21 V22

uv =
% (KroneckerProduct[12, 12] + KroneckerProduct[Z, 12] +
KroneckerProduct[12, V] - KroneckerProduct[Z, V]) ;

RUV =

% (KroneckerProduct[12, 12] + KroneckerProduct[12, Z] +

KroneckerProduct[V, 12] - KroneckerProduct[V, Z]) ;

UV // MatrixForm

10 O 0
01 O 0
0O O Vi1 Vi2
0 O V21 V22

RUV // MatrixForm

1 0 0 O
0O Vi1 0 Vi2
O 0 1 O

0 V21 0 V22

14.  Controlled-U gate
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1 0 0 0
5 1A nn a n ~ o~ ~ |0 U, 0 U,
RUI==(1®1+1®Z+U®1-U®7Z)=

2 0 0 1 0
0 U, 0 U,
R(H)
1 0 00
. 00 0 1
RCNOT:() 01 0
01 00

15. Controlled-CNOT

1 000
Govor =®i+a@X =0 L O O[O
cNoT oo o0 1] |0 X
001 0
16. Fredkin gate
éFredkin :i®i®m+éSWAP ®n
=i®i®m+%(i®i+>2 ®X+Y®V+707)®n
1 0000O0TO OO0
01 000O0O0 0
00100000
jloooo0oo0100
10000100 0
00010000
0000O0O0T1 0
0000O0UO0O0 1

17. Toffoli gate
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Gy =MO1®T+ ARGy
—MRIRI+A®MA1+A® X)
—MRIRT+ARMIRI+ARAR X

1 00000O0O00O0
01 0000000
001 000UO0OTGO0| (1 00 O
oo o0 1000001 00
100001 0O0UO0 (00T 0
0000 O0OT1UO0OTGO o0 0 X
00 00O0TUO0O0 1
0000O0UO0T10O0
18. R-CNOT
1 000
Revor =i®M+ X @< 0 0!
CNOT — - O O 1 O .
0100
19. Swap gate

Gy =MOM+A@ A+ XM ® XA+ XA® X

:%(i®i+>2®xw®\f+2®2)
1 000

oo 10

101 00
00 0 1
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Hadamard gate:

20.

o o o Fo \®
> >
o OVmOVnO
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— ===
Il
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~
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Il
=
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0 00
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Il
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>

qm—%dcﬁ®i+2®i®hi®i®V—2®i®V)
1 000 0 0 0 0
0O1 00 O O 0 0
0O 01 0 0 0 0 0 I, 0 0 O
0001 0 0 0 0 0 I, 0 O
looo0oo0vV, Vv, 0 0| |0 0V o0
0000V, V, 0 0 0 0 0V
0000 0 0 V, V,
0000 0 0 V, V,

10.  Expression for GCNOT in terms of Pauli operators X and Z
We know that the controlled-CNOT gate can be expressed by

Gepor =M@1+A® X .
Here we consider another expressions for the controlled-CNOT gate. We start with
=0, =500
7 2

The projection operators are defined by

b =la=so o 0=3(, )

B 4P 1.

The operator X can be described as
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The operator Z can be expressed by

~ (1 0 .
Z= =m-N

Note that

since m+hA=1.

We now introduce the operator (controlled-CNOT gate), which can be generated from

1 00 0
. . . lo100
Gowor =M@I+AGX = = =

0010

GCNOT is equivalent to the controlled-X gate

A a I 0
Genor =CIX]= 0 X/

This can be derived using the Kronecker product. Since

BB =i, P-P-X

we get

N N
P =—(1+X), P=—(1-X
A 2( ) 2( )

Then the controlled-CNOT operator can be rewritten as
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Gernor =M® (P +P)+A® (P, —P)
MOP +M®P +A®P —A®P.

=(M+A)®P, +(M-A)®P.
=1®P +72®P
or
Goror =%[i®(i+>2)+2 ®(1-X)]
11.  The expression of GCNOT in terms of Hadamard gate H

The Hadamard gate is defined by

a- PNl Lizax
= — [ — + .
V211 -1 2

Then we get

T A ()

1Yl D) 111 - 1. o
=— =P =—(1+X)
1 -1)0 o) 2l1 1 2

Noting that 1> =11 and using the property of the Kronecker product, we get
g g the property p

HrfH =

1
2

1®@P =1®HMH)=(®H)(®mH)=1®H)I®MmI®H) ()

Similarly, we have

A 1 (0 O)I 1 1 (0 O
nH=— =— .
20 1A1 -1) ~2\1 -1

A 1 1 1 O O 1 1 _1 A 1 A A
HAH =— =— =P =—(1-X).
2\1 -1A1 —-1) 2{-1 1 2




Noting that Z = 1Z and using the property of the Kronecker product, we get
2P =20 HH)=ZeH)(®iH)=19H)Z®a)1®H) (2)
From Egs.(1) and (2), thus we have
Gevor =1®P. +Z QP
=1eH)A®@mI®H)+(1®H)YZ®MI®H)
=1®H)I®Mm+Z®MN)I®H)
which can be rewritten as
Genor =Gy =(1®H)R,(1®H)=(1®H)G,(®H).
since
R, =G,.

12. Matrix representation of Kronecker product for two qubits

R 1 0 (0 0 A
M = , A= , m+A=1.
0 O 0 1

1 0 0O 00 0 O
.~ 101 00 .~ (0 0 0 O
m®1: 5 n®1= ’
00 0O 0010
00 0 O 0 0 01
1 0 0 O 0 00 O
~ .10 0 0 O ~ .10 1T 0 0
1®m: s 1®n: )
0 010 0 00 O
0 00O 0 0 0 1
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0 00O
A s~ 10O 0 1 0
Xm® XA+ XA ® Xm = s
01 00
0 00O
1 1.0 0 0 00 O
.~ 1/1 1 0 0 .~ 110 0 0 O
MNP =— , NP, =—
210 0 0 O 210 0 1 1
0 00O 0 0 1 1
1 -1 0 O 00 0 O
A~ 1|/-1 1 0 0 .~ 110 0 0 O
MO®P =— , N®P =—
210 0 0 0 210 0 1 -1
0O 0 0 0 0 0 -1 1

13.  Equivalence of quantum circuits between éz and IQZ

We show that the controlled-Z gate GZ is equivalent to the quantum circuit with IQZ .
((Method-1)) The use of matrices

A

G,=M®I+i®Z

1000y (000 0
01 00/]000 0
“looo ol loo1 o
0000 (000 —1
100 0
010 0
o010
000 —I
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R,=1®m+Z®Hn
1 000y (000 0
0000/ (010 0
“loo10[oo0 o0 o0
0000 (000 -1

100 0

010 0

oo 1 o0

000 -1

L ]

Z

Fig. Quantum gates with éz and IQZ.

((Method-IT) Operation method

G, =(MRI+ARZ)(MR®I+A®2)
M RI+MA®Z+AM®Z +A*®Z°
- M1+l
—(M+H)®1
=1

R =(1®m+Z®@n(®mn+Z®n)
=1®M*+Z ®@MmA+Z ®Am+ 22 @A’
=1®@m+1®n
=1® (h + )
=1

41




where

Since

we get the relation

A

G, =R,.

The two quantum circuits are equivalent.

14. Quantum circuits related to the controlled U-gate
(a) Quantum circuit with éU —Me1+A®U.
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Fig. Controlled-U gate with GU =M®1+A®U . U is the 2x2 matrix.

G, =m®1+Ai®U
1000 (00 0 0
010000 0 0
"o 00000 u u,
0 00O 0 0 u, u,
10 0 0
o1 0 o
_Ooull u12
0 0 u, u,

()  Quantum circuit with R, =1®m+U ®n
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Fig.

Quantum circuit with IQU

)

OOO'—‘@

e

—_

U

=1

Qm+U ®

h.

U is the 2x2 matrix.

15.

Fig.

Qauntum circuits related to the controlled-CNOT

GCNOT

N

A
L/

Controlled-CNOT with GCNOT —M®I+A® X

GCNOT

3

S O O = O O O =

S O, O O O = O =

—+

—_ o O O O o o o >

®

S = O O O O O O x,

S O o O

oS O O O

- o O O

S = O O
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Fig.

[
N

GenoTiz 2

Quantum  gate  with  Controlled-CNOT  between 1  and

Genorrr = Genor ®I=M@1RT+A® X ®1.

GCNOT]Z = GCNo

Il
=
®
c o oo oo~ o =4
® ®
Seo e oo —~o o =
c oo o~ 0 o o >
®
SO -~ o o o o o O x,
-_ o 0 0 o o o o ®
—>
c oo —~ o o o o
c o~ 0o o o o o

S O O O O o O

2.

with
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2 @]
Genores
Jd A\
3 N

Quantum  gate  with  Controlled-CNOT  between 2 and 3.  with
Genorss = 1®Cgor = 1OM@T+1®AR® X .

>
(@)
=
[e]
3

GCNOT 23 =

—_> =

S - I R R
+
®
®
x>

=
®
o oo —~ o o o o >

S O O O = O O o =

S O O O O O = O
S O O O O = O O
S O =, O O O o O
— O O O O O O O
S = O O O O o O
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Genoriz 2

3 b

Fig. Quantum  gate  with  Controlled-CNOT  between 1 and
Genors =M I®1T+A®IR X .

®
>

®

®

S O 0 O O = o o =
®

>
S O R O O O O o =

+

S O O O = O O o >

GCN0T13 =

S O O O O o = O =
S O O = O O O O
—_ O O O O O O O
S = O O O O o O

S O O O O O O

16  R-CNOT gate with R.,,; =1®M+X ®n
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/A
1

RC NOT

2 .

Fig. Quantum gate with Royor =1®M+X ®A

Royor = 1®M+X ®1
100 0) (0000
0000|0001
oo 10| fooo0o0
0000 (0100
100 0
000 1
o o1 0
010 0

17. Quantrum circuits related to the SWAP gate

(a)  Swap gate with G, =M@ M+A®A+ XM ® XA+ XA® Xrh

R
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(OB
Il
=
&®
+
>
&
>
+
x>
3

Swap M ® XA+ XA ® Xrh
1 00 0) (000 0) (0000 (000 O
000O0|000O0 |000GO0[[0O0T0
o000l looool o100/ 0000
0000 00071 l0000/ (0000
1000
0010
o100
0001

~

(b)  Quantum circuit Ggp;, = Gy @1

1 K
GSWAP‘IZ 2 X
3

Fig. Quantum circuit including Swap gate between 1 and 2. _
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GSWAPIZ = GSWAP ®

x>
®
x>
>
&®
+
x>
>
®
x>
=3
®

p— >
—_— O O O O O © © 3

Il
=
®
o - 0o 0o 0o o o o *+

S O O o o o = O =3
+
>
®
>

ooo~oooo§)
o oo o — o oo ®

S O = O O O O O

S O O O O o o =
S O O O O = O O

(¢©)  Quantum circuit with Gg,,p,; =1 ® Ggysp

1
Gswapzs 2 X
3 X

Fig. Quantum circuit including Swap gate between 2 and 3. _
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Gonprs =1
1
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x>
>
®
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(d) Quantum gate with éSWAP13

GSWAP13
2

Fig. Quantum circuit including Swap gate between 1 and 3. -
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Quantum gates related to the Toffoli gate
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Quantum gate G
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Toffoli gate with G,

Fig.
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we change the number of subscript as 1—3, 2—2, 3—1,

In the expression of
This can be rewrirren as
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II:QTM'R:Ji
2
3
Fig. Quantumgate R, =1®1®@M+1@M®A+X ®
We note that
1 0
0 1
0 0
5 - SRS 0 0
Roioi =1 ®1OM+1@MON+ X N®N= 0 0
0 0
0 0
0 0

20.  Quantum gate related to the Fredkin gate
(@  Quantum gate with G__,, =M®1®1+A®GCy,,p
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GEredkin 2 P

3 X

Fig. Fredkin gate with G, ., =M@ 1@1+A® Gy’

Grrogin = MO T @1+ A ® Ggpp
—MRIT+ARMO®M+A® A+ XM ® XA+ XA ® Xrh)
—MRIVTI+ARMNOMN+A®RAR®A+N® XM ® XA+ N® XA® XM

10000O0O0O
01000000
00100000
00010000
100001000
0000O0O0T10
0000O0T1TO0OQO0
0000GO0O0O 01
where
Ggpp = MO M +A® A+ Xt ® XA + XA ® X
1000
001 0
o010 0
000 1

(b) Quantum gate with IQFredkin

57



RFredkin

3 o

Fig. Modified Fredkin gate with Ry, =1®1® M+ Gy @1

>
o>
g
>
o

RFredkin =1
=1

—_> >

+ o+

SO O = O O o o © >
>

=
'—*OOOOOOO@

®

SO O o = O O O O
S — O O O O O O +

S O O O O = O O

21. Quantum circuit equivalence to the Fredkin gate
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— Y D
j 1L/ L
Renoras “ Grofiori - Ronorss = (1@ 1®M+1@ X @) - (MO®1IQRT+A®M@1I+ARA® X)

(1®1em+1® X ®1)
=1®1eM+1®X ®n)- (N1 M+Mm® X
+ARMAM+ARMX ®A+A®A® X+ A®AX ®
—(MPI®M*+NO X @MA+A® MM +A®A® MXi
+ARAX @MXA+ MO X @AM+M® X2 ®A2+n®
+A® XA ® AX + A ® XAX ® AXA)
—MOI®M++A®M @M+ A ® A ® MAX
+A®AX @M*X +M®1®A
+A® XA®A’X +A® XAX ® AfX
—MRIRI+A®MNOM+A®A®N+A® XA® XM ++A ® X ® XA

n

®

where
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CNOT23 — 1® RCNOT
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RCNOT23 'GToffoli ’ RCNOT23 = GFredkin
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Thus we have

where



A

Grogin =MOIRT+A®MOM+A®ARA+A® XM ® XA +H® XA® X
10000000
01000000
00100000
/00010000
100001000
00000010
0000O0T1O0O
00000O0O0°1
22. Quantum circuit GCNOT IQCNOTGCNOT equivalent to ésw;\p

. = ®

il ® e

\L/ L/

A

Fig.a Quantum circuit with GCNOT IQCNOT Genor -

R

Fig.b Swap gate with Gy, =M @M+ A® i+ X ® XA+ XA ® X .
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We show that this quantum circuit is equivalent to the SWAP gate. We note that
Royor =1®@M+X ®1,
Genor =M®1+A®X .

Then we get

éCNOT IQCNOTGCNOT = ( T ®i N® )2 )(i ®
® ®

which is the same as

A

Gaupp =MOM+A@ A+ XM ® XA+ XA® Xrf .

23.  Equivalent quantum circuits: (X ® i)éCNOT (X ® i) —A®1+M® X

We show that these two quantum circuits are equivalent to each other.

X ® X —

Fig.a Quantum circuit with ()2 ® i)éCNOT ()2 ® i)

which is equivalent to a new type of quantum gate
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(1N
N

Fig.b Quantum circuit with A® 1+Mm®X . Controlled operation with a NOT gate being
performed on the second qubit, conditional on the first qubit being set to zero.

We note that
Genor =M®1+A® X ,

Then we have

(X @DGgyor (X @) =(X DM@ 1+A® X )(X ®1)

Y A

In fact we obtain

01 00
X @DGuerX @D =L 0 Y ),
0 01 0
0 0 0 1

24.  Equivalence of two quantum circuits: (1® H )éz (®H)=G X

We show that these two quantum circuits are equivalent to each other.
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Fig.a Quantum circuit with 1® H)G,(1®H).

Fig.b Equivalent quantum circuit with éx
G,=M®I+A®Z, G, =MA®I+A®X .

The quantum circuit can be represented by

=M®H”+A®HZH
=M®1+A® X
_g,
Note that
A2 =R DUR +2) =S (K2 + 22+ X2+ 20) =]
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HZH :%oz + )2 (R +2)
:%oz +2)EX +2?)
:%oz £ 2V +1)
:%axmx +i2Y +7)
- %
where
XY =R =i, VZ=-2V=iX, X =-XZ =iV

25.  Equivalence of two quantum circuits; (H ® H )éCNOT (H®H)= IQCNOT

We show that these two quantum circuits are equivalent to each other.

Fig.a Quantum circuit with (I:| ®H )éCNOT (I:| ®H ).

L

Fig.b Equivalent quantum circuit with Ry =1®@ M+ X ®1 .



We note that

Genor =M@1+A® X | Rovor =1®@ M+ X ®1.

=(H®H)(MH ® H + iH ® XH
= HMH ® H? + HAH ® HXH
= HiH ® 1+ HAH ® HXH

= HiH ®1+ HAH ® Z

or

(H®H)GCN0T(H®I:I):%(i+)2)®i+%(i—)2)®2
:%(i®i+>2®i+i®2—>2®2)
f lr a2 on 1A oA
—1®-(1+2)+X®—=(1-2)
2 2
—1®mn+X ®n
This agrees with
Rovor =1® M+ X ®1
((Note))
HXH=7, HZH=X,
rﬁ—l(i+2) A=—(1-2)
2 ’ 2
aad lyasr sn 1 4y asa 14
HiH =—H(1+Z2)H ==(H*+HZH) ==+ X),
2 2 2
ian lar s a2 s, 1
R =~ H(1-2)H =2 (R - AZH) = (- X)



26. Construction of the Bell's states

Entangled qubits

where

A= (X +2), 7% =iV |
fH =i+ 2)H = Hd-2)
V2 ’ V2

The matrix of Geyor (H ®1) is given by

(e

210
1

A Ao ]
GCNOT(H ®1):T

=)
o
|
—_
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