
 

1 
 

Operator method in Quantum Computing  
Masatsugu Sei Suzuki 

Department of Physics, SUNY at Binghamton 
Binghamton, NY 

(Date: November 27, 2014) 
 
N.D. Mermin, Quantum Computer Science An Introduction (Cambridge, 2007). 
 
1. Definition of the operator n̂  

We define the operator n̂  from the eigenvalue problem  
 

xxxn ˆ , 

 
with 
 

0000ˆ n , 1111ˆ n  

 
where x = 0 and 1. n̂  is the projection operator and is defined by 
 

11ˆ n . 

 

The matrix of n̂  under the basis of { 0 , 1 } is given by 
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The operator n̂  is the projection operator on the state . 1  

 

2. Definition of the operator nm ˆ1̂ˆ   
We define the operator m̂  as 

 

nm ˆ1̂ˆ   
 

where 1̂  is the identity matrix of 2x2, 
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For simplicity, here, we use m̂  instead of n~ . We note that 
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xxxxxxnxm )1()ˆ1̂(ˆ   

 
Thus we have 
 

00ˆ m , 0101ˆ m  

 

The matrix of m̂  under the basis of { 0 , 1 } is given by 
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The operator n̂  is the projection operator on the state . 0  

 

00ˆ m . 

 
3. Properties of n̂  and m̂  
 

nn ˆˆ2   
 

mm ˆˆ 2   
 

0ˆˆˆˆ  nmmn  
 

1ˆˆ  nm  
 
4. Pauli matrix 
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mXXn ˆˆˆˆ  , nXXm ˆˆˆˆ   
 

1̂ˆˆˆ 222  ZYX  
 

XZZX ˆˆˆˆ   
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ˆ Zm  ,  mnZ ˆˆˆ   

 

XZiZXiY ˆˆˆˆˆ  , YXiXYiZ ˆˆˆˆˆ  , ZYiYZiX ˆˆˆˆˆ   
 
5. Hadamard operator 
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Note that 
 

Z

XZZXZX

ZXZZXZX

ZXZX

ZXXZXHXH

ˆ

)ˆˆˆˆˆˆ(
2

1

)ˆˆˆˆˆˆ(
2

1

)ˆˆ1)(ˆˆ(
2

1

)ˆˆ(ˆ)ˆˆ(
2

1ˆˆˆ

22

2













 

 

X

XZZX

XZZXZX

XZZX

ZXZZXHZH

ˆ

)ˆˆˆˆ(
2

1

)ˆˆˆˆˆˆ(
2

1

)ˆˆ1̂)(ˆˆ(
2

1

)ˆˆ(ˆ)ˆˆ(
2

1ˆˆˆ

22











 

 

)ˆˆˆˆˆˆˆˆ(
2

1
)ˆˆ()ˆˆ(

2

1ˆˆ ZZXZZXXXZXZXHH   

6. Calculation of matrices by using Mathematica 
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Clear "Global` " ; I2 IdentityMatrix 2 ;

n
0 0
0 1

; m I2 n; X PauliMatrix 1 ;

Y PauliMatrix 2 ; Z PauliMatrix 3 ; 0
1
0

;

1
0
1

;

m MatrixForm

1 0
0 0

n MatrixForm

0 0
0 1

n.n n MatrixForm

0 0
0 0

m.m m MatrixForm

0 0
0 0
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n.X X.m MatrixForm

0 0
0 0

m.X X.n MatrixForm

0 0
0 0

m n MatrixForm

1 0
0 1

Z.X X.Z MatrixForm

0 0
0 0

1
2

I2 Z MatrixForm

0 0
0 1

1
2

X Z MatrixForm

1
2

1
2

1
2

1
2
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H1
1

2
X Z ; H1 MatrixForm

1
2

1
2

1
2

1
2

X.X MatrixForm

1 0
0 1

Z.Z MatrixForm

1 0
0 1

X.Z Z.X MatrixForm

0 0
0 0

H1.H1 MatrixForm

1 0
0 1

H1.X.H1 Z MatrixForm

0 0
0 0
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H1.Z.H1 X MatrixForm

0 0
0 0

H1. 0 MatrixForm

1
2

1
2

H1. 1 MatrixForm

1
2
1
2

f11 KroneckerProduct m, I2

KroneckerProduct n, X ;

f11 MatrixForm

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
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f12
1
2

KroneckerProduct I2, I2 X

KroneckerProduct Z, I2 X ;

f12 MatrixForm

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

f13
1
2

KroneckerProduct I2 Z, I2

KroneckerProduct I2 Z, X ;

f13 MatrixForm

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

S11 KroneckerProduct n, n

KroneckerProduct m, m

KroneckerProduct X.n, X.m

KroneckerProduct X.m, X.n ;

S11 MatrixForm
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1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

C11 KroneckerProduct m, I2

KroneckerProduct n, X ;

C11 MatrixForm

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

Z X .Y MatrixForm

0 0
0 0

Y Z.X MatrixForm

0 0
0 0

X Y.Z MatrixForm

0 0
0 0
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7. The CNOT gate with CNOTÛ  

The CNOT gate is defined by  
 

KroneckerProduct H1, H1 MatrixForm

1
2

1
2

1
2

1
2

1
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1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

U1
u11 u12
u21 u22

;

KroneckerProduct I2, U1 MatrixForm

u11 u12 0 0
u21 u22 0 0

0 0 u11 u12
0 0 u21 u22

h1

KroneckerProduct H1, H1 .KroneckerProduct X, X

MatrixForm

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2
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with 
 

1̂ˆ 2 CNOTU  
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XZXZ

CUCNOT

 

 

)ˆ1̂ˆˆ1̂1̂1̂1̂ˆ1̂1̂1̂(
2

1
)31(ˆ XZXZUCNOT   

 
((Mathematica)) 
 

 

Clear "Global` " ;

I2 IdentityMatrix 2 ;

X PauliMatrix 1 ; Y PauliMatrix 2 ;

Z PauliMatrix 3 ;

UCNOT
1
2

KroneckerProduct I2, I2

KroneckerProduct Z, I2

KroneckerProduct I2, X

KroneckerProduct Z, X ;

UCNOT MatrixForm

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
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8. Swap (exchange) operator 

UCNOT12
1
2

KroneckerProduct I2, I2, I2

KroneckerProduct Z, I2, I2

KroneckerProduct I2, X, I2

KroneckerProduct Z, X, I2 ;

UCNOT12 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

UCNOT13
1
2

KroneckerProduct I2, I2, I2

KroneckerProduct Z, I2, I2

KroneckerProduct I2, I2, X

KroneckerProduct Z, I2, X

MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
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cUc ˆ'   

 
Other wise  
 

aa ' , bb '  

 

cc '  

 
 
Truth table 
 

a b c  a’ b’ c’ 
0 0 0  0 0 0 
0 0 1  0 0 1 
0 1 0  0 1 0 
0 1 1  0 1 1 
1 0 0  1 0 0 
1 0 1  1 0 1 

1 1 0  1 1 100ˆ
2111 uuU   

1 1 1  1 1 101ˆ
2212 uuU   
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10. Example: equivalent quantum circuits 

We show that a two-qubit controlled gate canted using a combination of one qubit controlled 
gate as 
 

1323
ˆ)1̂ˆ])([ˆ1̂)(1̂ˆ(ˆ][ˆ

VCNOTCNOTVToffoli GGVGGGUG   . 
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2221

1211ˆ
UU

UU
U  

 

Suppose that the matrix Û  is expressed by 2ˆˆ VU  , where V̂  is the unitary operator.  
The CNOT operator is given by 
 






























X

I

0

0

0100

1000

0010

0001

ˆ
CNOTG , 

 

1̂ˆ CNOTG  is obtained as 































0ˆ00

ˆ000

00ˆ0

000ˆ

1̂
0

0
1̂ˆ

2

2

2

2

I

I

I

I

GCNOT X

I
 

 
The control V gate is given by 
 











V

I

0

0
][ˆ VG ,. 
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I

0

0
][ˆ VG  

 
Then we have 
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VV

VV

VUGV  

 

13
ˆ

VC  is the matrix obtained from the matrix ][ˆ1̂ VG  by the appropriate interchange of row and 

column,  
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((Mathematica)) 
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Clear "Global` " ; I2 IdentityMatrix 2 ; CV

1 0 0 0
0 1 0 0
0 0 v11 v12
0 0 v21 v22

;

CVP

1 0 0 0
0 1 0 0
0 0 v11c v21c
0 0 v12c v22c

;

V1
v11 v12
v21 v22

;

CUV13 A : Module A1, U, U1, U11, U12 , A1 A;

U KroneckerProduct I2, A1 ;

U1 U All, 1 , U All, 2 , U All, 5 , U All, 6 ,

U All, 3 , U All, 4 , U All, 7 , U All, 8 ;

U11 Transpose U1 ;

U12 U11 1 , U11 2 , U11 5 , U11 6 , U11 3 ,

U11 4 , U11 7 , U11 8 ;

CV13 CUV13 CV ; CV13 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 v11 v12 0 0
0 0 0 0 v21 v22 0 0
0 0 0 0 0 0 v11 v12
0 0 0 0 0 0 v21 v22
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UCNOT

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

; UCNOTI2 KroneckerProduct UCNOT, I2 ;

UCNOTI2 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

CV23 KroneckerProduct I2, CV ;

CV23 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 v11 v12 0 0 0 0
0 0 v21 v22 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 v11 v12
0 0 0 0 0 0 v21 v22
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CVP23 KroneckerProduct I2, CVP ; CVP23 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 v11c v21c 0 0 0 0
0 0 v12c v22c 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 v11c v21c
0 0 0 0 0 0 v12c v22c

K1 CV23.UCNOTI2.CVP23.UCNOTI2.CV13 FullSimplify;

vvc
v11 v12
v21 v22

.
v11c v21c
v12c v22c

;

vcv
v11c v21c
v12c v22c

.
v11 v12
v21 v22

;

U1 V1.V1 Simplify;

rule1 vvc 1, 1 1, vvc 1, 2 0, vvc 2, 1 0,

vvc 2, 2 1, vcv 1, 1 1, vcv 1, 2 0, vcv 2, 1 0,

vcv 2, 2 1 ;

rule2 U1 1, 1 U11, U1 1, 2 U12, U1 2, 1 U21,

U1 2, 2 U22 ;

K11 K1 . rule1; K12 K11 . rule2; K12 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 U11 U12
0 0 0 0 0 0 U21 U22
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L1 C

L11

1 0
0 1
0 0
0 0
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0 0

__________

__________
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ˆ)(GCNOTOT
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L1 .

0 0 0
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1 0 0
0 1 0
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0 0 0
0 0 0
0 0 0

___________

___________
circuits 
uivalence bet

 ˆ1̂)(1̂ GCNOT

NOTI2.C

rule1;

0 0
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1 0
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_______
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01000000

00001000

00000100

00000010

00000001

1̂ˆ
CNOTG  
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VV

VV
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((Mathematica)) 
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Clear "Global` " ; I2 IdentityMatrix 2 ;

X PauliMatrix 1 ; Y PauliMatrix 2 ;

Z PauliMatrix 3 ;

V
V11 V12
V21 V22

;

UV
1
2

KroneckerProduct I2, I2

KroneckerProduct Z, I2

KroneckerProduct I2, V

KroneckerProduct Z, V ;

UV MatrixForm

1 0 0 0
0 1 0 0
0 0 V11 V12
0 0 V21 V22

C12V KroneckerProduct UV, I2 ;

C12V MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 V11 0 V12 0
0 0 0 0 0 V11 0 V12
0 0 0 0 V21 0 V22 0
0 0 0 0 0 V21 0 V22
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_____________________________________________________________________________ 
11 Toffoli gate: 

The Toffoli gate is given by 
 

C23V KroneckerProduct I2, UV ;

C23V MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 V11 V12 0 0 0 0
0 0 V21 V22 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 V11 V12
0 0 0 0 0 0 V21 V22

C13V
1
2

KroneckerProduct I2, I2, I2

KroneckerProduct Z, I2, I2

KroneckerProduct I2, I2, V

KroneckerProduct Z, I2, V ;

C13V MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 V11 V12 0 0
0 0 0 0 V21 V22 0 0
0 0 0 0 0 0 V11 V12
0 0 0 0 0 0 V21 V22
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where 
 

XnmGCNOT
ˆˆ1̂ˆˆ   

 
((Mathematica)) 



 

27 
 

 
 
12. Fredkin gate 

The Fredkin gate is given by 
 

Clear "Global` " ; I2 IdentityMatrix 2 ; X PauliMatrix 1 ;

Y PauliMatrix 2 ; Z PauliMatrix 3 ; n
0 0
0 1

;

m
1 0
0 0

;

UCNOT

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

;

TOF1 KroneckerProduct m, I2, I2

KroneckerProduct n, UCNOT ;

TOF1 MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0



 

28 
 







































10000000

01000000

00001000

00010000

00100000

00000100

00000010

00000001

ˆ)ˆˆˆˆˆ1̂1̂(
2

1
ˆ1̂1̂

ˆˆˆ1̂1̂ˆ

nZZYYXXm

nUmG SWAPFredkin

 

 

where SWAPĜ  is the SWAP operator, 
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((Mathematica)) 
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13. Controlled V gate 
 

Clear "Global` " ; X PauliMatrix 1 ; Y PauliMatrix 2 ;

Z PauliMatrix 3 ; n
0 0
0 1

; m
1 0
0 0

;

I2 IdentityMatrix 2 ;

SWAP

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

;

Fredkin

KroneckerProduct I2, I2, m

KroneckerProduct SWAP, n Simplify;

Fredkin MatrixForm

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

SWAP
1
2

KroneckerProduct I2, I2 KroneckerProduct X, X

KroneckerProduct Y, Y KroneckerProduct Z, Z ;

SWAP MatrixForm

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
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14. Controlled-U gate 
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Clear "Global` " ; I2 IdentityMatrix 2 ;

X PauliMatrix 1 ; Y PauliMatrix 2 ; Z PauliMatrix 3 ;

V
V11 V12
V21 V22

;

UV
1
2

KroneckerProduct I2, I2 KroneckerProduct Z, I2

KroneckerProduct I2, V KroneckerProduct Z, V ;

RUV
1
2

KroneckerProduct I2, I2 KroneckerProduct I2, Z

KroneckerProduct V, I2 KroneckerProduct V, Z ;

UV MatrixForm

1 0 0 0
0 1 0 0
0 0 V11 V12
0 0 V21 V22

RUV MatrixForm

1 0 0 0
0 V11 0 V12
0 0 1 0
0 V21 0 V22
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15. Controlled-CNOT 
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16. Fredkin gate 
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17. Toffoli gate 
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18. R-CNOT 
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20. Hadamard gate: 
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10. Expression for CNOTĜ in terms of Pauli operators X̂  and Ẑ  

We know that the controlled-CNOT gate can be expressed by 
 

XnmGCNOT
ˆˆ1̂ˆˆ  . 

 
Here we consider another expressions for the controlled-CNOT gate. We start with 
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The projection operators are defined by 
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We note that 
 

1̂ˆˆ   PP . 

 

The operator X̂  can be described as 
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The operator Ẑ  can be expressed by 
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We now introduce the operator (controlled-CNOT gate), which can be generated from 
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CNOTĜ  is equivalent to the controlled-X gate  
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This can be derived using the Kronecker product. Since 
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Then the controlled-CNOT operator can be rewritten as 
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11. The expression of CNOTĜ in terms of Hadamard gate Ĥ  

The Hadamard gate is defined by 
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Noting that 1̂1̂1̂2   and using the property of the Kronecker product, we get 
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Noting that ZZ ˆ1̂ˆ   and using the property of the Kronecker product, we get 
 

)ˆ1̂)(ˆˆ)(ˆ1̂()ˆˆ1̂)(ˆˆ()ˆˆˆ(ˆˆˆ HnZHHnHZHnHZPZ    (2) 
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which can be rewritten as 
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12. Matrix representation of Kronecker product for two qubits 
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13. Equivalence of quantum circuits between ZĜ  and ZR̂  

We show that the controlled-Z gate ZĜ  is equivalent to the quantum circuit with ZR̂ . 

((Method-1)) The use of matrices 
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The two quantum circuits are equivalent. 
______________________________________________________________________________ 
14. Quantum circuits related to the controlled U-gate 

(a) Quantum circuit with UnmGU
ˆˆ1̂ˆˆ  . 
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Ĝ

 
________
 

Quantum 
ˆˆ

12  GG CNCNOT























0

0

0

0

0

0

0

1

ˆ

ˆˆ
12

m

GG CNCNOT

__________

gate wit

ˆ1̂  mNOT





000

000

000

000

100

010

001

000

ˆ1̂1̂

1̂

n

NOT

___________

th Contro

ˆ1̂1̂  n



0010

0001

1000

0100

0000

0000

0000

0000

1̂X̂

__________

45 

olled-CNOT

1̂ˆ  X . 

















0

0

1

0

0

0

0

0

 

___________

T between

__________

n 1 an

___________

nd 2. 

__________

with 

__ 



 

 

 
Fig. Q

Ĝ
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Ĝ

 

(c) Q

 

 

Fig. Q

 























0

0

0

0

0

0

0

1

ˆ

ˆˆ
12

m

GG SWSWAP

Quantum cir

Quantum circ





000

000

100

010

000

000

001

000

ˆ1̂ˆ

1̂

nm

WAP

rcuit with Ĝ
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18. Matrix representation of typical tri-qubits 
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Fig.b Quantum circuit with Xmn ˆˆ1̂ˆ  . Controlled operation with a NOT gate being 
performed on the second qubit, conditional on the first qubit being set to zero. 
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