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What is the quantum computer?

Quantum parallelism is not much use if we cannot do anything more than encode the input.
To build a computer we need to design physical devices that manipulate qubits to perform
logical operations. These devices must be capable of perfectly reversible operation, that is to say,
they must be unitary devices including CNOT gate, Hadamard gate, Toffoli gate, and Fredkin
gate.

It has always been assumed that any computational step required energy. The first guess, and
one that was a common belief for years, was that there was a minimum amount of energy
required for each logical step taken by a machine. From what we have looked at so far, you
should be able to appreciate the argument. The idea is that every logical state of a device must
correspond to some physical state of the device, and whenever the device had to choose between
0 and 1 for its output - such as a transistor in an AND gate - there would be a compression of the
available phase-space of the object from two

((Reference))
R.P. Feynman, Lectures on Quantum Computation (Addison Wesley, 1996)
G.J. Milburn, Feynman Proccessor (Perseus Book, Cambridge MA, 1998)

A quantum gate has an equal number of qubits and the output states are described by vectors
in a Hibert space with the corresponding number of dimensions. The input/output state of a n-
qubits quantum gate is calculated as the tensor product (Kronecker product) of the corresponding
state vectors of the individual input/output qubits.

1. Quantum circuits
Suppose that all the matrices describing quantum gates are of the same size.
(@ A
We introduce a notation of quantum circuit. We draw a one-qubit operator A like a box as
shown below.

(b) Scalar product (inner product) A2A1



We consider two such gates by stringing them together,

A A,

which is equivalent to the scalar product of two operators AAZ in this order.

ArA4

() Kronecker product A®B
If we have two qubits, applying two operators in parallel (Fig.a) gives their Kronecker product of

two operators, A®B

B e e — A®B

(d) (A3 ® é3)('&2 ® Bz)(Al ® él) = A3A2A1 ® 3ézé1

The quantum circuits of this figure is described by (A3 ® |.5>3 )(A2 ® érz )(A1 ® L5>1).

A‘l A2 A3 | e—

B, B, By }—

This is equivalent to the Kronecker product of two operators AiAZA,
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2 Hadamard gate, beam splitter

We consider a device called a beam splitter, a half-silvered mirror. A beam of light falling on
a beam splitter is split into two components, one transmitted and one reflected. A beam splitter
may transmit a larger or a smaller fraction of the incident light depending upon the
characteristics of the silver deposition. For the experiments discussed here, the two components
are of equal intensity. The color of the light is not altered by a beam splitter, a behavior
consistent with a wave.

0> 0>

Incident bea Reflected beam

Beam splitter

Transmitted beam

We consider a 50-50 beam splitter where an incident particle coming from above or from below
has the same probability of emerging as an upwards or a downwards beam. The transformation
performed by the beam splitter is described by the Walsh-Hadamard transform.
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Fig. A beam splitter performs a transformation described by a Hamadard gate.

C
Let us call the input to a Hadamard gate as |W>:CO|O>+C1|1>:(COJ and call its output as

1

|(p> =H |W> . Using the matrix of the Hadamard operator

H:%G _11]

we have



or

=551+l S0+ So-10

The probability amplitude for finding the particle in the outgoing beam directed upward is
1
E(C0 +¢,) and the probability amplitude for finding the particle in the outgoing beam directed
1
downwards is ——(C, —C,).
\/5 0 1

We now consider a system consisting of two cascaded beam splitters. In this case the output
is given by

o) =H"

v)

0> 11> |0>

|1> |0> |1>

Here we note that



HZZ%G —IJTG —IJ 1(3 gj:i

Thus we get

o) =Hy) =Ty)=lv).

In general,
o) =H"lw)=|v). o) =R )= Hly).
3. Arrangement of Hadamard gates in parallel and in series

Ao)= (04, AIN=—7-40)- )

We now apply to an arbitrary qubit ‘l//> = 0{‘ 0> + ,8‘1>

(a) Hadamard gates in series

> =——— H H

ol Y

(b) Hadamard gates in parallel

>



11>

ly>

(HoH)()®[1)=H[)® H|1>=%(|0>—|1>)®(|0>—|1>)=%(|00>—|01>—|10>+|11>)
Similarly, we have

(H®H)(0)®|0) =H|0)® H|O>:%(|0>+|1>)®(|0>+|1>) :%(|00>+|01>+|10>+|11>)
(H®H)(0)®|1)= H|o>®ﬁ|0>=%(|0>+|1>)®(|0>—|1>):%(|00>—|01>+|10>—|11>)

(Fr@R)(1)@|0)=H[1) @ H|0) = (0)-| ) @(0)+]1)) = (00)+|01)~[10)-11)

4. Quantum CNOT gate
We consider the property of the operator Ugyor

A

|WCNOT> = GCNOT|VCNOT>

where
1 0 0 O
& B 01 0 O
CNOT — 0 O O 1
0 01 0

The input state vector is

|VCNOT> = (ao|0>+a1|l>)®(ﬂo|0>+ﬁ1|l>)
= ,3,00)+ @, 3|01} + 2, 8| 10) + &, B[ 11)



The components of the input vector are transformed by the CNOT quantum gate as follows,

Genor|00)=(00),  Gepor|01)=|01),

Genor10)=11),  Gepor[11) =|10)

where

Genor|XY) =[%, Y @ X).

We note that

Genor = Genor ((00)(00]+|01)(01|+[10)(10]+[11)(11))
=100)(00|+[01)(01|+[11)(10[+[10)(11])
1 00 0

o1 o0
1o 0 0
0 0 1

S~ O

Then the output state vector is obtained as

A

|WCNOT> = GNOT |VCN0T>
= éNOT [aoﬂo|00> + aoﬂ1|01> + 0!1,30|10> + 0!1,31|1 1>]
= 3|00} + &, 3| 01) + &, By |11) + @, 3]10)
= 0,|0) ®[,[0) + A[1)]+ 1) ®L A1) + 5,|0)]

Control input

|y < |w>
b &b ed>

Target input



Fig. Quantum CNOT gate has two inputs as well; the control input is a qubit in state ‘W > and

the target input is a qubit in state ‘¢> .

|WCNOT> = éNOT |VCNOT>
= éNOT [aoﬂo|00> + aoﬂ1|01> + 0!1,30|10> + a1181|1 1>]
= 3|00} + &, 3| 01) + &, By |11) + @, 3]10)
= a,|0) ® [, 0) + B [1)]+ & |1) ®[ 1) + S3|0)]

S. Possibility of cloning
(a) Classical CNOT gate
One can show that it is possible to replicate an input signal using classical gate. If the target

input of a classical CNOT gate is 0, the circuit simply replicates input X on both output lines
since X® 0 = X. Thus the classical CNOT gate allows one to replicate an input bit.

Control input

X @ X
y D

Target input

Control input

X | 4 X

0 <> xP0=x

Target input

Fig. Classical CNOT gate. The target output is equal to the target input if the control input is
zero and it is flipped if the control input is 1.

(b) Quantum CNOT gate



It is a single-qubit quantum NOT gate that can be activated or deactivated by the state of
another qubit. This gate is sometimes called the measurement gate because it can be used to
measure one qubit by looking at the other one. Here we show that the above method used for the
classical CNOT gate is not applicable to the quantum CNOT gate.

Control input

|y>=ap|0>+aq|1> ly>=ap|0>+a4|1>

Py
0> N

=ap|0>+aq]|1
Target input |y>=ao|0>+a 1>

From the analogy with the classical case, we assume that the target input is given by ‘0> Then

the input vector is obtained as

V) =(@0) +a[1) ®]0)
= | 00) + ¢ [10)

= éCNOT [0(0|00> t 0(1|10>]
= ,|00)+ | 11)

Q,

a,

The desired state (in the vase of possible cloning) is

10



Woegirea ) =[0£,]00) + 24| 10)] ®[ 2, 00) + ¢ [10)]

(04 (04
0 0
Q @,
2
a,
o,
a\Q

2
a,

((Example))
This gate has two inputs and two outputs. The top input is the control qubit. It controls what

the output will be. If ‘C> =‘0>, then the bottom output will be the same as the input. £ ‘C> =‘l>,

then the bottom output will be the same as the input. Then the bottom output will be the opposite.
We examine the several cases whether output state vector may or may not be the same as the
input state vector.

(i) The case-1

Control input

|0> o |0>

|0>

<> |0>

Target input
V)=]00),  Weyor)=Geyor|00)=[00)  (replicable)

(ii) The case 2

11



Control input

|0> @ |0>

[1> <> [1>

Target input

‘V> = ‘01> , |WCNOT> = GCNOT|OI> = |Ol> (not replicable, the desired output state
vector is ‘OO> )

(iii) The case-3

Control input

1> ® |1>

|0> C) [1>

Target input
V) =[10),  Weor) =Gyor10)=[11)  (replicable)

(iv)  The case 4

12



Control input

[1> 4 [1>

[1> (

GV

Target input

‘V> = ‘1 1> . Woor) = GNOT|1 1)=[10)  (not replicable, the desired output state

vector is ‘1 1>)

((Note))
The CNOT gate can be reversed by itself. We consider the following figure: The state

X,Y)
X, XD (XD y)> This last state is equal to

XY)=|x)®|y).

X, XD y>, which further goes to

goes to

X,(X®X)D y} . Because X@® X =0 (always), this state reduces to its original

[ X> |X> | X>

D D
>/ \/

ly> Xy > Ix@x @y >

Fig.  the output state is given by ‘X> and ‘X OxD y> = ‘0 @ y> = ‘ y>

6. Non-cloning theorem
The transformation carried out by the quantum gate are unitary. As a consequence of this,
unknown quantum states cannot be copied or cloned. We show this theorem as follows.

13



lp>—> —>|y>

G
0>——> —>|y>
Glly) ®[0)=[w)®ly)
|p>—» . —>l¢>
G
|0>——» —| >
G(lg)®|0) =[¢)®l¢)
IX>— . — x>
G
0>——> —>|X>

G(z)®[0)=|7)®z).
where
1
2) =)+ ).
Then we have

G(x)®l0

D=5 6(w)@l0) +-Slg)®|o)

)
= 5 (v)ol)+ 9l

14



On the other hand,

2)812) =5 ()l @ dv)+[e) o
—~)@lw) +w)Ol9)+d)elw) +|9)|4)

Eqgs.(1) and (2) are clearly different. This implies that there is no linear operation that reliably
clones unknown quantum states.

7. Non Cloning theorem

In physics, the no-cloning theorem is a no-go theorem of quantum mechanics that forbids the
creation of identical copies of an arbitrary unknown quantum state. It was stated by Wootters and
Zurek and Dieks in 1982, and has profound implications in quantum computing and related
fields. The state of one system can be entangled with the state of another system. For instance,
one can use the controlled NOT gate and the Walsh-Hadamard gate to entangle two qubits. This
is not cloning. No well-defined state can be attributed to a subsystem of an entangled state.
Cloning is a process whose result is a separable state with identical factors. According to Asher
Peres and David Kaiser, the publication of the no-cloning theorem was prompted by a proposal
of Nick Herbert for a superluminal communication device using quantum entanglement.

The no-cloning theorem is normally stated and proven for pure states; the no-broadcast
theorem generalizes this result to mixed states. The no-cloning theorem has a time-reversed dual,
the no-deleting theorem. Together, these underpin the interpretation of quantum mechanics in
terms of category theory, and, in particular, as a dagger compact category. This formulation,
known as categorical quantum mechanics, allows, in turn, a connection to be made from
quantum mechanics to linear logic as the logic of quantum information theory (in the same sense
that classical logic arises from Cartesian closed categories).
http://en.wikipedia.org/wiki/No-cloning_theorem

((Note))
No cloning theorem

Q(aly) +bl¢)) = aQlw) +bQl¢)
We define the cloning operator C

C o, ¢> for arbitrary ‘l//>

AE

15



A

Cl+zy)=|[+z2+2)

A

Cl-zy)=|-2,-7)

Suppose that

A

Cl+%,p) =|+X.+x) 0

We note that
1
|+ X,+X) :5(|+ 2)+ |- 2)(|+ 2) +|-2))
— %(|+ 242)+|+ 2,-2)+|-2,4+2) +|- 2,-2))

We also have

Cl+ %) =C|+X)|w)

1 4 R
1G]+ 2)+C- 2]

= L[|+ Z,42)+|-2,-2])

V2
So Eq.(1) is not valid, implying that no clone can exist.

8. Fredkin gate

16



Three-qubit gate

o

(8]

17



Output

Input

18



Output

Input

011) =

2

010) =

b

001) =

2

000) =

19



|100) = |101) = |110) =

S P, O O O = O O

S O = O O O = O

S O O = O O O =

G eain] 000) =|000),

We use the closure relation,

Grregin = Grreaiin((000)(000| +]001)(001]+[010)(010[ +|011)(011]
+100)(100|+[101)(101|+[110)(110|+[111)(111])
=1000)(000[+|001){001|+|010)(010|+|101)(011]

+[100)(100|+[011){101|+|110)(110[+ |11 1){111]

U Fredkin —

S O = O O O O O
S O O = O O O O
S R O O O O o O
—_ O O O O O O O

S O O O O O O =
S O O O o o = O
S O O O o = O O
S O O O = O O O

20

111) =

—_ o O O O O O O




|VFredkin> =

A

|WFredkin> = GFredkin|VFredkin>

9. The Toffoli gate
The Toffoli gate is a reversible gate. This is similar to the CNOT gate, but with two

controlling qubits. The bottom bit flips only when both of the top two bits are in the state ‘ 1> .

a - a'=a
b——— Toffoli gate — '=b
c— — C'=c®ab

where

l®a=a, 0DPa=a

21



1@ab=ab

N

1@b=b

€

22



We can write the above operation as taking the state Z> - AS) (xy)>
[x> @ [x>
ly> * ly>
|z> U |zed(xy)>

Grafoin|000) =000),
Groroin|001) =[001),
Grafoin]010) =|010)
Grogroin| 011) =[011)
Grofroin| 100) =[100),
Grofoin|101) =[101),
Grogoin110) =[111),
Grogroin 1 11) =|110).

Grofotin = Grofroin (000)(000| +001)(001| +]010)(010| +[011)(011|
+]100)(100[+|101)(101|+[110)(110[+[111)(111))
=1000)(000|+|001)(001|+[010)(010|+|011)(011]
+|100)(100|+[101)(101|+|111){110[+|110)(1 11|

23



1 00 00 0 0O
01 0 0 0 O0O0UO0
0O 01 00 0 O0UO0
a B 0001 0 O0O00O0
Tl o 000 01 0 0 0
00 00 01 00O0
0O 0 00 0 0 01
00 00 0 O0OT1FPO
Xoo0
%01
Xo10
_| %o
‘VToffoIin> - aloo
Qo1
Qp
Qi
‘WToffolin> = GToffolin VToffoIin>

((Note))
A gate with three controlling bits can be constructed from three Toffoli gates as follows.

24



|X> [X>

ly> ® PA ly>
0@(xy)>=|x
|0> Pany e y).> Ixy> M |(Xy)e(xy)>=|0>
\\> \N
|z> ® |z>
|w> P oy |wWe(xyz)>
A

10.  The Controlled-U operation.

|c> ® |c>

|t> 0 it (Ot>)

(i) When the control qubit is ‘C> = ‘0> , then the target qubit is transferred directly to the output.

25



or

G, |00) =|00), G,|01)=|01)

(i1)) When the control qubit is ‘C> = 1>, then the transformation described by U is applied to the

target;

or

Gy|10) =|1)J|o0)
=|1)[U,,[0)+U,,[1)],
=U,[10)+U,,[11)]

Gy|11)=|1)J|1)
= [D1U,:[0)+U ,[1)]
=U,,[10)+U,,[11)
where U is the unitary operator, and is defined by
Lj — (Ull U 12 ]
U 21 U 22
and

U|O>: Ull U12 1 — U]] , U‘|1>: Ull U12 0 — U]2
U2l U22 0 U21 U21 U22 1 U22

The matrix representing the controlled U is

26



)(00[+|01)(01]+[10)(10]+|11)(11[]
| ><OO|+|01><01|+(U11|10>+U21|11>)<IO|+(U12|10>+U22|11>)<11|]
=100)(00|+|01)(01]+U ;| LON10|+U,, [11){10]|+U ,[10)11|+U,,[11)(11]
or
0 0] (10
U, U, B 0 uU)

U21 U22

oS O = O

11.  The Controlled-H operation

lc>=|1> ®

|00) —|0(0 ®0)) =[00)
01) >|o(0@1)) =|01)
110) > |11 @ 0)) = [11) = [1)Hi[0) = |1>%|o>+%|1>] - %(|10>+|11>)

1) = 10 @b =[10) = )f1) = [-7]0) -7 1)1 = 7= (10)|11)

where

27



A

H|1)

-5 5

Then we have

1 0 0 0 Loo
1 0
& - 01 0 0| 0 1
"T10 0 H, H,| 2
1
0 0 H, Hy 0 0 ﬁ
where
A A I 1
21 -1
1 0 O 0
1 0 0
& 0 1 1 3 1 0
o V2 2 [ (o H
1 1
0 0 —= ——F
22
Suppose that
o v
W:[ﬂ]’ |¢1>=(5]
Then we get
ay
a 4 ao
®|4) = ® =
wioi5)e(;)-|
po

The output of this circuit is given by

28




12. CNOT gate

[x> ® o
> () |xy>

|00) —|0(0 ®0)) =[00)

01) > |o(0@1)) =|01)

|10) - [10@0)) =[11) =[1)U|0) = 1)U ,|0) +U, | 1)]=U, |10) + U, [11)
1) > [11@1)) =[10) =[1)U[1) = |1)[U,,|0) +U,,|1)]=U,,[10) + U, 11)

where
jlo) = U, Uyl 3 U, B
U vl W S (o RTL R
) U, U, |0 3 U, _
’ 1>_[U21 UzzJ lj_ Uzzj_U12|O>+U22|1>

Thus we have

29



1 0 O 0
3 |01 0 0 |
CNOT — O 0 Ull U12 -
0 0 U, U,

since

n 0 1
UCNOT: 10

oS O = O

- o O O
oS = O O

What happens when the input kets are given in the general case?

Yq> ¢
wi>8ldr> | Geonor(lwr>8I¢:>)
|p1> C)
Suppose that
wi=(5) -7
Then we get
ay
a 4 aod
®|d) = ® =
o5}
po

The output of this circuit is given by

30



13.
(i)

(ii)

(ii1)

Controlled-P operation

|00) —|00)

(033

[0>
01) —|01)

|0>

[1>
|10) —>€'”|10)

31




[1> @

|0>

Gv) [1])—>e”1])

[1> @

[1>

00) —[00)
01) —|01)
|10) —>€'”|10)
1) —>e¥|11) =

where

~ (e’ 0
P“’z(o e”’]

Suppose that

32

ei¢|1>

[1>

ei"’|1>



wi=(5) -7

Then we get
ay
a 4 ad
1)®d) = ® =
wiei-{)e[;)-|5
po

The output of this circuit is given by

Here we introduce

A 1 O
To = 0 e

Then we have

These two quantum circuits are equivalent.

33



1 0 0 0
. . . (1 0 1 0 |01 0 O
G, =T ®I,= l® = i
v 0 e?) (0o 1) |0 0 e° 0
00 0 ¢g°
((Note))

1 0

| Lo &

14.  Application

Genor

v ——l H

(AeA)Genor NASA)(|w>8l¢>)

I(AA)(w>®|¢p>) Genor (AeH)(1w>el¢>)
o —— [l

:
B

34



1000
& |01 oo
CNOT 0001
0010
111
N | L T
HOH=—
201 1 -1 -1
1 -1 -1 1

Thus we have

(H®H)Gyor (HOH) =

S o o =
- o O O
S = O O
=

This is equivalent to the reversed CNOT gate.

((Note))
_| ¢ _[7

|‘//1>_(IBJ’ |¢1>—£5J,
ay
ao

1)®\|4) =

ela)=| %

55

(a+ )y +96)

o R A 1| (a+ B)y—9)
(H®H)ly,)®|¢)=Hly:) @ Hly ) = (a—ﬁ)(;+5)

(o= f)(r —9)

35



(a+p)y+9)
A A 1| (@+ B)y—-9)
Genor (H® H)|‘//1>®|¢1>:5 (- By -05)

(o =)y +9)

This implies that this output cannot be described by the form such as
ay
po
Pr
ad

(H® H)Gpyor (H ® H)Jy,) ©|¢) =

16. Reverse CNOT gate
The role of control and target qubits can be reversed by an appropriate change of basis. The

upper bar denotes the target qubit (‘t> ).and lower bar denotes the control qubit (‘C> ).

|t>=|0 C) 10>
|c>=|0 ) |0>
00) —|00)
[1> <> [1>
|0> ‘ |0>
|10) —|10)

36



10> C) 1>

11> . |1>
01) —>[11)

11> C) 10>

[1> o 1>
11) —|01)

Then the matrix element for the reverse CNOT gate is given by

1 0 0O

n 0 0 0 1

RCNOT: 001 0

01 0O

Note that

1 0 0O
& B 01 00 B I 0
Nt 0 0 1] Lo X

0 010

17. The ABC decomposition and controlled-U
One can show that a combination of controlled NOT and single-qubit gates can implement an
arbitrary controlled-U gate where U is a unitary single qubit gate.

37



The quantum circuit in Fig.1(b) (below) simulates the general one-qubit controlled gate in
Fig.1(a), where A , B , and C are the rotation matrices. When the control qubit is ‘C> =‘0>, the

target qubit becomes
|t) > CBAlt) =1t)=t).
When ‘C> :‘1> , the target becomes

t) >C6,B6,At)=U

t)

where

A-RED), B-RCDREEED,  c-RpR(D),
and

CBA=1

U=C6,B6A=R,(BR,(7)R,()
where

38



U
Fig. (a) Controlled U gate
|c> ¢ L
It> A &£ B ¢ C
Fig.(b) Decomposition of an arbitrary single-qubit U into U Zéé'xéé'xA such that
CBA=1.
((Mathematica))
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Clear["Global *"]; ox = PauliMatrix[1]; oy = PauliMatrix[2] ;

oz = PauliMatrix[3]; Sx = h oX; Sy = h oy; Sz = n oZ;

2 2 2
RxX[A_] := MatrixExp-—% Sx/:’- // Simplify ;
Ry[A_ ] := MatrixExp-—% Sy/a’- // Simplify ;
Rz[A4_ ] := MatrixExp-—% Sz/a’- // Simplify;

Rx[B] // Simplify // MatrixForm
Cos[’%] ~1 Sin

1 Sin[%] Cos

40



Rz[B] // Simplify // MatrixForm

is
0 e 2

Rz[¢] -Ry[e] // Simplify // MatrixForm

_io¢ _ig¢

e 2 Cos[g] ~e 2 Sin]|

e%b Sin[g] e% Cos[%

RX[B] -Rx[-B] // Simplify
{{1, 0}, {0, 1}}

Ry[B]-Ry[-B] // Simplify
{{1, 0}, {0, 1}}

Rz[B]-Rz[-B] // Simplify
{{1, 0}, {0, 1}}

RX[B1] .RX[B2] - Rx[B1 +B2] // Simplify
{{0, 0}, {0, O}}

41



Ry[B1] -Ry[B2] - Ry[B1+B2] // Simplify
{{0, 0}, {0, O}}

Rz[B1].Rz[B2] - Rz[B1 + B2] // Simplify
{{0, 0}, {0, O}}

C1=Rz[/3]-Ry[%];

o= by 5] e[ 52
(6 - B) ] )
5 ;

Al = Rz[
C1.B1.A1// Simplify
{{1, 0}, {0, 1}}
Cl.ox.Bl.ox.Al-Rz[B]-Ry[¥]-Rz[&] // Simplify
{{0, 0}, {0, 0}}
Rz[B]-Ryl[¥]-Rz[&] // Simplify

“3 i (Bro) Y 51 (8-6) azn| Y
{{62 Cos{ },—eZ Sln[z]},

e

j(Bé)Sin[z] g2l (89 Cos[z] }
217 2
15.  Reversible operation

NI

The controlled NOT gate and the Toffli gate are reversible.

(1) CNOT gate

|X7y>_)éCNOT|X’y>:|X5X® Y>
_)GCNOTGCNOT|X’ y>:éCNOT|X7X® y>:|x,x®(x® Y)>=|X, Y>
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since X@® X=0. Thus we have
A g A
GCNOT =1

(i1) Toffli gate

XY, Z> = Gromi

XY,2)=|X,y,2®xy)

X, ya Z> = éTofIi

X,Y,Z@xy) =

X, Y, 2@ Xy ®xy) =

= GrogUron XY, Z>

since Xy @ xy = 0. Thus we have

G‘Toﬂi2 =1

Such a gate is called the universal gate.

16. CNOT gate
(a) CNOT gate (modified case 1-3)

a @ a'
b b'

/A .
c U Cc

a=ab’ =b, c'=adc

a b c a' b' c
0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
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S © © «
S O o

S o o

0 00O
1 0 0O

1

0 000 OO
0 00 0O

1

0 000 O0O0OTP O
1
0
0 0 0

0 00O

1

0

0000 O0O0OTPO
0 00 0 OO

1

] 1-3)=
enor (1=3) 000 0O0T1U00

Then we have

CNOT gate (modified casel-2)

(b)

c’=c

a'=a, b'=a®b,

bl
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Then we have

S O o

S O O O

S o o

o o o

{

000 0 O00O0ODP O

1

1

000 O0O0O 0
1

0
0 00

0 00 0O
1 00 00
000 0 O0O0O0°1

0 00O

0 00
1

1

0

0

0 00 00O

U 1-2)=
enor (1-2) 000O0O0UO0T1O0

~

In fact, we have

‘//in>

A

Ugnor ®15)

|‘//out>

00 0O0O0O0OO

1

0
0

00 0O0O0O©O

1

000 O00O0
1

0

0 00O

0 0 0

0
1
0 00

1

1

00 0O0O0O©O

00 0O0O0O0OTO

0 00O

1

0

0

00000

[ qu—

UCNOT ®

where

S o — O

S O O -

S — O O

— o O O

CNOT

CNOT gate (modified case2-3)

(©)
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bl

(N
L

a,b’=b, c'=b®c

a'=

bY

Then we have

S O O«

S o o
x

S o o

o o O

{

000 0O0O0OTP O

1

0 00 00O

1

0 00
0

0

1

0

0

1

0 000
000 O0O0O0OTP O

1
0 00 0O

1

0 00 O0PO

1

000 0O0O O

0
U 2-3)=
CNOT()00001000

~

In fact, we have

CNOT)| ‘//in>

(I, ®U

|l//0ut>
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000 O0OTO0OTF O

1

0

0 00 O0O0FO

1

0 0 00O
0 00 0O

0
0 00O

1

0 00

0

0 0O
1
0 000 O0O0O O

1

1

0

0 00 0O

1

1

000 O0O0O

® U CNOT

S o — O

S O O -

S — O O

— O O O

CNOT

D

where

Series connection of Toffoli gate and CNOT gate

17.

bl

Jd h
U

a

an
U

c'=c®ab

b'=a®b,
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From this table, we get the corresponding matrix as

000 O0O0O0OTP O

1

0

1

0
0

0 000 OO

1

0 00 0O

1

0 00O

0 0O

1

0

000 O0OO0OTP O
0000 OO

0 00O

1

0 0 O
1

1

0

0

0 00 0O

1
D

In fact

j |(//in>

(UCNOT ® I)UTofﬂis

~

|‘//out>

Note that

0 00 0 O0O0O 0

1

0 00 0 O0O

1

0

1

0 00O
0 00
1 0

0

1

000 00O
000 00

1
1

0
0 00
0 00O

000 O0O0OOTPO

1

0 00 0 OO

U Toffolin

S O — O

S O O

S — O O

— o O O

CNOT

D
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00 0O0O0O0OTO O

1
0
0

000 O0O00O0

1

0 00 0O
1

0
0 0 0

0

1

1

0 00O

00 0O0O0O© 0

000O0O0O0OO O

0 0 0O

0 0 O
1

1

0

0

0 00 00O

UCNOT ® I

Then we have

coc oo ~o o o
oo oo o ~o o
o oo o o o o —~
oo oo oo —~ o
oo o ~0o o o o 5
>
oo ~ o o o o o 2
<
O~ 0 o o o o o i
(D]
— o oo o o o o R=
s
Il Ra)
£
2 -
<
2 .
- b}
® =
5 3
Z [}
(@]
) =
N 7))
=
Q
. p—
=
B

Qubit swapping

18.

=b

alll

'=(a@b)da

b"-a®(ad®b)

N

a'=a

M 2
N

€

b"=aeéb

b'=a®b>

N
N

=D

a®(@adb)

bH —

0 and 0®b=h.

since a®a
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1 0 0O 1
n 01 00 A 0
UCNOT: 00 0 LI URCNOT: 0
0 01 O 0
where
A , oA ) A
UCNOT :URCNOT :|4-
The output is given by
|l//out> =UgyorV RCNOTUCNOT)| l//in>
where
1 0 0 0)1 O
U U U B 01 0 Oofo O
CNOT ™~ RCNOT~ CNOT — 0 0 O 1 0 0
0 01 ONO 1
1 0 0O
B 0 01 O
o1 01
0 0 0 1
=U

swap

We note that for the qubit swapping,

a b a’ b’
0 0 0 0
0 1 1 0
1 0 0 1
1 1 1 1

Then we have

50
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S = O O

S = O O

S O = O

=

S O O =

S O = O

- o O O

S = O O



1 000
. 0 010
Uswap: ’
01 0O
0 0 0 1
We also note that
1 00 01 0O 0 0)1
) A . 000 110 1 0 00
U renorU enorUrenor = 0O 01 00 O O 10
01 0 ONO O 1 ONO
1 00 O
|00 10
o1 01
0 0 0 1
:Uswap
12®C=(3 9, Uoor =| 2,
0 C 0 o,
(e
{1, ®C)UCNOT(12®B)UCNOT(12®A): 6 é
(C 0
0 C
(6D
0 C
_(CBA
0
Suppose that
CBA=1, Cé6.B6,A=U

Then we have

51
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O = O O
oS o = o

)
XQ> =3
.

<> s
>,
o>




U O B
(12 ®C)UCNOT (12 ® B)UCNOT (12 ® A) = {(A) ij

lc> o @

Fig.

This is equivalent to the controlled U gate;

a O a'

a is the control qubit and b is the target qubit.

|00
0
10
11

~

—[00)
—|01)
—[1U|0)=U,[10)+U, |11)
—[DU0[1)=U,,|10)+U,,|11)

-~ - =

Then we have
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10 0 0
01 0 o0 (i o
00 U, U, _[o UJ
0 0 U, U,

19. Quantum gate related to controlled U gate

a

where b is the control qubit and c is the target qubit.

a b c a’ b' c'
o 0 0 0 0 0
o o 1 0 0 1
o 1 o 1 1 U
o 1 1 1 1 Uy
1 0 0 0 0 0
10 1 0 0 1
11 0o 1 1 U
I R D )

Thus we get
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10 0 00 0 0
01 0 00 0 0
00U, U, 00 0 0| (i, 0 0 0
&)= 00Uy, Uy, 00 0 00U 0 0 =|}®(|2 J
00 0 0 10 0 O0 0 0 I, 0 0 U
00 0 0 01 0 0 0 0 0o U
00 0 0 00U, U,
00 0 0 00 U, U,
Here we have the eight state;
|abc) =[000),|001),/010),|011),[100),[101),[110),[111)
=[1),]2),[3).4),|5).|6).|7).|8)

We consider the case which is different from the above case. The role of b is replaced by that of

a. In this case, the state is described by \bac} ;

|bac) = |000),

1),|2),

001),[100),

5),16),[3),

101),

4),|7),

010),

8),

011),

110),

111)

We need to replace both the row vectors and column vectors of the matrix C in the order of

000),|001),

1),2),5),

((Mathematica))

100),

6),[3),

101),/010),

4),7).I8),

011),

110),

111)
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Clear[""Global %"]; U=

-

oNolNolololNolNoll

-

O O O 00 O 0 )
1 O O 00 O 0
O ull uli2 0 0 O 0
O u21 u22 0 0 O 0
0O O O 10 O 0
0O O O 01 O 0
0O O O O O ull ul2
0O O O O 0 u2l1 u22)

Ul={UL[AIIl, 111, U[[AIL, 211, UL[AII, 5]],
ULLALL, 611, UL[AIL, 311, U[[ALL, 4]],
ULLALL, 711, ULLALIL, 811 };

Ull = Transpose[U1l];

Uiz = {U11[[111, U1l1rr211, U11[[5]], Ul1[[6]],
Ul1[[311, ull[[4]11, U11[[/1]1, UL11[[8]]1};
Ul2 // MatrixForm

1

ol olNololNolNolNo)
ol olNolololNol o

0]

0]

ol olololNoll e

0

ol olNeololl JlelNe)

0] 0]
0] 0]
0 0]
0 0]
ull ul?
u2l u22
0] 0]
0] 0]

OO0 oo0oOo

0

ull ul?
u2l u22

OO oOoOo0oOo

o)

In fact, we get this matrix fom the following basic consideration,
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b

where a is the control qubit and c is the target qubit.

bV

—_

o
-

—
—

D

—_

=
-

—
—

D

Thus we get
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0 00 O

1

0
0

0
1

0
0 0 O

0
0

0 00O
0 00O




20. Example

a ®—=a a a

b ® aegb adb

c e N ¢ & (adb)dc
0 2> ab@0=ab D c(ae@b)dab

Note that

(a®b)y®dc=a®b®dc

cla®@b)®ab=ca®ab®bc

21. Generating entangled qubits (the Bell’s state)

1000
- 0100 ~ 111
U = , H=——
o 0 01 ﬁ(l —1)
0010
10 1 0
. o 1]0 1 0 1
UCNOT(H®I2):$ 01 0 -1 (
10 -1 0
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The Hadamard gate (the H box) is the 2x2 unitary matrix, which takes a single qubit from
the upper input and produces a single qubit output. The intermediate state after the
Hadamard operation is displayed. The CNOT (Controlled NOT) gate uses a control input
(the solid black circle) to affect the target input (the XOR symbol). If the control input is
a |0>, then the target output is the same as the target input. If the control input is a |1>,
then the target output is the target input inverted. Quantum wire coloring, unique for each
qubit state. The dashed line indicates an entangled state, and the line coloring
distinguishes the different cubit states.

(@)
|0> H @
|B>00
|0> C)
The initial state is
1
0
‘Winput> = |00> = 0
0
1 1
Uenor (H®T,) 0 _ L 0 :|ﬂ> (Bell’s state)
0 210 00
0 1

(b)
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|B>01
1> C)
The 1nitial state is
0
1
l//input> = |01> = 0
0
0 0
Ueor (H® 1) ) - L 1 =|ﬂ> (Bell’s state)
0 ﬁ 1 01
0 0
(©)
1> H <
1B>10
10> ()

The initial state is
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0
‘l//input> = |10> = (1)
0

0 1
~ A A 0 O
Uenor (H® 1) - L = |,B> (Bell’s state)
1 \/E 0 10
0 -1
(d)
11> H &
1B>11
The initial state is
0
0
‘l//input> = |1 1> = 0
1
Then we have
0 0
~ ~ A 0 1
Uenor (H® 1) - L =|,3>”- (Bell’s state)
0 21 -1
1 0
22 Swapping qubit states
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Select the states for two qubits. The quantum circuit consisting of three CNOT gates swaps
the states as time progresses from left to right to produce the output.

,( <(EBy)€BX>=|y>
| x> *—he> *—{y>—

y>——D—tx@y—e—tx@y—D—

ly®(xy)>=|x>

Fig. Swapping qubit states between ‘X> and ‘ y) . Note that ‘ y} X®x=0. yoy=0
|0> ® ¢ ® 11>
Ve N
11> oD ® oD |0>
Fig. Swapping qubit states between ‘0> and ‘l> . Note that ‘ y) X®x=0. yoy=0

This can be proved by using the matrices of UCNOT and URCNOT, as follows.

a

CNOT — > URCNOT =

S O o =
S O = O
— o O O
S = O O
>
S o o =
— o O O
S~ O O
S O = O
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1 0 0 0)1 O
U U U (01 0 0}j0 O
eNoTERCNOTECNOT = 0y g 1 [ g 0
0 01 OAO 1
1 0 0O
(000 10
10100
0 0 01
The initial state is given by
0
1
‘l//lnput> O | >
0
0
. 1
UCNOT‘Winput>: ol
0
0
n n 0
URCNOTUCNOT‘Winput>: 0
1
0 0
n n o 0 0
|‘//out>:UCNOTURCN0TUCN0T 0 = 1 :|_+>
1 0

23. Measuring entangled qubits

62

S = O O

oS O = O

S O O =

S O~ O

- o O O

S = O O



(} — |0>
1B>00
@ |0>
1 0 1
o ] 0 o - 1 0
1_\/5 0 s 2_\/5 1 s 0 ’
1 0 -1
1 0 0 1
HONGgor = |0 L 1O
CNOT_\/EI 0 0 1
01 -1 0
1
A an 0
(H @ D)Gyor @, = 0 =100),
0
0
A 1
(H ®1)Ggor @, = 0 =[01),
0
0
A 0
(H ® DGeyor @, = | =[10),
0
0
A 0
(H ®1)Ggpor @, = 0 =[11).
1
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We note that

(H ®1)(H ®1)Gpyor @, =(H ®1)00)

or
Genor®, = (H ®1)[00)
and
Genor @, = Gyor(H ®1)[00)
or
@, =Geyor(H ®1)]00)
since

HONH®)=101=1, GupGupor=1

Similarly, we get

@, = Gyor (H ®1)[01), @, =Gyor (H ®1)[10),

D, = GCNOT(I:' ®i)|1 1>

24, Quantum gates

64



b U — b
1 0 O 0
R 01 0 0
G, =
0 0 u, u,
0 0 u, u,

Here we have the four state;

|ab) =[00),|01),[10),[11)
=1),2),[3),|4)
a U a
b ® b'

We consider the case which is different from the above case. The role of b is replaced by that of

a. In this case, the state is described by \ba};

1), 4)

|ba) =|00),

10),

01),

1) =

3),

2),

We need to replace both the row vectors and column vectors of the matrix C in the order of
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|00),

10),

01),

1) =

1),

3),

2),

4

Then we have

©c o o ~
S o fF o
o —~ o o
<
S

((Mathematica))

(@)

Clear["Global %"]; U=

Ul={U[LALIIL, 111, UL[AINL, 311, ULTAIlI, 211,
ULLALL, 411 }; Ull = Transpose[Ul] ;
Ul2 = {U11[[1]1]1, U11[[3]1], U11[[2]], U1l1l[[4]11};

Ul2 // MatrixForm

1 0 0 O
O ull O ul2
O 0 1 O
0 u21 0 u22

Py

U=X
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1000

a0 ool s
XOOOl CNOT
0010
1000

5 |00 0 1]

X_0010_CNOT
0100

Note that G, is the same as the matrix of éCNOT. and that Ry is the same as the matrix of

RCNOT .

(b)

These two quantum circuits are equivalent.

1 00 O 1 00 O
A 01 0 O A 01 0 O
Gzz , Rz=

0 01 O 0 01 O

0 00 -1 0 00 -1

25 Equivalence of H-X-H gate and Z gate
Since
HXH =7
this quantum circuit (1)
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is equivalent to the Z gate (2)

26. Series connection of H-Z-H

Since

this quantum circuit

— H

is equivalent to the X-gate (2)

27 Equivalence
Since

I®H)G,(1®H)=G,

the quantum circuit (1)

68

(1)

2)

)]
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A

is equivalent to the quantum gate Ry (2)

(Mathematica))

Clear["Global *"]; CZ =

12 = ldentityMatrix[2]; Hl = —
H2 = KroneckerProduct[12, H1];

M1 = H2.CZ.H2 // Simplify; M1 // MatrixForm

1000
0100
O0O01
0010

28.  Equivalence
We now consider the quantum circuit equivalent to the circuit

69
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2



(1)

Here we use the following equivalence circuits. The quantum circuit (2)

>

2)

is equivalent to the quantum circuit (3)

€)

Noting that
H? =1

then the quantum circuit (1) is simplified into the quantum circuit
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Z
(4)
Since
1 000
Heis,Heh=R = !
z X lo01 0
01 0 0

the quantum circuit (4) is equivalent to the quantum circuit (5)

X
i Q)
where
where
1 0 0 O 1 0 0O
. 01 0O R 0 0 01
G X = N RX =
0 0 0 1 0 01 0
0 01 0 01 00

In conclusion. the quantum circuit (1) is equivalent to the quantum circuit (5).

((Mathematica))
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Clear["Global %"]; CX =

oNeN N
= O OC
OrFrLr OC

1
0
0
0

11
1 -1

H2 // MatrixForm;

H1 = — ( ) ; H2 = KroneckerProduct[H1, H1];

M1 =H2.CX.H2 // Simplify; M1 // MatrixForm

o OOoOFPr
= O OO
Or OO
O OFr o

29.  Construction of G\ from R.yor

We consider the gate given by

(N
¢V

For convenience we call the gate as the operator R.\or (for convenience), which is closely

related to the CNOT operator GCNOT. We show that

>

CNOT —

S O© O =
- O o O
S = O O
S O = O

where
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1 0 0 O
A 01 0O
GCNOT: 00 0 1
0 01 O

Here we have the four state;

|ab) =|00),|01),

1),|12),[3),

10),

4)

11)

We consider QCNOT which is different from éCNOT, where the role of b is replaced by that of a. In

this case, the state is described by \ba};

|ba) =|00),|10),|01),|11) =|1),[3),| 2),| 4)
Note that

|ab) |ba)

100)=[1) > 00} =|1)

0D =[2)—> [10)=[3),

10)=[3)—> [o01)=[2)

1)=[4)—> [11)=4)

a L a'

We need to replace both the row vectors and column vectors of the matrix Ggyqp in the order of
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|00),[10),|01),|11) =[1),[3),| 2),|4)
((Mathematica)) Construction of QCNOT form GCNOT
1 00O
" <~ .. 10100,
Clear["Global %"]; U= 0001l
0010

Ul=(UL[AIIl, 1]]1, U[[AIL, 311, U[[AII, 2]],
ULLAIIL, 411 }; Ull = Transpose[U1] ;

Ul2 = {U11[[1]], U11[[3]11, U11[[2]], U11[[4]]1};

Ul2 // MatrixForm

1000
0001
0010
0100

30. Quantum gate equivalent to CNOT gate

We show that the following circuit is equivalent to the CNOT gate. This shows that the
control bit and the target bit is in a CNOT gate are interchangeable by introducing four
Hadamard gates.
The quantum circuit (1)

S

(1)

is equivalent to the quantum gate (2)
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N

((Mathematica)) This can be proved by using the Mathematica as follows.
(H ®H)Ryor(H ®H) =Gy
where

(a) Hadamard gate:

(b) RCNOT gate:

20>

CNOT

S O O =
- o O O
S = O O
S O = O

N
N

(c) CNOT gate:
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1 0 0 O
. 01 00
GCNOT=0001
0 01 0
®
/AR
L
((Mathematica))
1 000
. Cw.m_|0001 1
Clear["Global *"]; UR = 0010 ,Hl_—2
0100

H2 = KroneckerProduct[H1, H1];

M1=H2_UR.H2 // Simplify; M1 // MatrixForm

O OOo+r
ool e
L O OO
OPFr OO

31 Equivalence

1

S

/d A
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1 000 1 000
é_0100 H_111 ﬁ—OOOI
T o0 0 1) 2l -1) T 01 0
001 0 01 0 0
((Mathematica))
- 1 1 1
Clear["Global *"];H1=—( );
NE 1 -1

UCNOT =

1 000
0100
0001
0010

H2 = KroneckerProduct[H1, H1];
eql = H2_UCNOT.H2 // FullSimplify;
eql // MatrixForm

28.  X-CNOT-X
Empty circle if instead the target is flipped when the control is ‘0> .

O
\/

1N
N
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Fig. Controlled operation with a NOT gate being performed on the second qubit, conditional on
the first being set to zero. This quantum circuit is equivalent to the following circuit.
Note that

01 00
(X ®1)Goyor (X ®1) = L0000
CNOT - 0 O 1 O
0 0 0 1
|a> X . X |a'>
|b> & |b'>
Truth table:
a b a’ b’
1 0 1 0
1 1 1 1
0 0 0 1
0 1 0 0
I*I> _ X |0} . IO) x . |1}
J4 )
|0> \J |0)‘
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|O> _ X |1> . |1> X - |0>

| 1>

D
\L/
=)
v

32. Three qubits systems

A

(a) GCNOT23

The quantum circuit Ggyor,; consists of the Identity operator 1 and the CNOT operator in

parallel connection.

éCNOT 23 = i ® éCNOT
1 0000 0 O0UDO
01 00 0 O0UOUDO
0 001 0 0O00O0 I 0 0 O
B 0 01 00 0O0UDO B 0 X 0 0
100001000 [0 0 1 0
0000 O0OT1TUO0OTDO 0 0 0 X
0 000 0 O0O01
00 00 O0OO0OT1FDO
la> |a'>
|b> ¢ |b'>
lc> () c">
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A

(b) GCNOT13

We show that the Gygry; is given by

GCNOT13 =

o o~ o o o o o
o 0o o0 —~ o o o o
- o0 O O o o ©o o
o -~ 0 0 0o o o o

o o o -

o o = o

o - o o

X © o o

S O O O O O O
S O O O O o = O
S O O O O = O O
S O O O = O O O

where the quantum circuit of Ggygry; is schematically shown by

la> L la'>
|b> |b'>
|c> |c'>

Fig.  For convenience this is called éCNOTl3)' The qubits 1 (‘a>) and 3 (‘C>) form the CNOT
gate, while ‘b> :‘b'>

The quantum circuit of Ggygy3is compared with that of G.yor);, where the state is switched as

\abc} —>\bac>. The roles of \a} and ‘b> are replaced by those of ‘b> and \a} So we need to

replace both the row vectors and column vectors of the matrix G.ygry; in the order of
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000) =[1) > |000) =|1)

001) =|2) —> |001) =|2)

010)=[3) > [100) =|5)

011)=|4)—> [101)=|6)

100)=|5)—> |010)=|3)

101)=|6) > |011)=|4)

110)=|7) > [110)=|7)

111)=|8) > [111)=[8)

((Mathematica))

1000

Clear["Global %"]; UCNOT = 8 é 8 (1) ;12 = ((1) (1))
0010

U = KroneckerProduct[12, UCNOT] ;

Ul={ULLANIN, 111, UL[AIL, 2]], UL[AII, 5]1,
ULLAIL, 611, ULLAIL, 311, U[LLAlLL, 4]],
ULLAIL, 711, ULLAIL, 8]] }; Ull = Transpose[U1] ;

Uiz = {Uil[riijp, viifr2ij, Uiirrsjl, Uiifgell,
Ul1r[311, U11i[f411, uiifrrs11, U11[[811};

Ul2 // MatrixForm

10000O00O

OFr OO0OO0OO0OO0OOo

oNeolNoNolNeolNolNe)
ol elololoelNoly
oNeolNoNoNol o)
o elolNol e lNe)
ool NeolelNolNe)
oNeolNol _eleNe)
R OOOOOOo

A

(© Genom:
The quantum circuit G.\oy, consists of the Identity operator I, and the CNOT operator in

parallel connection. The quantum circuit of Ggyqy, is schematically shown by
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la">

|b'>

|a>

N
%

|b>

|c™>

|c>

0000 O0O0OO

1
0
0

0 00 O0O0PO

1

0

0 00 00O

1

1 0 0 0O
000O0OO0OT1O
000 O0O0OO0OT 071

0 0 0

1 0 0O

0 0 0O
00000

0

0

1

cNOT12 — GCNOT ®1=

G

Equivalence of quantum circuit

33.

i
L/

N
L/

D

(N

L/
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Fig. Controlled NOT gate with multiple targets.

|a> ® ® |a'=a>
|b> &b |b'=ab>
c> a c'=a®c>

-
-
-

a b
0 0
0 0
0 1
0 1
1 0
1 0
1 1
1 1

—_—0 = O = O = O 0
—_—— == OO OO W
O O = = = OO

O = O = O = O 0

In fact, using two matrices Ggyor,3 and Geyoris
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000 O0O0O0OTP O

1

0

1

0 00 O0O00O0

1

0 0O

0 00 0O

1

0 00O

0
1

0
1
0

1

0000 O0O0OTP O

0
0 0 0
000 O0O0O0OTP O
000 O0O0O0°1
0 00
1 0

1

1

0 00O
0 00 0O

1
0 00 0 OO
1 000 0O
1

0 000 O0OTP O
1
0

0 00

0 00 0O
0 00O

0 00 0 O0O
0 00O

1
0
0

CNOT13 —
CNOT 12

G
G
we can evaluate

0000 OO0OTP O

1

1

0 000 OO

1

0 00 0O

1

0 00O

1 0 0 O

0 0 0O

1

0

1

0000 O0O0OTP O

1

0

1
0
0

0 000 O0O0fO0

1

0 000 00O

1

0 00 0)J0 0 O

0 00

1

0000 O0O0OTP O

0 00O

0 0 0jO O O O O 0 O

1

1

0 ONO O O 0 O0 O

0 00 0O

Genor (1-2)Geyor (1-3) =
enor ( )CNOT()0000001000000100

A

or
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1 00 00 O0 0O

010000 O0O

001 000 OO I 0 0 O
A A 0 001 O0O0O0TO O1 0 O
Genori2Genoris = 000000 O 1: 00 0 X

0 00 0 O0O0OT1TFDO 0 0 X 0

0 00 0 O0OT1TO0TPO

00001 O0O0O0

which is the same as that derived from the truth table listed above.

34. Combination of two three qubits circuit

|a> ® |a'=a>
|b> |b'=adb>
|c> 3 P |c'=a@bdc>
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0000 O0O0OPO

1

0 00 0 OGO

1

0 0 0O

1

0 00 00O

1

0 0 0
1

000 0O0O0UPO

1

0

1

0

0

1

000 0 O0O0O0

1

0 00 0 O0O0}0

1

1
0 00

0

0 00 0 O0)j0 0 O

0

0 00 00 O

1
0 00 0O
0 00O

0 0f0 0 O O
0 0 0jO 0 O0 O0 O

1

1

1

0000 O0O0OTP O

ONO O 0 0 0 O

0 00 0 O0O0°1
0000 O0O0O

1

0

000 O0O0O

0 00O
000 0O

1

0 0 O

1
0 00 0O

0

0
0 00

1

1

0 00O
0 00 0 OO

1

000 0O0O0OTDPO

1

CNOT 13GCNOT 23

G

In fact we have
a

Then the matrix can be obtained as
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000 O0O0O0OTO

1

0 00 0O0O O

1

0 00

0 00O
0 00 0O

1

1
0 00 0O

0

00
0 00

1

1
0 00 O0O00O0

0 00O

0

1

1

0 000 O0O0OO

which is the same as that derived from the matrix calculation by using the Mathematica.

Quantum circuit with CNOT (1-3) and H gates

3s.

>

—— |b'>

H

>

|a>

|b>

|c>

00 0O0O0OO0OG O

1
0
0

0 00 0 OO

1

1

0

0

1

000 0O

1
000 O0OTO 0O

0000

1

1

000 O0O0O

CNOT13 —

G
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101 0 00 0 0
01 0 1 00 0 0
10 -1 0 00 0 0
s o~ .~ 1]/01 0 -1 00 0 0
IOH®1=—
J210 0 0 0 1 0 1 0
00 0 0 01 0 1
00 0 0 10 -1 0
00 0 0 01 0 -1
101 0 00 0 0
01 0 1 00 0 O
10 -1 0 00 0 0
Coorali@bi@i=— )0 T E
J2loo 0o 0 01 0 1
00 0 0 10 1 0
00 0 0 01 0 -1
00 0 0 10 -1 0

Note that

A A

[1®H ®1]Geyorss = Genors 1® H®1]  (reversible)

36. Quantum gate with the operator U -

N.D. Mermin, Quantum Computer Science, An Introduction (Cambridge University Press,
2007)

"Deutsch's problem is the simplest example of a quantum tradeoff that sacrifices particular
information to acquire relational information. A crude version of it appeared in a 1985 paper by
David Deutsch that, together with a 1982 paper by Richard Feynman, launched the whole field.
In that early version the trick could be executed successfully only half the time. It took a while
for people to realize that the trick could be accomplished every single time. Here is how it works.

Suppose that we are given a black box that calculates one of four functions (as shown in
table) in the usual quantum-computational format, by performing the unitary transformation

U,|x)®|y)=|x)®|y® f(x)).
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|y>—— Us —ly®f(x)>

((Note))
U ¢ 1s the universal operator.

12
Uf

Xy ® f(x)=

X,y)=U, xy® f()® f(x))

Noting that
f(x)® f(x)=0
then we have

T2
Uf

X,y ®0)=

X,Y)= X,Y)

or

G, =i

We consider the four types operations [f(0) and f(1)].

Table
Type f(0) f(1)
a 0 0
b 0 1
C 1 0

&9



d 1 1

But we are not told which of the four operations the black box carries out. We can, of course,
find out by letting the black box act twice, first on |O> ®|O> = 0,0> and then on |1> ®|0> = 1,0>.

(i) The input as |O> ®|0> =

0,0>. The second qubit of the output is | f (0)> )

10> —— L 0>

0> —— Us — |f(0)>

(ii) The input as 1) ®|0) =

1,0>. The second qubit of the output is | f (1)> )

- 1>

From the two queries, we can find the values of f(0) and f(1).

(@ f)=0, f)=0
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|0> |0>
|0> |0>
|1> |1>
|0> |0>
b))  f0)=0, f()=1
Controlled NOT (CNOT) gate
|0> ® |0>
|0> <> |0>
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105 JAA
N [1>
(c) f0)=1, f()=0
|0> 0
[O>
0> —
| X X |1>
11> I I
1>
0>
| X X |0>
@ fa)=1, f()=1
10> 0
|0=>
0> = X — 1>
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0> ————— X — 1>

37.  Deutsch problem (I)

We consider the following problem, which was first proposed in 1985 by David Deutsch. Are
f's two values f(0) and f(1) the same or different? Equivalently what is their parity. Classically, in
order to solve this problem, we need to query f(0) and f(1) separately. But quantum mechanically
a single query suffices.

|0>

X H Uy

We consider the quantum circuits where the input is given by |O> ® |0> =

0,0).
((The first and second stages))

(H ®@H)(X ® X)[00) = (H ® H)(X|0) ® X|0))
=(H®H)(1)®|1)
=H[1)®H|1)

=%(|0>—|1>)®(|0>—|1>)

=%[|00>—|01>—|10>+|1 )]

((Third stage))
We get
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U, (Heh)xe >2)|00>=%[Uf|00>—Uf|01>—Uf|1o>+0f|11>]
=%[|o,0® f(0))—[0,1® f(0))—|LO® f(1))+[L1® f(1))]

_ %[| 0. 1(0)) [0, T () ~|1. f (1) +[1. F 1)

We consider the four cases.

f(0) f(1) f(o)® f(Q)
a 0 0 0
b 0 1 1
C 1 0 1
d 1 1 0

(a)
Suppose that f(0)= f(1) corresponding to the cases (a) and (d). Then we get

U, (A @H)kX ® %)|00) =%[|o, £0))-[0. F(@) |1 £ @) +|1. T )]
= (0) =1 fo)-|Fo))

Furthermore, we apply (I:I ® i) to this result,

SR OD0)-[1)( 1)~ F@) = o) - @i( f )~ F0)

= LIt )-[fo)

1, f(0))-

1 ~
Nk L)

(b)
Suppose that f(0)# f (1) corresponding to the cases (b) and (c). Then we get

f0)=f), f@1)=7(©)
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U, [ Ak @ R)j00) = o, £0)) [0, o)) |1 F ) +[1. o)

1 ~
=2 0)+[))( 1 @)~ TO)
Furthermore, we apply a Hadamard operator H to this result. Then we have

| N = 1 ¥
v = (H@D(0)-[1) f(0)>—\f(0)>)=ﬁ|l>(| FO)-|TO) [10)=F1)]

lv)= |1>®(|0> |>) for the case (a)

2
|l//> | >®(| Z/—| >) for the case (d)
)= 1o} +[1)( f0)-|FO))

— o)+ @i )-|TO) 1% f)

= 10 10)-[F)

|l//> = |O> ® (%) for the case (b)
|l//> = —| 0> ® (%) for the case (¢)

We note that
f(O)y® f(1)=0 if  f(0)=f(1),
f(O)e f()=1 if f0)=f()),
In summary, |l//> can be rewritten as

95



lv) = +|f(0)€af(1)>®(|> |1)>

This expression tells us that by measuring the first output qubit of the quantum circuit, we are
able to determine f(0)@® f (1) after performing a single evaluation of the function f(x).

38 Deutsch's problem (II)
We consider a quantum circuit (shown below) for solving the Deutsch’s problem. We show that

the first output qubit of the circuit is £| f(0)® f(1)). If f(0)= f (1), the qubit is |0) and if
f(0)= f(1), the qubit is |1).

|0> H H pP—
1> H Ur
((The second stage))

(H ®H)[01) = (H|0) ® H|1))
——(0)+[He(oy-[1)
=[+)®)
=%[|00> —|01) +[10) - [11)]

where
[#)=750) )
=) =5 00)-11)
((Third stage))
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We have
w)=U,(H ®H))o1)
1 - n R A
ZE[Uf|oo>—uf|01>+uf|1o>—uf|11>]

1
_5[

0,0® f(0))-[01® f(0))+[L,0® f(1))—[L1® f(1))]
1 ~ ~
= 100.1(0)) =0, F(©)) +|1. f 1) - |1 Fw)]

Now we consider the four cases.

(0) f(1)

0 o6 o
—_—— O O
—_— o = O

(@  f(O=f0O=0,

) =3110.0)~]01)+]1.0)~[1.)1=|+) 8]

@  fO)=f1)=1

1
[ya) = 5100)=[0.0) +[11) ~[1.0)] = +) ®]-)
(b)  f0)=0, f(l)=1

)= 310.0)-[0.) +[L1)-[10)1=| ) @)

)  f0)=1, f(1)=0

) =5 10)-]0.0)+10) - |L1)1 =) @)

((Fourth stage))
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1 ~
Iw4>—§(H [

0, f(0)) -

QFm»+

Lf)-

L))

+, f(0)) -

+, ?(0)} +

- f (1)> _

= - )

(@) f0)=f1)=0, f(0)® f(1)=0

+,0) -

+,1) +

_’0> -

1
va) =5l ~1)1=[0)®]-)
@  f0)=f1)=1 f(0)® f(1)=0

1
ya) ==+~

+,0)+

_’1> -

~0)1=-0)®|-)

b)  f0)=0, f)=1, fO)® f(1)=1

+,0) -

+,1) +

_’0> -

)=l

1
|'//4>_§[

)  f)=1, f(1)=0 f0)® f(1)=1

+,1) -

+,0)+

_’0> -

~Dl=-)®[-)

1
|'/’4> = 5[
Finally we get the expression for |l//4> as

lv,)=4f0)® f(1))®|-)

This expression tells us that by measuring the first output qubit of the quantum circuit, we are
able to determine the value of f(0)® f (1) after performing a single evaluation of the function

f(x).

39 Deutsch gate (III)
C. Moore and S. Mertens, The Nature of Computation (Oxford University Press, 2011).

We represent U ; in a quantum circuit as
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[x>

lyef(x)>

If f(0)=0 and f(1)=1, then Ljf is an ordinary controlled NOT (CNOT).

Suppose that

[#)=750)+[1)

and
1
=0y
where
X|[+)=[+), X|]-)=--)
Then we get
uy|+>®|o>=%ufo>®|o>+%uf|1>®|o>
1
0)®0D f(0)+— ®0® f(
ﬁ|> | () + \/— ) [1) @] o)
=f|0>®|f(0)>+ IO

With a single query, we create a state that contains information about both f(0) and f(1). It seems
that we get two queries for the price of one. However, this state is less useful than one might
hope.
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In order to improve this situation, we can write the query operator U ; as

Uixy)=U ) ®[y)=[x)®X"y)
Suppose that

V)=
Then we get

0, 1) =9 X )= 9 1) =
When |X)=|+),

up|+>®|—>=Lz|o>®(—1)“°)|—>+%ll>®(—l>””|—>
:(_1)f<0>%[|o>®|—>+(—1>“°>@““|1>®|—>]
=)' llo) + D @)
Her e we note that
(=1)f @210 = (pyf 01O

when f(0) and f (1) are either O or 1, since

f(O) f(l) (_1)f(0)®f(l) (_1)f(1)—f(0)
0 0 1 1
0 1 -1 -1
1 0 -1 -1
1 1 1 1

f(0)

Since we ignore an overall phase, we can factor out (—1) " and write the state of the first quibit

as

)= 00+ ()" O]
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Then we have

f(0) f(1) f(0)® f(1) v)
0 0 0 |+)
0 1 1 -)
1 0 1 -)
1 1 0 |+)

If we measure |l,//> in the X-basis, we can learn the parity f(0)® f (1) without only calling the

query operator once.

+> — |+>

If we add the Hadamard gates on either side, we have

H H .

|0>

If(0)&f(1)>

11> [1>

where
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This algorithm is the first example of a useful trick in quantum computing, called phase
kickback.
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