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Here we discuss the expressions of radial momentum in the quantum mechanics in the 
spherical coordinate and cylindrical coordinate. The obvious candidate for the radial 

momentum is p
r

r
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ˆ

ˆ
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 is the unit vector in the radial direction. 

Unfortunately, this operator is nor Hermitian. So it is not observable. We newly define 
the symmetric operator given by 
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as the radial momentum. This operator is Hermitian. We will show that 
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in the r  representation. 

 
1. Definition Angular momentum 
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Here we note that 
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where rp̂  is the radial momentum in quantum mechanics. Then we get the expression 
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The first term is the kinetic energy concerned with the radial momentum. The second 
term is the rotational energy. The third one is the potential energy. 
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




































 

 
((Mathematica)) 
Proof 
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)()( rre 
rr 


 ,  )()
2

()]([ rr
r

r 
rr





 . 

 
by using Mathematica 
 

 
 
(c) The commutation relation: 
 

1̂]ˆ,ˆ[
i

pr


r , 

 
or 
 

1̂ˆˆˆˆ
i

pp rr


 rr . (Commutation relation) 

 
((Proof)) 
 

][][
1

][
1

''')'(
1

ˆˆ'''ˆ

)ˆˆˆˆ)ˆˆˆˆ(

2 







rr

rrrrr

rrrrrr

rrrrrrr

r
ri

r
rri

r
rri

rrdr
rri

prdp

pppp

rr

rrrr





























  

 
or simply, we get 
 

Clear"Global`"; ur  1, 0, 0;

Gra : Grad,  r, , , "Spherical" &;

Diva : Div,  r, , , "Spherical" &;

ur.Grar, ,   Simplify

1,0,0r, , 

Divaur r, ,   Simplify

2 r, , 
r

 1,0,0r, , 
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)(

)]()()()(2[

)]([)]([
1

)()ˆˆˆˆ(

2

r

rrrr

rr

rrrr









i

r
r

r
r

i

r
ri

r
rri

rprppp rrrr






























 

 
((Mathematica)) 

Commutation relation 1̂ˆˆˆˆ
i

pp rr


 rr  in the spherical coordinate (Mathematica) 

 

 

 
4. In-coming and out-going spherical waves 

The wave function of the spherical wave is given by 
 

r

e
r

ikr

)( , 

Clear"Global`"; ur  1, 0, 0;

Gra : Grad, r, , , "Spherical" &;

Diva : Div, r, , , "Spherical" &;

prc :
—


ur.Gra & ;

prcr, , 
 — 1,0,0r, , 

prq :
 —

2
ur .Gra   —

2
Diva ur &;

prqr, ,   Simplify


 — r, ,   r 1,0,0r, , 

r

Commutation relation

prqr r, ,   r prqr, ,   Simplify

 — r, , 
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with the incoming spherical wave (-), and outgoing wave (+). Here we show that 
 





k
r

e
k

e
rri

r

e
r

rri
p

ikr

ikr

ikr

r





























)(
1

)(
1

, 

 
where )(r  is the eigenket of the radial momentum pr with the eigenvalue k  

 
((Mathematica)) 
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5. Hermitian operator 
 

)(
1

)()()
1

)((ˆ rrr  r
rr

i
rr

ipr 






  . 

 

We show that rp̂  is a Hermitian operator. 

 
From the definition of the Hermite conjugate operator, we have in general, 
 

12

*

21 ˆˆ   rr pp . 

 

Clear"Global`"; pr :
—



1

r
Dr , r &;

1 
Exp k r

r
; 2 

Exp  k r
r

;

pr1  Simplify

 k r k —

r

Nestpr, 1, 2  Simplify

 k r k2 —2

r

pr2  Simplify


 k r k —

r

Nestpr, 2, 2  Simplify

 k r k2 —2

r
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When  rr pp ˆˆ  (Hermitian), we get the relation 

 

12

*

21 ˆˆ  rr pp  . 

 
((Proof)) 
 





























)]([)(

)]([)(

])([
1

)(

ˆ

ˆˆ

*
12

2
*

1

2
*

1
2

21
2

2121

rr

rr

rr

rr

rrr











r
r

drrd
i

r
r

drrd
i

r
rri

drrd

pdrrd

pdp

r

rr






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1
*

2
2

1
*

2

*

21

ˆ

)]([
1

)(

)]([)(ˆ







r

r

p

r
rr

drrd
i

r
r

drrd
i

p
















rr

rr





 

 

where  is an solid angle.  ddd sin .  drd 2r . 

 
6. The angular momentum in the position space 

Here we note that in quantum mechanics, we have 
 

)(ˆˆˆ rrprrLr  
i


, 

 
and 
 

)]([)([

)]([
11

)]([

ˆˆˆ

2

2
2222

2
2222

22222

rr

rr

rprLr







r
r

rr

r
rr

r
rri

rr

prr r

























  
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or 
 

)]}([)({)(ˆ
2

2
222222 rrrLLr  r

r
rr



   

 
For simplicity, here, we use the differential operator for the angular momentum such that 
 

)()( rrL  
i

r


, 

 

)]([)([ˆ)(
2

2
22222 rrLrrL  r

r
rr



  .  

 
7. Angular momentum in the spherical coordinates 

In the spherical coordinate, the unit vectors are given by 
 

zyx
r

r rs
eee

rr
e  cossinsincossin 








 , 

 

zyxrs
eee

rr
e 


 sinsincoscoscos

1









 , 

 

yxrs
ee

rr
e 


 cossin

sin

1









 , 

 
where 
 

drdsr  ,  rdds  ,  drds sin . 

 
The gradient operator can be written as 
 

 

































sin

11

rrr

sss

r

r
r

eee

eee

 

 
where 
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zyx rrr eeer  cossinsincossin  , 

 
or 
 





































































z

y

x

z

y

xr

A

e

e

e

e

e

e

e

e

e

0cossin

sinsincoscoscos

cossinsincossin







 , 

 
or 
 



















































































e

e

e

e

e

e

e

e

e rr
T

z

y

x

A

0sincos

cossincossinsin

sincoscoscossin

, 

 
where AT is the transpose of the matrix A. 

The angular momentum can be rewritten as 
 


















)
sin

1
(

])
sin

1
)(

1
)[(

)
sin

11
(


































ee

eeee

eeee

rL

i

rr
r

i

rrr
r

i

i

rr

rr









 

 
The x-component of the angular momentum: 
 

)coscotsin(

)
sin

1
(.







 



















i

i
L xx




eee

 

 
where 
 

 sin. eex ,   coscos. eex  
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The y-component of the angular momentum: 
 

)sincot(cos

)
sin

1
(.







 



















i

i
L yy




eee

 

 
where 
 

 cos. eey ,   sincos eey  

 
The z-component of the angular momentum: 
 



 















i

i
L zz




)

sin

1
(. eee

 

 
where 
 

0. eez ,  sin. eez  

 
The raising operator: 
 

)cot(

)sincot(cos)coscotsin(














































ie

iiiLL

i

yx





 

 
The lowering operator: 
 

)cot(

)sincot(cos)coscotsin(














































 ie

iiiLL

i

yx





 

 
We note that 
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zz

yxyx

yxyx

LL

LLiLL

iLLiLLLL







22

22 ],[

))(((

L

 

 
and 
 

zz

yxyx

yxyx

LL

LLiLL

iLLiLLLL







22

22 ],[

))(((

L

 

 
Then we have 
 

]
sin

1
cot[

]
sin

1
)(sin

sin

1
[

2

2

22

2
2

2

2

2
2

2

22




















































zz

zz

LLLL

LLLLL

 

 
((Mathematica)) 
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____________________________________________________________ 
The evaluation: 
 

)(

)(

]
sin

1
)(sin

sin

1
[

2

2
222

2222

2

2

2
2

2222

r
r

rr

r
r

r
r

LLL zyx






































L

 

Clear "Global`" ; SetCoordinates Spherical r, , ;

ux Sin Cos , Cos Cos , Sin ;

uy Sin Sin , Cos Sin , Cos ;

uz Cos , Sin , 0 ; ur 1, 0, 0 ;

L :

Cross ur r , Grad , r, , ,

"Spherical" & Simplify;

Lx : ux.L & Simplify; Ly : uy.L & Simplify;

Lz : uz.L & Simplify;

LP : Lx Ly & Simplify;

LM Lx Ly & Simplify;

LP , Simplify

Cos Sin Cot 0,1 , 1,0 ,

LM , Simplify

Cos Sin Cot 0,1 , 1,0 ,

LP LM , Lz Lz , Lz ,

FullSimplify

2 Csc 2 0,2 , Cot 1,0 , 2,0 ,
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Note that 
 

r
r

r
r

r
r

p
r

r 2

2
22

2

2

)(













. 

 
where 
 

r
rri

pr 



1

,  r
rr

r
rri

r
rri

pr 2

2
22 111











 


. 

 
Then we get 
 

2

2

2
22222

2

2

)( rp
r

r
r

r
r

r










L

, 

 
The Laplacian is expressed by 
 

)(
1

2

2
2

2
2

r
pr

L



. 

 
or 

2

2
22

r
pr

L
p   

 
The Hamiltonian of the free particle is given by 
 

)(
2

1

2 2

2
22

2

r
p

mm
H r

L



. 

 
8. Eigenvalue problem for the Hamiltonian in the spherical coordinate 

We have the expression for Hamiltonian H (as a differential operator) in the central-
force problem by 
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)(
2

1

2

)(
22

1

)(
2

1

2

2

2

22

2

2
2

2

rV
r

r
rr

rV
r

p

rVH

r

















L

L

p



. 

 
where 
 

r
r

rr
r

rr
pr 









 2
2

2

2

22
2 

. 

 
Note that 
 

r
r

r
r

r
r 2

2
2











 

 
In this case, the wavefunction is given by a separation form 
 

),()()(  lmYrRr , 

 

where ),( lmY is the spherical harmonics, and it is the simultaneous eigenket of 2L  and 

zL , 

 

),()1(),( 222  lmlm YllY  L , ),(),( 2  lmlmz YmYL  . 

 
The radial wave function )(rR  is the eigenfunction of the Hamiltonian H, 

 

)(

)()](
1

2
[

)()](
2

)1(1

2
[)(

2

22

2

2

2

22

rE

rrVr
rr

rRrV
r

ll
r

rr
rHR

eff

























 

 
where the effective potential Veff(r) is defined as 
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2

2

2

)1(
)()(

r

ll
rVrVeff 





. 

 
((Note)) Effective potential 

The effective potential (also known as effective potential energy) is a mathematical 
expression combining multiple (perhaps opposing) effects into a single potential. In 
classical mechanics it is defined as the sum of the 'opposing' centrifugal potential energy 
with the potential energy of a dynamical system. It is commonly used in calculating the 
orbits of planets (both Newtonian and relativistic) and in semi-classical atomic 
calculations, and often allows problems to be reduced to fewer dimensions. 
 

Suppose that 
r

e
rV

2

)(  . 

 

2

22

2

)1(
)(

r

ll

r

e
rVeff 





, 

 

2

)1(1







llVeff , 

 
where 
 

2

4

2

e
 , (Rydberg constant) 

 

2

2

e
aB 


 . (Bohr radius) 

 

We make a plot of 

effV

 as a function of 
Ba

r
  where l = (0, 1, 2,...,6) is changed as a 

parameter. 
 



 

23 
 

 
 

Fig.  The effective potential for Z = 1 as a function of 
Ba

r
 (from bottom to top) l = 0 (red), 1, 

2, 3, 4, 5 (blue). 
2

4

2

e
 . 2

2

e
aB 


 . 

 
((Note)) Laplacian in the spherical co-ordinate 
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
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
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
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
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
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where  
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2
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9. Mathematica 
Using Mathematica, we can easily calculate the above expression. 
((Method)) 

r aB

Veff R

5 10 15 20 25 30

0.4

0.3

0.2

0.1

0.0

0.1
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(1) We need the relation between the unit vectors of the Cartesian coordinate and the 

unit vectors of the spherical coordinate. 
 
(2) We need to define the operators of the angular momentum (L, Lx, Ly, and Lz) 
 
L: 
 

];'""},,,{],[#,[: SphericalrGradCross
i

rL


  

 
Lx 
 

&][#: LLx x  e  

Ly 
 

&][#: LLy y  e  

 
Lz 
 

&][#: LLz r  e  

 
where 
 

}0,0,{rr  for the spherical coordinate ( rrer  ) 

 
and 
 

}0,sin,{cossincos

}cos,sincos,sin{sincossincossinsin

}sin,coscos,cos{sinsincoscoscossin



















eee

eeee

eeee

rz

ry

rx

 

 
or 
 

 

ux  Sin Cos, Cos Cos, Sin;

uy  Sin Sin, Cos Sin, Cos;

uz  Cos, Sin, 0;

ur  1, 0, 0;
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(3) Use the above Mathematica program to calculate  
 

]],,[[[]],,[[[]],,[[[  rLzLzrLyLyrLxLx  , 

 
which is equivalent to 
 

]2],,,[,[]2],,,[,[]2],,,[,[  rLyNestrLyNestrLxNest  . 

 
((Mathematica)) 
 

 

L :  —  Crossur r, Gra &  Simplify;

Lx : ux.L &  Simplify;

Ly : uy.L &  Simplify;

Lz : uz.L &  Simplify;

Clear"Global`";

ux  Sin Cos, Cos Cos, Sin;

uy  Sin Sin, Cos Sin, Cos;

uz  Cos, Sin, 0; ur  1, 0, 0;

Lap : Laplacian,  r, , , "Spherical" &;

Gra : Grad,  r, , , "Spherical" &;

Diva : Div, r, , , "Spherical" &;

L :  —  Crossur r, Gra &  Simplify;

Lx : ux.L &  Simplify;

Ly : uy.L &  Simplify;

Lz : uz.L &  Simplify;

prq :
 —

2
ur .Gra   —

2
Diva ur &;

prqr, ,   Simplify


 — r, ,   r 1,0,0r, , 

r
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APPENDIX-I  Commutation relation among rp  and r 

 

r
rri

pr 



1

, 

 

eq1  Nestprq, r, , , 2  Simplify;

eq2 
1

r2
LxLxr, ,   LyLyr, ,  

LzLzr, ,   FullSimplify;

eq12  eq1  eq2  Simplify


1

r2 —2 Csc2 0,0,2r, ,  
Cot 0,1,0r, ,   0,2,0r, ,  
2 r 1,0,0r, ,   r2 2,0,0r, , 

eq3  —2 Lapr, ,   Simplify


1

r2 —2 Csc2 0,0,2r, ,  
Cot 0,1,0r, ,   0,2,0r, ,  
2 r 1,0,0r, ,   r2 2,0,0r, , 

eq12  eq3  Simplify

0
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
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
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































 

 
or 
 

)()2( 2
2

2

2

2
2

2

2
2

r
r

rrr
r

r
r

r
pr 
















, 

 

irpr ],[ , 

 

rirpr 2],[ 2  , 

 
1],[  nn

r rnirp  , 

 

rr pipr 2],[ 2  , 

 
23 3],[ rr pipr  , 

 

2
]

1
,[

r

i

r
pr


 , 
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2
]

1
,[

r

i

r
pr


 , 

 

)21(
2

]
1

,[
4

2

2

2

r
r

rr
pr 





, 

 

rrr
pr 




2

2
2 2

]
1

,[


. 

 
((Mathematica)) 
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Clear"Global`"; Pr 
1

r

—


Dr , r &;

PrPrfr  Simplify


—2 2 fr  r fr

r

Prr fr  r Prfr  Simplify

 — fr

Prr2 fr  r2 Prfr  Simplify

2  r — fr

Prrn fr  rn Prfr  Simplify

 n r1n — fr

r NestPr, fr, 2  NestPr, r fr, 2 
2  — Prfr  Simplify

0
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__________________________________________________________________ 

APPENDIX-II Formula related to Lev-Civita  tensor ( ijk ) 

 
(a) 
 

 
 
(b) 

r NestPr, fr, 3  NestPr, r fr, 3 
3  — PrPrfr  Simplify

0

Pr1

r
fr  1

r
Prfr  Simplify

 — fr
r2

Pr 1

r2
fr  1

r2
Prfr  Simplify

2  — fr
r3

NestPr,
1

r2
fr, 2  1

r2
NestPr, fr, 2 

Simplify


2 —2 fr  2 r fr

r4

NestPr,
1

r
fr, 2  1

r
NestPr, fr, 2 

Simplify

2 —2 fr
r2
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(c) 
 

 
 
________________________________________________________________________ 
APPENDIX-III 
 

kljmkmjl
i

ilmijk    

 

The proof can be made using the Mathematica. Note that ijk  is expressed by 

 
Signature[{I,j,k}] 

 
in the Mathematica. 
 
((Mathematica)) 
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Clear "Global` " ;

T j1 , k1 , l1 , m1 : Sum Signature i1, j1, k1 Signature i1, l1, m1 , i1, 1, 3 ;

S j1 , k1 , l1 , m1 : KroneckerDelta j1, l1 KroneckerDelta k1, m1

KroneckerDelta j1, m1 KroneckerDelta k1, l1 ;

tab1 Table j1, k1, l1, m1 , T j1, k1, l1, m1 , S j1, k1, l1, m1 ,

T j1, k1, l1, m1 S j1, k1, l1, m1 , j1, 1, 3 , k1, 1, 3 , l1, 1, 3 , m1, 1, 3 ;

Prepend tab1, "j,k,l,m", "T", "S", "T S" TableForm , TableSpacing 5, 5 &

j,k,l,m T S T S

1 1 1 1
0
0
0

1 1 1 2
0
0
0

1 1 1 3
0
0
0

1 1 2 1
0
0
0

1 1 2 2
0
0
0

1 1 2 3
0
0
0

1 1 3 1
0
0
0

1 1 3 2
0
0
0

1 1 3 3
0
0
0

1 2 1 1
0
0
0

1 2 1 2
1
1
0

1 2 1 3
0
0
0

1 2 2 1
1
1

0

1 2 2 2
0
0
0

1 2 2 3
0
0
0

1 2 3 1
0
0
0

1 2 3 2
0
0
0

1 2 3 3
0
0
0

1 3 1 1
0
0
0

1 3 1 2
0
0
0

1 3 1 3
1
1
0

1 3 2 1
0
0
0

1 3 2 2
0
0
0

1 3 2 3
0
0
0

1 3 3 1
1
1

0

1 3 3 2
0
0
0

1 3 3 3
0
0
0

2 1 1 1
0
0
0

2 1 1 2
1
1

0

2 1 1 3
0
0
0

2 1 2 1
1
1
0

2 1 2 2
0
0
0

2 1 2 3
0
0
0

2 1 3 1
0
0
0

2 1 3 2
0
0
0

2 1 3 3
0
0
0

2 2 1 1
0
0
0

2 2 1 2
0
0
0

2 2 1 3
0
0
0

2 2 2 1
0
0
0

2 2 2 2
0
0
0

2 2 2 3
0
0
0

2 2 3 1
0
0
0

2 2 3 2
0
0
0

2 2 3 3
0
0
0

2 3 1 1
0
0
0

2 3 1 2
0
0
0

2 3 1 3
0
0
0

2 3 2 1
0
0
0

2 3 2 2
0
0
0

2 3 2 3
1
1
0

2 3 3 1
0
0
0

2 3 3 2
1
1

0

2 3 3 3
0
0
0

3 1 1 1
0
0
0

3 1 1 2
0
0
0

3 1 1 3
1
1

0
3 1 2 1
0
0
0

3 1 2 2
0
0
0

3 1 2 3
0
0
0

3 1 3 1
1
1
0

3 1 3 2
0
0
0

3 1 3 3
0
0
0

3 2 1 1
0
0
0

3 2 1 2
0
0
0

3 2 1 3
0
0
0

3 2 2 1
0
0
0

3 2 2 2
0
0
0

3 2 2 3
1
1

0
3 2 3 1
0
0
0

3 2 3 2
1
1
0

3 2 3 3
0
0
0

3 3 1 1
0
0
0

3 3 1 2
0
0
0

3 3 1 3
0
0
0

3 3 2 1
0
0
0

3 3 2 2
0
0
0

3 3 2 3
0
0
0

3 3 3 1
0
0
0

3 3 3 2
0
0
0

3 3 3 3
0
0
0


