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Here we discuss the expressions of radial momentum in the quantum mechanics in the
spherical coordinate and cylindrical coordinate. The obvious candidate for the radial

I A ro. . . . L
momentum is P, =—-p , where ﬂ is the unit vector in the radial direction.
r r
Unfortunately, this operator is nor Hermitian. So it is not observable. We newly define
the symmetric operator given by

W)l -

as the radial momentum. This operator is Hermitian. We will show that
hlo L
Py (D =2——Ary(],  PwD)=(p + W)

in the |r> representation.

1. Definition Angular momentum
L=Ffxp,
2 =L-L=(Fxp)-(Fxp)=7F>p>—(F-Pp)* +in(f-p). (1)



=%*p,” + 97D, — (R0, 9P, + 9P, XD,) +in(%p, + 9P,)

Then we get
N2 ~ 2 N2 A A 2 A 2 A2 A 2 A 2 22,4 2 A 2
Lo+ L+ L7 =X(p, + P, )+ Y7 (P, +B,)+2°(P +Py)

- (9f)y2f)z + 2f)z yf)y + 2f)z)2f)x + )}Zf)xzf)z + )}beypy + 9ﬁykbx)

+2in(XP, + YP, +2p,)

PP = (497 + 2B + B, + D)
=P+ 9P, + 2P+ PP, + 27D, + 27+ K0P, + K0P, +97P,

where
[, %] =R, B, 9]=—inl.

Thus we have



Then we have

(r|C[y) = (r[f*p> = (- p)* +in( - Ply)
= r(r [y~ (r|(F - B |w)+in(r|f - ply)
=(r[p|y)—r*(r|p,’[w)
where
(r[f*p?w) = r*(r|p’|y)
=-1"r’v*{r|y)
and

:_(?j r—(r—)l//(r)-l-lh( j(r—)l//(f)

0
= h? (ra—ra—+r—)w(r)

2

0 0
=h?(r’ =— +2r —)w(r
( 8r2 ar)l//()

20
=1’ (—5+=w(r
(a ; ar)l,V( )

=-r{r|p,’|w)

3



Here we note that

(r

I\2|

b |w)=-n* (i + %g)l//(r) ,  (which will be discussed later)

or?

where f, is the radial momentum in quantum mechanics. Then we get the expression

(notation of the differential operator)

or

The Hamiltonian of the system is given by

=

1
_Zg

H

v)+V (r(rlw)

r|2
o 2y )

f)Z
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A 2

P

or

L +V (Nl (r)

|
Hy(r)=[—np, +
w(r) [2ﬂ P, 2

The first term is the kinetic energy concerned with the radial momentum. The second
term is the rotational energy. The third one is the potential energy.

((Note))

(@)



(if)

(r|CF- P)’[w) =(r|(F- DX(F- P)lw)

=r- [{r[pr)dr(r|t- ply)

=r- [{r[pr)drr(r|ply)

=r- —IV rdr'r(r-|plw)

h

=T VI rdrr{rply)
:?r~Vrj'5(r—r')dr'r'-(r'|ﬁ|y/>
SRR

:?r.vr[?r-vrt//(r)]

. @ (V)9 (r)

or simply
h 2
(07 =( 2] v v w.
. . . 0 .
Using this relation (r -V )y (r) = I’gl//(l’) twice, we get

e ol =) (v 00
(rlt-p |w>—[i] (V- Vop (n) ==h’r—-r =y (r).

(ii1) Then we get the final form as

, 10 ,1 0
< (F- P)* —in(f-p)w)=—n ?a_rg p(r)—n ——l//(f)
—H L
((Mathematica))



Proof of

%[?(r~V)3(r-V)w(r)—ih?(r-vw(r)l

(a— ——)w(r)
ro

by using Mathematica.

Clear["Global "™];ur={1, 0, 0};
Gra = Grad[#, {r, 6, ¢}, "Spherical"] &;

h
OP = — r (ur.Gra[#]) &;
1

1
eql = = (Nest[OP, y[r, 6, ¢]1, 2] -1 AOP[¥[r, 6, ¢]]) //
r

Simplify
2 (2¢%01r, 0, 01 +ry®%9(r, 6, ¢1)
r

2. Proof of > =f2p> —(f- p)* +inf- p (Sakurai)
The proof of the formula

A

L =Fp* —(F-p)* +inf- p,

is given by Sakurai (Quantum mechanics) as follows.
= Z(f x P); (F x P);
- Zzgukx pk zgllmxl pm

ik
We use the identity

D EiEim =010 — OO - (The proof will be given in Appendix)



Then we get
= Z(ajlgkm - 5jm5k| ))A(j ﬁk )A(| ﬁm
jkim
Using the commutation relation
[%,, D, ]=ih1d,,
we have

I:ZZZ[)A(J( X; Py |7l51k)pk )A(jpk(pj)zk+ihi5jk)]

Then we obtain

A

L =f*p* —(F- p)* +iAf- .

3. Definition of the radial momentum operator in the quantum mechanics
(a) In classical mechanics, the radial momentum of the radius r is defined by

1
prc :_(r' p)
r

(b) In quantum mechanics, this definition becomes ambiguous since the component
of p and r do not commute. Since p; should be Hermitian operator, we need to
define as the radial momentum of the radius r is defined by



NIl P
pr_2(f_« p+p f)'
Note that
(r[p, ) = (—ih)(§+%)w(r) . (—ih)%rw(r),
o) =it Z 2
(r[ply) = (im) v (i) -y (r)
= hzlaazrl//(r)
=-h (?5 8T)l//()
((Proof))
(r[Bufw) =S (r| b+ b polw)
ﬁ< Bly)+ (rlp-lw)
E f

1
2
1
2
ler-_ V. (r)+— I<r|b|r'>dr'-<r'—
2 i r
1
2
1
2

)
er.?w(m N dr<|||)|1//>

er.?vrw(r)+ \Y Ié(r—r)dr i |< ')

— e,V (D+V- o)

or simply, we get



(o) = e,V y O+ V- Epto)

D+ (s )
2Dy |
2y
Then we have
(notation of the differential operator)
(Note))
()
oLy
(i)
vy =%{éw(r)ﬁ%{%w(rma—‘i[fvx(r)]
=2y +x 2 Ly y%[%w(r)] + 22 [y (r)]

=2+ ]
“3um+ rﬁ[ll//(r)]
r orr
= gz//(r) + r[lit//(r) —izl//(f)]
r ror r
o 2
=+ W)

((Mathematica))
Proof



e V()= 2u(r), V'[ﬁw(r)]=(§+%)w(r)-

by using Mathematica

Clear["Global "]; ur = {1, 0, 0};
Gra:=Grad[#, {r, 6, ¢}, "Spherical™] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical"] &;

ur.Graf[y[r, 6, ¢1]1 // Simplify

y B0 0r, 6, ¢]

Diva[ur ¢y [r, 6, ¢]1]1 // Simplify

2Yy[r, ©, ¢]
r

Py r, 0, ¢]

(¢) The commutation relation:

(B[P ="1.
o
puf|~[flp, =31, (Commutation relation)
((Proof))
(TR -0l = (0.l ~ oo
= [{r]p.Jr)ar (v flw) (v o v
=L rlaw—rar el L)
S U LU

or simply, we get
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(r|CB.[f|=[flPlw) = (per —rp,X{r|w)

hlo. ., _hd
TF&U w ()] : ar[“//(")]

= Z[2t//(r) + riy/(r) - rﬁt//(r) —y(r)]
i or or

-y

((Mathematica))

. C ot qela  Bn. . . .
Commutation relation pr|r| —|r|p, =—1 in the spherical coordinate (Mathematica)
|

Clear["Global "]; ur = {1, 0, 0};
Gra :=Grad[#, {r, 6, ¢}, "Spherical"] &;
Diva :=Dwiv[#, {r, 6, ¢}, "Spherical™] &;

A
prc := (T ur.Gral #] &) ;
1
prcly[r, 6, ¢]1]
-iny®®00r, 6, ¢]

-ih -1 h
prq = (T ur .Gra[#] +

Dival[# ur]) &;

praf[¥[r, e, ¢1] // Simplify

in(yir,e, ¢l +ryt01r, 0, ¢7)
r

Commutation relation

pro[ry[r, 6, ¢1]1 -rprg[¥[r, 6, ¢]]1 // Simplify
-1aY[r, 0, ¢]

4. In-coming and out-going spherical waves
The wave function of the spherical wave is given by
+ikr

wn=—,
r
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with the incoming spherical wave (-), and outgoing wave (+). Here we show that

h 1 a eiikr

=———(r
Py irar( r

hl a Tikr
=———(e"
irar( ) )
eirikr
r
=thky

)

= 17k

where (1) is the eigenket of the radial momentum p, with the eigenvalue * 7k

((Mathematica))
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Clear["Global "%"]; pr := -

Al
— = D[r#, r] &;
1ir

vl = Exp[i k] - Exp[- 1 kr] :
r r

pr[yl] // Simplify

eikr Kk #

Y

Nest[pr, ¥y1, 2] // Simplify

r

pr[¥2] // Simplify

(e—]ikr kh
r

Nest[pr, ¥2, 2] // Simplify

e—ikr k2 hZ

r

5. Hermitian operator

(r

s )= i D — im0
B lw)=( lh)(ar+r)l//(r) ( 'h)rarn//(r)'

We show that p, is a Hermitian operator.

From the definition of the Hermite conjugate operator, we have in general,

<W1|ﬁr|l//2>* = <‘//2|pr+|‘//1>~

13



When p, = p," (Hermitian), we get the relation

<‘//1 |f)r|l//2>* = <‘//2 | pr|‘//l> .
((Proof))

<1//1|[5r|1//2>:jdr<w1|r><l’|l5r|l//2>
= [dof rdr(y, |r)(r|.|v.)
s w h10
=Ider drl//1 (I’)TFg[r‘//z(r)]
:? jdgjdrr%*u)g[rwz(r)]

h O trus
- _Tjdgzjolrr://2(r)5[rz//l (1]

oyt (2
<W1 Pr W2> o _[dQJ.drn/lz (r) or [ry,(r)]

=z.[dQIrzdry/;(r)li[rl//l(r)]
i ror
= <l//2 | pr|W1>

where Qis an solid angle. dQ =sin@l&d¢. dr = r’dQ.

6. The angular momentum in the position space
Here we note that in quantum mechanics, we have

~ A h

Ll//> :<r|r X p|1y> =Tr xVy(r),

(r

and

(r[Efw) = (e %) =r*(r[p,lw)

- rZ[—hzvzez/(r)]—rz(?] s ()

ror ror

2 2v72 2 82
=R [-r'Viy(r)+r W[W/(r)]
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or
(F[Cly) = Ly ) =1 -ro03p )+ 1 [y ()

For simplicity, here, we use the differential operator for the angular momentum such that
h
Ly(r)=—rxVy(r),
|
82

Ly (r) = {r|Cly) = 1’ [-r’Vy(r) + rm[r w(n)].

Angular momentum in the spherical coordinates

7.
In the spherical coordinate, the unit vectors are given by
or or . . .
, =——=—-=sinfcos¢ge, +sinfsinge, +cosek,,
os, or
or 1lor . .
e, =——=———=cosfcos¢ge, +cosfsinge, —sink, ,
° 6, roo & % ‘
or 1 or .
e, =—= — =—singe, +cos¢e, ,
* 6s, rsingog oy + cosgey
where

ds, =dr, ds, =rd@, ds,=rsincdg.

r

The gradient operator can be written as

0 0 0
V=e_—+€_—+€,_—

oS, 0S, s,

0 10 1 0

=6, —+€——+e,————
or roe rsiné o¢
where
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r=rsinfcosge, +rsinfsinge, +rcosée,,

or
e, e, sinfcos¢ sinfsing cosf | e,
e, |[=A e, |=|cosfcosg cosfsing —sinb | e,
e, e, —sing cos¢ 0 e,
or
e, e, sinfcosg cosfcos¢ —sing) e,
e, |[=A"| e, |=| sinfsing cosfsing cosg | e,
e, e, cosd —siné 0 e,
where A" is the transpose of the matrix A.
The angular momentum can be rewritten as
Lt//:zrxVy/
|
n 1 8 1 ©
= Tre, (8, Byt 6,y
i or r@@ ?rsin@ 8¢
7 10
=—r[(e, xe,)—— _—
: [(e, x&,) Y + (€, ¢) 98¢)W]
0
=—(e, —— _
i(¢ae S0y 9a¢)

The x-component of the angular momentum:

h 0 1 0
Lo=¢e.—(e,——-€———
i 00 sin@ O¢

?—(—sinqﬁ% — cot@cosqzﬁ%)

where

€. .e

€, =—sing, e,.e, =cosfcosg

16
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The y-component of the angular momentum:

ho 0 1 2
L =e,.—(e,——€,———
Y yi(¢ae 9sin<98¢)

= ?(cosqﬁ% —cotésin ¢%)
where

e,.e, =cosg, e, e, =cosdsing

The z-component of the angular momentum:

h 0 1 0
LZ ZE‘Z._—(%——E‘¢9 - -—
I 06 sinf O0¢
_ho
I 0¢
where
e, e, =0, e,e,=—sind

The raising operator:
L +iL —h(isin¢i+icot@cos¢i)+h(cos¢i—cot93in¢i)
" Y 06 o¢p 06 o¢p
:he"f’(incotei)
00 o¢p
The lowering operator:
. . o . 0 0 0
L, —IL, =A(ising—+Iicot@cosg—) — h(cosp— —cot@sinp—
« Ly =7( ¢60 ¢6¢) ( ¢69 1¢6¢)
= —he—”’(i —i cotei)
06 o¢

We note that

17



L L, = (L —iL)(L, +iL,)
2 2 .
=L +L, +I[L,,L,]
=1-L -l

and

L L = (L, +iL,)(L, —iL,)
2 2 -
=L +L, —i[L,L,]
=12 — L7 +7L,

Then we have

P=LL, +L +AL,
=L, L +L°-nL,

1 0, ,. .0 1 0

——(Sinf0—)+—————

sind 06 00" sin" 0 0¢
2 2

P A AR S

06 00 sin" 6 0¢

=—n’[

((Mathematica))
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Clear["Global "]; SetCoordinates[Spherical[r, 6, ¢]1];
ux = {Sin[e] Cos[¢], Cos[e] Cos[¢], -SIn[¢]};

uy = {Sin[e] Sin[¢], Cos[e] Sin[¢], Cos[#]};

uz = {Cos[e], -Sin[ée], O}; ur= {1, 0, O};

L:o=
(-1 A
(Cross[(ur r), Grad[#, {r, 6, ¢},
"Spherical'1]) &) // Simplify;
Lx = (ux.L[#] &) // Simplify; Ly = (uy.L[#] &) 7/ Simplify;
Lz := (uz.L[#] &) // Simplify;
LP z= (Lx[#] +1 Ly[#]) & // Simplify;

LM = (Lx[#] -4 Ly[#]) & // Simplify;
LP[x[6, ¢]11 // Simplify

h (Cos[¢] +1Sin[¢]) (iCot[e] x>V (e, o] + x"% (6, 0])

LM[x[e, ¢11 // Simplify

nh (i Cos[¢] +Sin[¢]) (Cot[e] x*V (e, ¢] +ix™? (e, ¢])

LP[LM[x[e, ¢11]1 + Lz[Lz[x[®6, ¢]1]1] -ALz[x[6, ¢]1]1 //
FullSimplify

-n® (Csc[o]? x'*? [6, ¢] + Cot[e] x*¥ [6, ¢] + x*? [0, ¢])

The evaluation:

=L +L*+L"’

X y z

2
- w—— L sing-Ly -
sinf@ 06 00" sin“ 0 0¢
=h2(—r2V2+irzi)
or or

=’ (-r’vV’ + ra—zr)
- or’

19



Note that

2

r 2 0 ) 82
——p, == =)=r—r.
7 P ar( ar) or’?
where
2
r:élir’ przzélirzlir:_hzla_zr.
I ror lror iror ror
Then we get
L2 272 0 2 0 272 I’2 2
— =’V +—(r'—)=-rv ——p,’,
n’ 8r( or b
The Laplacian is expressed by
1 L
Vie—s (P 5.
or
L2
2
=Pt
The Hamiltonian of the free particle is given by
/ 1 S
H=——V*=—(p, +—=).
2m 2m (P r2)
8. Eigenvalue problem for the Hamiltonian in the spherical coordinate

We have the expression for Hamiltonian H (as a differential operator) in the central-
force problem by

20



1 2 2
=—p, + +V (r
VL=
2 2 2
:_h_16_2r L —+V(r)
2uror 2ur
where
S )
' r or? r’or or’
Note that

In this case, the wavefunction is given by a separation form

y(r) =R(r)Y,(0,9),

where Y, (0,4) is the spherical harmonics, and it is the simultaneous eigenket of L* and
L

I—2Ylm (9, ¢) = hzl (I + 1)zYlm (09 ¢) s I-zYIm (09 ¢) = rni;leIm (0’ ¢) .

The radial wave function R(r) is the eigenfunction of the Hamiltonian H,

n 10 , (1 +1)

HR(F)=[—ZFar2 + 2yr2 +V (r)]R(r)
h* 1 o
= [_ZFWr + Vs (N]P(1)
— Ed(r)

where the effective potential V.(r) is defined as

21



Ve (r):V(r)+thtl).

((Note)) Effective potential

The effective potential (also known as effective potential energy) is a mathematical
expression combining multiple (perhaps opposing) effects into a single potential. In
classical mechanics it is defined as the sum of the 'opposing' centrifugal potential energy
with the potential energy of a dynamical system. It is commonly used in calculating the
orbits of planets (both Newtonian and relativistic) and in semi-classical atomic
calculations, and often allows problems to be reduced to fewer dimensions.

2

Suppose that V(r) = —e—.
r

2 2
Vi (=-5+ 105D,

\/e_ff=_1+ |(|+1)

® & &7
where
ye“
R= EYER (Rydberg constant)
hz
ag = E . (Bohr radius)

V, r
We make a plot of % as a function of & = — where | = (0, 1, 2,...,6) is changed as a
aB

parameter.

22



0.1

: r/a
O-O 1 L 1 1 B
r 5 10 15 20 20! S0
~01F
_0_2:
_03l
—04!

Fig.  The effective potential for Z =1 as a function of r (from bottom to top) | = 0 (red), 1,

aB
4 2
2,3,4,5 (blue). R=LE_ g ="
2h Le
((Note)) Laplacian in the spherical co-ordinate
Vi=—— [sin&g(r2£)+i(sin0i)+i(' i)
r“siné or or 00 00" 0¢ sinf o¢
2
S S VSRR WU S A M 00 W Sl
r-or or r°sin@ 06 060" sinf 0¢
p. L
- hZ h2r2
where
2 2
L__ 1 [i(siné’i)+ e

# sind 90 00’ sin’0 o4

9. Mathematica

Using Mathematica, we can easily calculate the above expression.
((Method))
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1)

2

where

and

or

We need the relation between the unit vectors of the Cartesian coordinate and the
unit vectors of the spherical coordinate.

We need to define the operators of the angular momentum (L, Ly, Ly, and L,)

L:= zCross[r,Grad [#],{r,0,¢}," Spherical"'];
i

Lx:=e, -L[#]&
Ly:=e, -L[#]&
Lz:=e, -L[#]&

r ={r,0,0} for the spherical coordinate (I =re, )

e, =sinfdcosge +cosfcosge, —singe, = {sindcosg,cosd cos g,—sin g}
e ,=sin@singe +cosfsinge, + cosge, = {sindsing,cos fsing,cos ¢}
e,=coséke,—sinée, = {cosd,—sin 6,0}

ux = {Sin[6] Cos[¢], Cos[e] Cos[d], -Sin[d]};
uy = {Sin[e] Sin[¢], Cos[e] Sin[¢], Cos[¢]};
uz = {Cos[@], -Sin[e], 0};

ur = {1, 0, 0};

24



L:=(-1a (Cross[(ur r), Gra[#]]) &) // Simplify;

Lx = (ux.L[#] &) // Simplify;
Ly = (uy.-L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;

3) Use the above Mathematica program to calculate

LX[LX[yr, 0,411+ Ly[Lyly[r.0,4]]+ Lz[Lz[w[r.0,9]].

which is equivalent to
Nest[Lx,w[r,0,¢].2]+ Nest[Ly,y[r,0,4].2]+ Nest[Ly,y[r,0,4].2].

((Mathematica))

Clear["Global *];

ux = {Sin[6] Cos[¢], Cos[e] Cos[d], -Sin[d]};
uy = {Sin[e] Sin[¢], Cos[6] Sin[¢], Cos[¢]};
uz = {Cos[6], -Sin[6], O}; ur = {1, 0, O};

Lap := Laplacian[#, {r, 6, ¢}, "Spherical™] &;
Gra :=Grad[#, {r, 6, ¢}, "Spherical"] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical™] &;

L:=(-1a (Cross[(ur r), Gra[#]]) &) // Simplify;

Lx -= (ux.L[#] &) // Simplify;
Ly := (uy.L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;

-ih -ih
prq = (T ur .Gra[#] +

Dival[# ur]) &;

praf[x[r, e, ¢11 // Simplify

in(xir,e, ¢l +rxH%%r, 6, ¢])
r

25



eql = Nest[prq, x[r, 6, ¢], 2] // Simplify;
eqg2 =

1
— (LX[LX[x[r, 6, ¢111 +Ly[Ly[xIr, €, ¢]]] +
-

Lz[Lz[x[r, 6, $]11) // FullSimplify;
eql2 =eql +eqg2 // Simplify

—% n* (Csc(e1® x %2 [r, 6, ¢ +
cotio] x O+ (r, 6, 0] + x%*%[r, 6, ¢] «
2r xT000r, 0, 01+ 12 X2%% r, 0, 1)

eq3 = -n? Lap[x|[r, 6, ¢1] // Simplify

1
-5 n® (Cscle1? x %2 |
-

r,e, ¢ +
cot[o] x40 (r, o0, 01 + x %% (r, 0, ¢] +

2r x ™0 r, 0, 01+ x=%% r, 6, 1)

eql2 -eq3 // Simplify
0
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APPENDIX-I Commutation relation among p, and r

nlo

diror

r

26



» hl1o hlo

" iror (i ror )
=_h218_2r
r or’
2 2
r or or
K’ o ,0
=——Q2r—+r —
rz( or or?
or
2 hz a 2 82 h2 a 2
= — (=
Pr r2( or or? r? 6r( ar)
[pror]:_iha
[p,,r’]=-2iAar,
[p,.r"]=—niar"",
[r,p,’]=2inp,,
[r,p,'1=3inp,”,
1 in
[pra_]z_za
r-r
1 2ih
[praF]z?a
, 1 2h° 0
—]=—-"—(-2r—),
[P, r2] o ( 6r)
> 1, 2r° 0
[pr 9r]_ r2 ar'
((Mathematica))
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1na
Clear["Global +"]1; Pr=— —D[r #, r] &;
ri

PriPr[f[r]]] // Simplify

;#(Zfﬁr]+rfﬂrﬂ
r

Prirf[r]1] -rPr[f[r]] // Simplify
—i A F[r]

Prir?f[r]] - r2Pr(f[r]] // Simplify

-21irhaf[r]

Prir" f[r]] -r"Pr[f[r]] // Simplify

Sinr YA f[r]

r Nest[Pr, f[r], 2] - Nest[Pr, r f[r], 2] -
21aPr[f[r]] // Simplify

28



r Nest[Pr, f[r], 3] - Nest[Pr, r f[r], 3] -
31iaPr[Pr[f[r]]] // Simplify

0

1 1 o
Pr[; f[r]] - ZPrifir]] // Simplify

inFlr

r.2

1 1 o
Pr[—2 f[r]] - = Pr(f[r]] // Simplify
r r

21 hF[r]
3

1 1
Nest[Pr, = f[rl, 2] - = Nest[Pr, f[r], 2] //
r r

Simplify

2n® (Flr]-2rF[r])

I"4

1 1
Nest[Pr, sRILIP 2] - = Nest[Pr, f[r], 2] //

Simplify
2 0% F[r]
12
APPENDIX-II Formula related to Lev-Civita tensor (&, )
(a)
€123 = €231 = €312 = +1
c132 = €213 =3 = —1
(b)
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[uxv]y = e15uvk
= £193UsV3 + E132usvy + (all other terms are zero)
= ugU3 — U3V2
[uxv], = egjrujvk
€231U3V] + £213U1V3
L B
[uxv]y = e3jrujvk

u1v2 — uav1

(c)
Eijkflmn = 53’16jm6kn + 51’17153'?16.‘:3 + 5'énaﬂ‘§km - 6125jn6km - 6in6jm6kl - éiméjlﬁkﬂ
Eijk€lmk — 53’16jm — 5z'm5j£
Sijk€lik = 204
€ijk€ijk = 6

APPENDIX-III
zgijkgilm = 5j|5km - 5jm5k|
i
The proof can be made using the Mathematica. Note that &;, is expressed by

Signature[ {I,j,k}]
in the Mathematica.

((Mathematica))
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Clear["Global "]

. 1,3}

(i

, 11, ml}],

11] KroneckerDelta[kl, ml] -

11]

, J1, k1}]1 Signature[{i

KroneckerDelta[j1,

KroneckerDelta[j1l, ml] KroneckerDelta[kl,

tabl

Sum[Signature[{i

Trjdl_, ki_, 11_, ml_]

Sijl_, ki_, 11_, ml_]

Table[{{J1, k1, I1, m1}, T[j1, k1, 01, ml], S[j1, k1, i1, ml],

1, 1,3}, {ki, 1,3}, {11, 1,3}, {ml, 1, 3}]

Sh,mt™, T, st "T-S"y] // TableForm[#, TableSpacing » {5, 5}] &

TLi1, k1, 11, m1] -S[j1, k1, 11, mi]},

Prepend[tabl, {"j,

T
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™ ™ ™
- N ™
[0} ™ ™
A1 O 1000 -000
N N N
— N ™
[0} ™ ™
1000 -H00O0O-H000
—
- —
™
— N
™
™ ™
-
—000—H00O- | 10O
[0} ™ ™
— N ™
N N N
1000 -HO0OO0OO0O-H0OO0OO0O
N N N
- N ™
N N N
—FA—1O0O 1000 -1000
-
- -
N
- ™
N
N N
—

—000+H | 1OHO0OO

[0} ™ ™
- N ™
- - -
—“1000—H000-000
N N N
- N ™
- - -
—“1000—H000-000
— — —
- N ™
— — —

000 -+H000—H00O0O

[0} ™ ™
- N ™
[0} ™ ™
NOOONHAHONOOO
N
N N
™
— N
™
™ ™
—
NOOONOOOWN | 1O
- — —
- N ™
™ ™ ™

NOOONOOONOOO

™ ™ ™
- N ™
N N N
NOOONOOONOOO
N N N
- N ™
N N N
NOOONOOONOOO
- — —
- N ™
N N N

NOOONOOONOOO

™ ™ ™
- N ™
- — —
NOOONOOONOOO
N
N N
-
N ™
-
- -
-
NI 1TONOOONOOO
- — —
-l N ™
— — —
NOOONHHONOOO

™ ™ ™
- N ™
™ ™ ™
MOOOMOOOMOOO
N N N
- N ™
™ ™ ™
MOOOMOOOMOOO
- — —
- N ™
™ ™ ™

MOOOMOOOMOOO

™ ™

N
- ™

N
N N

— -

MOOoOOoOMmM I 10MOOO
N N N
- N ™
N N N
MOO0OOMOOOM—A-H0O
- — -
- N ™
N N N

MOOOMOOOMOOO

™
™ ™
-
N ™
-
- -
—
M 1OMOO0OMOOO
N N N
— N ™
- - -
MOOOMOOOMOOO
- — —
- N ™
- — —
MOOOMOOOM—-HO

31



