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We determine the eigenstates of §X and éy for a spin-1 particle in terms of the eigenstates
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The unitary operator is obtained as
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Eigenvalues and eigenkets of §y
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with the normalization condition
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3. Rotation operator IQy 0)

Here we discuss the matrix of the rotation operator with j = 1. The rotation operator is
defined by
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((Mathematica))
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Matrices j = 1

Clear["Global +"]; J=1;
exp *:=exp /- {Complex[re , im ] = Complex[re, -im]};

B
IX[j_,n_,m]:= 5«/(] -m) (j +m+1) KroneckerDelta[n, m+1] +

h
> V (i +m) (J - m+1) KroneckerDelta[n, m-17;

a
Jy[j_,n ,m]:= -3 iV ((-m) (j+m+1) KroneckerDelta[n, m+ 1] +

A
> iV (J+m) (j-m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] :=hamKroneckerDelta[n, m];

Jx = Table[Ix[j, n, m]1, {n, §, -3, -1}, {m, J, -J, -1}1;
Jy = Table[Jy[J, n, m], {n, §, -§, -1}, {m, §, -§, -1}1;
Jz = Table[Jz[j, n, m], {n, §, -3, -1}, {m, §, -§, -1}1;
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Jx // MatrixForm
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Jy // MatrixForm
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Jz // MatrixForm
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eql = Eigensystem [JX]

[{-n,n, 0}, {{1, ~2,1}, {1,~2,1}, (-1, 0, 1}}]}
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Y1x = Normalize[eql[[2, 2]]1]; ¥1x // MatrixForm
1

2
1
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Y2x = -Normalize[eql[[2, 3]]1]; ¥2X // MatrixForm

1
NEY
0
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N
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¥3x = Normalize[eql[[2, 1]1]1]; ¥3x // MatrixForm

N [ N [
S

UXT = {Y¥dIx, 2%, y3x}; UX = Transpose[UxT]; Ux // MatrixForm
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UxH = UXT*; UxH // MatrixForm

1 1
V2 2
1
0 -7
1 1
V2 2

N I ﬁ‘l—\ N I

UxH .Ux
{{1, 0, 0}, {0, 1, 0}, {O, 0, 1}}

eg2 = Ergensystem[Jy]
[{(-n,n, 0}, {{-1,1iV2,1}, {-1, -i~2,1}, (1,0, 1}}]

Yly = -Normalize[eq2[[2, 2]]]; ¥1ly // MatrixForm

=N

ol ]
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UyH.Uy // Simplify
({1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

Exp[-i6] O 0

Ry = Uy. 0 1 0 -UyH 7/ ExpToTrig // FullSimplify;

0 O Exp[ie]
Ry // MatrixForm

612 Sinfe = [612
Sin[o] _ Sinfe]
2 cestel -

- 1912 Sinfe 612
sin| %] el Cos|? |

Exp[-i¢] O 0
Rz = O 1 O ’
0 0 EXp[i ¢]

R=Rz.Ry // Simplify; R // MatrixForm

efjcbcos[gr el ?Sinfe) equbSin[g]z

V2
Sinfo] _ Sinfo]
e Cos O] NS
ioazm[O]2 el @ Sinje i¢ 012
e Sln[z] Q—lﬁ e Cos[z}
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Direct calculation of the rotation matrix

-1 -1
R1 = MatrixExp[—? Jz ¢] -MatrixExp[? Jy e] // TrigFactor;
R1 // MatrixForm

ej‘l’Cos[g}z _el?sineo ejd’Sin[g]z

V2
Sinfo] _ SinJo]
2 Cos (o] V2
ipezn[012 el?Sinfe] -i ¢ 012
e Sln[z] NeA e Cos[z]

R1.{1, 0, 0} // MatrixForm

ej‘l’Cos[g]z

Sin[e]
V2

e‘j(DSin[g]z

R1.{0, 1, 0} // MatrixForm
_ej(z)SiI’I 6
V2
Cos 9]

e 1%Sine
V2

o Useful formula for J =1
We note that these kets are the eigenket of J o= J -n, where n is the unit vector given by

n=(n,,n,n,)=(sinfcosg,sinfsingp,cos )
and
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e igi

cosd 0
2
J=J-n=Jn +Jn L in =g SO g 0 Sing i
n XX yy 7'z \/E \/E
sinf
0 e _cosé
V2

One can use S=1 instead of J = 1.
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The eigenvalue problem can be written as
L) =hlLLn),
0;n)=0,

Sl >: . s 9n>

We calculation the rotation matrix with J = 1 without the use of Mathematica. First we consider
the Taylor expansion:

exp(— 93)—1+—(— 6J)+—(— a,y —(— a,y —!<_7[195y)4+..
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Therefore the Taylor expansion can be rewritten as

exp(—%@jy)z #[( 0)+ ( i0) +— ( i0) +.]

T2

—yz[l(—i 0)* +i(—i6?)4 +..]

NN J;
=1- y(|Sll’10)+—(COS9 1)

1+cos@ _sm0 1—cosé
2 V2 2

sin @ sin &

=| — cos@ -

V2 V2

l1—cos@ sin@ 1+cosé

2 V2 2

For J =1, we have the following formula

(J -ny’
hZ

exp[—%a(j-n)] =1 —isina%+ (cosa —1)

((Proof)) The proof for this formula is given in terms of Mathematica.
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Matrix j = 1

Clear["Global %"]; j =1; 13 = IdentityMatrix[3];
exp_* :=exp /. {Complex[re_, im_] = Complex[re, -im]};

IX[J_,n_,m]]:

g vV (J-m) (J +m+1) KroneckerDelta[n, m+ 1] +

h — -
5«/(J+m) (U

Jy[J_,n_,m]:

m + 1) KroneckerDelta[n, m-1];

-g iV (J-m) (J+m+1) KroneckerDelta[n, m+ 1] +

g iy (j+m) (J-m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] :=a mKroneckerDelta[n, m];

Jx = Table[Jx[j, n, m], {n, §J, -0, -1}, {m, §,-J,-13}1;
Jy = Table[Jdy[j, n, m1, {n, §, -0, -1}, {m, §,-J,-13}1;
Jz = Table[Jz[j, n, m], {n, §, -0, -1}, {m, §,-J,-13}1;

Jn=nlJx + n2Jy + n3Jz;

rulel = {n3? 5 1-n1®- n2%};

fl = MatrixExp[—i J?n a] //. rulel 7/ FullSimplify;

f2=13- Jﬁ—niSin[a] .

Jn.Jn
72

(Cos[a] -1) //. rulel // Simplify;

f1- 2 // Simplify
{{o, o, 0}, {0, O, O}, {0, O, O}}

((Note)) For J = 1/2, we have similar formula

exp[—%a(& -n)] = icos(%) —i(6-n) sin(%)
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Matrix j=1/2

Clear["Global *"]; J=1/2; 12 = ldentityMatrix[2];
exp_* t=exp /. {Complex[re_, im_] =» Complex[re, -im]};
oX = PauliMatrix[1] ; oy = PauliMatrix[2] ;

oz = PauliMatrix[3];

on=nloX + N2cy + N3 0zZ;

rulel = {n1 - Sin[e] Cos[¢], n2-> Sin[e] Sin[¢], n3->Cos[e]};

f1 - MatrixExp[—J'l "2—” a] /7. rulel // FullSimplify;

2 - I2COS[%] —ion Sin[%] /7. rulel 7/ FullSimplify;
f1- 2 /7 Simplify
{{0, 0}, {0, O}}
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