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The matrix representation of the rotation operator
R(0), R, (0), R.(0)

is discussed for the spin 1/2, using several methods using the Mathematica.

1. Calculation of the matrix representation of ﬁy (6€) undere the basis of |i Z>

The change of basis between {|i z> } and {|i y> } 1s defined by
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Using the closure relation, we get

R, (0)=R,(O)(+ y)(+ y|+|-y)(~¥])
=e 2+ y)+y[+er|-y)-y|

= U(e_7|+ Z><+ z| + 67|— z><—z|)(j+

Under the basis of { |i z> }, we have

0 e?
i6
_] 1 1 677 0 1 (1 —i
Vali =i) o ST ]V2ln i
0
COS— —SIn—
_| 2 2
0 0
sin— COS—
2 2

where

0 i —
e P|4z)+z|+er|-2)-2=|¢ " 9|

0 e?

28 Calculation of the matrix representation of IAEX (6) under the basis of |i z>

The change of basis between {|i z> } and {|i x>} is defined by
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where
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under the basis of between {|ir z> }.

3. Derivation of the matrix representation using Mathematica
With the use of the Mathematica, we can derive the matrix representation of the rotation operators
directly. The angular momentum for the spin 1/2 system can be written as
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in terms of the Pauli matrices,
R 0 1 . 0 —i ) 1 0
Gx = , O-, = . . UZ =
1 0 7 i 0 0 -1
The rotation operators are defined by

R.(6)= exp(—%@@) - exp(—é&xéb,
A I x I .
R (0)= exp(—%J)ﬂ) = exp(—anH),

R.(0)=exp(~J.0) = exp(-26.6).

for the spin 1/2.

((Mathematica))



Matrices j=1/2

Clear["Global " +"]; J=1/2;

h
IX[j_, n_,m]:= 5\/ (J-m) (j +m+1) KroneckerDelta[n, m+1] +

b]
E\/ (J+m) (J-m+1) KroneckerDelta[n, m-1];

A
Jylj_,n_, m.]:= _E iV (j-m) (j +m+1) KroneckerDelta[n, m+1] +

h
Ei\/(j +m) (J -m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] :=amKroneckerDelta[n, m];

Jx = Table[JIx[J, n, m], {n, §, -3, -1}, {m, §, -§, -1}1;
Jy =Table[Jy[J, n, m], {n, §J, -3, -1}, {m, §, -3, -1}1;
Jz = Table[Jz[J, n, m], {n, §, -§, -1}, {m, §, -3, -1}1;

Ry[é ] := MatrixExp[—% Jy 6] // Simplify ;

Rz[g ] := MatrixExp[-% Jz ¢] // Simplify;



R=(Rz[¢]-Ry[6]):; R // MatrixForm
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ul =R.{1, 0} // Simplify

{e_%@ Cos{g} , ej% Sin{%”

u2=R.{0, 1} // Simplify

[ sin[g]. ¢ cos[5]]

Rx[& ] := MatrixExp[—% Jx 6’] // Simplify ;

Rx[6] // MatrixForm

Cos|? | jSing[]g] ]

—jSin[g} Cos|

Ry[6] // MatrixForm
Cos|2] -Sin|¢]

Rz[e] // MatrixForm
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4. Summary

Let the polar and the azimuthal angles that characterize n be #and ¢, respectively. We first rotate
about the y axis by angle 6. We subsequently rotate by ¢ about the z axis.
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The rotation operator is defined as
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The eigenkets |+ n} and |— n} are obtained as
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where n is the unit vector given by

N = (sin @ cos @,sin &sin @,cos )

Fig. r=1.n=e,.

S. Properties of the rotation operators
We discuss a variety of properties of the matrices of the rotation operators under the basis of {|+ Z>,
|— z> , based on the Mathematica. The Mathematica programs are provided below. The following

discussions are given in the textbook (D.C. Marinescu and G.M. Marinesscu, Approaching Quantum
Computing, Pearson, Upper Saddle River, NJ 2004).



The matrices of the rotation operators for § = 1/2 about the x, y, and z axes with the same angle S are

given by
A ; cosg —isinﬁ
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The composition of two rotations with angles ¢ and £ is
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Any rotation on the Bloch sphere can be reduced to the previous expression for the angles 6 and . We
note that

RPRP=1,  RPREPH=1, RPREP=I
The composition of two rotations with angles £ and / is rotation with angle f, + 3, about the same axis

R(BIR(B)=R.(B+ ),



RABIR(B,) = R.(B,+13,)
RABIR(B) = R.(B+1,)
6.R,(0)6, = R,(-0)
6.R.(0)6, = R.(-0)

((Theorem))
IfU isa unitary 2 x 2 matrix, then there exist unitary matrices A , B , and C such that ABC =1 and
U=A46B6C.

In order to show we consider matrices A4 , B , and C defined by

s s sy Y ATYR Ry N _ 5 5=
A_Rz(ﬁ)Ry(zj, B—Ry( ZJRZ( 5 ) c Rz(—2

then we have
U=4686,C=R(PR (y)R.(5)

((Mathematica))
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Clear["Global +"]; ox = PauliMatrix[1]; oy = PauliMatrix[2] ;

oz = PauliMatrix[3]; Sx = g oX; Sy = g oy; Sz = g ozZ;

RX[A_] := MatrixExp-—% Sx/a’- // Simplify ;
Ry[A_ ] := MatrixExp-—% Sy/a’- /7 Simplify ;
Rz[A ] := MatrixExp-—% Sz /3- // Simplify;

Rx[B] // Simplify // MatrixForm
B
2 2]

Cos[£] -isSin
—jSin[g] Cos|

[

Ry[B]1 // Simplify // MatrixForm

Cos| ] Sin[g]]

Sin[g] Cos[g]

Rz[B] // Simplify // MatrixForm
ip

e 2 0]

ip
0] e 2

Rz[¢] -Ry[e] // Simplify // MatrixForm

Rx[B] -Rx[-B] // Simplify
{{1, 0}, {0, 1}}
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Ry[B1-Ry[-B] // Simplify
{1, 0}, {0, 1})

Rz[B] -Rz[-B] // Simplify
{{1, 0}, {0, 1}}

RX[B1] -RX[B2] - RX[B1 + B2] // Simplify
{{0, 0}, {0, O}}

Ry[81]-Ry[B2] - Ry[B1+B2] // Simplify
({0, 0}, {0, 0})

Rz[B1] -Rz[B2] - Rz[B1 +B2] // Simplify
{{0, O}, {0, O}}

(5—/3)];

Al = RZ[B] .Ry[%] - Bl = Ry[%‘] .Rz[#] - C1 = Rz[ >

A1.B1.C1// Simplify
{{1, 0}, {0, 1}}

Al.ox.Bl.ox.Cl-Rz[B]-Ry[¥]-Rz[&6] // Simplify
{{0, 0}, {0, O}}
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