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((4-1)) 

 

 
 

((Solution)) 

The energy is given by 
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 , and zyx nnn ,,  are positive integers. 

 

We consider the Pauli principle. 
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(a) 3 noninteracting spin 1/2 particles 
 

Ground state: E = 12 E0 
 

 
 

 
Energy = 3E0 + 3E0 +6 E0 = 12 E0 

degeneracy g0 = 2C2 x 6C1 = 6. 
 

First excited state (1): E = 15 E0 
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Energy = 3E0 + 6E0 +6 E0 = 15 E0 
degeneracy g0 = 2C1 x 6C2 = 15 x 2 = 30 states 

 
First excited state (2):E = 15 E0 

 
 

 
 
 

Energy = 3E0 + 3E0 +9 E0 = 15 E0 
degeneracy g0 = 2C2 x 6C1 = 1 x 6 = 6 states 

 
 

Second excited state: E = 17 E0 
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Energy = 3E0 + 3E0 +11 E0 = 17 E0 
degeneracy g0 = 2C2 x 6C1 = 1 x 6 = 6 states 

 
 

(b) Four noninteracting spin 1/2 particles 
 

Ground state: E = 18 E0 
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Energy = 3E0 + 3E0 +6 E0 + 6 E0= 18 E0 
degeneracy g0 = 2C2 x 6C2 = 1 x 15 = 15 states 

 
First excited state (1): E = 21 E0 

 

 
 

Energy = 6E0 + 6E0 +6 E0 + 3 E0= 21 E0 
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degeneracy g0 = 2C1 x 6C3 = 40 states 
 

First excited state (2): E = 21 E0 
 

 
 

Energy = 3 E0 + 3E0 +6 E0 + 9 E0= 21 E0 
degeneracy g0 = 2C2 x 6C1 x 6C1 = 36 states 

 
 

Second excited state: E = 23 E0 
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Energy = 3 E0 + 3E0 +6 E0 + 11 E0= 23 E0 

degeneracy g0 = 2C2 x 6C1 x 6C1 = 36 states 
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((4-2)) 

 
 

((Solution)) 

 

(a) 
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In general 
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)()()()( '' 
nnnn

  (geometrically), 

 

then 
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(c) 
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(d) 
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Then ),(ˆ nR  is commutable with ̂ . 

 

((Another method)) 

 

rrr  RR ˆˆˆ  

 

rrr   ˆˆˆR  
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RR ˆˆˆˆ   . 
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((4-3)) 

 
 

((Solution)) 
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From anticommutation relation 

 

02)()ˆˆˆˆ(  ABBA . 

 

Then 0  or 0 . 

 

We have the relation between ̂  and p̂ . 

 

0ˆˆˆˆ   pp  

 

'''ˆ pppp   

 

'ˆˆ''ˆ')ˆˆˆˆ( ppppppp    

 

)'ˆ(')'ˆ(ˆ pppp    

 

Therefore 'ˆ p  is the eigenket of p̂  with eigenvalue p . Only the state 'p  with 

0p  is a simultaneous eigenfunction of the parity operator ̂  and the momentum p̂ .  
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((4-4)) 

 
 

((Solution)) 

 

The spin angular function in two component form is defined as follows. 
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where   is a two-component spinor (spinor wave function) 
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where 
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Here we note that 
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Then we have 
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when m = 1/2 
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((Note)) 
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______________________________________________________________________ 
(b) 

 
Parity operator: 

 

Since xx ˆˆˆˆ   , xx  ˆˆˆˆ   

 

rσrσ ˆˆˆ)ˆˆ(ˆ    
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 )ˆˆ(' rσ   

 

')ˆˆ(ˆ)ˆˆ(ˆˆ)ˆˆ(ˆ'ˆ 1   
rσrσrσ  

 

where  ˆ . Thus the parity of ' is different from that of  .In fact, 

 

mlml l ,)1(,ˆ  . 

 

When l = 1. the wave function has the odd parity. When l = 0, the wave function has the 
even parity. 

 
Rotation operator 

Since rS ˆˆ   is a pseudo scalar operator, it is invariant under the rotation. From the Wigner 

–Eckart theorem, 

 

 

0',';0,0,;0,,;ˆ',';'
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0 
 mjkjqmkjmjTmj
k

q   

 
unless  

 

mm '  and jj '  

 

In fact, the value of m and j does not change before and after the operation rS ˆˆ  . 

 
____________________________________________________________________ 

((Mathematica)) 
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((4-5)) 

 

 

 
 

((Solution)) 

From the perturbation theory, 
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Parity operator: 

Since  

 

xx pp ˆˆˆˆ   ,  xx  ˆˆˆˆ   

 

we have 

 

pSpS ˆˆˆ)ˆˆ(ˆ   , 

 

 )ˆˆ(' pS  , 

 

')ˆˆ(ˆ)ˆˆ(ˆˆ)ˆˆ(ˆ'ˆ 1    pSpSpS  

 

Thus the parity of ' is different from that of  . 
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In fact, mjlnmjln
l

,,,)1(,,,ˆ  . The transition between mjln ,..  and 

mjln ,'.. occurs only when l’- l = odd number. 

 
Rotation operator 

Since pS ˆˆ   is a pseudo scalar operator, it is invariant under the rotation. From the Wigner 

–Eckart theorem, 

 
 

0',';0,0,;0,,,.ˆ','','
)0(

0 

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q  

 

unless  
 

mm '  and jj '  

 

In fact, the value of m and j does not change before and after the operation pS ˆˆ  . 

 

Since the perturbation potential is described by a Dirac Delta function, it is necessary for 

that transition that 0)0( rRnl  and 0)0('' rR ln ; l = 1 and l’ = 0 or l = 0 and l’ = 1. 

 

In conclusion: 
 

We have nonzero-matrix elements only for 
 

02/1,2/1,1ˆ2/1',2/1',0'  mjlVmjl  

 

and 
 

02/1',2/1',1'ˆ2/1,2/1,0  mjlVmjl  
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((4-6)) 

 
 

((Solution)) 

 
 

When potential is an even function, the wave function should have even parity or odd 

parity. 

 

0]ˆ,ˆ[ H  

 

̂  is the parity operator.  

 

1ˆ 2    1ˆˆˆ     

 

xx ˆˆˆˆ  . pp ˆˆˆˆ   

 

Ĥ  is the Hamiltonian. 
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since )ˆ()ˆ( xVxV   

 

Then we have a simultaneous eigenket: 
 

 EH ˆ ,  and   ˆ  

 

Since 1ˆ 2  ,  

 

  22 ˆˆ  

 

Thus we have 1 . 

 
or 

 

 ˆ  

 

 xx ˆ  

 

Since xx ̂ , or xxx   ˆˆ  

 

 xx   

 

or 
 

)()( xx    

 

We need to solve the Schrödinger equation. 
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(a)  The wave function with even parity 

 

)](sin[)( baxkAxI   

 

)cosh()( xBxII    

 

)](sin[)( baxkAxIII   

 

)](cos[
)(

baxkAk
dx

xd I 


 

 

)sinh(
)(
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dx

xd II 


  

 

((Boundary condition)) 

 

At x = a, )(x  and 
dx

xd )(
are continuous. 

 

0)cosh()sin(  aBkbA   

 

)sinh()cos(  aBkbAk   

 

We define the matrix M; 

 

MX=0 
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where 
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detM=0, leads to  

 

0)sinh()sin()cosh()cos(  akbakbk   

 

or 

 

0)tan()coth(  kbb
b

a
bkb   

 

for the even parity 

 

In summary 

 
2

0

22 )()(   bkb , 

0)tan()coth(  kbb
b

a
bkb   

 

For simplicity we use 

X = kb, Y = b,  

 

(I) 
2

0

22 YX , (1) 

0)tan()coth(  XY
b

a
YX . (2) 

 

 

(b)  The wave function with odd parity 

 

)](sin[)( baxkAxI   
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)cosh(
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((Boundary condition)) 

 

At x = a, )(x  and 
dx

xd )(
are continuous. 

 

0)sinh()sin(  aBkbA   

 

0)cosh()cos(   aBbkAk  

 

We define the matrix M; 
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0)cosh()sin()sinh()cos(  akbakbk   

 

or 

 

0)tan()tanh(  kbb
b

a
bkb   

 

for the odd parity 

 

In summary 

 
2

0
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0)tan()tanh(  kbb
b

a
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For simplicity we use 
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X = ka, Y = a,  

 

(II) 
2

0

22 YX , 

0)tan()tanh(  XY
b

a
YX . (3) 

 

Case-1 

In the limit of 0 →∞ (V0 = ∞), X = n for both the symmetric and antisymmetric wave 

functions. Therefore the energy level is degenerate. 
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 with n = ±1, ±2, ±3,  

 

Case-2 

In the limit of 0, the value of X for the symmetrical wave function is a little lower than 

that for the antisymmetrical wave function. The solution of X = 0 is not included because 

the wavefunction becomes zero. 

 

2
a

b
. 
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Fig. Solutions with the even parity (red) and with the odd parity (green). The green 

circle with 
2

0

22  yx  
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((4-8)) 

 
 

((Solution)) 
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 EE  => 'p  and 'p  are the eigenket of Ĥ  with the same energy. But 'p  and 

'p  are different states. 
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=> pr   is not a real but a complex number. 
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((Solution)) 

 

We use the following definition. 
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4.11 

 

 
 

((Solution)) 

Since Ĥ  is invariant under time reversal,  
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4.12 

 
 

((Solution)) 
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