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Here we discuss the second quantization for boson, which is similar to that for fermion. 
The wavefunction should be symmetric under the exchange of position of two particles. 
 
1. Fock space representation (boson) 

The symmetric wave function for the bosons is given by 
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where P is the permutation operator which interchanges the label of x’s and the 
summation runs over all n! permutation of the n labels. Note that 
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((The expansion formula)) 

The expansion formula is given by Schweber as 
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((Example)) Boson systems 



 
Energy levels and states for bosons 
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2. Creation and annihilation operator for bosons 

We now introduce the annihilation operator ib̂  for boson, which is defined as 
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ib̂  is defined by 
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which leads to 
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and 
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which leads to the commutation relation 
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Combining two relations, we have 
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using the Krnocker delta. Similarly we have 
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3. Quantum field operator for bosons (I) 

We introduce the field operators for boson which are defined by 
 


k

kk xbx )(ˆ)(ˆ  ,   
k

)(ˆ)(ˆ * xbx kk   

 

where )(xx kk    is the eigenfunction of the single particle. These field operators 

satisfy the commutation relations 
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The total number operator is defined by 
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4. Second quantization for boson 

Using the quantum field operator and the annihilation operator, the expansion formula 
can be rewritten as 
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By induction we have 
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where S denotes the anti-symmetrizing operator. 
 
In general case, we have 
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where the index B denotes the boson. 
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 ((Example)) We consider the simple case. 
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(symmetric function) 
 

 
5. Hamiltonian 
The Hamiltonian can be expressed by 
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Using the quantum field operator 
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 is the number operator. The eigenket of 0Ĥ  is given by 
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Field operator: 
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Commutation relation: 
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7. Heisenberg’s equation of motion 
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8. The commutation relation of quantum field operator 

When we discuss the quantum mechanics of n-particle system, instead of using the 
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We note that the condition 
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10. One-particle Hamiltonian 0Ĥ  in the Schrödinger equation 

 
Schrödinger equation: 
 

)()(ˆ t
t

itH 



  , )()(ˆ tNtN   

 



H

 

i

Number
 

N̂

 

Note that

Here 
 

i

 
((Simple

The H
 

H

 
with 
 

H

 
and 
 

H

 
and 
 

H

 


1

)(ˆ tH





)(t
t



r operator: 


1

)(ˆ
n

tN

t (ˆ)(ˆ xn
 

we show tha

,( 1
)( x

t
n






e case)) 

Hamiltonian

10
ˆˆˆ HHH 

 ˆˆ
0 dxH 

2
)(

2

0 xH 



 )(ˆ
1 tH

 .....
!

1
1 ddx

n

 ....
!

1
1dx

n

 .....
!

1
1 ddx

n

(ˆ)...( 1 xxn


 

at 

);,...,2 txx n 
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Then we find that );,...,,( 21
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11. Interaction Hamiltonian between two particles in the Schrödinger equation 

The interaction Hamiltonian is given by 
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First we consider the following term 
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where the terms with ji   are not included. Here we note that 
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for the system with the Hamiltonian with 10
ˆˆˆ HHH  .  

 
12. Summary 

The second quantization is very useful method for the many-particle (boson and 
fermion). We do not have to solve the Schrödinger equation for many-particle systems 
directly. Instead of that, we need to solve the Schrödinger equation for one-particle 
systems. The quantum field operator can be obtained from the on-particle solution with 
the creation and annihilation operators (CAP’s) depending on the nature of particles, 
boson or fermion. The quantum state for the many particle system can be uniquely 
determined by the combinations of quantum field operators which is acted on the Fox 
state (vacuum state).  
 
((One-particle state)) 
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The quantum state of the many-particle can be expressed by the Fock state 
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where 10 HHH   is the Hamiltonian of the many particle system. The many-body 

problem in quantum mechanics is equivalent to the quantum field theory above described. 
Using the quantum field operator, the Hamiltonian is given by 
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