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7.1 

 
 

((Solution)) 

We assume that the kinetic energy is given by 
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The momentum p is obtained as 
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Then the de Broglie wavelength is 
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For He atom,  5729.8 Å. This value of  is much larger than the size of He atom (0.62 Å).  

In contrast, we make a plot of the de Broglie wavelength for He and Ne as a function of temperature. 

For Ne, the de Broglie wavelength is on the same order as the size of Ne atom ( 

 



 
 

From this figure, we have T = 0.43 K when the de Broglie length for Ne atom is equal to that that 

of He gas (8.5729 Å) at the critical temperature Tl = 2.17 K. 

 

((Mathematica)) 
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Clear "Global` " ;

rule1 kB 1.3806504 10
16
, NA 6.02214179 10

23
,

c 2.99792 10
10
, 1.054571628 10

27
,

me 9.10938215 10
28
, mp 1.672621637 10

24
,

mn 1.674927211 10
24
, qe 4.8032068 10

10
,

eV 1.602176487 10
12
, 10

8
,

amu 1.660538782 10
24

; E1
3

2
kB T;

p1 3 M1 kB T ;

2

p1
;

MHe 4.002602 amu; T1 2.17;

He . M1 MHe . rule1

12.6287

T

He . T T1

8.5729
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MNe 20.1797 amu;

Ne . M1 MNe . rule1;

f1 Plot He, Ne , T, 0, 30 ,

PlotStyle Red, Thick , Blue, Thick ;

f2

Graphics

Text Style "T K ", Black, 12, Italic ,

29, 1.5 , Text Style "He", Black, 12, Italic ,

10, 4.7 , Text Style "Ne", Black, 12, Italic ,

10, 1.3 ,

Text Style " ", Black, 12, Italic , 2, 8 ,

Line 2.17, 0 , 2.17, 8 ;

Show f1, f2
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7.2 

 
 

((Solution)) 

(a) 

 

0E : Ground state energy 

 

fE : Fermi energy 

 

(i) For even N, 
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(ii) For odd N 
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(b) In the limit of N  
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7.3 

 
 

((Solution)) 

We suppose that two particles (S = 1) are identical. The particle with S = 1 is boson 

 

spinorbital    

 

  is symmetric with respect to interchange of two particles. 

orbital  is symmetric because these two particles have no orbital angular momentum. 

Therefore spin  should be symmetric. 
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J = 2 (symmetric) 
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J=0 (antisymmetric) 
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J=0 (symmetric) 
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Therefore, J =2 and J = 0, which is symmetric with respect to the interchange of two particles, 

are allowed. 
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7.4 

 
 

((Solution)) 

If the electron is a boson, not having spin, the total wave function should be symmetric for the 

interchange of two electrons. There are two cases. 

(1) Triplet spin states (symmetric, Ortho) and symmetric spatial wave function. 

 

Ground state:  
21

11 ss , 

 

Excited state:  
2121

1221 ssss   

 

(2) Singlet spin state (antisymmetric, Para) and antisymmetric spatial wave functions. 

 

Excited state:  
2121

1221 ssss   

 

 

Then we have the matrix of V̂  under the basis of }1 ,2 ,2 ,1{ ssss  as 
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where 

 

ssVssJ 2 ,1ˆ2 ,1  

 



ssVssK 1 ,2ˆ2 ,1  

 

The eigenvalue problem: 
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where 
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with the eigenvalue KJ   
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with the eigenvalue KJ   

 

((Energy diagram)) 
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((Solution)) 
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because of the symmetric wave function (boson). 
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So we have 

 

nm 3  (n: integer) 
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7.6 

 

 
((Solution)) 

Since the particle has a spin 1,   is symmetric (boson) 

 

spinspace    

 

(a) 

Suppose that space  is assumed to be symmetric. Then spin  should be symmetric. 

 

1 1 1 2 1 0 1

2 1 1 1 0 1

( ) ( )

( ) ( ) ( )

D D D D D D D

D D D D D D

     

     
 

 

(i) All three of them in 1 sm  
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(ii) Two of them in 1 sm . and one in 00  sm  

 

]000[
3

1
  



 

(iii) All three in different spin states 
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(i)  ℏ3ˆ zJ ,  22 12ˆ ℏJ  

leading to j = 3 and m = 3. 

 

(ii)   ℏ2ˆ zJ ,  22 12ˆ ℏJ  

leading to j = 3 and m = 2. 

 

(iii)  ℏ0ˆ zJ , 00068ˆ 222
ℏℏ  J  

m = 0 but   is not an eigenstate of 2
Ĵ  

 

(b) Suppose that space  is assumed to be antisymmetric. Then spin  should be 

antisymmetric. All states should be different. 

 

For (i) and (ii), it is impossible to construct the spin states. 

 

For (iii) 
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0ˆ zJ , 0ˆ 2 J  



 

leading to j = 0 and m = 0. 
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((Solution)) 

 

aaN ˆˆˆ   

 

The commutation relation: 1̂}ˆ ,ˆ{ aa  

 

Naa ˆ1̂ˆˆ   

 

We assume that 
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  is the eigenket of N̂  with the eigenvalue . Since 
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where 
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Thus we have 0 . We note that 
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which means that â  is the eigenket of N̂  with the eigenvalue )1(  . Thus we have 



01  . The eigenvalue  is between 0 and 1. 
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((Solution)) 

Ne atom Z = 10 

 

(i) 

First we consider a spin 1/2 particle obeying Fermi-Dirac statistics. 

s = 1/2 (   , ) 

multiplicity due to spin: 2s+1=2 

 

(1s) 

l = 0  (2l+1 = 1) 

s = 1/2  (2s+1 = 2) 1x2=2  (1s)2 

 

(2s) 

l = 0  (2l+1 = 1) 

s = 1/2  (2s+1 = 2) 1x2=2  (1s)2 

 

(2p) 

l = 1  (2l+1 = 3) 

s = 1/2  (2s+1 = 2) 3x2=6  (2p)6 

 

Therefore, the ground state configuration is (1s)2(2s)2(2p)6. 

 

(ii) 

Next we assume that an electron is a spin 3/2 particle, obeying the Fermi-Dirac ststistics. 

 

(1s) 

l = 0  (2l+1 = 1) 



s = 3/2  (2s+1 = 4) 1x4=4  (1s)4 

 

(2s) 

l = 0  (2l+1 = 1) 

s = 1/2  (2s+1 = 4) 1x4=4  (1s)4 

 

(2p) 

l = 1  (2l+1 = 3) 

s = 3/2  (2s+1 = 4) 3x4=12  (2p)12 

 

Therefore, the ground state configuration is 

 
244 )2()2()1( pss  

 

This configuration is highly degenerate because only two electrons are occupied in the twelve 

states. 

 

66212 C  degeneracy 

 

This electron (s = 3/2) obey a FD statistics. 

 

spinorbital    

 

is antisymmetric under the exchange of particles.  

 

orbital : symmetric, spin : antisymmetric 

 

orbital : antisymmetric, spin : symmetric 

 

Here we consider the two particles with l = 1 and s = 3/2. 

 

((Orbital degeneracy)) 

 

01211 DDDDD   

 

with 

 

2D : (L  = 2); symmetric 



1D : (L  = 1);anti symmetric 

0D : (L  = 0); symmetric 

 

((Spin degeneracy)) 
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3D : (S  = 3); symmetric 

2D : (S  = 2); anti symmetric 

1D : (S  = 1);  symmetric 

0D : (S  = 0);  symmetric 

 

(iii) Total angular momentum 

We now consider the combination of L and S. 

 

For L = 2 (symmetric) and S = 2 (antisymmetric) 
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For L = 2 (symmetric) and S = 0 (antisymmetric) 
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For L = 1 (antisymmetric) and S = 3 (symmetric) 
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For L = 1 (symmetric), S = 1 (symmetric) 
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3

1
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2
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For L = 0 (symmetric), S = 2 (antisymmetric 

 

J = 2  ( 2
5S ). 

 

For L = 0 (symmetric), S = 0 

 

J = 0  ( 0
1S ). 

 

Next we consider the lowest state for the exchange splitting and orbit-spin interaction. 

 

For the exchange splitting, the energy is low for the wave functions having the antisymmetric: 

antisymmetric spatial part, leading to L = 1.  

For the spin-orbit coupling, 

 

)]1()1()1([2 2222  SSLLJJℏSLJSL  

 

The energy is lower for small J and large S. 

A possibility is that L = 1, S = 3, and J = 2. 

 

Then we have 2
7P  (minimum energy) 

 

((Note)) 

 

(2p)2 

 

L = 1. s = 3/2. 

 

((Space symmetry)) 
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(a) 2D  (L = 2; symmetric), 0D  (L = 0; symmetric), 



 
 

m = 2, 1, 0, 0, -1, and -2 

 

(b) 1D  (anti-symmetric); L = 1 

 

 
m =1 m = 0 m = -1 

 

where 

 

 
 

((Spin-symmetry)) 
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((Symmetric state)) 
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m = 3, 2, 1, 0, 1, 0, -1, -1, -2, -3 (S = 3 and 1) 

 

((Anti-symmetric state)) 

 

 
 

m = 2, 1, 0, 0, -1, -2  (S = 2 and 0) 
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((Solution)) 
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n = 1, 2, 3, … 

 

Since S = 1/2 (fermion), 

 

spinspace    is antisymmetric under the exchange of pairs. 

 

(a) 

 

spin  is symmetric (spin triplet). space  is antisymmetric. The ground state: 
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(b) 

 

spin  is antisymmetric (spin singlet). space  is symmetric. The ground state: 

Ground state: 
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(c) 

 

state groundˆstate ground VE   

 

For the case (a), the wave function of ground state is antisymmetric. This means that two 

particles are not located in the same site. Therefore,  

 

0E , 

 

because of )( 21 xxV   . 

 

For the case (b), the wave function of the ground state is symmetric, indicating that two particles 

are located on the same place. Therefore the energy is lowered due to an attractive potential. 
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((Note)) 
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