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NIST Physics constant 

cgs units

Clear "Global` " ;

rule1 B 9.27400915 10
21
, kB 1.3806504 10

16
,

NA 6.02214179 10
23
, c 2.99792 10

10
,

1.054571628 10
27
, me 9.10938215 10

28
,

mp 1.672621637 10
24
, mn 1.674927211 10

24
,

qe 4.8032068 10
10
, eV 1.602176487 10

12
,

meV 1.602176487 10
15
, keV 1.602176487 10

9
,

MeV 1.602176487 10
6
, GeV 1.602176487 10

3
,

10
8
, THz 10

12
, 7.2973525376 10

3
,

SB 5.670400 10
5
, rB 0.52917720859 10

8
,

amu 1.660538782 10
24
, G 6.6740831 10

8
;

mp c2

GeV
. rule1

0.938269

E1
c

x MeV
. rule1

1.97327 10
11

x

M1
c

G
. rule1

0.0000217647

M1 c2

GeV
. rule1

1.22091 10
19
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Clear "Global` " ;

exp : exp . Complex re , im Complex re, im ;

g1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

;

Gd , : g1 1, 1 ;

Gu , : g1 1, 1 ;

Gum Table Gu , , , 0, 3, 1 , , 0, 3, 1 ;

Gdm Table Gd , , , 0, 3, 1 , , 0, 3, 1 ;

x PauliMatrix 1 ;

y PauliMatrix 2 ;

z PauliMatrix 3 ;

I2 IdentityMatrix 2 ;

I4 IdentityMatrix 4 ;

x KroneckerProduct x, x ;

y KroneckerProduct x, y ;

z KroneckerProduct x, z ;

u0 KroneckerProduct z, I2 ;

ux u0. x Simplify;

uy u0. y Simplify;

uz u0. z Simplify; ; u 0 u0; u 1 ux;

u 2 uy; u 3 uz ; u 5 u0 . ux. uy. uz;

d : Sum Gd , u , , 0, 3, 1 ;

u , :
2

u . u u . u ;

d , :
2

d . d d . d ;

d 5 d 3 . d 2 . d 1 . d 0 ;
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Gum MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

Gdm MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

Gum.Gdm MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1
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 A
c

e
pp   (e is the charge of particle). 

 

Since   ℏip , we have 

 

 A
c

e
ii  ℏℏ , 

 

or 

 

 DA
c

ie


ℏ
 

 



Then we have 

 

0),()( 2  tm r
  → 0),()( 2  tmDD r

  
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where 

 

z 3 , y 2  
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Sakurai 8-8

Clear "Global` " ;

exp : exp . Complex re , im Complex re, im ;

g1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

;

Gd , : g1 1, 1 ;

Gu , : g1 1, 1 ;

Gum Table Gu , , , 0, 3, 1 , , 0, 3, 1 ;

Gdm Table Gd , , , 0, 3, 1 , , 0, 3, 1 ;

x PauliMatrix 1 ;

y PauliMatrix 2 ;

z PauliMatrix 3 ;

I2 IdentityMatrix 2 ;

I4 IdentityMatrix 4 ;

x KroneckerProduct x, x ;

y KroneckerProduct x, y ;

z KroneckerProduct x, z ;

u0 KroneckerProduct z, I2 ;

ux u0. x Simplify;

uy u0. y Simplify;

uz u0. z Simplify; ; u 0 u0; u 1 ux;

u 2 uy; u 3 uz ; u 5 u0 . ux. uy. uz;

d : Sum Gd , u , , 0, 3, 1 ;

u , :
2

u . u u . u ;

d , :
2

d . d d . d ;

d 5 d 3 . d 2 . d 1 . d 0 ;

u0;



 
 

 
 

______________________________________________________________________________ 

8-9 

Tr

0

Tr x , Tr y , Tr z

0, 0, 0

Table Tr u , , 0, 3

0, 0, 0, 0
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Clear "Global` " ;

exp : exp . Complex re , im Complex re, im ;

g1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

;

Gd , : g1 1, 1 ;

Gu , : g1 1, 1 ;

Gum Table Gu , , , 0, 3, 1 , , 0, 3, 1 ;

Gdm Table Gd , , , 0, 3, 1 , , 0, 3, 1 ;

x PauliMatrix 1 ;

y PauliMatrix 2 ;

z PauliMatrix 3 ;

I2 IdentityMatrix 2 ;

I4 IdentityMatrix 4 ;

x KroneckerProduct x, x ;

y KroneckerProduct x, y ;

z KroneckerProduct x, z ;

u0 KroneckerProduct z, I2 ;

ux u0. x Simplify;

uy u0. y Simplify;

uz u0. z Simplify; ; u 0 u0; u 1 ux;

u 2 uy; u 3 uz ; u 5 u0 . ux. uy. uz;

d : Sum Gd , u , , 0, 3, 1 ;

u , :
2

u . u u . u ;

d , :
2

d . d d . d ;

d 5 d 3 . d 2 . d 1 . d 0 ;



 

u 0 MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

u 0 . u 0 MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

u 1 MatrixForm

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

u 1 . u 1 MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



 

u 2 . u 2 MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

u 3 . u 3 MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

u 5 MatrixForm

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

4
Sum Signature a0, a1, a2, a3

u a0 . u a1 . u a2 . u a3 , a0, 0, 3, 1 ,

a1, 0, 3, 1 , a2, 0, 3, 1 , a3, 0, 3, 1 MatrixForm

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0
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Au , : u . u u . u ;

MatrixForm

Table , , Au , , , 0, 3 , , 0, 3 TableForm
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0)(   


ℏ

mc
i  (Dirac equation) (1) 

 

where 
 

  ℏip  

 

Now we take the adjoint of the Dirac equation 
 

0)(    


ℏ

mc
i  

 
or 

 

0)( 00    


ℏ

mc
i  (2) 

 

since 
 

  00   


. 

 

Multiplying Eq.(2) from the right by 0 , 

 

  0( 0

200    


ℏ

mc
i  

 
We define 

 

  0    (Dirac conjugate) 

 

Noting that    1
20  , we get 

 

0(   


ℏ

mc
i  (3) 

 

In order to get a probability current, we multiply Eq.(1) from the left by   and Eq.(3) from the 

right by   and add to obtain 

 

0)()(   




ℏℏ

mc
i

mc
i  

 



or 
 

0)()(   



 

 

or simply 
 

0)(   
  

 

The probability four current is given by 
 

) ,( J  ccj   

 
This satisfies the equation of continuity 

 

0 
 j  
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We use c = 1 units.  
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311ˆ pmH  , 313ˆ mpH   

 

422ˆ pmH  , 424ˆ mpH   

 

Under the basis of }3 ,1{ ,we have 
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where 
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p

mp

m
een

22221





  

 

221 cos
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m
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
  , 

221 sin
mp

p
n x
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The eigenket 1n , with the eigenvalue 
22
mp  . 

The eigenket 1n , with the eigenvalue 
22
mp  . 



 

Under the basis of }4 ,2{ ,we have 
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The eigenket 2n , with the eigenvalue 
22
mp  . 

The eigenket 2n , with the eigenvalue 
22
mp  . 

where 
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We confirm that these eigenkets are also the eigenket of the helicity operator 
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Note that 

 

ss HH   

 

11 nn  s , 11 nn s   (helicity 1) 

 

22 nn  s , 22 nn s   (helicity -1) 
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Sakurai 8-12

Clear "Global` " ;

exp : exp . Complex re , im Complex re, im ;

g1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

;

Gd , : g1 1, 1 ;

Gu , : g1 1, 1 ;

Gum Table Gu , , , 0, 3, 1 , , 0, 3, 1 ;

Gdm Table Gd , , , 0, 3, 1 , , 0, 3, 1 ;

x PauliMatrix 1 ;

y PauliMatrix 2 ;

z PauliMatrix 3 ;

I2 IdentityMatrix 2 ;

I4 IdentityMatrix 4 ;

x KroneckerProduct x, x ;

y KroneckerProduct x, y ;

z KroneckerProduct x, z ;

u0 KroneckerProduct z, I2 ;

ux u0. x Simplify;

uy u0. y Simplify;

uz u0. z Simplify; ; u 0 u0; u 1 ux;

u 2 uy; u 3 uz ; u 5 u0 . ux. uy. uz;

d : Sum Gd , u , , 0, 3, 1 ;

u , :
2

u . u u . u ;

d , :
2

d . d d . d ;

d 5 d 3 . d 2 . d 1 . d 0 ; N1 1
p2

E1 m 2
;

rule1 p E1 m2 ;

rule2 p2 E12 m2 ;



 

uRp
1

N1

1

0
p

E1 m

0

; uLp
1

N1

0

1

0
p

E1 m

; uRm
1

N1

p

E1 m

0

1

0

;

uLm
1

N1

0
p

E1 m

0

1

;

Probability current density for uRp

j01 Transpose uRp . u0. u0.uRp . rule1 Simplify

1

j11 Transpose uRp . u0. u 1 .uRp . rule1

0

j21 Transpose uRp . u0. u 2 .uRp . rule1

0

j31 Transpose uRp . u0. u 3 .uRp . rule2 FullSimplify

p

E1

Probability current density for uLp

j02 Transpose uLp . u0. u0.uLp . rule1 Simplify

1



 

j12 Transpose uLp . u0. u 1 .uLp

0

j22 Transpose uLp . u0. u 2 .uLp

0

j32 Transpose uLp . u0. u 3 .uLp . rule2 FullSimplify

p

E1

Probability current density for uRm

j03 Transpose uRm . u0. u0.uRm . rule2 FullSimplify

1

j13 Transpose uRm . u0. u 1 .uRm

0

j23 Transpose uRm . u0. u 2 .uRm

0

j33 Transpose uRm . u0. u 3 .uRm . rule2 FullSimplify

p

E1
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Probability current density for uLm

j04 Transpose uLm . u0. u0.uLp

0

j14 Transpose uLm . u0. u 1 .uLm

0

j24 Transpose uLm . u0. u 2 .uLm

0

j34 Transpose uLm . u0. u 3 .uLm . rule2 FullSimplify

p

E1
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((Solution)) 



Clear "Global` " ;

exp :

exp . Complex re , im Complex re, im ;

g1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

;

Gd , : g1 1, 1 ;

Gu , : g1 1, 1 ;

Gum Table Gu , , , 0, 3, 1 , , 0, 3, 1 ;

Gdm Table Gd , , , 0, 3, 1 , , 0, 3, 1 ;

x PauliMatrix 1 ; y PauliMatrix 2 ;

z PauliMatrix 3 ; I2 IdentityMatrix 2 ;

I4 IdentityMatrix 4 ;

x KroneckerProduct x, x ;

y KroneckerProduct x, y ;

z KroneckerProduct x, z ;

u0 KroneckerProduct z, I2 ;



 

 

 

ux u0. x Simplify;

uy u0. y Simplify;

uz u0. z Simplify; ; u 0 u0;

u 1 ux; u 2 uy; u 3 uz ;

u 5 u0 . ux. uy. uz;

d : Sum Gd , u , , 0, 3, 1 ;

u , :
2

u . u u . u ;

d , :
2

d . d d . d ;

d 5 d 3 . d 2 . d 1 . d 0 ;

u 3 u 1, 2 ; u 2 u 3, 1 ; u 1 u 2, 3 ;

u 1 x; u 2 y; u 3 z;

u 0 ;
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((Solution)) using Mathematica 

 

 

Sakurai problem 8-16

Clear "Global` " ; E1 n1 , j :
me c2

1 Z2 2

n1 j
1
2

j
1
2

2
Z2 2

2

;

Taylor expansion of the energy for the Dirac theory as a function of the fine structure 

constant 

Series E1 n, j , , 0, 5 FullSimplify , j 0 &

c
2
me

c2 me Z2 2

2 n
2

c2 me 3 6 j 8 n Z4 4

8 1 2 j n
4

O
6

Series E1 n, j , , 0, 7 FullSimplify , j 0 &

c
2
me

c
2
me Z

2 2

2 n2

c
2
me 3 6 j 8 n Z

4 4

8 1 2 j n4

c
2
me 5 1 2 j

3
24 1 2 j

2
n 24 1 2 j n

2
16 n

3
Z
6 6

16 1 2 j
3
n
6

O
8



 

Series E1 n, j , , 0, 9 FullSimplify , j 0 &

c
2
me

c
2
me Z

2 2

2 n2

c
2
me 3 6 j 8 n Z

4 4

8 1 2 j n4

c
2
me 5 1 2 j

3
24 1 2 j

2
n 24 1 2 j n

2
16 n

3
Z
6 6

16 1 2 j
3
n
6

1

128 1 2 j
5
n
8
c
2
me 35 1 2 j

5
240 1 2 j

4
n 480 1 2 j

3
n
2

64 1 2 j
2
n
3

384 1 2 j n
4

256 n
5

Z
8 8

O
10

Definition of the the energy E0 and E (Dirac theory)

E0=
c2 me Z2 2

2 n2
; E=

c2 me 3 6 j 8 n Z4 4

8 1 2 j n4

E E0

c2 me 3 6 j 8 n Z4 4

8 1 2 j n4

c2 me Z2 2

2 n2

FullSimplify

E0 3 6 j 8 n Z
2 2

4 1 2 j n
2



Definition of rel (relativistic correction)

rel E0 Z
2 2 3

4 n2
1

n L1 1 2
;

relp rel . L1 j 1 2 Simplify

E0 3 j 4 n Z2 2

4 j n
2

relm rel . L1 j 1 2 Simplify

E0 3 4 n

1 j
Z2 2

4 n2

Definition of so (spin-orbit interaction)

sop E0
Z 2 L1

2 n L1 L1 1 L1 1 2
. L1 j 1 2 Simplify;

som E0
Z 2 L1 1

2 n L1 L1 1 L1 1 2
. L1 j 1 2 Simplify;

p1 relp sop FullSimplify

E0 3 6 j 8 n Z
2 2

4 1 2 j n2
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8-17 

 

p2 relm som FullSimplify

E0 3 6 j 8 n Z
2 2

4 1 2 j n
2

p1 p2 FullSimplify

0

E p1 Simplify

0

In summary, E=p1=p2=
E0 3

4 n
1 j

Z2 2

4 n2



 



 
 

((Solution)) Mathematica 

 



 

Sakurai Problem 8-17

Clear "Global` " ;

rule1 c 2.99792 10
10
,

1.054571628 10
27
, me 9.10938215 10

28
,

qe 4.8032068 10
10
, eV 1.602176487 10

12
,

meV 1.602176487 10
15
,

keV 1.602176487 10
9
,

MeV 1.602176487 10
6
; Z 1;

qe2

c
. rule1;

E1 n1 , j :
me c2

1 Z2 2

n1 j
1
2

j
1
2

2
Z2 2

2

;

Z=1. A1 is the energy E 2,
3

2
) in the Dirac theory. Unit (eV)



 

A1
E1 2, 3

2

eV
. rule1

510994.

A2 is the  energy E 2,
1

2
) in the Dirac theory. Unit (eV)

A2
E1 2, 1

2

eV
. rule1

510994.

The difference between A1 and A2 (eV)

A1 A2 Simplify ScientificForm

4.52845 10
5

Experimental results forthe difference between E 2,
3

2
) and E 2,

1

2
)  (eV)

82259.285001249 82258.919113406

2 c

eV
. rule1 ScientificForm

4.53642 10
5



 

B1 is the energy E 4,
7

2
) in the Dirac theory. Unit (eV)

B1
E1 4, 7

2

eV
. rule1

510996.

B2 is the energy E 4,
5

2
) in the Dirac theory. Unit (eV)

B2
E1 4, 5

2

eV
. rule1

510996.

The difference between A1 and A2 (eV)

B1 B2 Simplify

9.43313 10
7



 

Experimental results forthe difference between E 4,
7

2
) and E 4,

5

2
)  (eV)

102823.917081991 102823.909459541

2 c

eV
. rule1 ScientificForm

9.45062 10
7

The energy difference, E 2,
1

2
)  and E 1,

1

2
)  in the Dirac theory. Unit (cm 1)

C1
E1 2, 1

2
E1 1, 1

2

2 c
. rule1

ScientificForm

8.23043 10
4



 

The experimental result for the energy difference, E 2,
1

2
)  and E 1,

1

2
)  . 

Unit (cm 1)

82258.9543492832 ScientificForm

8.2259 10
4

The lamb shift : E(2,0,1/2) and E(2,1,1/2)

82259.285001249 82258.919113406

ScientificForm

3.65888 10
1

The lamb shift : E(3,0,1/2) and E(3,1,1/2)



 ((Pearson)) 

 
 

 

 

97492.221724658 97492.211221463

ScientificForm

1.05032 10
2

The lamb shift : E (3, 1, 3/2) and E (3, 2, 3/2)

97492.319632775 97492.319454928

ScientificForm

1.77847 10
4

The lamb shift : E (4, 0, 1/2) and E (4, 1, 1/2)

102823.853020867 102823.848581881

ScientificForm

4.43899 10
3

The lamb shift : E (4, 1, 3/2) and E (4, 2, 3/2)

102823.894317849 102823.894241542

ScientificForm

7.6307 10
5

The lamb shift : E (4,3, 5/2) and E (4,2, 5/2)

102823.909486535 102823.909459541

ScientificForm

2.6994 10
5


