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6.1 The Lippmann-Schwinger formalism can also be applied to a one-dimensional
transmission-reflection problem with a finite-range potential, V(x) # 0 for 0 <
|x| < a only.

(a) Suppose we have an incident wave coming from the left: (x|@) = e** //2m.
How must we handle the singular 1/(E — Hy) operator if we are to have a
transmitted wave only for x > a and a reflected wave and the original wave for
x < —a?lIsthe E — E +ie prescription still correct? Obtain an expression for
the appropriate Green’s function and write an integral equation for (x| ().

(b) Consider the special case of an attractive é-function potential

V= y_hz ) 0
=—(%)s® >0

Solve the integral equation to obtain the transmission and reflection ampli-
tudes. Check your results with Gottfried 1966, p. 52.

(¢) The one-dimensional §-function potential with y > 0 admits one (and only one)
bound state for any value of y. Show that the transmission and reflection am-
plitudes you computed have bound-state poles at the expected positions when
k is regarded as a complex variable.

((Solution))
We use the Lippmann-Schwinger equation

+ 1 5 +
‘l//( )>:|¢>+mV‘V,( )>

Green function:
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((Jordan’s lemma, residue theorem))
The integrand has poles in the complex k-plane at

k'=k+ic, and k'=—-(k+ig)
When x > x', we take the path in the upper plane. When x < x', we take the path in the lower plane.
(1) For x> x',

| .
G, (x,x")=——72mRes(k'=k +i¢)
2r

) e[k(x—x')

=—i
2k

(i)  For x<x',

G, (x,x') = —%(—M) Res(k'= —k — i)
—ik(x—x")

e
2k

=—i
Combining Egs.(1) and (2),

I ikx—y
G (x,x)=—7—"""

2k

The Lippmann-Schwinger equation for <x‘l//“)>;

) e 28 e vt
(b)

Vz—yh—zé(x) (y>0).
2m



<x‘!//(+)> = \/;—7[ ™ —i—TT dx’zikeik“' [—7;—’;5(x')]<x"w(+)>

= \/;_7[ e vy de’ieik’”'é'(x')]<x" 1//(+)>

1

)

When x =0,

+ 1 ] +
O =7 o)

or
. 1 1
o)t
2k
Then we get
iy
<x‘t//(> ™ 2k il
7 ml i7
2k
For x>0
(el )= ﬁ(l N
2k
For x<0
iy
) g+ e
2k

T: probability
R: probability of reflection
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(c)

The wave function of bound state

Schrodinger equation

_ Zh_d_zl//(x) +V(x)yw(x)=Ey(x)
m dx

with

2

V(x) = —gh—mam

For x#0, V(x)=0.

n d’
—%JW(X)ZEW(X)

For E = —|E| <0 (bound state)

d > !//(x) = !//(x) Ky (x)

The solution of this equation is

w(x)=de ™"
where
2.2
|E| _ h K
2m



Note that y(x) is continuous at x =0, but dy/(x)/dx is not continuous.

2 ¢ d2 mZ & EhZKZ
- j W dr = j SCw (x)dx == [

—-&

w(x)dx
m

d .
[—-v )], =-rv(0)
dx
leading to the relation
el
2

Therefore the wave function of the bound state is

7/ 77‘):‘/2
=4l €
w(x) w/2
iy

The value of & corresponding to the bound state is k = B

- [VJZ G+ =i+
2%k

2
R=

e

v Y e YN
“(sz i+ L)+

T and R has a pole of k =

N[
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6.2 Prove

2
a'tm——"fd3 fd3x’V(r)V( )Sml""‘ lxl

in each of the following ways.
(a) By integrating the differential cross section computed using the first-order Born
approximation.

(b) By applying the optical theorem to the forward-scattering amplitude in the
second-order Born approximation. [Note that f(0) is real if the first-order Born
approximation is used.]

((Solution))

The total cross section:

G = |V K B[

with
SO ) == 2 [ (r)

So we get

aw,_4 s j dQ, [d*r[ &’ explitk = k') - (r =) (r)V (")



kl

We now calculate

I = .[ko, expli(k—k')-(r—r")]
=explik - (r — r')].[ dQ, exp[—ik"(r —r")]

Here

dQ, =27zsin6do
exp[—ik"(r—r")] = exp[—ik'|r — r'|cos 0]= exp[—ik|r — r'|cos 0]

since k'=k . Then we get



I =explik-(r - r')].[zzzsin 0d06xp[—ik|r — r'|cos 0]
1
=2rexplik - (r - r')].[d(cos 0) exp[—ik|r — r'|cos 0]
-1

4r sin(k|r — r'|)

=explik-(r—r")] k|r - r'|

in(kjr —r/)

2
_lu_ 3 3.0 T . o S '
="t [&*r[d*rexplik - (r—r)] p— V)V (r')

tot
Since the potential has a spherical symmetry, o,, does not depend on the direction of k,
1
Oror = EI O-totko

Note that

4r sin(k|r - r'|)

[ a0, explik - (r—r)] = vl

2 s 2 k !
o, =%jd3rjd3r'mV(r)V(r')

2
k2|r —r'|

(b)

Gy = L 20~ )]
where

k'=k (forward scattering)
Note that
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FOR= k k) = _2_”L(2 ) (k |I?(Ek ~H, +ig)"17|k>

:_2_uL(2 Y [ [d*F (| PP (E, — 1, +ie) V] rk)
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T
!
3 ptpikrr) lk\’ r
47z2h4I drfd V(r)| .
where
A T 21” 1 ik|r—r|
<r|(Ek H,+ig) |r> P —47z|r r|e
Thus we have
4z 3 30 —ik(r=r') lk‘”‘ '
0= il A [ar[are 0 )

Since the potential has a spherical symmetry, o, does not depend on the direction of k,

Ot = .[O- dQ

tot

Note that

4r sin(k|r — r'|)
k|r — r'| '

j dQ, explik - (r —r')] =

sm(k|r r |) !

5. =L T e[ r V() V()]
a7 Rlr=r] = fr=r]

L g e S K =] '
T Id rjd ' e —r’ Horel
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6-3
6.3 Estimate the radius of the *’Ca nucleus from the data in Figure 6.6 and compare to
that expected from the empirical value = 1.4A4'* fm, where A is the nuclear mass

number. Check the validity of using the first-order Born approximation for these
data.

104
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Proton elastic scattering
103 800 MeV

48
Ca

102

Cca x 0.001

do/dQ2 (mb/sr)

2 1 6 8 10 12 14 16 18 20 22 24
QC.HI. ((leg)

((Solution))
Low energy soft-sphere scattering

Suppose that the potential has a spherical symmetry such that

v, r<R
Vir)=
0 r>R

The scattering amplitude is obtained as

12



1) = —é;—é‘njdr'r'sm(gr')

_l2_yV sin(QR) — QR cos(QR)
on "’ 0’

_2_;21R3V0 sin(OR) — 3QIE cos(OR)
h O'R

where Q is the magnitude of the scattering vector,
0 =2k sin(g) .

We make a plot of ‘f(l)(Q)‘2 /‘f(l)(Q = 0)‘2 as a function QOR.

/(O
lf@©=012

QR

2n 3r

T

Plot of ‘f(l)(Q)‘2 /‘f(”(Q = 0)‘2 as a function OR. The value of ‘f(l)(Q)‘2 becomes

Fig.
zero when QR =4.49341, 7.72525, 10.9041, 14.0662, .....

E =800 MeV.

2m E
k=, 'Z;’ ~ 6.20923 fin".

where my is the mass of proton. A is the atomic mass of Ca. Q =2k sing (fm™)

13



A 1.44" 0(°) 0 =2k sing (fm')  a (fm)

40Ca
40 4.78793 7.95 0.860863 5.21966
40 4.78793 14.2 1.53494 5.03293
40 4.78793 20.9 2.252473 4.834104
42Ca
42 4.866044 7.85 0.850051 5.28604
42 4.86644 14. 1.51343 5.1044¢
42 4.86044 20.5 2.20979 4,9344¢6
44Ca
44 4.94249 1.6 0.82302 5.45966
44 4,94249 13.8 1.49192 5.17808
44 4.94249 20.1 2.16712 5.03162
48Ca
48 5.08794 7.3 0.790577 5.68371
43 5.08794 13.4 1.44887 5.33191
43 5.08794 19.5 2.10306 5.18487

((Mathematica))
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Clear["Global *"];

rulel = {c—»2.99792x 10", 1> 1.054571628 10", mp > 1.672621637 x 10,
eV - 1.602176487x10™*?, meV » 1.602176487x 107", keV » 1.602176487x107°,
MeV - 1.602176487x10°°, E1- 800 MeV, fm-10"};

/2 El
k = %/.rulel;kfm//.rulel

6.20923
4.49341 /. lel 7.72525
al[é ] := /eru < /. rulel; a2[&_] := - > /. rulel;
2kSin[;]fm 2kSln[;]fm
10.9041 /. lel
a3[&@_] := 0.90 /. rule /. rulel;

2ksin[2] fm

Q[6 ] = 2kSin[§] fm /. rulel;

£1=List[{40, 1.4x40"%, 7.95, 9[7.95°], al[7.95°]},
{42, 1.4x42"3, 7.85, Q[7.85°], al[7.85°]},
{44, 1.4x44"3, 7.6, 0[7.6°1, al[7.6°]},
{48, 1.4x48Y3, 7.3, 0[7.3°], al1[7.3°]}];
£2 = List[{40, 1.4x40"%, 14.2, 0[14.2°], a2[14.2°]},
{42, 1.4x42"3, 14.0, Q[14.0°], a2[14.0°]},
{44, 1.4x44"7, 13,8, Q[13.8°], a2[13.8°]},
{48, 1.4x48Y3, 13.4, 9[13.4°], a2[13.4°]}];
£3=List[{40, 1.4x 40", 20.9, 0[20.9°], a3[20.9°]},
{42, 1.4x42"?, 20.5, 9[20.5°], a3[20.5°]},
{44, 1.4x 44", 20.1, 0[20.1°], a3[20.1°]},
{48, 1.4x48%3,19.5, 0[19.5°], a3[19.5°]}];
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£f3 // TableForm

40 4.78793 20.9 2.25243 4.84104
42 4.86044 20.5 2.20979 4.93440
44 4.94249 20.1 2.16712 5.03162
48 5.08794 19.5 2.10306 5.18487

sl="List[£f1[[1]], £2[[1]], £3[[1]]]; sl // TableForm

40 4.78793 7.95 0.860863 5.21966
40 4.78793 14.2 1.53494 5.03293
40 4.78793 20.9 2.25243 4.84104

s2 =List[£f1[[2]], £2[[2]], £3[[2]1]; s2 // TableForm

42 4.86044 7.85 0.850051 5.28604
42 4.86044 14. 1.51343 5.1044¢0
42 4.86044 20.5 2.20979 4.93440

s3=List[£f1[[3]], £2[[3]], £3[[3]]1]; s3 // TableForm

44 4.94249 7.6 0.82302 5.459660
44 4.94249 13.8 1.49192 5.17808
44 4.94249 20.1 2.16712 5.03162

s4 = List[£f1[[4]], £2[[4]], £3[[4]]]; s4 // TableForm

48 5.08794 7.3 0.790577 5.68371
48 5.08794 13.4 1.44887 5.33191
48 5.08794 19.5 2.10306 5.18487
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6.4 Consider a potential
V=0 forr >R, V = Vy=constant forr < R,

where Vi may be positive or negative. Using the method of partial waves, show that
for |Vo| K E = hk? /2m and kR < 1, the differential cross section is isotropic and
that the total cross section is given by

167\ m*V§ R®
Trot = 9 S
h

Suppose the energy is raised slightly. Show that the angular distribution can then
be written as

do
E = A+ Bcos#.

Obtain an approximate expression for B/A.

((Solution))

V=0 for r>R. V=V, forr<R.

where Vo may be either positive or negative.

(a)
2712
|V0|<<E=hk and kR <<1
2m
tan o, = kR j,'(kR) = B, Jj,(kR) 0
kR nl'(kR) —ﬁl n, (kR)
For r <R
P 2d . l0+])
[di’2+rdr+ in 2 1R, (r)
with

17



d’ 24 1_1(1+1)
dp’ pd

IR, (p)=0

We have a solution given by
R (p)=Cj,(p)

because of the regularity at the origin.
R (r)=C\j, (k1)

B = 1]1(k ” G d(k r) Ji(k, 1))k
_ kR J,'(k,,R)

jl (ka)

2)

kinR jl'(kinR)
jl (ka)
kinle' ]l (ka) nl (kR)
Ji(k, R)
— kR jl'(kR)jl(kinR) - ka jl'(ka) j,(kR)
kR n,'(kR) j,(k,,R) -k, R j,'(k, R)n,(kR)

kR jl'(kR) - jl(kR)

tan o, =

kR n,"(kR)—

We consider the case of /= 0.

kR jo'(kR)jo (ka) _ kinR jo'(ka) jo (kR)
kR no'(kR)jo (ka) - ka jo'(ka)no (kR)

tan o, =

When kR << 1

18



sin(kR) _

i (kR) =
Jo(kR) R

1
1-=(kR)?
6( )

Jo' () == (k)

ny(kR) =SOSR __ 1 1yp
R kR 2
o
"(kR)=—+
' KR =2 Ry

Then we have

0, = tano,

— Rk, -K)

=%kR3(k2—2h—TV0—k2)
=2
3n
2172 p6
o, z4—7,fsin2 S, _loz m V04R
k 9
(b)
do 2
22 110
0 £ (0)|
1

D> QI+ 1)(Q21+1)e” e ™ sin &, sin 8,B,(cos O) B.(cos &)

N kz =0 ['=0
We take three terms with (Z,1') = (0,0), (/,I') =(1,0), and (/,/')=(0,1).
do _

aQ
= A+ Bcosl

% [sin® &, + 6cos(J, — J,)sin &, sin &, cos O]

where

19



B _6c0s(5, —8,)sin g, sin S,

A sin’ 5,
6¢cos(0, —0,)sin o,
B sin 9,
69,
s

Here we note that

tan 5 — kR ]1'(kR)]l (ka) — kinR jl'(kinR) jl (kR)
' kR n'(kR)j,(k,R)—k, R j,'(k, R)n (kR)

P Pl
Jl(kR)—3(kR) 3O(f’fR)

11
i "(kR) = — — — (kR)?
Ji'(kR) 3 10( )

1 1 1
KR) = ——— —— +—
=Ry 218"
2 X
"(kR) = +=
R =GRy
0, ® tan,

1 2
=— k'R (k,” -k
a5t )

_2mVy

3
45h* KR

B 2
=~ ~ = (kR)’
y 5( )

6-5
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6.5 A spinless particle is scattered by a weak Yukawa potential

Voe "

wr

V=

where p > 0 but V; can be positive or negative. It was shown in the text thatthe
first-order Bom amplitude is given by

2mVy 1

Mgy —
Fre= A2 [2k2(1 —cosB)+ u?]

(a) Using f(@) and assuming |8;| < 1, obtain an expression for 8; in terms of a
Legendre function of the second kind,

i{C}
Q(;)—zflg g

(b) Use the expansion formula
1!
5--(2A+1)
1 (+DI+2) 1
[§f+l 2(23 +3) §1+3
(I+DA+2)X1+3)I+4) 1
2-4.Q2A+3)2A+5

(&)= 1.3

+} (IE1=1

to prove each assertion.

(i) & is negative (positive) when the potential is repulsive (attractive).

(ii) When the de Broglie wavelength is much longer than the range of the
potential, 8 is proportional to k*'*!. Find the proportionality constant.

((Solution))

Yukawa potential
V(r)= Ee””
ur
The first Born approximation

21



f(l)(9)=_2mV0 1
Ru g+

where

g=k-k

q> = k> + k" -2kk'cos @
=2k*(1-cos8)

where the angle between the vctors kand £’ is 6. k'=k

(b)
The scattering amplitude f(€) can be expanded in terms of the phase shift o, as

1(6)= %Z(2l'+l)ei5" $in &, P,(cos6)

I'=0
1
I= j d(cosO)P,(cos0) f(6)
-1
1 0
= jd(cos 0)%2(2141)6"‘5" sin 9, P, (cos@) P, (cosO)
) I'=0
Note that
‘ 2
d(cos0)P(cosO)P.(cost) =——6, ,
jl (c0sO)B(c0s O) i (c0s0) =),

Then we get

22



1 5 . 2
=— 2['+1)e"" sind,, —— 9, .
Z( )e i 2 +1 1

= —(2l +1)e’” sin g %

e’

sin o,

~
~

S

) »lt\) o

for |5,| << 1. Thus ¢, can be estimated as

S =21
2

- ﬁjd(cose)P, (cosd) f(6)

1

= —jd(cos@)P (cos@)[ 2mV, J

__ml, jd. B
2
2nuk PR
2k
_ g BE)
Rk 2, 1y M g
2k?
2
_ 0
ukfl 2k2)

where f,(¢) is defined by

f() =+ J‘d 5O
| i

with

x=1+

2k?

23

2k*(1—cos @) + i

(1



We make a plot of f,(x) as a function of x for x>1, where / is changed as a parameter. (numerical

integration using the Mathematicva).

fi(
15

1.0

0.5

1.8 2.0

(b)
(1)

As is shown in the above figure, we have
f,(x)>0 for x >1.

2

x=1+ ;{ 5

From Eq.(1)
0,>0 when V, >0 (repulsive)
0,<0 when V, <0 (attractive)

(i)  de Broglie wave length A = 27” >> 1 (the range of potential)
U

24



or Z>>1

2
7
o :_ﬁQI(IJrz_kz)

_ml, o
"hﬁkQSH

om0 ()
Rk QLD P

mV, 24
:_hz 2043 k
L QL+

)

6-6
6.6 Check explicitly the x — p, uncertainty relation for the ground state of a particle

confined inside a hard sphere: V =oco0 forr > a, V =0 for r < a. (Hint: Take
advantage of spherical symmetry.)

((Solution))

l6_22[’”12,1/(’”)]4‘[18 —izg(f +DIR,,(r)=0
r or r

When /=0,

2

0
y[ar/(r)]+k2ar/(’”) =0
When

un(r) :ar[(r)

with the boundary condition u,(a) =u ,(0)

The solution is obtained as

u, () = %

sin(%) withn=1,2,3,4, ...
a

25



From the parity

(n,l=0,m=0[%|n,l=0,m=0)=0 (odd parity)
(n,l=0,m=0|p,|n,l=0,m=0)=0
((Proof))

The Hamiltonian of the hydrogen atom is given by

The commutation relation:

A2 A

S |
[H,x]=—I[p,",*]
2u

I . . . A Arn
:_{px[px7x]+[px7x]px}

2u

h

=—D,
i

or

po= 1A

<n’,l’,m' D. n,l,m> :%<n',l',m'|[l:l,)?] n,l,m>

=%(En,—E”)<n',l',m'|)? n,l,m>

When n'=n

<n',l’,m' D. n,l,m>=0

26



Thus we have

<n,l:0,m:0

P l=0,m=0)=0

From the spherical symmetry, we get

(n,1=0,m=0[%

,—szmzéﬁJsz=MV

=0,m=0)

:%jr%ﬁRf@yﬂRAn

0

L g 0 1)

0 r r

= %j drun, (r)u,(r)

0

, 1

1
_a [—
9 6n’r?

(n,1=0,m=0

b *|n, 1= 0,m=0)

mz:mm=0>=§@J= :

:%Il"zdar*(r)pran(r)

0

L 1) 2w, 0)

r
.[ rdru. ")p, 2 4,(r)
39 r
n*r’h?
3a?
Then we have
2 1 1 2y /oo _nz;zzh2
(Ax) :<x2>:a2(§—m)- (Ap) —<P >— 342
Al 1 oh
(Ax)(Ap)—3 3n V4 > >2

27



6} AXAp °

H-

Clear["Global *"]; pr := ? D[r #, r] &;

’2 1
ur = 2 Sin[nzr];f1= Erzur2 // Simplify;

1 ur
gl = 3 rurpr[pr[?]] ;
Integrate[fl, {x, 0, a}] //
Simplify[#, n € Integers] &

-

n?

Integrate[gl, {r, 0, a}] //
Simplify[#, n € Integers] &

n? i A

3a’

28



1_1\/n27r2 1
PL=3 3 2’

kl = ListPlot[Table[{n, pl1}, {n, 1, 10}],
PlotStyle -» {Red, Thick}];

k2 =

Graphics|[{Text[Style["AxAp", Black, 12], {0.7, 6}],
Text[Style["n", Black, 15], {10, 0.2}],
Text[Style["1/2", Black, 12], {8, 0.5}] ,
Line[{{0, 0.5}, {10, 0.5}}1}1~

Show[kl, k2]

6 AXAp °
I °
5- .
I °
4
L [ ]
3t o
[ °
2+ .
: [ ]
1
—= 12
| | | | n
2 4 6 8 10

29



6.7 Consider the scattering of a particle by an impenetrable sphere

0 forr>a

¥ilr)= oo forr<a.

(a) Derive anexpression for the s-wave (I = 0) phase shift. (You need not know the
detailed properties of the spherical Bessel functions to do this simple problem!)

(b) Whatis the total cross section o [0 = L,"(dofdﬂ}dﬂj in the extreme low-energy
limit k — 0? Compare your answer with the geometric cross section ra”. You

may assume without proof:

do o2
f(6)= (i‘ ) Z(Zr’ + 1)e'¥ sin8; Pi(cos ).
=0
((Solution))
0 (r>a)

V)= {oo (r<a)
For /=0,

d’

2 out __
7140 +ku0 =0

with
ug" (r) = rRY" (1)

ug" (r)= Nsin[k(r—a)]

since uy" (r=a)=0.

In the absence of potential, a=0
ug" (r)= Nsinkr

30



Therefore the phase shift J, is given by,
0, =—ka

(b)

In the limit of £ — 0, only the s wave is very important.

O'=I do dQQ

dQ
= [aQls @)
=1—7§Z(2l+1)sin2 5

=0

4

6-8

6.8 Use 8, = A(b)lp=iyr to obtain the phase shift & for scattering at high energies
by (a) the Gaussian potential, V = Vyexp(—r?/a?), and (b) the Yukawa potential,
V = Vyexp(—pur)/pr. Verify the assertion that &, goes to zero very rapidly with
increasing [ (k fixed) for [ 3> kR, where R is the “range” of the potential. [The
formula for A(b) is given in (6.5.14)].

((Solution))
We use the formula

1
Ab=—)=-
=P =%

”;2 [V =b* + 2*)de

2
(a)  Gaussian potential: ¥V =V, exp(—r—z)
a
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2

NS ° _b2+z
Mb=)==_5 jexp( )z
- 2k2af exp(——)

(b) Yukawa potential: V=V, Lexp(— L)
M

m jVexp( —uNb +z7)
0

2k sz +2°

mV, jexp( N +2°

kh/u() \/bz-i-Z
jeXp( H) g

kh/l \/z b

mV,
K. (b
T o(bar)

A(b:l) _

K, (bu) is the modified Bessel function of the second kind.

10
0.8:—K0(x)
0.6}
0.4:—
0.2:—

6-9
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6.9 (a) Prove

R’ 1 PR (1)
(X]|——m|X) = ikE E YE”’{E')Y,”’ {E")j;{km)h; (krs),

2 -

2m E—Hy+tie k=

where r. (r.) stands for the smaller (larger) of r and r’.

(b) For spherically symmetrical potentials, the Lippmann-Schwinger equation can
be written for spherical waves:

1
El Y= |Elm —VIElm J
|Elm(+)) = |Elm) E_Holic m(+))

Using (a), show that this equation, written in the x-representation, leads to an
equation for the radial function, A;(k; r), as follows:

; 2mik
Alk;r) = jilkr) — 52

.
X f jutkr RSV s )V (A (ks 'y dr .

]
By taking r very large, also obtain

i, S8

fitk)=e

2m S 5
=—L3 -/1; Jikr) Ay (k;r)V (r)r<dr.

((Solution))
(a) Green function with spherical Bessel function

Free particle wave function y satisfies the Schrodinger equation

no_,
—%V v=Evy,

2
where m is the mass of particle, (E, = 2h—k2) is the energy of the particle, and £ is the wave
m

number. This equation can be rewritten as
(V 4+ =0.
This equation is solved in a formal way as
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W =@y, (r,0,8) = (rop|kim)

1 I’
—(p, + )P (7,0,0) = E,0,,,,(1,0,0)
2m r

(separation variables), where L is the angular momentum:

P (,0,9) = R, (r)Y,,(0,9)

with
LY, (0,¢) =n* (L +1)Y, (6,4)
Since p, :E_lﬁr, we have
iror
hlo hlo 1 82
PR () = 2o (R (1) = < S Ry (1)
ror i
or
1 62
[rRId (l’)]+ €(€+1)ka (r) = k*Ry, (r)
or
18 , 1
—87["ka (M]+[k" - r—zﬂ(ﬂ +D]R,,(r)=0.
with
2712
@:hk.
2m

We put x =kr (dimensionless)

2 2
i ax 8 ki, 6_2: _( _) i 62
or ar ax Ox or Oox Ox ox

[—5 2 62( )+ —€(€+1)]R k*R
X
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or

2
i%(xR) +[1- xl—zé(é +1)]R =0 (Spherical Bessel equation).
or
1 1
—[xR"+2R']+[1 —— (L + DR =0
X X
or
R 2R -2 Dyp g
X X
or

i(xZR') +[x* = (L +1)]R=0.
dx

This is a Sturm-Liouville-type differential equation.
Here we suppose that

J(x)
R:_a
Jx
12
4 14 2 0.
dx x dx X

The solution of this differential equation is

J(x)=J,,,,(x), or J(x)=N,,,(x).

Then the solutions of R are obtained as the spherical Bessel functions defined by

Jo(x)= \/%Jmuz(x) )

and spherical Neumann function defined by

n,(x) = \/%Nmuz(x) .
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Since the spherical Neumann function diverges at x =0, it cannot be chosen as a solution. Finally

we have
2k*
ka la m> = 7]/(](7')}7/,” (9, ¢)a

P (1,0,0) = (1,0, ¢

with

and
<k’l’m'|klm> =0(k-k'")o5,,0,

n,m' *

We define the spherical Hankel functions as

hO(x) = \/%Hf:l (x) = j, (x) +in,(x)

B, (x) = \/%Hfl(x) = J,(x) = in, (x)

where the spherical Bessel function and spherical Neumann function are given by

= | F
J,,(x)—J; J, 1)
() = J%NH; ()= (—1)"@J”;(x)

The asymptotic values of the spherical Bessel functions and spherical Hankel functions may be
obtained from the Bessel asymptotic form.

Iz

)

1.
j, ()~ —sin(x -
X

n () =~ cos(x—Z),
' X 2

| i(x—Iz/2)
hY(x) = —i

(outgoing spherical wave)
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—i(x—Iz/2)
hy(z)(x) ~Nf————— (incoming spherical wave)
X

Now we consider the Green's function given by
(VP +E)G(r,r)=-5(r—r"),

The solution of the Green's function is given by

iklr—r

Gr,r')y=———
(r.r) 4z |r—r'|

with the boundary condition
G(r,r') >0 forr — 0 and for r — .

where r is the variable and r' is fixed.

Within each region (region I (0<r<r') and region II ('<r), we have the simpler equation
(V> +E)G(r,r)=0 '

The solution of the Green's function is given by the form

Glr,r') =3 A, (', 0, 4)Y7 (0,9

=0 m=—1

Then the differential equation of the Green's function is given by

S )+ 0 =EE D 0.0 =25 g 90— ).

r

"o
I'\m

Note that

8,18y = [AQ(1',m'|m)(n|1,m) = [[sin 6d0dgY"" (0,$)Y (0,4)

where
dQ =sinbdédg.

Then
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0’ I (1+1)

j > [dox 0.9)%" @, ¢>[ A )+ (K = )41
——[dar 0.n "3 )a‘(¢ )5 )
or
S+ 8 - P04, 08,0,
I'm' r
~—faar 0.6 T (- 9)5(u-u)
or
L2 a1 -1, =220 [a0y 0,006 - )5 a)
=Sy 0 [dudgo @~ )6 )
- 5(” @)
Since Y,m*(ﬁ',¢') is constant, we put
Gl(l",l"') Alm(r l" 9' ¢)
1 (0'.9)
Then we get
1 82 Z G+ s z(ztl)]Gl:j(r;r'),
r r

The possible solutions of Gy are ji(kr), ni(kr), hV(kr), h{V(kr), or a linear combination of these
functions.

G,, = 4j,(kr) for r<¢' (region I)

G,, = Bh" (kr) for ' (region II)

13/4

where 4 and B are constant. Note that If we use the positive sign for G(r, r'), we need to choose
b (kr);
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M ei(kr—l/r/Z) ikr
h, " (kr)=—i ~

4
kr r

(outgoing spherical wave)

(1) The continuity of G;at r =7+
Aj, (k') = B (k")
or

A B
AL

(1))  The discontinuity of dG,/dr atr=r".

r't+e 2 r'+e '
[ oGy v -G g - [ or=r) .
r'-g dr r s 7
or
d : 1
2 (G = ——
[dr ()T r'
or
dG, . . 1
G / ry+g: -
(G +r ar ) e ,
46 (krr) G (ki) L
dr r'+e dr g r'Z
or
. VAU ' .y . () , 1
kCLj, (kr'Yh," (k') = j," (kYR (k)] = —

We need to calculate the Wronskian

Jitkr'y  ny (k")
Ji' k') ny(kr')

i

=
k°r'

Thus, we get
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C=ik

In general, we have

G(r,r') = iki > i) ()Y (0,)Y" (0, ¢)

=0 m=—1

This means that

r=r , :
) in the region I (r<r')
r=r
r=r :
g in the region II (r'<r)
r=r
We also get
ezklr—rl o
kr )b (k)Y (6,9)Y," (0',¢'
drlrr ;ZZ()()(¢)(¢)

2

+ h N . N— 1 ik|r—r'
Go(_)("a"') = _ﬂ<r|(Ek —H, +i¢) 1|r'> = 4ﬂ|r_r'|ek |

In summary, we have

(b)

Lipmann-Schwinger equation

(r|Elm(+)) = (r|Elm) +{r|(E, — H, +i&)"' V| Elm(+))
= (r|Elm) + j d*r(r[(E, —H, +ie)”|r\W (") (r'| Elm(+))

where
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<”|Elm(+)> =, 4, (k;r)Y)" (n)
(r| Elm) =y (k¥

with

N
C;=l; — (r|Elm)=(r.0, )

Substituting these equations into the Lipmann-Schwinger equation and dividing both sides by c,,

we have

A Y ) = G )

2’"’k =y ZYm )Y (') j, (ko Yh® (ke W () A, (ks 7)Y, (')
= J}(kr)Y m(n)l o

_2mik IZ; 2} Y (n) j P dr (ke )R (ke )V () 4y (s ) [ Y ()Y (')
= J,(kr)Y," (n)

 2mik

Y (n )j P2 dr (e ) (e )V () A, (ks 1)

where we use
[acy )y () =

Dividing both side of the above equation by Y," (n), we get

.y 0

12

A (k;r) = j, r (ke ) ke )V (r') 4, (ks 1)

0

Here we note that in the limit of » — o, j,(kr) and A" (kr,) have the asymptotic forms,
) 1 1 W 1 , 1
J;(x) > —cos[x _E(Z +1)r], hy(x) > —expli(x _E(Z +1)7]
X X
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Since » — o, we have r, =r, and . =7'. Then we get

A(k;r) = %kr{exp[i(kr —%(Z + V)] + exp[—i(kr — %(Z + D]}

—i’li—;kéexp[i(kr —%(l + l)7z].([r'2 dr' j,(kr"\V (r")A4,(k;r'")

= Lexp[i(kr —%(l +D)7][1-

Amik T o oy '
2kr { r2dr' j, (k'Y (r') 4, (k)]

hz
+Lex [—i(kr —l(l + )]}
2kr P 2
In the absence of the potential (' =0), we have
Ak;r) |, _,= Lex [i(kr —l(l +1)7] +Lex [—i(kr —l(l + 1]}
T o= g SPET T 2hr P 2 '

The difference between A4, (k;r) and A4 (k;r)|,_, 1s given by

A (k;r)—= 2Lkr {exp[i(kr —%(Z + D))+ exp[—i(kr — %(Z + D]}

2’;”‘ éexp[i(kr - %(1 +1)7] ! P2 dr' (ke YV (r) A (k)

00

Ll j r2dr (kU (F) A, (k)]

./
rooig
leading to the scattering amplitude

is, SIN O,

f,(@)=e = —Trzdij,(kr)U(r)A,(k;r)

When A4 (k;r)= j,(kr),

is, SIn O,

[0 =e = =[rdr j, (k)P U ()
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6-10

6.10 Consider scattering by a repulsive §-shell potential:

2m
}‘;—2) V(r)=y8(r— R), (y >0).

(a) Set up an equation that determines the s-wave phase shift dp as a function of
k(E =h%k?/2m).

(b) Assume now that y is very large,

1
> —,k.
}’>R

Show that if tan kR is not close to zero, the s-wave phase shift resembles the
hard-sphere result discussed in the text. Show also that for tan kR close to (but
not exactly equal to) zero, resonance behavior is possible; that is, cotdg goes
through zero from the positive side as k increases. Determine approximately
the positions of the resonances keeping terms of order 1/y; compare them
with the bound-state energies for a particle confined inside a spherical wall of
the same radius,

V=8 »r=<Rj V=00, r>R.
Also obtain an approximate expression for the resonance width I defined by

-2
T' = L]
[d(cot 80)/dE]|g=E,

and notice, in particular, that the resonances become extremely sharp as y be-
comes large. (Note: For a different, more sophisticated approach to this prob-
lem, see Gottfried 1966, pp. 131-41, who discusses the analytic properties of
the D;-function defined by A; = j;/Dy.)

((Solution))

£10) = SO [ () ) 4 i)
When

U(r) = iI—TV(r) —y5(r—R) for y>0
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we have

is, SIN O,

fi@)=e = [ rdrj, (k) A, (ks 8 (r — R) = ~R* jo (kR) 4, (K; R)

Here we note that

Ay(k; R) = j,(kR) - z‘khé"(kR)Tr'z dr' j, (ke yS(r'=R) 4, (k; r')

= jo(kR) — ikyhy" (kR) j(KR) 4, (k; R)R®

Then we get
Jo(kR)
k;R)=
Ak R) 1+ ikyhl" (kR) j,(kR)R?
Here we use
. . e . sin x
hy(x) = jo(x) +iny(x) =—i x Jo(x) =
R o
1+ k;/k—R e j,(kR)R
sin(kR)
_ kR
1+ 56 sin(kR) R
kR
1 sin(kR)

kR, %e"‘R sin(kR)

Then we have
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o sin g,

P —R’ j,(kR) A (k; R)

R sin(kR) 1 sin(kR)
kR KRy, %e’kk sin(kR)

_ R sin’ (kR) 1
- 2
(kRY 4 %e"kk sin(kR)

Vo Vo2
. sin(kR) 1+ %sm(kR) cos(kR) — z%sm (kR)

2 2
(RY |y, %sm2 (kR) + 2%sin(kR) cos(kR)

Then we get

Vo2

%sm (kR) 1

tan 5, = — =
1+ %sin(kR) cos(kR) Ot

(1) y>>k (kR <<1, yR>>1)

1+ %sin(kR) cos(kR) =1+ %kR cos(kR) = 1+ yR = yR
Then we get

Y sin® (kR)
tan o, = — k = —tan(kR)
%sin(kR)cos(kR)

leading to

0y =—kR+nr

(i)  Resonance condition
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1+ 7 sin(2kR)
2k

coto, =
" Zgn’kR)
k

The denominator is always negative. 2_2 >>1. The resonance occurs when

1+ %sin(kR) cos(kR) =1+ 2—7ksin(2kR) =0

or
sin(2kR) = _2k sin(—%)
v v
or
2kR =2nrx — 2k
v
6-11
6.11 A spinless particle is scattered by a time-dependent potential
V(r,t) = V(r)coswt.
Show that if the potential is treated to first order in the transition amplitude, the
energy of the scattered particle is increased or decreased by hw. Obtain do/d€2.
Discuss qualitatively what happens if the higher-order terms are taken into account.
((Solution))

The initial state is given by |k> . The time dependent potential is given by

V =v(r)cos(wr)e™
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(KU, (t,t, =) k) =1, +1,

i "7 (4 ' 2 i 21 vt' W/ (NI (4"
:(_%)jw k', ()| k)t + () jw dt jw de"(K'V, (W, (2| k)

(E' E)t'

I, = (—%)(k'|l}|k> jdt'cos(a)t')e”" exp[ ldt'

i(E'-E)t 1dt
h
> 1 exp[m‘+z(E' E+ho)t/h

- ) [arcostore el

=(- ><k'|V|
n +%(E' E+ho)

N exp[nt +i(E'—E—ha))t/h]

77+%(E’—E—ha))

The probability of finding the system in the state |k'>

1 ' 62771 62771
b= e <k |V| >‘ 4 1 + 1
+;(E’—E+ha))2 n’ Jr?(E'—E—ha))2
L 9Re exp(nt + 2i a)'t) ]

[+ ;Z(E'—E + ho)[n - é (E—E —ho)]

When 77 — 0 (z is finite), the transition rate

d

Wi =P,

dt

1 2 2nt 2 2nt

—ftef 2 ]
n +?(E'—E+ha))2 772+ﬁ(E'—E—ha))2

Here the oscillatory part (proportional to e** Using the formula

: n
11123 x4 772 =7o)

we have
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2_7[‘<k'|l}| k>‘2 %[5(15'—15 +he) + S(E-E - ho)]

Wik =
((Density of states))
2 2
ol e
2m 2m
2
de'= h—k 'dk’
m

The density of states is obtained as

3
o(g)de'= 2:{ 3k'2dk'dQ:(2L—)3?kd £'d)
)
3 ]
:27;" K|k \ —j[&(E' E+hw)+S(E—E - ha))]dE'( L) ’Z’f dQ
3
2”\ (K'P|K) 4(2") ok, + k)

From the Dirac function in the first term,

—E-ho, k'=k=1/il—T(E—ha))

From the Dirac function in the second term,

= E+hw k'=k+=1/2—T(E+ha))
h

We consider the wave function given by

l ik-r 1
<r|k>: L}/zek K |k>‘:f
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We consider the number of incident particles. Since Kr|k>‘2 = — and the velocity of particle is

L3
hk . : : : : .1 nhk
v =— . The number of incident particles passing per unit area per unit second is VF =
m m
w
do= T
ml’
_ 2z 2 L m dQ
v k, +k )——
‘ || 4(2)h2( *)hk
mL’
A 2
= 27((K'[P k) (2L) ’;:4 ke K "
_1 mL
V —+—)d2
T4 2;th (K1) ‘ 2 )
6-12

6.12 Show that the differential cross section for the elastic scattering of a fast electron
by the ground state of the hydrogen atom is given by

2
do (4m2e4) {1 16 }
dQ ~ \ nitg [4 4+ (gao)]"

(Ignore the effect of identity.)
((Solution))
Sk ) =@y 2K (| V| K)
47 K’
The differential cross section:

l67z u

I

(ke 15|V (7,7

|f(k k)| =

The potential energy is given by
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We calculate the matrix element

Ls) = [dr [ dr' (k15| )| e 1s)
_.[dr.[dr | |< [ ) {r'[1s)
(271[) ﬁao J‘drj‘ dp o'k i o2

Idrjdrqur —2r'a,

(k"

(27[) 72'610
1 Idry ZV/QOI iq-r dr
(27[) ra, r
where q=k-k'
<r|1s> N e’ (1s state wave function)

\/;aoz/z

i 3
—2r —2r a
I, =jdr'e T =4ﬂjr'2€ ' ”Odr'=47zT°
0

L= Jartvres

V3
—2r j ~ e dr j dBsin Ge'" !
r
0

where ¢ > 0.
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[dsinger = = (-1
0

iqr

1 ) )

— — (etqr _ eflqr)
iqr

iqrcos@
e Io

2 .
=—sin(gr)
r
Then we have

I, = 272'.[%1"26” isin(qr)dr
0 qr
= il .[ e " sin(gr)dr
g%
= 4—ﬁlm[ .[ e e dr)
q 0
=
q &-1q

)

) .
AT EF

qg &+q
A

T +q)

)

In the limit (¢ > 0), we get

4r
[2 :q—2
(k',1s i k’ls>z%%”ao34_7z[=—3_z
r 2n) na, g @Qn) q

Next we calculate another matric element
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(k.

)= Ja a1
= farfar ()15l el )

1
r_

1 1

jd”jd"' (k=K o2
(27[) ra, |r—r'|
with
g=k-k', E=r-r
1 —2r'a,
dé drv lqr o
< > (27[) a, j j
1 1 iq-& —2r'a,
= e dE | dr'e e
(272')3 ”ao '[SZ '[
I :Ilel’q's”dg :4_72[
4 q
I _.[drv iq-r' 72r/a0
where
jdl" g i =.[ 271 e dy 'jsin@d@e’””“
0 0
= j27zr 2 e 2sin(gr) sm(?r ) dr'
0 qr
_4z .[ e sin(qr"dr'
0
_4r 4a’q
q 4+d’)
_ l6nd’
(4+a’q’)
where
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Vi

o 251 !
[sin oagesr= = 2347
0 qr
1 1 4 l67a’
<k"1S P k,ls>: 3 3_7; ﬁzaz 2
—r' Qr)y ma” q° (4+a°q")

__ 1 4r 16
Q27) ¢ (4+d’q’)

Thus we have

L 4z, 16
27) ¢ (4+a’q’)’

(k'1s|V (%, %" ]

k,1s) =

Thus we have

oo _ 167* 1’
oQ n*
_167[4;12 et lerx’ - 16
h4 (272_)6 q4 (4+a2q2)2
B 416 (- 16
n'qt T (4+d’q’)

(k15 |V (7, )

ke, 1s)[

]2

ol
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