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((Solution)) 

We use the Lippmann-Schwinger equation 
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((Jordan’s lemma, residue theorem)) 

 

The integrand has poles in the complex k-plane at  

 

ikk ' , and )(' ikk   

 

When 'xx  , we take the path in the upper plane. When 'xx  , we take the path in the lower plane.  
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Combining Eqs.(1) and (2), 
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The Lippmann-Schwinger equation for 
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T: probability 

R: probability of reflection 
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(c) 

The wave function of bound state 

 

Schrodinger equation 
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Note that )(x  is continuous at x = 0, but dxxd /)(  is not continuous. 
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((Solution)) 

 

The total cross section: 

 

  '

2
)1( ),'( kkk dftot  

 

with 

 

  )(
2

4

1
),'( )'(3

2

)1( rrkk rkk Ved
m

f i

ℏ
 

 

So we get 

 

)'()()]'()'(exp['
4

33

'42

2

rrrrkkrrk VVidddtot  
ℏ


  

 



9 

 

 
 

We now calculate 

 

)]'('exp[)]'(exp[

)]'()'(exp[

'

'

rrkrrk

rrkk

k

k








idi

idI
 

 

Here 

 

 dd sin2' k  

 

]cos'exp[]cos''exp[)]'('exp[  rrrrrrk  ikiki  

 

since kk ' . Then we get 

 

k'

r r '



10 

 

'

)'sin(4
)]'(exp[

]cos'exp[)(cos)]'(exp[2

]cos'exp[sin2)]'(exp[

1

1

rr

rr
rrk

rrrrk

rrrrk
















k

k
i

ikdi

ikdiI







 

 

)'()(
'

)'sin(
)]'(exp['33

4

2

rr
rr

rr
rrkrr VV

k

k
iddtot 


 

ℏ


  

 

Since the potential has a spherical symmetry, tot  does not depend on the direction of k, 
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((Solution)) 

Low energy soft-sphere scattering 

 

Suppose that the potential has a spherical symmetry such that 
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where Q is the magnitude of the scattering vector, 
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((Mathematica)) 
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Clear "Global` " ;

rule1 c 2.99792 1010, 1.054571628 10 27, mp 1.672621637 10 24,

eV 1.602176487 10
12
, meV 1.602176487 10

15
, keV 1.602176487 10

9
,

MeV 1.602176487 10 6, E1 800 MeV, fm 10 13 ;

k
2 mp E1

2
. rule1; k fm . rule1

6.20923

a1 :
4.49341 . rule1

2 k Sin
2

fm
. rule1; a2 :

7.72525

2 k Sin
2

fm
. rule1;

a3 :
10.9041 . rule1

2 k Sin
2

fm
. rule1;

Q 2 k Sin
2

fm . rule1;

f1 List 40, 1.4 40
1 3

, 7.95, Q 7.95 , a1 7.95 ,

42, 1.4 421 3, 7.85, Q 7.85 , a1 7.85 ,

44, 1.4 441 3, 7.6, Q 7.6 , a1 7.6 ,

48, 1.4 481 3, 7.3, Q 7.3 , a1 7.3 ;

f2 List 40, 1.4 40
1 3

, 14.2, Q 14.2 , a2 14.2 ,

42, 1.4 42
1 3

, 14.0, Q 14.0 , a2 14.0 ,

44, 1.4 44
1 3

, 13.8, Q 13.8 , a2 13.8 ,

48, 1.4 48
1 3

, 13.4, Q 13.4 , a2 13.4 ;

f3 List 40, 1.4 40
1 3

, 20.9, Q 20.9 , a3 20.9 ,

42, 1.4 42
1 3

, 20.5, Q 20.5 , a3 20.5 ,

44, 1.4 441 3, 20.1, Q 20.1 , a3 20.1 ,

48, 1.4 481 3, 19.5, Q 19.5 , a3 19.5 ;
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6-4 

f3 TableForm

40 4.78793 20.9 2.25243 4.84104

42 4.86644 20.5 2.20979 4.93446

44 4.94249 20.1 2.16712 5.03162

48 5.08794 19.5 2.10306 5.18487

s1 List f1 1 , f2 1 , f3 1 ; s1 TableForm

40 4.78793 7.95 0.860863 5.21966

40 4.78793 14.2 1.53494 5.03293

40 4.78793 20.9 2.25243 4.84104

s2 List f1 2 , f2 2 , f3 2 ; s2 TableForm

42 4.86644 7.85 0.850051 5.28604

42 4.86644 14. 1.51343 5.10446

42 4.86644 20.5 2.20979 4.93446

s3 List f1 3 , f2 3 , f3 3 ; s3 TableForm

44 4.94249 7.6 0.82302 5.45966

44 4.94249 13.8 1.49192 5.17808

44 4.94249 20.1 2.16712 5.03162

s4 List f1 4 , f2 4 , f3 4 ; s4 TableForm

48 5.08794 7.3 0.790577 5.68371

48 5.08794 13.4 1.44887 5.33191

48 5.08794 19.5 2.10306 5.18487
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((Solution)) 

 

0V  for Rr  .  0VV   for Rr  . 

 

where V0 may be either positive or negative. 
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((Solution)) 

 

Yukawa potential 
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We make a plot of )(xfl  as a function of x for x>1, where l is changed as a parameter. (numerical 

integration using the Mathematicva). 
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Thus we have 
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6-7 
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PlotStyle Red, Thick ;

k2
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Text Style "1 2", Black, 12 , 8, 0.5 ,
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((Solution)) 
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Therefore the phase shift 0  is given by, 
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(b) 

In the limit of 0k , only the s wave is very important. 
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((Solution)) 

We use the formula 
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(b) Yukawa potential: )exp(
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)(0 bK  is the modified Bessel function of the second kind. 
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((Solution)) 

(a) Green function with spherical Bessel function  

 

Free particle wave function   satisfies the Schrödinger equation 

 

 kE
m
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ℏ
, 

 

where m is the mass of particle, ( 2
2

2
k

m
Ek

ℏ
 ) is the energy of the particle, and k is the wave 

number. This equation can be rewritten as 

 

0)( 22  k . 

 

This equation is solved in a formal way as 
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or 
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This is a Sturm-Liouville-type differential equation. 
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The solution of this differential equation is 
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Since the spherical Neumann function diverges at x =0, it cannot be chosen as a solution. Finally 
we have 

 

),()(
2

,,,,),,(
2




 mmk Ykrj
k

mlkrr
ℓℓℓ

 , 

 
with 

 

  

Ek 
ℏ

2k2

2m
, 

 

and 
 

',',)'(''' mmllkkklmmlk   . 

 

We define the spherical Hankel functions as 
 

)()()(
2

)(
)1(

2

1

)1(
xinxjxH

x
xh nn

n
n 




 

 

)()()(
2

)(
)2(

2

1

)2(
xinxjxH

x
xh nn

n
n 
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The asymptotic values of the spherical Bessel functions and spherical Hankel functions may be 

obtained from the Bessel asymptotic form. 
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  (outgoing spherical wave) 
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Now we consider the Green's function given by 
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where r is the variable and r' is fixed. 
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The possible solutions of Gl are jl(kr), nl(kr), hl

(1)(kr), hl
(1)(kr), or a linear combination of these 

functions.  
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)(
)1(

krBhG lIIl    for r>r' (region II) 

 
where A and B are constant. Note that If we use the positive sign for G(r, r'), we need to choose 

)(
)1(

krhl ; 

 



39 

 

r

e

kr

e
ikrh

ikrlkri


 )2/(

)1(
)(



ℓ
  (outgoing spherical wave) 

 

(i) The continuity of Gl at r = r' 
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In general, we have 
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Lipmann-Schwinger equation 
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leading to the scattering amplitude 
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6-10 
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6-11 

 
 

((Solution)) 

 

The initial state is given by k . The time dependent potential is given by 
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The probability of finding the system in the state 'k  
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When 0  (t is finite), the transition rate  
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Here the oscillatory part (proportional to tie 2   Using the formula 
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From the Dirac function in the first term, 
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We consider the number of incident particles. Since 
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6-12 

 
 

((Solution)) 
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The differential cross section: 
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The potential energy is given by 
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2 2
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We calculate the matrix element 
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ˆ ˆ
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Then we have 
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4 1
Im( )
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In the limit ( 0  ), we get 
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Next we calculate another matric element 
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0
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Thus we have 
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