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Here we discuss the property of the spherical Bessel function which is the wave function of
the free particle in the spherical co-ordinates, based on the book written by R.H. Dicke and J.P.
Wittke (Introduction to Quantum Mechanics, Addison-Wesley, 1966).

1. Properties of vector operator

Suppose that V isa vectorand J is an angular momentum in the quantum mechanics. As is
already discussed before, we have the following commutation relations.

[an‘Jx]:Ov [\iy’jx]:_ih\iz’ [Vz’ x]_lhv
V,.Jd,1=inv,, V,.J,1=0, V,.d,1=-inv,,
V., 1=-inv,, N, J,1=inv,, v,,d,1=0.

We introduce the operators as

Y A

V., =V, £iV,, J,=J #ij,.

+

Using the above relation, we get

V.3, 1=V, +V,,3,1=1V,,J,]1=7V,,
V.=V, -V, 1=V, ]=-V,,
V. J,1=lV, +iV,,J,1=V,.d,]=inV,,
V.,J,1=lV, -V, J,1=V,.3,]1=inV,,
V., J,1=V, +1V,,d,1=IV,,d,1+iV,,J, 1=

N—’jz]z[\ix_ y? z] [Vx’ z] i[Vy’ z] hv

These relations in turn can be shown to lead to

N+3jz]:_hv+a N_sz]:h\i_:



A A Y

[\/+7J+]:Oa [\/,)\j\,]:O,
V,.d 1=2nV,, V., 1=-2mV,.

Note that V is the vector operator. The momentum vector P and position vector f are the
vector operators.

<

We also have the commutation relation for the scalar product \71 .
[‘] sV T 2] =0

or

This can be proved as follows.

((Proof))

>

_[Vlz’jx]VZZ _\ilz[VZZ’Jx]

2. Eigenket |4, ], m>

From the above formula, we can derive the following relations,

[J.V?]=0,
[3,V,1=hV,,

[32V,1=2r(V,J, -V,J,)+ 20V, .



We assume that

H|A,j,m)=E,|4,j.m),
|4, j,m) =1 j(j+D)|4, j,m),
L,| 4, j,m)=#m| 4, j,m).
where (4, ], m> is the simultaneous eigenket of the Hamiltonian H , the angular momentum ( [*,

L,).
We now show that

V|4, j,m=j) |2, j+,m= j+1)
((Proof))
In order to verify this, we use the relation
[32V, ] 4, j.m=j)=2r(V,J, -V,d )| 4, j,m= j)+ 207V |4, j,m= j),
or
IV |20 3)=17 J(i+ V.| 2.3 1) = 207 V [ 2.5, §) -V, .| 4. . ) + 207V | 4. 5. ).
or
IN|2 3. 0) =1 J(G+ V|4, §) = 207 V.| 4. J, )+ 207V |4, ], §),
since Jl A, j> =0. Then we get

IN ALY =" (G+D(+2V,

2,0, 1)-
We also use the relation
[J,.V,]1=hV,.
Then we have
[J..V.]

2,0,0) =N, V3|4, J, §) =V,

j’ j>9

or



jz\7+ A, j9 J>:h(J +1)\7+

2,0, 1)-
These indicate that

V.

A J)=

A j+1j+1).

As a trivial example of the usefulness of vectors, we assume that

Then we have

A

P

A1) =

A+ L1 +1)

Here we use the notation for the wave function

l//ﬂlm(r) = <r ﬂ“a Iam>
Then we get the relations

PV 00 (N =y (1),

p+2‘///100(r) Y (),

0. W 200 (1) = W (1),
Since
Van(D = L "y (1)
we get
LD, w00 = L "y (D) 2y (1)

3. Spherical Bessel function as wave function of free particle
We use the relation

<r|b+|w>=—ih<a—i+i%>w(r) — i+ i) L)



or
p.p (1) =-in(x+iy) L Ly r)
ad rar’
We repeat this process,
2 . .. 10
P, w(r)=—Iap, (X+1y)——w/(r)
ror
] . 10
=—1h(X+1 ——wy(r
(X+ Wp*rarl/j( )
2
— iRy (x+ iy)z(li) (1)
rdr
Similarly we have
|
.y (1) = (-ih) (x-+ iy)'(li) w(r)
: rdr '
Here we note that
[p+’X+|y]=07
or
[p,,X+i¥]=0. (commutation relation)

This relation can be checked using Mathematica.
When

w(r)= f(r) (independent of #and ¢, an arbitrary function of r)

We get
| PN N ld I
p, f(r)=(-in) (x+iy) (——j f(r)
r dr
_ypfLd)
_Y'r(rdr] f(r)

where



Y|I zei'¢(sin¢9)' :(X+iyj' _ (X+iy)l |
r

[
Since
p+|l//100(r)zl//ﬂll(r)a
with
sin(Kr)
200 — _kl’ 5
we obtain
. o (1d)Y
p+|l//ﬂ,oo = (_lh)l(x+ 'y)I(FEJ Y 00
1d)
=Y||rl(Faj V00
RYoa :Y||Rz(r)
Then
rN(1d)Y
R,(r) = [E) (FEJ ¥ 00>
or
| 1.
. 1 d ) sin(kr)
ky~ (| 2| =L .
Ji (kr) = ( )(k)(r dr) kr
Where
Y (0,4) = ——
o \Y Jar
4. Summary

This radial function is a spherical Bessel function. Combining these radial functions with the
spherical harmonic gives as the wave function for a free particle.

l//llm(r) ~ Ri(r)Ylm(9:¢) .



Eigenvalue problem for free particle:

21,2

'k
HY (1) = By 1, (1) = _2 Woam (1)
7,

Lzl///ilm (r) = hzl (I + l)lr///llm(r) ’
Lzl///llm (r) = mh l///llm (r) 9
where

2 2 2 2
Lpz+hl(l+1)__h_la L A

H = r 2 2 2
2u 2ur 2uror 2ur

Schrodinger equation:

n 1o (1 +1) n’k?
—ZFW(r%lm)ﬂ“ 2 Wam = P W am (1)

When | = 0 (thus m = 0),

2

%{rm(rm K[y 100 (] =0,
r

or

_ sin(kr)
W 00(X) = ol

Instead of considering the radial differential equation for states other than | = 0, one can find a
way of generating all the other wave functions from the state of | = 0. The momentum operator is
a vector operator. We introduce the operator

p, =P, +ip,

p, commutes with the Hamiltonian.

sin(kr)
kr

f(r)=



p. F(r)=(p,+ip,) f(r)

_ho 0

_i(8X+|8y)f(r)

= z(x + iy)li f(r)
I ror

h .10
p, f(r)="=p, (x+iy)—— f(r)
i ror

_ (?)(x SR ()]
i ror

In general,

p, f(r=|= <x+iy>'(1%j f(r)

i @.0r [%j D) =y =Y (0.0)8,(r)

Q

I
—IN =l =

‘_

‘-D_

Y

2]

p—

=1
/Q% ~
- o)}
\_/

—h

~

—

~

or
10 ' sin(kr)
gl(r)_r(r jf()_ {rarj kr
or
'sin(kr)
Ji(kr)y=(- 1)( j(rdrj T
((Note))

The definition of the spherical Bessel function:

sin(x)

) =(= I)X(xdij



sin X

i (x)=SnX
Jo(X) <
. sin X — X cos X
X)) =—F—
X
5. Mathematica for the Spherical Bessel function.

Here we compare two functions,

1d )' sin(x)

X dx X

(0= (1) X'[

and a standard function provided by Mathematica: SphericalBesselJ[L, X]

((Mathematica))

1 ]
P1:= X D[#, X] &;
I, %1 := (-1)" x" Nest|[P1, S”l(i L]
J[0, x] // Simplify

Sin[X]
X

J[1, x] // Simplify

-XCos[X] +SiIn[X]
2

X

J[2, x] // Simplify

3xCos[x] + (-3 +x?) Sin[x]

X3




JI3, x] // Simplify

X (-15+ x?) Cos[x] +3 (5-2x%*) Sin[x]

X4

J[4, x] 7/ Simplify
X—15 (5x (~21+2x?) Cos[x] +

(105 - 45 x* + x*) Sin[x] )

Plot[ Evaluate[J[4, x]], {x, 0.01, 20},
PlotStyle » {Red, Thick}]
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T2 = Plot[ SphericalBesselJ[4, x],
{x, 0, 20}, PlotStyle-» {Blue, Thick}]
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