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The Stern-Gerlach experiment can be performed on a variety of atoms or particles Suxh
experiments always results in a finite number of discrete beams exiting the analyzer. For spin 1/2
particles, there are two output beams. For spin 1 particles, there are three output beams. The
deflections are consistent with the magnetic moments from spin angular momentum components
of mh with m =1, 0, and -1. For an analyzer aligned along the z axis, the three output states are

labelled as 1,z>, O,z> , and |—1,Z>. Here we consider the Stern-Gerlach experiment with spin 1
particle.

Fig. Spin-1 Stern-Gerlach experiment. The magnetic field is along the z axis.

1. j=1
The angular momentum (3x3 matrices), under the basis of
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Using the Mathematica, one can get the matrix representation

The above result can be obtained by solving the eigenvalue problem:
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Use the Mathematica to obtain the eigenkets and the eigenvalues:

Eigensystem[ J ]
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When 6=

72, this matrix is expressed by
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Conventionally we use
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3. Calculation of the rotation matrix with J = 1 without the use of Mathematica

Taylor expansion:
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which is a diagonal matrix.

4. Examples of SG experiments with J =1
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1) A spin-1 particle exists an SGy device in a state with S =7 . The beam then enters

an SG; device. What is the probability that the measurement of S; yields the value 0,
+h,and-%?
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2) ((Townsend 3.16)) A spin-1 particle exists an SG; device in a state with S, = 7. The
beam then enters an SGx device. What is the probability that the measurement of S«
yields the value 0, +7, and -7 ?
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A3) ((Shankhar)) A beam of spin 1 particles, moving along the y axis, is incident on two
collinear SG apparatuses, the first with B along the z axis and the second with B
along the z' axis, which lies in the X-z plane at an angle @ relative to the z axis. Both
apparatuses transmit only the uppermost beams. What fraction leaving the first will
pass the second?

The intial state after passing the first SGz, is

1,z>
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The total probability is
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€)) ((Townsend 3.20)) A beam of spin-1 particle is sent through a series of three Stern-
Gerlach measuring devices. The first SG; device transmits particles with S, = 7 and
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filters out particles with S, = 0 and S; = -%#. The second device, an SG, device,

transmits particles with S, = 7 and filters out particles with S, = 0 and S, = - 7,

where the axis N makes an angle 0 (0<6<n/2) in the x-z plane with respect to the z
axis. A last SG, device transmits particles with S; = 0 and filters out particles with

SZ=h and SZ='h.
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What fraction of the particles transmitted by the first SG, device will survive
the third measurement?
How must the angle & of the SG,, device be oriented so as to maximize the
number of particles that are transmitted by the final SG; device? What
fraction of the particles survive the third measurements for this value of 6?

What fractions of the particles with Sy = 1, Sy =0, and Sy = -A, respectively,
survive after the fourth device, SGy which device transmits particles with Sy

= h, Sx =0, and SX = 'h?
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(c)

The fractions of the particles with S =17,
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(a) What are the probabilities that a measurement of S_ will yield the values 7, 0, or - % for
this state?

(b)  Whatis (S.)?

(c) What is the probability that a measurement of S will yield the values 7, 0, or - & for this

state?
(d) What is <Sx> for this state?
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5 Feynman's thinking SG experiment
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Two Stern-Gerlach type filters in series; the second is tilted at the angle € from the z axis in the
x-z plane.
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=L SG-z =+
=Ly SG-n  lzm—p =14
— SG-z flze—p| (¥=0) 1=}

s

The probability that an atom that comes out of SG: (the first) will also go through both SG, and
SGz (the second) is
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The probability that an atom that comes out of SG; (the first) will also go through both SG, and
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This ratio does not depend on which state is selected by the first SGx.
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6. Rotation operator with j =1
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The rotation operator with J =1 is given by
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For ¢ = 0, the rotation operator is given by
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((Mathematica))

Matrices j = 1

Clear["Global " %"];

IX[/ ,n_,m]:==v(/-m) (/+m+1) KroneckerDelta[n, m+1] +

NI P

1
EV (#7+m) (/-m+1) KroneckerDelta[n, m-1]

1
Jy[7 ,n_,m] := -5 iV (/-m) (/+m+1) KroneckerDelta[n, m+1] +

1

Ei\/(/+m) (# -m+1) KroneckerDelta[n, m-1]
Jz[7 , n_, m_] = mKroneckerDelta[n, m]
Jx = Table[Jx[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}1;

Jy = Table[Jy[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}];

Jz = Table[Jz[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}7];

Ry[& ] := MatrixExp[-1 Jy ¢] // Simplify

Rz[# 1 = MatrixExp[-iJz ¢] // Simplify

Rz[#]- Ry[e] // MatrixForm
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, Cos[o],
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{_e’j¢8in[e] el®Sin[o] }

u3 =Rz[¢].Ry[6]-{0, 0, 1} // Simplify
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APPENDIX
Schematic diagram of the Stern-Gerlach experiments with spin 1/2, 1, 3/2, 2, and 5/2.
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((Mathematica)) Schematic diagram for S = 4. The number of states is N=2 S +1 =9.
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Clear["Gobal "]; N1=9;

O = Graphics[{Text[Style[''SG,", Black, 40], {0.5, 0.5}1}1:
fl-=

Graphics[

{Red, Thick, Line[{{0, 0}, {1, O}, {1, 1}, {O, 1}, {O, 0}}],

Blue, Line[{{1, O}, {1.2, 0}, {1.2, 1}, {1, 1}}],
Table[Line[{{1, k/N1}, {1.2, k/N1}}], {k, 1, N1-1}],

Table[Text[Style["" <> ToString[StandardForm[k]],
1 k -1+ N1
Black, 207, {1.1, (—2 4 M) F 1]
NI-1 N1-1 )
{k’ T2 T2 1}]}]
2 = ParametricPlot[{0.5 + 0.3 Cos[e], 0.5 + 0.3Sin[e]},
{6, 0, 2xn}, PlotStyle > {Purple, Thick}];
3=
RegionPlot[0<x<1 & 0<y<1&& (x-0.5)% + (y-0.5)%>0.3%,
{x, 0, 1}, {y, 1, 0}, PlotStyle - {Green, Opacity[0.2]}];
Show[fO, f1, 2, T3]
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