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In every physical theory, we are confronted with the need to obtain approximate solutions
to the equations, because exact solutions are usually be found only for the simplest
models of the physical situations. Nevertheless, the approximations are often useful since
they may serve as a key starting point for understanding the physics lying in the
complicated equations of the actual system. The perturbation method are examples of
such an approach. Here we discuss the perturbation theory with the time-independent
Hamiltonian. There are two types of methods, (i) the non-degenerate system where the
eigenstates of the unperturbed system are not degenerate, (ii) the degenerate system
where the eigenstates of the unperturbed system is degenerate.

There are two methods: Rayleigh-Schrodinger (RS) method and Brillouin-Wigner
(BW) method. The BW perturbation theory is less widely used than the (RS) version. At
first order in the perturbation, the two theories are equivalent. However, BW perturbation
theory extends more easily to higher orders, and avoids the need for separate treatment of
nondegenerate and degenerate levels.

1 Perturbation theory: non-degenerate case
(Rayleigh-Schrodinger method)

We consider the Hamiltonian of the system

H=H,+H,

where |:|0 is an unperturbed Hamiltonian and I-A|1 is the perturbation. The parameter A is
assumed to be real and is very small.

EQ
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Fig. Energy eigenstates for the unperturbed Hamiltonian I:IO (non-degenerate case).

HO H0+/\H1

Fig. Shift of the energy levels when the perturbed Hamiltonian (/ll-All) is added to the
system.

Here we discuss an approximate solution of the I:I(/i) eigenvalue equation (non-
degenerate case). We start with the eigenvalue problem

A

Hlw,)=E,|v,),

where |l//n> is the eigenket of H with the energy eigenvalue En. |wn> is a non-degenerate

state. We assume that

E=EQ+iEY+ 2PE® + ...

n

and

Wn<0)> )

l//n(l)> g

v,) = v, )+
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where

'//n(o)> _ En(o)"//n(o)> _

The energy eigenvalue E,” is different for different states (the non-degenerate case).
Then we get

(Ho+H,)X(

Wn(0)>+/1

l//n(l)>+ﬂf

IR

=(E, " +E," + 2E,® +-.-.)(\wn(°’>+/1

wn“)> + zz\y/n(ﬂ +.).
For the 0-th order terms in A,

(H,—E,)

Wn(0)> =0, or I-AI0

(0) O O)
Wn > = En ‘Wn > °
For the 1st-order terms in A,

(H,—E,")

lr//n(l)>+ (I:Il - En(l))

v,")=0. (1)
For the 2nd-order terms in A,

(Ho—E,"lw™) +(H, - E,")

Wn(1)> _ En(2>

v,")=0. @
For the 3rd-order terms in A,

(H,—E,")

v )+ (H,-E")

Wn(2)> _ En(2>

lr//n(l)> _ En(3)

v,")=0. ()
For the 4-th order terms in A,

(H,—E,)

l//n(4)>+(|:|1 - En(l))

_ En(4)"ﬂn(0)> ~0

Wn(3>>_ En(2>

Wn(2)> _ Enm

(1)
') @)

((Mathematica))
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Perturbation theory : nondegenerate case

10 10
Clear["Global +"]; eql = (HO + X H1) [qu J,e'm[q]] - [qu En[q]] [
=0

=0

10
qu 'Jm[q]]];

=0

eqg2 = Table[{n, Coefficient[eql, A, n]}, {n, 0, 4}] // FullSimplify;
eq?2 // TableForm

(HO - En[0]) yn[0]
(H1 -En[1]) yn[0] + (E0 -En[0]) un[1]

~En[2] yn[0] + (HL -En[1]) yn[1] + (HO - En[0]) ¢n[2]

~En[3] yn[0] - En[2] ¥n[1] + (H1 -En[1]) yn[2] + (HO - En[0]) yn[3]

“En[4] yn[0] -En[3] yn[1] -En[2] yn[2] + (H1 —En[1]) Un[3] + (HO-En[0]) yn[4]

=W N = O

2 The first-order energy shift
The eigenket

l//n(o)> forms the complete set. We start with Eq.(1) and take the inner

product with <1//n(0)‘

<‘//n(0) ‘(l:lo _ En(0>)‘wn(1)>+ <Wn(0) ‘("11 _ En(1>)“//n(0>> —0,
or

En(l) = <l//n(0) l_A'l

v
((Note)) This expression can be obtained directly using the Feynman-Hellmann theorem.

OE,
oA

oH
= D—|v, (1)) .
(v, (D) 7 v, (1))
The first-order correction of Eq.(1) with <l//k(0)‘ for k #n.

"

|:|O _ En(o)"//n(l)> n <l//k(0)

A,-€0ly,") =0,
Since
<Wk(0) ‘1//”(0)> =0 for k #n.

the above equation can be rewritten as
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(Ek(O) —En(o))<l//k(0)"//n(l)> <z//k(°)‘H ‘1// (0)> 0,
or

(A ”)
E®_E©

<l//k(0)"//n(l)>: (k#n)

since E,” = E,'”. If we use the basis states ‘t//k(o)> to express ‘1//”(1)> as

‘t//n(l)> = Zk:"/’km)><‘//k(0) ‘!//n(l)>, (closure relation)

or
‘l//n(l)>=‘y/n(0)><l// ((»‘ (1)>+Z“//k(0)><vlk(0)‘l//n(l)>
=“//n(0)><l// <O>‘ <1)> ‘(p (1)> '
where
‘¢n(l)> _ z‘wk(mx (0) ‘l// <1>>
k=n

((Normalization-I))
Here we need to show that

< m‘w (1>> 0
If so, we get

)l

and
< <0>‘ (1>> ~0
®n
This can be proved from the condition of normalization as follows.

1=<l//n|l//n>=<l//n(0)‘l//n(0)>+/7v(<l//n(0)‘l//n(l)> < “)‘1// (0)>
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+ﬂz< (2)"//(0)> < (1)‘1//(1)> < <0>‘W<2>>

Since < © ‘l// (0)> =1, through the first order in A, we must have

< (m‘l// (1)> < (1)‘!// (0)> 0.
or

< (O)‘V/ (1>> < (0)‘W <1>> _ 2Re[< (0)‘1// (1)> 0.
Then we have

< © ‘l// (1)> =ia (a: real), i.e. (purely imaginary)
This means that

) <ialy ).
Then we have

=) il )l
:(1+ia}t)‘ (°>>+/1\¢ “>>

:eia/l‘l//n(o)>+ﬂ"(p <1>>
where we use

e =l+iad+..z1+iad  for [ad|<<1.

For convenience, we assume that a = 0:
<lr//n(0) ‘¢n<1)> —ia=0
Then we have
‘l//n(l)> _ ‘¢n(l)> _ Z‘ l//k(0)><l//k(0) ‘l//na>> ,
k=n

So we have
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1
(D>

(0)

l//n(0)> + A

‘//n(l)> gy

Fig. <l//n l//n(1)> =0., where|y, ) = l//n(2)> +....

Then we have

v v, ")

‘l//n(l)> _ ‘¢n(l)> _ kZ“//k(O)X‘/’k(O) ‘l//n(l)> _ kZ“//k(O)><

(0) (0)
En - Ek

In summary
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((Note))

As will be discussed later, we use the concept of the renormalization wave function
such that <1//n(°)

1//n>:1, instead of (y,|w,)=1. To the first order of A, the same

l//n> =1 can be derived from the condition for the renormalization wave

wn>:1.

condition <l//n(0)

(0)

function <Wn

3. The second-order energy shift
We start with

(H,—E,")

va”)+ (H,-E")

Wn(l)> _ En(2>

v, ") =0 )

We take the inner product of Eq.(2) with the bra <z,//n(°)

it (0) i ©
HO_En Hl_En

Wn(2)> n <l//n(0)

<l//n(0) l//n(l)> _ Enm -0

Since <l//n(0) l//n(1)> =0, we have

En(2> _ <'//n(0) ‘|:|1

Wn(l)>

oG], ©
:<Wn(0) ﬁlz‘wk<0)><wé (O)H_lé:(”o) >

<l//n(0) k;{ l//k(0)><‘//k(0) ‘//n(0)>

(0) (0)
k#n En - Ek

O 15 (0)
KWn Hl '//k >
(0) (0)
k=n En _'Ek

H,

2

In summary

O |, O\ 3
Enm:ZKt//n OHll/fk ) =z<t//n H [y )
& EO_E0 & EO_E®

n n

(0) H
1

Wn<0)>

4. Wave-function renormalization
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va)=

l,//n(0>>+/1

l//n(l)>+12

Wn(2)>+f

..

Here we need to specify how the states

t//n(o)> and |l//n> overlap. Since |l//n> is

considered not to be very different from

0
' )>, we have

<l//n(0)

u/n> ~1.
It is convenient to depart from the usual normalization condition that

Walva)=1.

Rather we set

<l//n(0)

l//n> =1 (this is the definition we use here)

even for 4 #0. Then we get

<l//n(0) ‘//n> _ <V/n(0)

Wn<0)> ) <l//n(0)

l//n(l)> " /12<l//n(0)

l//n(z)> n /13<‘//n(0)

3)
v, >+....,
with

<l//n<0)

l//n(0>> -1, <l//n(0)

l//n(l)> -0, <l//n<0)

v P)=0, ..

In other words,

(//n(k>> (k=1,2,3,4,..) is orthogonal to

Wn(0)>
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k
r$O>

n

Fig. <l//n(0) ‘Wn(k)> =0 wherek=1,2,3, ....
In such conditions, we have
<y/n |l//n> = (<l//n(0) ‘ + /1<1//n(1) ‘ + <l//n(2) ‘ + /13<l//n(3) +...)
™)+ 2,4 2y @) By )
:<l//n(0)"//n(o)>+/1[<'//n(0)‘Wn(l)>+<'//n(0)‘Wn(l)y]
g [<Wn<0> ‘Wn(2)>+<l/jn(2)
=1+/12<'//nm“//n(1)>+0(/12)

‘ O1H |y © :
=1+ /12; <l:/|;n(o‘) _ILV:(O))Z

+O(2)

since
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([ v )

‘l//n(l)> _ Z‘Wk(0)><l//k(0) ‘l//n(l)> = Z‘t//k<0)> En<o) - Ek(o>

k#n k#n

In other words,

l//n> is, to the first order, normalized to 1, with the first correction

occurring in the second order.
Here we define |l//n>N which satisfies the usual normalization.

ARENEAS)

Z, is called as the wave function normalization constant.

s lwa), =1= 2w, lw,)

or

2

+0(1)

) [ (0)
7 :;:]—EZZKVI‘( Hll//n >
" <l//n |Wn> k#n (En(O) - Ek(O))z

Then we have
o), = =

P is the probability of observing |1//n> in the unperturbed state ‘l//n(o)> ,

N

2

O) [\ (0)
2 Wy Hl U >
=Z,=P=1-72 K
g{; (En(o) _ Ek(o))2

"),

The second term is to be understood as the probability for leakage to state other than
‘l/ln(o)> . Note that Zn is less than 1.

Note that the energy En is given by

O |, ©\F
. K!//k H,lw, >
E =E“+ /1<'//n(0) H, ‘/’n(o)> + /”tzé EO_EO

n

The derivative of E, with respect to En(o) is given by
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O [y © :
aaElf(O) -7 Z <(WEk (0)‘ l;ﬂ <0>)>

where the matrix element of I—Al1 is assumed to be independent of En(o) .

5. Derivation of the expression of ‘y/n(z)>

Now we take the inner product of Eq.(2)
(|:|O _ En(O))‘l//n(Z)> " (l:'l B En(l))“/jn(l)> _E m‘l// (0)> 0, )

with the bra <l//k(0)‘ (k #n)

<‘//k<0> |—A|0 -E Wn(z>> n <l//k(0) |_‘|1 ~E® l//n(l)> —0,
or
(Ek(o) _ En(o))<l//k(0)‘Wn(2)>+<wk(0)‘|_‘|l‘wn(l)> E (1)<V/k(0)‘§” (1)> 0,
or
(Ek(o) _E (o))< (0)‘1// (2)>+;<WK(O)‘|3|1‘:/E,IZZ:>_<ZII((Z))‘ﬁl‘l/jn(o)>
(0) (0) (0) |_A| n(o)
_E”(I)IZ‘< ‘W;E (2)< E(O) i >=0
or
e e g O e
Oy OV, O H g, ©
- E”m,z< ‘W;E <Z)<IT|EI(‘0> 1“// >
or

Ol 1y, @V @A [y, © O1Y [y ©
< (0)‘1// (2)> I2<V/I;E (l) ‘Zl(o)zgé(o) ‘_ IIE‘Z:O)) > _E <(V|;:(°>‘_ II‘EZO))) .
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Here we use the relations

(0) ‘Hl‘l/jnw)>

)= PR,

Thus we have

‘v/n<2>> _ ;‘WK(O)X%(O) ‘l// (2)>

O 14 |, OV @A |y, ©
- %‘ (O)><VZ:E (L ‘ZI(O)ZSE () ;El::m) >

(0) |_'] (0)
E"Sly (°)><(y;k(o>‘ iw(2>)>]

(0) H (0) (0) |_"| n(0)
- Z‘ (0)><‘/IKE ((‘)) ‘l/l;l (0)>)<(E (0) lEll/:O)) >

<v/k(0> ‘lql‘l//n(0>><‘//n(0) ‘,_]I‘%(O)>

- ;"/’km)> (ET_E ™)
or
O1H Ly @Yy @ |H [y, © Ol Ly @Yy ©|F |y @
‘l//n(2)> = ;‘Wk(0)> §<W(kEn(L) i‘y;:((())>)<(2(o)‘_ i:/;))) >_ <Wk ‘ E‘Ewn(o) 2<:k(0))‘2 I‘W >]-
6. Summary

Summarizing the above results, we may write the energy eigenvalue and eigenstates
of the perturbed Hamiltonian to the second order in A as

(a) Energy eigenvalue
E, =E"”+E" + YE* +0O(1),
with

E®= <l//n(0) "‘]1“//“(0)>a
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2

N

1

E® = zKW”(O) WK(O)>

(0) (0)
k#n En - Ek

(b) Energy eigenstate

b} 2

l//n(l)> nyr

Vi) = b2} +OR),

with

and

A

Ay

1

(0)

iy, ©
Wn<2>> _ Z‘Wk(0)>[z <'//(k Hjv >

kn 1#n En(O) - Ek(O))( En(O) - EI(O))
(A w, W Ry, @)
(En(O) _ Ek(o))Z

(0) |_"| (0) (0) |_"| n(O)
g

2]
_Z<‘//"(O) |_‘|1 V/n(0>><%<0> |:|1 l//n(0>>

0 0
= (En( ) Ek( ))2

]

]

We note that |l//n> is not normalized, so an extra calculation must be performed in order

to obtain the normalization factor.

7. Formal theory of perturbation ((Sakurai)); nondegenerate case
This method is the same as the Rayleigh-Schriédinger method.

We start with the Schrodinger equation given by
(I:IO + /u:ll)|Wn> = En|l//n> >
where En is the energy eigenvalue. When the perturbation vanishes, we get

Wn(0)> _ En(O) Wn(0)>'

Y

HO
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We define
A, =E,-E.

n n n

Then we get
(Ho +AH)|w, ) =(A, +E,")w,).
or

(B, = Hylw,)=(H, - A)|w,),

We introduce the projection operators, M and P such that

M = l//n(0)><l//n(0) . P=i- Wn(0)><l//n<0)‘:;‘WK(O)XWK(O)‘_
We note that
[P,H,]1=0, [M,H,]=0

(a) Derivation of |1//n>
Multiplying Eq.(1)

(AH, - AD|w,) =(E," = H)|w,).
by P from the left side, we have
PH, - A)|w,) = P(E,” —Hy)w,) = (E,” —H)Plw,).

So we get
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or simply,

A

. p .
Ply,) = EO_H (AH, = A w,)
0

n

A suitable final form is

) =M +P)|y,)
)

<

wfﬁ+am_ﬁom& A,
0 @) A O+ Ay,
where
En«nl_ H, >=P En(O)l_ H,
=P En“”l— A,
=P En(0>1 H, P

because of P> =P, or simply
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I s P
En(O) _ |:|0 En(O) _ |_‘|0 ’

Note that
<l//n(0) ‘lr//n(k)> ~0
since
I5|l//n> = i‘l//n(l)> + /I‘Wn(z)> +.

(b) Derivation of A
On multiplying Eq.(1) by {y,|.

<l//n(0) (ﬂ’ﬁl _An)|Wn>a

(En(O) - H0)|Wn> =0= <l//n(0)

or
Ay, v = A (v v, ) = A,
or

A, =AY+ PP+ PAD
O) 114
= ﬂ*<’/’n H1|Wn>

:/1<V/n(o)‘|:|1"//n(0)>+/12<l//n(0)‘|:|1‘%(1)>+/13<Wn(0>‘|:|1“//n(2)>+

Here we have
A :<l//n(0)‘|:|1‘l//n(0)>’
A® :<l//n(0)‘|:|l‘l//n(l)>’

An(3) :<Wn(0)‘|:|l‘l//n(2)>'

(c) The final results
The final form is given by
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or
B
_ (0) (0)
|l//n>_‘l//n >+2’En(0)_|_"|0 Hl‘l//n >
lf) a0 D @
+A————(H,-A Ny
( 1 n n
En 0)_HO >
5 5
3 A Oy @\ @
+A En(O)_I_AIO(H1 AW, > % En(o)—ﬁoAn ‘l//n >
b . b
4 A B)\ _ 14 (3) M
+A En(O)_HO(Hl Ay )\, > A En(O)_HOAn ‘l//n >
P 2 2
— APy @)
En(O)_HO ‘ >
where

ﬁ‘wn(°)> =0.

(1) Coefficient the powers of A:

) gt e

B En<o>'1_ H, PH [, ")
S

1
= g En(o) _ |:|0 Wk(0)><'//k(0)

i Z‘Wk(0)><‘//k(0) |:|1“//n(0)>

(0) (0
k#n En - Ek

o)

and
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(

=

@)
An

LA ")
n@ﬁpgy%ﬁ;mwf§
- Zk:<‘/’n(0) glﬁ‘wmxwkw) En«»l_ H,

<l//k(0) ‘ﬁl‘!//n(()) ><l//n(0) ‘Fll‘l//k(O)>
En(O) _ Ek«n

2

74

<

<
<
<

<

I:|1“//r1(0)>'

=
3 g
>

(i1) Coefficient the powers of A%

“//n(Z)> = En(O)FA)_ l_'io‘(':'l - An(l)“//n(l)>

:ﬁﬁl"/’n(l)>_ EO_H, An(l)‘l//n(l)>

B P
“EO-R, "EV-A,

Ay,

IA M IA i (0)
- = —H,|w
(0) n (0) 1[#n

EY-H, " EY-RH, ‘ >

5B i
= —H, —Hiw,
En(o) _ Ho En(o) _ H0 ‘ >

B ﬁ@/nm) ‘ﬁl‘wn(0)>ﬁ I:|1‘l//n(o)>

or
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‘V/”(Z)> - ;;‘WK(O)X%(O)‘ En(o>1_ A, "A|1“//|(0)><‘//|(0) ‘ﬁ "]1‘%(0)>
_;‘WK(O)X k(O)‘ 3 (O)FA) . <W“(O)‘H1‘W“(O)>|EH(+A_|_‘|O ﬁl‘wn(0)>

Bl 0 1 2%

_ZZ‘ (O)>< EY_E"YEO_E")

l//k(O)‘Hl‘V/n(O)>< n(O)‘Hl‘y/n(O)>

_;‘Wkw)>< ETE )

A =<V/ (0)“:' ‘V/ (2)>
O [y, Oy, O A |y, ©
- BIZ g e et
0) Wn(0)>

(0> (0)
_;‘V/k(0>>< n (En“’) ><:k(o>)
(0>><V/I (0)

(0) 0) [13
><Wk 1

< (0)
= ;; (En(O) _ Ek(O))(En(O) _ EI(O))

(o )
_Z (En(O) _ Ek(O))z ]

k#n

Hl

H,

Wn(0)>

In this approach,
< m\wk)} 0 k=1,2,3,...).

Then we have

<‘//n|l//n>=< (0)‘1//(0)>+/1[< (O)‘l//n(l)> < (0)‘1//(”>
+/12< (0)‘l//<2)> <l//<2) l//n(0)> < (”‘1//(”>

:1+/12< n(l)‘Wn(l)>+o(/12)

DIRYRONG
<Wk ‘Hl‘Wn >
:1+,12; (En(o)—Ek(O))z +0(1)

The wave function normalization factor is
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2
ol l,, ©
1 "//k H W
Z, =—:1—/122< S LA Z +O(2)
Walva) & (E“-g9)
8. Example, Hamiltonian with 2x2 matix.

We consider a two-dimensional problem. In a given orthonormal basis the
Hamiltonian is represented by the matrix

A A ~ 1 0 0 ¢
H=H,+H, = + ,
0 2 e 0
under the basis of {|1> and |2> }+, where ¢ is negligibly small. First we find the exact

eigenvalues of H

1-1 &

or

_34l+48°

2

A

This can be expanded in a binomial series:
A=2+&",0or A=1-¢>.

Next we use the second order perturbation to determine the eigenvalues.

N 2
2R &
E1 = El(o) +<1|H|1>+m:1+0+§:1—82,
(alAj2)f :
~ &
E2 = Eéo) +<2|H|2>+W=2+0+ﬂ:2+82

Then the second order corrections are the same as the result of the series expansion.

9. Simple harmonics
We consider the system whose Hamiltonian consists of the un-perturbed Hamiltonian
of the simple harmonics, given by
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S

A2 1 .
i +5ma)02x2,

1
° 2m
and the perturbing Hamiltonian given by

H, = %emwozkz = %ha)o(é+ anye.

We note that

Ho|n)=E,"|n),

with
E,"” :(n+l)ha)
n 2 0
I:|1|n>=igha)0[1/n(n—1)|n—2>+(2n+1)|n>+1/(n+1)(n+2)|n+2>]
<n+2|I—A|1|n>:%gha)01/(n+l)(n+2)
(||} = 2 e, (n + 5
1 27 2
<n—2|l3|1|n>:%gha)m/n(n—l)
Then
A 2
R (n|H,[k)
E, =E," +(n[A, n>+g1 I‘En“’) - Ek‘«))
or
o ‘{n H, n—2>‘2 ‘{n H, n+2>‘2
E,=E," +(n[H,[n)+ EO_g O TEO_g ©
or
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2
& hw,

E =E“+ %ghwo(n +%) + [n(n—=1)—(n+1)(n+2)]

32

or

E, =ho,(n+ %)(l + %g —%52 +..)
((Note))

#[n) = (=1)"|n)
Since

X7 =—X: odd parity

AR’ 7 = A AR = X° : even parity
Here

=1, Tt=7

)22

(n

When n is fixed, m shouldbe m=nand m=n=+2.

m) #0 for both n and m being odd and for both n and m being even.

((Note)) Exact solution

1
2m

. o A
H= p2+5 mw,”(1+ &)X

Then we have

E, =haoN1+e(n +%) =E “Vl+e

= En(o)(1+lg A L 5 T s +..)
2 8 16 128 256

10. Anharmonic oscillator
We calculate the eigenstates of the anharmonic oscillator whose Hamiltonian consists
of the unperturbed Hamiltonian given by
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1 242

1 1
H,=— P’ +—ma,’%,
0 2mp 2 0

and the perturbed Hamiltonian

=KXt = 4; -(a+a"). (anharmonic term)

The unperturbed system:

H[n) = E,"[n),
with
E<°>=(n+l)hw
n 2 0°
i, n)= 4;4 [Vn(n—1)(n—2)(n-3|n—4)+2(2n—1)y/n(n - 1)|n-2)
+3(1+2n+2n%)|n) + (6 +4n)\/(n+2)(n+1)|n+2) ,
+(N+4H(N+3)(n+2)(n+1)n+4)]
: (nlH |
E,=E" +(n |Hl|”>+§ﬁ
or

k], )

o =B+ (nlF )+ EQM%m k)
=E,"” +(n|H |n)
a (n- AIWV+K - A1®r+K A1®r+Kn+4H1®r

hay| [n=(n-=4)] [n=(n-2)] [n=(n+2)] [n=(n+4)]

=E,"” +(n|H,|n)

. 1-kn—ﬂﬁdwr+Kn—ﬂHJMF_Kn+ﬂHJ®r_Kn+4HJ®r

ha, 4 2 2 4
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where

() =

(=4 =

(n-2f ) =,

(2 = s

(-4 =
((Note))

(6n* +6n+3),

)’n(n=H(n-2)(n-3),

)’[4(2n-1*n(n -1,

Y (6+4n)’(n+2)(n+1),

Y(n+1)(n+2)(n+3)(n+4).

Formula: matrix element of the simple harmonics for the perturbation calculation

_ M,
p=m

The annihilation and creation operators

a:%(mlm‘z%),
&= e,
[a.a"]=1,
N=4"3,

é|n>=\/ﬁ|n—1>,

a [n>=+n+1|n+1>,
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N|n>=n|n>,

[n>=

1
—(@"N" 10>,
m( )|

The parity operator:
z|n>=(-=D"|n>,
X= L(E§+ +8)
V28 ’

. Mo, a-a°
P=— (\/Eﬂ)’

ﬁ|n>:\/_%ﬂ(\/ﬁ|n—l>+«/_n+l|n+l>),

%2[n) = 2;2 (/n(h=D[n=2)+2n+D|n)+/(n+1D(n+2)[n+2)),

[n) :ﬁw(qln(n ~1(n=2)[n=3)+3n**n—-1)+3(n+1)**|n+1)

+(N+1)(n+2)(n+3)|n+3)

') = 4;4 (n(n-1(n-2)(n-3)[n—4)+2,/(n-DHn(2n-1)[n-2)

+3(2n° +2n+1)|n) + (6 + 4n)y/ (N + (N +2)[n +2)
+(N+1)(n+2)(n+3)(n+4)|n+4)
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oS

__ 1 (=2 n=3)n—4)n—
K n>—4 ﬁﬂswn(n D(n-2)(n-3)(n-4)|n-5)

+5(n-1)/(n=2)(n=Dn|n-3)+52n* + 1)W/n|n - 1)
+520° +4n+3)Wn+1n+1)+5(n +2)/(n+ D(n+2)(n+3)[n+3)
+(N+D(N+2)(N+3)(N+4)(n+5)|n+5)

11.  Projection operator as a formulation of the perturbation theory
We consider the Schrodinger equation given by

Hly,)=E,[w,).
with
H=H,+H,
Note that
Ay @)= £, ).

Now we assume that

va)=|w) +|@)

and

(v, [@)=0.
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Fig. Schematic diagram. |1//n> =

v, ) +|0) with (y,

®)=0.

From the normalization condition of <1//n |1//n> =1, we get

Walva) = (v |+ (@ (|, ) +|0))
:<‘//n(0) Wn(0>>+<%<0)‘®>+<q)

=1+(®|D)~1

v, ")+ (@]@)

Here we define the projection operator given by

Wn(o) ><Wn(0)

S

M =

where

A

M

Wn(0)> _

Wn(0)>
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(1) M is the Hermitian operator.
M+ = (‘Wn(0)><Wn(O) ‘)+ _ ‘l//n(())><l//n(0)‘ - M

M ‘Wn(0)> _ ‘Wn<0)>

or
(M = (v
or
(vn”M = ("
i) M*=M

M 2‘1//n(0)> — MM ‘Wn(0)> - M ‘Wn(0)> _ ‘Wn(0)>
(ii1))  The projection operator P
B-i-M,
which is the complementary projection operator.
MP=M{1-M)=0.

We note that

) =0
B|o)- o)
((Proof))

FA"‘//n(O)> _ (i _ ‘Wn(0)><Wn(O) ‘)

)

Bl) =iy, )y, D) = o)
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(iv)  The commutation relation

since

A

N”:'o - |_Alom :‘Wn(0)><l/ln(0)‘l:|0 —-H, Wn(0)><l//n(0)‘

Wn(0>><l//n(0) ‘ _ En(O)‘%w) ><Wn(0) ‘ ~0

_E O
= En

(v) The commutation relation
[P,H,]=0

since

12.  Brillouin-Wigner series
(see J.M. Ziman, Element of Advanced Quantum Mechanics)

We start with the Schrédinger equation given by

A

H

va)=Eilva)

with
H=H,+H,

Note that E, is the energy eigenket of H . Then we get
(Ho+H)|w,)=E,|w,)

or

(Ho+H,)X(

v ) +|®)) = E,(

l//n<0>> +|CD>)

or
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En

v,")+ B[ @)= (H,+H)

'//n(O)>+(|:|0 + I_A|1)|CI)>)
y/n(°)>+ Hy|®)+H, 1,//”(0)>+ H,|®)

v)+ Aj0)+ Ay,

_F©
= En

— En(O)

Finally we have

Projecting on both sides with P

P(E, —H,)|®)=PH |y,)-(E, -E, )P

Wn<0)>

n

Noting that P

y/n(o)>=0 and F3|d)>=|d)>, and [IS,I:|0]= 0, we get

(E, —H,)P|®)=PH,[y,)

or
(E, - |_A|0)|CI)> = |3H1|V/n>
or

Thus we get the final form

va) = v + (B, = Ho) " PH [y,

We solve this by iteration method,
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where
[H,,P]=0.

This equation can be rewritten by a geometric series

v, )+ (E, ~Hy) " PH,

Wn(0)>+[(En - I:IO)% If)l:ll]2

l//n<0>>

wn(°)>+...

|vn) =
+[(E - Ij'oyl |5|:|1]3

v, )+ (B, —Hy) ' PH,T

=[i—(E,~Ho)"PH,1"|w,")
Note that
[i _(En - l_Alo)_1 |5|:|1]—1 = [(En - l:lo)_l(En - l:lo) - (En - |:|o)_1 If)l:'l]_l
=[(E,— Hy)(E, = H, - PH)T"
=(E,—H,—PH)"(E,—H,)
and
(En - HO - If)l:ll)_l(En - l:lo) l//n(O)> = (En - En(O) - If’l:ll)_l(En - En(O)) Wn(0)>
= E, — En(oj —|w (0>>
E,~H,-PH,"

Thus we have

E,-E,”
E,—E,“ -PH,

Wn(0)>

The formula is very similar to the Rayleigh-Schrédinger series of conventional
perturbation theory, except that the perturbed energy of E, .

|va) =

13.  Energy shift
What is the energy shift due to the perturbation? To this end, we start with

(En - I_,\|0)|l//n> = |:|1|l//n>
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Projecting on both sides with M

M (E, —Hy)w,)=MH |y,)
or

(E,—H)M|y,)=MH |y,),
or

(E,—H,)

v ) =NiF [y,

where we use the commutation relation,
[M,H,]=0.

Multiplying on both sides with <1//

(0)
n

(v, |(E, - 1)) MH,

Wn(0>> _ <‘//n(0)

V)

Then the energy shift is obtained as

A A

E, - Enw) _ <lr//n(0)‘MH1 '//n> _ <'//n(0) |:|1

Vy)

Through the iteration method, we have

Wn(0>> n <wn(0)

+<Wn(0) ‘I:Il(En - |:|0)_1|5|:|1(En - |:|O)—1|5|:|1

~

Hl

A

En - En(O) = <l//n(0) I:|1(En - |:|O)_1 I:)|:|1

Wn(0>>
‘//n(0)> +

A

H,(E, —H,)"'PH,(E, - H,)"'PH,(E, - H,)"PH,

+ <l//n(0) Wn(0)> 4

(1) The first-order energy shift:

E® = <l//n(0) ‘l_]l l//n(0)>'

(11) The second-order energy shift:
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E,? = (v, |H,(E, ~H,)"'PH|p,)
SRR
B A Bl o )
A A
|

(v, A )
2 EED

since Iﬁ‘t//n(o)>=0. When E,—E”, we get a “Rayleigh-Schrodinger series of

conventional perturbation theory.” Then the final form of the second order of the energy
shift is given by

0) |1 (0)
l//n ‘ H 1 ‘ l//k >
(0) (0)
En - Ek

£ =Y K
k=n

or

O 1y Oy O|A |y ©
En<2)=z<'// ‘ 1‘Zk(o)>_<'/;i(0)‘ 1“"/ >

k=n

where E, - E .
(ii1))  The third order of the energy shift:
En(B) = <l//n(0)‘|:|1(En - |:|o)_l I:A)l:'l(En - |:|0)_1 F’S'_All‘l//n(())>

= z <l//n(0)‘|:|l(En - lj'o)_1 IS“//k(O)><'//k(O)‘|:|1(En - lj'o)_1 IS‘Wl(O)><‘//I(O)‘|:|1‘V/n(O)>

k=n.l=n
o R )
B Z (E, —E")E,-E)
or
s R )
S k¢nz.lstn E° _EONE"-ED)

where E, — E, .

(iv)  The fourth-order of the energy shift:
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A A A

e 1 00 70 0 V200 L1 2
n = ) ZI (E (U E (O))(E ) E (0))(E 0) E (0))
#n.l=n n k n | n m

m=n

A

Hl

Wn<0>>

where E, - E, .

14.  The form of |®)

Next we discuss the from of |CD> .

(1) The first order of wave function:
v,") = (E,~H)"PH |y, ")
-3 B )

OV O [y ©
:Z‘V/k (>I<E‘nﬂk_ E‘k(ol)‘)‘// >

k=n

or

OV, O |, ©
‘l//n(l)> ~ é‘l//k (é‘{;k_ ‘Ek(l“):/; >

where E, > E, .
(i1) The second order of the wave function:
‘Wn(2)> =(E, - |:|0)71 I:A)l:h(En - ﬁo)ilﬁﬁl‘wn(ov
= k Z‘ (E, - HO)_IIS‘I//k(O)><I//k(O) ‘Hl(En ~H,)" IS‘W|(O)><W|(O) "‘]1‘%(0)>

B [ R A

2

- e (Enw) _ Ek(O))(En(O) B EI(O))

or

0) 0) l_"' (0) (0) l_"' n(0)
)= 3 IR R R )
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where E, — E,'”.

(ii1))  The third order of the wave function:

©) ‘Wk(0)><l//k(0) |:|1 ‘//|(0)><'//|(0) H, l//m(O)><l//m(0) H,
d >z k#;;tn (E 0) _ Ek(O))(E 0) EI(O))(E 0 E (0))

m=n

Wn(0)>

(iv)  The fourth order of the wave function:

oy s N R Y B Y [Pl M
O e B B NET -E)

m=n

wn<0>>

15. Degenerate case (simple case)
Here is the procedure of calculation for the perturbation with degeneracy. We have
now g-degenerate states with

l:IO @n,y(0)> = En(O) (on,y(O)>
with

¢”~A,(O)> n=1,2,3,..,0)
1
Ele
E (g—degeneracy) ]
EL
1)
Enl

Fig. Energy level with the g-degeneracy for the unperturbed system. Under the
perturbation, the energy level splits into various energy levels.

The new Hamiltonian H is given by

A

H= H, + H, ( I-A|1 is the perturbation).
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In order to get the energy eigenvalue of H we need to calculate I-AI1

(0)
¢n,y > :

(1) The simplest case

(0)
7, )

A

Hl

O\ _
P u > =&,
. . . . 0) .
where g, are different for different 4. The perturbed energy is given by E ™ + &, . since

i
(H, +H) 2., )

¢n,y(0)> = (En(O) + ‘9;1)

(i1))  The simple case.

Suppose that we get

H, @n,1(0)> =A,

§0n,1(0)> +A, ¢n,2(0)>

H1 ¢n,2(0)> = A21

(pn,1(0)> + A,

(0)
¢n,2 >

O\ _
Hl ¢n,y > - 8/1

(Pn,#(0)> with ©=3,4,..., 0.

In this case, we already know that

¢n,#(0)> with P = 3,4,..., g is the eigenket of H with

. 0 .
the energy eigenvalue En( ‘e .- Here we consider the case where

H,

¢n,1(0)> =A,

(0)
¢n,2 >

(0)
¢n,2 >

(/’n,1(0)> +A,

S

Hl

§0n,2(0)> =A,

(/7n,1(0)> +A,

We introduce the matrix notation;

l:llz(A” AIZJ’
A Ay

we get

A

Hl

)\ _ (0) A
Vi >_81“/jn,l >= H,

)\ _ (0)
l//n,z >_82‘l//n,1 >
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Using the Unitary matrix

~ (U, U
U= [ 1 12J
U, U,

we have
(pn,1(0)>=[un Ulz) 1]=[U11]
U21 Uzz 0 U21

0 (0)>:(U11 U12 (OJZ(UUJ
" U21 Uzz 1 Uzz

O\ _ 1]
l//n,l >_

Wn,2(0)> =U

(1) For A= ¢,

H, ‘//n,l(o)> =3 Wn,1(0)>a
or
|:|1 j ¢n,1(0)>=510 ¢n51(0)>¢n’1(0)>
or
Lz: Q;JLB:J = gl(B:J (eigenvalue problem)
(i)  For A= s,
H, Wn,2(°>> =, l/,n’2<0)> ’
or
HU ¢n52(0)> —eU ¢n,2(0)>
or

(:12 1 ":‘122 ](BZIJ = ¢, (BZIJ (eigenvalue problem)
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16. Degenerate case (general case):

degenerate state

gistates
with the same energy

In the absence of the perturbation, we assume that there are g-states with the independent
eigenstates given by

?0n”) (1=1,2.3,...9)

What happens to these eigenvalues and eigenstates when the perturbation I-AI1 is applied
to the system?

(H, +/1I:I1)(‘1//n(°)>+/1 wn“)>+ 2 wn(”>+----)

=(E, 7+ 2E," + 2E,? +..)( 1//n(°)> + 2 %a>> npy wn(2)> +.)
For the 0-th order terms in A,

(H, —E,"w,") =0, (1)
For the 1st-order terms in A,

(I_’iO_En(O))‘l//n(l)>+(l:|l —En(”)‘t//n“’)>:0, @)
For the 2nd-order terms in A,

H _E© @ H —E My OV_E @], ©\— 3
(0 n )l//n +(1 n)l//n n l//n — VYo ()

For the 3rd-order terms in A,

(I:lo _ En(O))‘Wn(3)> + (Hl _ En(l))‘l//n(z)> _ En(z)‘wn(1)> 3 En(3)“//n(0)> _0
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where we assume that

=0, (1) =0, ..

0
|w( )>

n

17. Degenerate case: the first order
We have now g-degenerate states with

)-

con,#<o>>, M=1,2,3,...,0)

where

A

HO

O\ _ g O (0)
¢n,y >_En ¢n,,u >

O, #(O)> is different state for different z.
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1
Ele

EY (g—degeneracy)

(1)
B
(1)
Enl
For the 1st-order terms in A,
(Ho =B )+ (H, ="y, ) =0. (1)

(0)‘ and Eq.(1), we get

By taking an inner product of <(pn, u

o (Fo ~ £, )+ (g, (R, By, @) =0,
:

)& )
Using the closure relation, we have

A

Hl

i<(pn’#(0)

v=1

(0) (0) (0) 1) (0) (0)
Po. ><¢>n,v \f//n >= E, <¢n,# \t//n >
We need to calculate the matrix elements;

(0) (0)
¢n,v > ‘

H,

(o

Then we solve the eigenvalue problem

o (0)>_E 0 s ]<¢ (0)“// (0)>:O
nv n Ouw \Pny n >

g ~
> [, A,
v=1

where 4u=1,2,...,9,and v=1,2, ..... 0

or
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H,-E" H, H, . . . H, <(pn,1(0) ‘Wn(0)>

H,, H, - En(l) Hy, . .. Hzg <§0n,2(0) ‘l//nw)>
=0

H'gl H.gz H.g3 H,, _ E" <(pn’g(0>.‘wn(0)>

for the eigenvalue En(l) . The Unitary transformation:

Ly

UZ

7

‘l//n,ﬂ(0>> Y ¢n’ﬂ(0>> _

U

nu

where the Unitary operator is given by

U, U, .. U,
U21 U22

U=
U, U, . . U,

and the matrix form of the bases are given by

1 0 0

0 1 0

0 0 0

0 0 0
¢nvl(O)> = 5 ¢n,2(0)> = 9 secessscscscsesssssccsnn Py wn,g(0)> =

0 0 1

Then we have the resultant energy as
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E,"+E,," (u=12,3,..,9).

U,
U,,
‘l//n,y(O)> =
U ou
((Note)) Projection operator
Ay N (0) O_\
=3 0,0, | = Sl
H= H=

M

o\ _
w") #Z

0) (0)
20" )\ P

)

<(p <0>‘ > Zg:< (0) @n;(o)><(ﬂn,ﬂ(0) Wr(lo)>
=1
Hzg;é‘ﬂ <¢M(0) r(10)>
= {p., (0) (0)>
or
<¢n,ﬂ<0> M W50)> :<¢n’ﬂ(0) Wé0)>

So M plays a role of the closure relation under the basis of {‘(pn, #(0)> }.

18.  Degenerate case: second-order correction
Now we consider the second-order correction

(l:lo _En(O)) l//n(l)>_ En(Z)

l//n(z)> + (Hl - En(l))

Wn(0)> ~0
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O]

(70

<¢n,/1(0) ‘(Flo _ En(o) )‘ l//n(2)> n <¢n,/1(0) ‘(l:ll _ En(”)‘ l//n(l)> _ En(2)<(ﬂn,ﬂ(o) l//n(0>> -0
or

<(pw<0) (|:|1 _ En(l))"ﬂn(l)> _ En(2)<¢n,,u(0) Wn<0)> -0
or

<¢)n’#(0) I:Il‘l//n(l)> _ En(1><¢n’#(0) l//n(l)> _ En(2)<¢n’#(0) Wn(0)> ~0 (1)

Here we use

S
“/’(1)>=Z‘ >< ‘ ‘ >

e En(o) _ Ek(o)
which is obtained from the perturbation theory for the non-degenerate case, where
EO®_E®
n k

We note that

)= o o
and

(2, ") =0
From Eq.(1), we get

(0, A v = B2 (0., | ”)

or

VZ:;@M(O) ‘l:h“// k(o)><:k((:)) ‘_I:I I;‘:ir;,v(o)><¢n,v(0) ‘Wn(°)> _E® <(/’n,,,(0)

Wn(0)>
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We define the following operator

A

1
= Z (0) (0)

k=n

I\

Then we have

T

O\ _ £ @ (0)
Y >_En <(0n,,u

l//nw)>

Zg: < (/7n,,,(0)

v=I1

‘ (o>> Zaﬂ

o, #(0)>

When we use

0 . .
?,. #( )> = | ,u> for convenience, the above form can be rewritten as

> (ulAl)(v

v=l

Wn(0>> _ En(2)<ﬂ

Wn(0)>

19.  Perturbation theory for the degenerate case (Sakurai)
The projection operator is defined as

(0) (0)
¢n,/j ><¢n,,u

i =

u=1

- e

P=1-M
[M,H,]=0, [P.H,1=0
((Note)) Property of the projection operator M

We consider a arbitrary ‘1//°> which is given by the form

‘ (0)> Za ﬂ>

(0)
gon ] > z a,u
V%

(0)

with a, = <(pn’ . 1//(°)>. In this case ‘1//(0)> can be rewritten as
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‘w(°)> <(/’n,/,(0) ‘l//m)> €0n,”(0)>
(pn,ﬂ(0>><¢n,#(0) ‘l//(0)>

W(O)>

=M

or

A

M

W(O)> _ ‘W(O)>

The eigenvalue problem

(Ho + V)|, ) =E,|w,)
or

0=(E,—H,—AV)y,)

The state vector can be expressed by

Using this form of |y, ), we have
0=(E, - Hy = AV)(M|yw, )+ Plw,))
or
0=(E, - H, = AV)M|p,)+(E, —H, - AV)Ply,) (1)
(a)
Multiplying Eq.(1) by M from the left
0=M(E,—H, - AV)M|y, )+ M(E,—H, - AV)P|y, )

Noting that
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we have

0=(E, - H, -~ AMV)M|y, ) - AIMVP|y, )

or

0=(E,-H, - AMVM)M |y, ) — AMVPP|y, )
since

M?>=M and P>=P
(b)

Multiplying Eq.(1) by P from the left

0=P(E,-H, - AV)M|y, )+ P(E, - H, - AV)Ply,)

or
0=-APVM|y, )+ (E, — H, - APV)P|y,)
or
0=—APVM|p, )+ (E, —H, — APVP)P|y, )
since

A A

p>=p

(a) Expression for F3| 1//n>
From Eq.(3), we have

A A NP
Ply,) = L ———PVM
2 (E, —H, - APVP) i)
We assume that
o) =|wa)+ 2w, ")+ 2w, )+
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where

Ni <0>> ‘!//(0)> p,/,r<10>>:o
Then we have
)= By, )+ 2By, ¢ 2By, )
3 (1)>+/12A (2)>+...
or
n(1)>+2,2|51//n(2)>+..-= Aﬂ' ——— PVM l//n>
(E,—H,—APVP)
Here we note that
>:l//n(0)>
and
! Lo b e L
E-H,-APVP E -H, E -H, E,-H,-4PVP
b eip L
En_HO En_HO En_HO
1 55 | S5 1
+ — APVP APVP —+ ..
En_HO En_HO En_HO

(The formula necessary for the derivation will be shown later.) Using the approximation
E-E©=JA M 4 2A @y

Thus we get
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A ey 1 S\/\]
P n(l) + 2P n(2) I _ ———APVM n(O)
va") ) (E, —H, - APVP) ")
1 SN ], ©
_ - ———APVM |y,
(E,” +A, —H, - 2PVP) . >
1 YV IPRC)
_ A . APVM |y,
(B, —H, - APVP + A " + ) v >
3 1 SV VIEC)
_mipvm v,")
1 55 _ A O 1 S\VM [y ©
+EH(O)—_HO/1(PVP A, )EHT_F'OAPVM v, >+
(Note))
1 1 1 ALAA M 24 @
o _ 1 5P M SEo_f T _p PP AT AAT )
(E,” -H,—=aPVP+4A, " +.) E“-H, E“-H,
y 1
(E,” —H, - 2PVP + 24,7 +...)
_E(O)l H + (0)1 A /1(|5\/A|5—An(1)—/mn(2)_“')
n o~ o n 0
1 1 2, BVB ) (2)
N — A (PVP-A" —2A,7 =)
En(O)_H0 En(o)_ o
1 305 M @ !
xEn(O)_l_]O(PVP—An AN =) O_h
To the order of 4,
B l//n(l)> _ p2 l//n(l)>
5 1 S5\, ©
_PEn(O)—HO PVM |y, >
noting that
b2 p

For simplicity we use the notation
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P

(0)
n

l//n(l)> Z

(0)><l//k(0)‘ — 0)1 .

A AA

'//k(o)><9//k( )| BVM Wn(0)>
o En<0> _ Ek(O)

Ry
T E”_E©

n

where
Note that n(0)> should be determined from the eigenvalue problem (which will be

discussed later). We also have

(2>> p2 <2)>
(0>> (PVP A (1)) 5\] n(0)>
k#=n n_ 0
i Z l//k(0)><l//k( ) I5\7|5 A, ) (0)><l// ©|B\M v, (0)>
e (Enm) _ <0>)(En(0> _ |(0))

Wk(0)><Wk( (0>><WI(0>N Wn(0>>

—Z (E," -E)E,"-E")

(l)z ‘l//k(m>< (O)N l//”m)>

) (0) 2
k#n E )

Note that An“) n(0)> can be determined from the energy eigenvalue problem.

(b) Energy eigenvalue problems

Determination of the form of the eigenket (//n(o)> and associated energy

eigenvalues
By substituting Eq.(4) into Eq.(2)

A

)= L PVM
(E,—H, - APVP)

V,) (4)
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0=(E, - H, - AMVM)M|y, ) - AMVPP|y, ) 2)

we get
. N an nn y) N
0=(E,-H,-AMVM )M - AMVP = ———PVM
(&= M) (E, - H, - APVP) Vo)
“[E,~E,” — IMVM - 2MVP—— LBV M |y, 3)
(E,-H,—-APVP)
_[E. —E.” — INIVM — 2NVP L BNy
(E, - H, — APVP)
since
HoM ) = Holw, ) = E”lw,” ) = E M|y, )
M) =)

We assume that
(0) M )
E,—E "~ =2A," + A7 +...
Then

[AA, Y + 27,2 + 2AD — AIMVM
1
(E," —=H, - APVP + AA,")

n —_

~ ’MVP PVM M

V)

Using the formula

S SR Lot vy
E,—H,-APVP+A," E,-H, E,-H, E,—H,
we have
A A A N 1 N
[AA," =MVM) + (A, - MVP 2~ PYM)
n 0
N 1 n 1 AA A A

+ (A" =MVP———(PVP-A ") ———PVM M|y, ) =0

En(O) _ Ho En(O) _ H0
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or

A, — VM) + 2(A,2 - M\iﬁﬁ PVM)
n ~ 'lo
(5)
CORIY V> B_AD SN 1, @)
+ (AP — MVP £ HO(PVP A, )En“” ey PVM ]\wn > 0
since M z//n>: z//n(o)>

(i) The order of 4 in Eq.(5)

We get

(-A, " + MVM)

Wn<0)> ~0

from Eq.(5). Multiplying the above equation by < ,u| = <(pn’ ﬂ(o)‘ from the left

(1]~ 8, + N[y, ) = 0
or

=0y, + (NN, ) = 0
or

A B AL
or

-2, A (N ) =0
where

(VM ) = (N )

This can be expressed using the matrix as
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(0)
el

U;n(0)> =0

T VA VI !
V, V- AY LV, <2

. P Vgg;Aﬂ? <g ‘/;n(o)>

as AV >V , where
V,. =(0WN|0l) = (uN |v)

The solution of the determinant = 0 yields the g-energy eigenvalue A" and the

corresponding eigenket y/n(o)> .
When

VW:<,u[\7 V>=0 for u#v
and

V, =V, =V, =..=V.

99

The degeneracy in the energy levels is not removed in the first order perturbation. So we
need to go to the calculations with the high order.

@ii)  The order of A in Eq.(5)
From Eq.(5), We get

-A? + M\iﬁﬁ PVM)

n 0

Wn(0)> -0

Multiplying the above equation by < ,u| from the left

or
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(2)<,u‘t// (0)>+<ﬂ||\)|\i|5ﬁ PVM ‘wn<o)> =0
n 0

or

- An(2)<ﬂ‘l//n(0)> + kleu NFA)“//k(O)X‘//k(O)‘ E (0)1_ H F3\7|V><v‘l//n(°)> =0
v n 0

>1-8,%5 ﬂMWk(O)XWk(O)M H )=0
n Cuv

k¢n E - E

For simplicity we introduce the matrix element

ﬂi\/\wk“’)ka(o) M|v)

A <IU|A| k¢n E - E

with a new operator defined by

o

(0) (0)
k#n En - Ek

The eigenvalue problem:

A11 - A(r?) A12 ... Alg <1‘1//n(0)>
Ay A,, —A<nz) .. A, <2‘Wn(0)>
() |0
Ag A A=A | ol ®)
where
A =(u[Alv)
When
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and

The degeneracy in the energy levels is not removed in the second order perturbation.

(iii) The order of A’ in Eq.(5)
From Eq.(5), We get

A A 1 n 1 Ann
(A, —~MVP————(PVP-A, ") —————PVM |y,
E,” -H, E,” -H, >

Here we assume that An(l) = (0. Multiplying the above equation by <,u| from the left, we

have

Mve— L pvp—_L__puni
e -h, Eo-A,

n 0

/’i’SAn(3)<ﬂ

b=l

(0)
W, > =0
This can be rewritten as

Wn(0)>_z<,u NIVP Wk(0)><l//k(0)‘ - (—0)1_ ) P\?IS‘WI(O)XWI(O) ‘ﬁ PVM ]

k.l n n 0

/13An(3)<,u

Wn(0)> ~0

leading to the eigenvalue problem

Wn(0)>_ Z <ﬂ[\i l//k(O)><Wk(O)N W|(0)><‘//|(O)N l//n<0)> B

S (En<0> _ Ek(O))(En(O) _ EI<0>) -

/13An(3)<ﬂ

For simplicity we introduce the matrix element

)= 2 2 T

o (E," -E)E,“-E™)

Wn(0)>

r, =(u

with a new operator defined by

R R

I'= Z E° _EOYE_ED)

k=n,l=n
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The eigenvalue problem:

r-A2 10, . ... 15, Y{w)
L, T,-AY . ... T, <2 ,,,n<°>>
() |0
(3)
T, T, . ... T, —AS <g ,,,n<°>>
where
L = {ulllv)
((Formula))

(A-B)'=A"+A'B(A-B)"
=A"+A'B[AT+A'B(A-B) "]
=A'+A'BA" + A'BA'B(A-B)™
=A"+A'BA'+ A'BA'BA +..

1 1 1 -1 ~ 1

S~ T X — = B—A -~ = B—A —~

A B A( )B B( )A

20 Example-I

((Sakurai QM 5-10))
Consider a spinless particle in a 2D infinite square well:

a. What are the energy eigenvalues for the three lowest states? Is there any
degeneracy?
V= 0 (0<x<a,0<y<a)
o otherwise
b. We now add a potential
V, =Axy
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Taking this as a weak perturbation, answer the following:

(1) Is the energy shift due to the perturbation linear or quadratic in A for each of the
three states?

(i)  Obtain expressions for the energy shifts of the three lowest states accurate to
order A. (You need not evaluate integrals that may appear.)

(ii1))  Draw an energy diagram with and without the perturbation for the three energy
states. Make sure to specify which unperturbed state is connected to which
perturbed state.

((Solution))
2D quantum box:

Schrodinger equation

n 0>
——(—+—=)wXYy) =Ew(X,
om 8x2+ 8y2)u/( y)=Ew(X,y)

where the wave function is given by
w(X,y)=X(X)Y(Y) (separation variable)

We use the dispersion relation as

E—h—z(k2+k %)
2m Y

Then we get
n’ AP
——(X"Y + XY")=—(k,” +k, )XY
2m( ) 2m(x y)
or
XH YH 2 2
—+—=—(k,”+k
Ty ke +k)
We assume
X"= -k, X

with the boundary conditions given by

X =0 atx=0anda.
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Thus we have
X = Asin(k,a)

with

sin(k,a2)=0 or ka=nz (x=1,2,3,.....

Similarly for Y, we have

Y= —k,’Y

y
with a boundary condition

Y=0 aty=0andy=a.
Thus we have

X = Asin(k, Xx)

with

sin(k,a) =0 or ka=nz (ny=1,2,3, ...

So

2
EOn,.n) = ()2 +n2) = E,(n +n,")
2m a

2 . (nx . (N7
¥, o (X,y)=—sin X |sin| —Y
o a a a

wherenx=1,2,3,4,....,andny=1,2,3,4,....

nor,
E.=—(+—
a 2m(a)

(1) Ground state (nx=1,ny=1)

g1 = 1 (non-degeneracy)
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E?@(n, = Ln,=1)= E@(1,1)=2E,

(i) First excited state (nx=1,ny=2,and nx=2,ny=1)

g2 = 2 (doubly degeneracy)
E®(n,=1n,=2)=E"(n, =2,n,=1)=5E,

(ii1))  Second excited state (nx=2. Ny =2)

g3 = 1 (non-degeneracy)

E®(n,=2,n,=2)=E”(2,2) = 8E,

5Eq 2.3
5Eq 4,3 (2,1
2Ep .1

(b) The perturbation

The matrix element

(nn, Mi[n.on,) = ( jjdxmm(n: j'n( jj.dyysm(n;” Jsm(n{yj

We calculate the matrix element using Mathematica.

Ground state is non-degenerate
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E®(1,1)=2E,

with

2
EC (L) = (L1AV,[11) = 2 2~

2

o 5 (L1]av, nx,ny>
E@(1,1) =
ey EC LD —E®(n,,n)

A 2 N
(L1]aV)[1,2) (L1]av))2,1) (L1]av)[2,2)
CEOLD-E?(12) EQ(LH-EPQ EQ1L)-E®(22)

o) (o)
_ A 4,7 \sir

E 3 6

2 2

a

2{2
= —0.00558305E—a4

a

where

256a’

4

(L1V,

2,2)=

8a’ .
12)= 972’ LIV 817

8a’ .
2,1)= o LIV,

Second excited state is non-degenerate

E©(2,2) =8E,

with

2

E(22)=(2.2N[2.2)= /1%
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A 2
(2.2} |n,,n,)
) _ > 1 X2y
EY@n= 2 E©2,2)-E®(n,,n,)
(neony)#(L1) ) xo !y

2 2 2

A

(22|, [1,1) (22]9]2.1) (2,2|2V,[1,2)
TEY22)-EOW)  EY22)-EVQD)  EV(22)-E(1,2)

256 Y o 8 ?
Aat| \ s1rt 9
_ 2

E, 6
2.4
—0.005583 %2
0
where
» 256a’ A 8a’ A 8a’
22V =27 (22M[2) ==, (22V)|1.2) =~

First excited state (doubly degenerate)

E”(n =1n,=2)=EY(n, =2,n, =1)=5E,

MaND=T (apf - 20
T
7 256a’ . a2
2,1V, 1’2>:W’ (2,1 12’1>:T
Then we have
1 256
_| 4 8z
M=1 256 f
817 4

in the unit of Aa”. We solve the eigenvalue problem using the Mathematica

Eigensystem[M]
1 256 1 256

U2 " 814" 4 814

bo ({1, 1}, (-1, 1}}}
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Then

(i)

E" =5E, +,1a2(1+ 25 64 )=5E, + 1a%0.282446

4 8l

i) =L2[ n =Ln,=2)+n =2,n =1)]
(ii)

E’=5E, +/1a2(l— 2564) =5E, + 1a°0.217554

4 8lz
(2)
% >:T[ n,=1n,=2)—|n, =2.n =1)]
2

((Mathematica))

Solution of Sakurai 5-10

G[nl ,ml ,n2 ,m2_] :=

simptity[ (=) ([7y sin[ = y] sin[ = y] ay) ([« sin[=Z 5] sin[=Z x]ax)

a a

Element[{nl, n2, ml, m2}, Integers]]

sl =Table[{nl, n2, m1, m2, G[nl, n2, m1, m21}, {nl1, 1, 3, 1}, {n2, 1, 3, 1},
{m1, 1, 3,1}, {m2, 1, 3, 1}];

Grid[sl[[1]], Frame - All]

{{1, 1, 3,1, 0},
(1,1, 3,2, 0},

=
=
N
M
(IR
|
[e¥]
bs
[N
-

{1, 1.2,1, 2},

[1.1.1.2 ﬁ}

[Eny
[any
N
N

N
a
>
1Y
N
-

> 92 81 4 {1, 1, 3, 3,0}}
(1,1,1, 3, 0}} 1,1 2,3,0}}
[{1.2.1,1, -2, [{1.2.2,1, 28220, (1,2,3,1,0),

{1, 2, 3, 2, 0},

[1.2,1,2, a—z}, (1, 2,3, 3, 0}}

4

[1,2,1,3, -g‘s‘—ji}}

[E
N
N
w

N
a
=)
‘m
)
-
-

1,3,1,1, 0}, { ({1, 3,3,1,0},

=
»
e
P
°

— s | s s
[
M M . . M M M M
N
N
N
|
’GO
2
N
——

{ ,
13,12, 22}, 13,2, 2, 2] o)
(1.2.1,3, £]) L3 2.3 55
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Grid[sl[[2]], Frame - All]

L1, -2,

9 72

, 2 M}

> g1t

.3, 0}

—
—
N

N

N

—

N N

N

L1 M}

N e

T 92

L2, -85,

.3, 28

75 74

—

N

N

—

N

N

. 1,0},

2
2, 2563 }'
75

5. -3))

—

N

N

N

— = s s s ]
N
M

—
P P Sl AU G S Sy
N

NN

N

Grid[sl[[3]],

Frame -» All]

{{3,1,

1,1,03},

—

w

24 a2 }

—

w

3 1.2 0) { > 252 ] { %}
> > > » > 2 2
{(3,1,1, 3,0} {3’ * e %} {3’ ’%}
(3, . 03} (3, 0} }
(38,2,1,1,0), {{s. LB, [{s. -2,
3,2,1, 2,0},
3. s} 3. -5}
({3,3,1,1, 0} {3, , 0}, {13, , 0}
3,3,1,2,0},
e 3.3, 2.2, 222}, [3.3.3.2. 2%
[s.3.2.3, 72‘;32}} [s.3.3.3, %2}}

21. Example-I1
Consider the so-called spin Hamiltonian:

a
"

. . b ~, =« A
H==S, +?(SX2 -S,)=H, +H,

for a system of spin S = 1, where 0<b<<a. Such a Hamiltonian obtains for a spin-1 ion
located in a crystal with rhombic symmetry. Find the eigenvalues of this Hamiltonian

using degenerate perturbation theory [Amit Goswami, Chapter 18, p.394 Problem((8))

Eigenvalue of I:|O

a -~
SZ

HOZ? z

1,m) = am’

1,m)

|1, m> (m=1,0,-1) is the eigenket of I:I0 :
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1,i1> is the eigenket of I:|0 with energy a (degenerate)

1,0> is the eigenket of I:|O with energy 0 (nondegenerate)

Now we calculate I-A|1

1,m)= h—bz(SAX2 -S,MLm)

1 [
0 — O 0 -—— 0
V2 V2
1 1 [ i
S,=hl— 0 —|, S,=hl—— 0 ——1,S,=10
V2 V2 R V2 0
1 [
0 — O 0 — 0
V2 V2
The Hamiltonian H is expressed by
a 0 b a 0 0y (0 0D
H=H,+H,={0 0 0[=/0 0 0[+|0 0 0
b 0 a 0 0 a) (b 0O

€)) Exact solution
We use the Mathematica to solve the eigenvalue problem.

Eigenvlaue g=a+b
Eigenket:
1
=—(11)+|L,-1
i) =75 (1) 11

Eigenvlaue sH=a-b

1
Eigenket =—(L1)—1,-1

g |'//2> \/5( > >)

Eigenvalue &=0
Eigenket |l//3> = 1,0>
((Mathematica))
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Clear["Global " %"];

exp_* :=exp /. {Complex[re_ , im ] =» Complex[re, -im]};
ao0b
b 0 a

eql = Eigensystem[H]
{{01 a_b, a+b}1 {{O’ 11 0}1 {_11 09 1}’ {19 01 1}}}

¥1 = Normalize[eql[[2, 1]1]]
{0, 1, 0}

¥2 = Normalize[eql[[2, 2]]]
1 1

-—,0, —

ko &)

¥3 = Normalize[eql[[2, 3]]]

(Lo L

V2 V2

{v1*. w2, v2*_ 43, y3*. y1}
{0, 0, 0}

2) Perturbation method

H, =

o o O
oS O O

b
0
0

S

H,[L1)=b

1,-1)

A

H|L-1)=b

L1)

Matrix of H, of the basis of

R 0 b
Hll:b 0

We use the Mathematica to solve the eigenvalue problem.

1,1> and

1,-1) is
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g'=b(org=a+b)

L1+

) =75 1) ¢f1.-1)

and

&'=-b(org,=a-b)

)= L)1)
((Mathematica))

Clear["Global "+"];

exp_ * :=exp /. {Complex[re , im ] » Complex[re, -im]};
0 by.
H11 = (b 0),

eql = Eigensystem[H11]
{{7b1 b}r {{711 1}1 {1’ 1}}}

¥1 = Normalize[eql[[2, 1]]]
{,_}_ _E_}
V2 2

¥2 = Normalize[eql[[2, 2]]]
(1,1

V2 2

{w1. y2}

{0}

22.  Example-III

This is a tricky problem because the degeneracy between the first and the second state
is not removed in first order. See also Gottfried 1966, 397, Problem 1.) This problem is
from Schiff 1968, 295, Problem 4. A system that has three unperturbed states can be
represented by the pertrurbed Hamiltonian matrix
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E, 0 a
0 E, b
a~ b E,

—_

*

where E5>E;. The quantities a and b are to be regarded as perturbations that are of the
same order and are small compared with E,-E;. Use the second-order nondegenerate

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?)
Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order
degenerate perturbation theory. Compare the three results obtained.

((Exact solution))
E, O
H=0 E b
a” b E,
Det[H- Al1=0
ﬂ:El,
E +E, 1
A =%igJ(E2 —E,) +4(al +]p[")
b
E +E2 +— (E )[1 (| | +| | )]1/2
2 (E,-E,)’

When |a| << E, - E

b|<<E,-E,

19

E,+E EZ_EI +(|a|2+|b|2)

A=———=4]
2 2 (E,-E)
or
e [+l
- EZ_EI
e
- Ez_El

((Perturbation theory))
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E 0 0 0 0 a
H={0 E 0], H=0 0 b
0 0 E a b0

1

Ho|¢.) = E|¢.) 4,)=|0

0

0

Ho|¢s)=E\|¢s) #5)=| 1

0

0

H0‘¢7>:E2‘¢7> ‘¢7>: 1

0

Hol4,)=E|¢.) 4,)=|0

0

0

H0‘¢ﬁ>=El‘¢ﬂ> ‘¢ﬁ>: !

0

S = O

ﬁ0‘¢7>:E2‘¢y> ‘¢7>[

|

‘¢7> is the eigenket of I:|0 with the energy E,. Since this state is nondegenerate, we can

apply the perturbation theory (non-degenerate case) to calculate the energy

The resulting energy is

<¢a|l:|1‘¢7>2 +‘<¢ﬁ‘l:ll‘¢7>

E7:E2+<¢7‘H1‘¢7>+ E,—E, E,-E, E,-E
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a'lg,)

H|¢,)=bg,)

H¢.)=

ﬁ1‘¢7> - a|¢a> * b‘¢ﬂ>
|¢a> and ‘¢ﬂ> are degenerate.

This is the degenerate case.

((Second order))
The matrix element of I-AI1 in the basis of |¢a> and ‘¢ﬂ> is equal to zero. So we

calculate the second order

need to

g
;<¢nﬂw) ¢n’v(0)><¢nv(0) v, <0>> _ En(2><¢n’#(0) Wn(0)>
N a2 O LT Y
. En(o) -E" E, -E,
The matrix element
(IR g )8 R g) (AlH]e )6 R)) [ o ab
— E1_E2 EI_EZ — EI_EZ EI_EZ
(8,H[2, )8, |Hi|8.)  (4,]H.]4,)(¢,|H|2.) ab  |b]
E,—-E, E,—-E, E,-E, E -E,
Det[A-41] = 0.
laf ab’
E1 - Ez El Ez =0
a’b o ;
E1 o Ez E1 o E2
Gl b b
(EZ—EI l)(E ~E, 4 (E,—E,)?
or
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s
Ez - El
Then we have
2= 0and 2~ AL
27 E1
The final result is
Ea = E1
o ol
' E,-E
Ll
E;/ -5 E,-E

23.  Typical problems (II)
23.1. A simple harmonic oscillator (in one dimension) is subjected to a
perturbation AH; = bX (b = -eE). (a) Calculate the energy shift of the ground

state to lowest nonvanishing order. (b) Solve this problem exactly and
compare with your result obtained in (a).

ma,

P\

; 1
Ho=ha(f+)

é|n>:\/ﬁ|n—1>

a" In>=+n+1|n+1>
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N 1 —eE
H,[n)=——(—eE)@" +4)|n)=——@/n|n=1)+/n+1n+1))
= )= e 1)+ oy
A 2 N 2
1H,[n){ [(n=1|H,|n)
_E O $ ‘<n+ ! ‘ ‘ ! ‘
E,=E,” +(n|H,|n)+ ET_E + ET_E
22 22
N L S LS T
2 2phew, 2B ho,
22
—hay(n+1)— &5
2" 2fhwo,
1. ¢e°E’
=ho,(N+-)—
’ 2ma)02
((Another solution))
H :%p2+%ma}02f(2—eEf(
m
_ Ly e 2E ¢, OB B
2m ’ mo, Mo, mae,
1 ., ¢eE e’E’
=_p2+_m Oz(x_ 2)2_ 2
2 ma, 2m o,

The eigenvalue of His given by

e’E?
2mo,’

1
E,=ho,(n+—-)—
n a)O( 2)

See more detail in the Chapter of simple harmonics.

((Classical theory))
The potential energy

1
V(X) = 3 maw, x> — eEx

V(x) has a local minimum (= -e2E2/2me;?) at a position X, at which

M=0 at X=X, = eE2
dx Ma,

Perturbation theory-degenerate case 71 9/3/2017



Thus the classical and quantum results are the same.

23.2  Given the matrix for H and for the perturbation H, in the orthonormal basis

|#1>, |#2>, and |@3>, determine the energy eigenvalues correct to second order
in the perturbation.

2 00 0 1 0
H =10 2 0], H=l1 0 1
0 0 4 0 1 0
((Exact solution))

Eigenvalue problem

2 10
H=H,+H,=|1 2 1
0 1 4
Eigensystem[H]:
Eigenvalues:

A=10.829914, 2.68889, and 4.48119.

((Perturbation theory))
Holg)=2]))
Holg.)=24)
Holg,)=44,)
Hild)=|9.)

Hil ) =4)+]4)
Hil ) =|4:)

|¢1> and |¢2> are degenerate states: E” =2, E,'” =2

|¢3> is a nondegenerate state: E3(°’ -4

Perturbation theory-degenerate case 72 9/3/2017



(1)  Non-degenerate case (for the energy E,” =4)
First order
E3(1) = <¢3 ||:|1|¢3> =0

Second order

N N AL R S T

(2)
E3

- E3(°) _ El(l) E3(°) _ Ez(O) T 4-2 4-2 2
Then we have

E,=E“ +E" +E% =4+0.5=4.5 (exact sol. 4.48).
(2) Degenerate case (for the energy EI(O) =2, EZ(O) =2)

First order
The matrix only from the basis {|¢1> and |¢2> }

)
10
Det[H-Al]= A2 - /=0. or 1==1.

The upper state: E;, =2 +1=3,
9.)=75(8)+[8.): Alg.)=]o.)
The lower state: E, =2-1=1,
1 G _
[9.)="774)-1g:): Hilg.)=-14)

1 1

(d:[H|4) =1, <¢3|H1|¢+>=_2’ <¢3|H1|¢—>=_$
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The state |¢+> and |¢_> are now non-degenerate

Second order (non-degenerate case)

@IRe) [alRle) [ale)

E(2>=‘ + _ __ 1

- E_—E, E_-E, 1-4 6
Then
E:Z 1-1/6 = 5/6 = 0.83 (exact sol. 0.8299)
A 2 A 2
E(2)=\<¢_|Hll¢+> +\<¢3|Hll¢+> W _ 1
’ E,-E E,.-E, 3-4 2
Then

E,=3-1/2=5/2=2.5 (exact sol. 2.689)

23.3 Discuss how the threefold-degenerate energy of the two dimensional
harmonic oscillator separate due to the perturbation H, = aXy (a is constant).

A

HO

X2y

n.n >: E(n,,n,)

nx,ny>

The state is denoted by the eigenket |n,, ny> with the energy

E(n,,n,) =haw,(n +n, +1)
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(1) The ground state:

0,0> (the nondegenerate state).
E, = E(0,0) =7w,

(1)  The first excited state:

1,0> and

0,1> (degenerate state).
E =E(,0)= E(0,1) =2hw,

The second excited state:

2,0),

1,1> , and

O,2> (degenerate state).
E, =E(2,0)=E(1)=E(0,2) =3haw,

The third excited state:

3,0),

2,1,

1,2),

O,3> (degenerate state).

A

Hl

n,,n >::aky

X2y

nx,ny>
Here we note that

A

an}:Q%E(Jﬁ]nX—1)+Jnx+qnx+1»

9ny>:\/_%ﬂ(\/a‘ny—l>+ fn, +1[n, +1)
Then
H,[L1) = aky|1,1) = 222 (0), ++2[2) )(0), ++2[2) )
= 222 (10,0)++2]0,2) ++/2]2,0) +~/2|2,2))
|:|1 2’0> = 2;2 (\/5|1>x +\/§|3>x)|1>y
= 222 (V2|L1)++3[3.1))
H,]0,2) =%(\/§ 11) ++/3[1,3))
Matrix of I-AI1 = aXy in terms of the basis { 1,1>, 2,0>, O,2> }
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I

i
R R ©
S © R
S © R

with

. a

= \/Eﬂz
We use the Mathematica to determine the eigenvalue;

Eigensystem[H]:

(i)  EY =3ne,-2a

\wzﬁ‘”}:%[—«/ﬁ 11)+[2,0)+(0,2)]
(i) EY =3ho,
o\_ 1
W >=3[— 2,0)+]0,2)]
(i)  EY =3hw, +2a
) =%[ﬁ 11)+]2,0)+]0,2)]

23.4. Sakurai 5-12 (This is a tricky problem because the degeneracy between the
first and the second state is not removed in first order. See also Gottfried
1966, 397, Problem 1.) This problem is from Schiff 1968, 295, Problem 4. A
system that has three unperturbed states can be represented by the

pertrurbed Hamiltonian matrix
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E. 0 a
0 E b
a b E

2

where E,>E;. The quantities a and b are to be regarded as perturbations that are of the
same order and are small compared with E,-E;. Use the second-order nondegenerate

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?)
Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order
degenerate perturbation theory. Compare the three results obtained.

((Exact solution))
E O
H=|0 E b
a’ b E
Det[H - A1] =0
A= El’
a-EtE *2’ E, i%\/(Ez ~E)? +4(a" +[o]")
BB TE 4"+ s
== (BBl E_E) ]
When [a| << E, —E,,|b| << E, - E,,
1= E1 + Ez i[Ez — El + (|a|2 +|b|2)
2 2 (E,-E)
or
o+
A=E
' E,-F,
Ao b
> E,-E

((Perturbation theory))
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E, 0 0 0 0 a
H,=| 0 E, 0], H=l0 0 b
0 0 E, a~ b0

1

Hol¢.) =Ei4,). 4,)=]0

0

0

Ho|¢s) = E\|d,). )= 1

0

0
Hlg,)=| 0 |=a’g,)
a*

0
H|g;)=| 0 |=b¢,)
o

‘¢7> is the eigenket of I:I0 with the energy E,. Since this state is non-degenerate, we can

apply the perturbation theory (non-degenerate case) to calculate the energy

The resulting energy is

(@A) [el]e)
E,-E E,-E E,-E

4,)+
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|4,) and |¢,) are degenerate.

This is the degenerate case.

(i) The First order:

The matrix element of Hi in the basis of |¢a> and ‘¢ﬁ> is equal to zero. So we need to

calculate the second order

(ii) The second order

g A
Zl<¢n,,u(0) A ¢n,v(0) ><¢n,v(0) l//n(0)> = En(Z) <(0n,/1(0) l//n(0)> .
A _z |:|1 Wk(0)><Wk(0) l:ll B |:|1 ¢7><¢7 I:ll
- k=n En(O) - Ek(O) - El - E2
The matrix element
<¢a||:|1 ¢y><¢y Hl ¢a> <¢a|Hl ¢;/><¢;/ |:|1 ¢ﬁ> |a|2 ab
— EI_EZ EI_EZ — EI_EZ EI_EZ
(¢,]H 8, )8.|R|2.) (8,]H|8,)8Al8) | | ab  Pf
E —-E, E -E, E-E, E -E
Det[A-Al] = 0.
|a|2 ~ ab’
E1 - Ez E1 Ez =0
* 2 -
a’b b| )
E,-E, E,—E,

2

N S
E2_El EZ_EI (El_Ez)z

or
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Then we have

A=0and A= —M
Ez - El
The final result is
Ea = E1
o Rl
/ 1 E2 El
N
ro Ez - E1

24, Diagram of the Purturbation by Mathematica

Here we present a method how to solve the problem of the perturbation theory (time-
independent) by using the Mathematica. We consider the two cases; (i) the non-
degenerate case, and (ii) the degenerate case.

24.1 Non-degenerate system

In the presence of only a unperturbed Hamiltonian H 0

EO

n

(i1) [eigenket]
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(ii1))  The eigenvalues are different.
Eigen values E.©®

Eigenkets: l//,ﬁo)>
(ii1)  Unitary operator Lja
67 = W)y,
U, = Transpose[ {‘ 1//1(0)>,‘l//§0)> ..... w§°)>,... 1

In the presence of the perturbation H,, we need to calculate the matrix element of H,
O, ®
<‘// k ‘H 1‘ ¥ >

The first order

En(” _ <l//n(0)

A

Hl

Wn(0)>

‘//n(l)> _ Z‘Wk(0)><l//k(0) l//n(1)> _ Z‘Wk(0)> <‘//k(o) ‘I:ll“/’“(m>

(0) (0)
k#=n k=n E - Ek

n

The second order

2

n(0) |_"| (0) n(0) |_"| (0) (0) |_"| n(O)

E® é <'//En(0) _1‘::(0)> _ §<'/’ 1‘::(0) >_<lg‘((0)‘ Y >
(0) H (0) (0) H n(O) (0) H n(O) n(O) |_"| n(0)
) e g ) e e e

24.2 Degenerate case (consisting of non-degenerate and degenerate states for Ho)
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(0)
Ei

Fig. The degenerate energy level ( Ek(o)) and the non-degenerate energy level ( En(o))

with nzKk .

(a) Non-degenerate states ( En(o)) with n =k

(i1) [eigenket]

(iii)  Non-degenerate case.

Eigenvalues E.©®
Eigenkets: -
(b)  Degenerate case ( Ek(o))

. 0
Eigenvalues E"”

Suppose that there are g independent eigenstates with the same energy Ek(o) .

Eigensystem[Ho]

We get the eigenkets: {‘¢k1(0)>,

¢k2<0)>’

the the condition of orthogonality is satisfied;

1:7)as), 4.
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If these do not form the orthonormal kets, we need to obtain the appropriate orthnormal

eigenkets by using the Mathematica program such that

Orthogonalize and Normalize[ {‘ ¢ >,

%(0>>’

5,1

the normalized eigenstates (orthogonal to each other) thus obtained are

In the presence of the perturbation Hi, we need to calculate the matrix.

(i) The first order

(H])k,u,kv = <‘//kﬂ(0) |:|1 l//kv(0)>

(i) -[(Hl)k/,,kvl
(i1) [eigenket]

(iif)

Eigen values Ex,V
Eigenkets: ‘d)(k13>

(iv)  Unitary operator U
Uy, = {@f)).|of)....| @)}
U, =Transpose[{‘q)§”>, d)‘z">,...,

o)}

(i) The second order

Suppose that
(Hl)k,u,kv = <WK/4(O) |:|1 ka(0)> =0 (u#v)
(Hl)k,,,k,, = <l//k/,(0) I-Al1 l//k#(0)> = a: independent of

In other words,
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a 0 0 o0 0
0 a 00 0
0 0a 0O 0
H,=[0 0 0 a 0
0 0 a 0
0 a
0 0 0 0 0 a

In this case, the degeneracy cannot be removed under the first order perturbation. So we
need to go to the second order correction.

A A

A (s
A :z : Ek(°)>—<E 0)

n=k

1

where Ek(o) is the energy of the degenerate state and En(o) us the energy of the
nondegenerate state. Calculate the matrix element defined by

(0)
¢k,v > *

A

(0) A

Ak,u,kv = <¢k,y

(1) Eigensystem|[ A, |

(i1))  Normalize[cigenket]

(iii)
Eigen values Ex,?
Eigenkets: ‘ o) >

(iv)  Unitary operator U
0.7 =0 )0 ). 02).
U, :Transpose[{‘®§2)>, CD(22>>,...,

)]
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APPENDIX-A: Example of simple harmonics
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A.1. Simple harmonics

(V \/mha) ’
A+_£ /
4 2 ( h \/mha)

The operators X and p are given by

Qs
T+
N—

N S
i) [ e

where

Since [%, p]=inl, the commutation relation [ a ] is obtained as

[4,a°1=1.,
a*ny=vn+1n+1)
é|n>=\/ﬁ|n—l>

e RS RN RS DR RRGILR)

p|n) = J%i(ﬁ* —é}n}=J@i(ﬁ|n+l>—\/ﬁ|n—l>)

=
|
S
—_
>
+
Q>

A

A.2  Exact solution
The one-dimensional harmonic oscillator consists of a particle of mass m having a

potential energy. Assume, in addition, that this particle has a charge ( that it is placed in
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a uniform electric field ¢ parallel to the X axis. What are its new stationary states and the
corresponding energies.

V(X)
AX228
e

Fig. The potential energy V (X) :%ma)zx2 —(Qex. The potential takes a minimum at

ge

ma,

Xo =M= 5. The minimum position of the potential energy shifts to the larger

x as the electric field increases.

The Hamiltonian of a particle placed in a uniform electric field ¢ is given by

A

H = |ﬁ+ M’ %% — ek

1
2m
The new Hamiltonian under the translation operator can be rewritten as

A

HV

I
=

U

HT#
=T, (L p 2 L g —q)T "
2m 2 “

A 1 2 A2+ F oT +
p +Ema) Tﬂx Tﬂ —qu#xT#

e
2m
1 1 2,0 \2 o 1
—%p +§ma) (X—pul)” —qe(X— ul)
1 A 1 242 2 A
2—p +Ema)x —(ge + Mo~ u)X

+1m 1’
E w1 +qeu
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where

~ AT+ A2 r oA+
TupTu =p, TﬂpT# =
7,87, =R - ul), T, =
We choose u as follows.
qge+ma’u=0, M= qu
Mo
Then we have
2.2
H= p*r tmorge - 3¢ 1-p,
2m 2 2mw

Suppose that |n> is the eigenket of I-A|0 with the eigenvalue E =7ao,(n+ %) ,

; 1
H,|n) = hay(n +5)|n>,

Then we have

A S R 1. 0’¢
H |n>=(HO—W1)|n>=[ha)(n+§)—

|n> is the eigenket of H' with the energy eigenvalue of H' given by

1. g’
E'=ho(n+—-)-
! ( 2) 2ma’
Since
T,HT,"[n)=E'|n)
or
HT,"[n)=E,'T,"|n)
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'I:ﬂ+| n> is the eigenket of H with the energy eigenvalue E '

The |X) ') is

A )
where

T%) =[x+ u), (x+ ] =(x[T,’
and

___ Q¢

A e

We note

o+ | A
Ty :exp[gﬂpx]

~ 0
z1—+_%11'4:)x

i Miw (. ..
e )
_7_9¢ A A+
o 2mha)(a a)

T /
8
_|n>+;‘/2mhw[«/n+l|n+l>—\/ﬁ|n—l>

b= li-a)- M)

A.3. Perturbation theory

where
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H = O+I—AI1:2—p Loty ek
A0=L92+lma)222, H, =-qek=—qe
2m 2 2

where

The zero-th order
0) 1
En = (n + E)ha)

The first order:

O _ald [n) h A At
E,"” =(n|H,|n)= qg‘/—zmw<na+a n)=0
The second order
2 2
me o=l e el
k#n E(O) EO_E(O; EO Er(lgi
n+1
= G )
q’s’
C2me’
leading to
~ l B ngz
En—(n+2)ha) e’
since
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. o A
(k|H,|ny=—qe 2ma)(ka+a n)

:—qg‘/2rﬁw<k|(\/ﬁ|n—1>+«/n+1|n+1>)
(\/ﬁé‘k,n—l +vn+ 15k,r1+1)

2Mow

Jn+1

A /)
(n+1|H,|n)=—-qe o

. 7
<n—1|H1|n>:—qg -

—n

|‘//n> _ Wn(0)> n(1)>+ﬂ“2 Wn(2)>+---

:|n>+q—; /2mlhw(«/n+1|n+1>—\/ﬁ|n—1>

where
k)(k|H
(1>> ;|E>(§”| E|(0)>
_ I+ 1)n+1Rn) | [n=1in~1F,jn)
EVED © ED-ED
:_|n+1><n+1|Hl|n>+|n—1><n—1|H1|n>
hao ha
:w T (\/F|n+l> Vn|n-1)
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APPENDIX-II
Mathematica program

HermitianMatrixQ

HermitianMatrixQ[m]
tests whether M is a Hermitian matrix.

HermitianMatrixQ[m] gives True if m is explicitly Hermitian, and gives False if it is a matrix that is
not Hermitian.

HermitianMatrixQ[m] is effectively equivalent to m == ConjugateTranspose [m].
HermitianMatrixQ works with SparseArray objects.

HermitianMatrixQ works for symbolic as well as numerical matrices.

Perturbation theory-degenerate case 91 9/3/2017



Eigensystem

Eigensystem[m]
gives a list {values, vectors} of the eigenvalues and eigenvectors of the square matrix m.

Eigensystem[{m, a}]
gives the generalized eigenvalues and eigenvectors of M with respect to a.

Eigensystem[m, k]
gives the eigenvalues and eigenvectors for the first k eigenvalues of m.

Eigensystem[{m, a}, k]
gives the first kK generalized eigenvalues and eigenvectors.

Eigensystem finds numerical eigenvalues and eigenvectors if M contains approximate real or complex
numbers.

For approximate numerical matrices M, the eigenvectors are normalized.
All the non-zero eigenvectors given are independent. If the number of eigenvectors is equal to the
number of non-zero eigenvalues, then corresponding eigenvalues and eigenvectors are given in

corresponding positions in their respective lists.

If there are more eigenvalues than independent eigenvectors, then each extra eigenvalue is paired with
a vector of zeros. »

Eigensystem[m, ZeroTest -> test] applies test to determine whether expressions should be assumed
to be zero. The default setting is ZeroTest -> Automatic.

The eigenvalues and eigenvectors satisfy the matrix equation
m.Transpose [vectors] == Transpose [vectors] .DiagonalMatrix[values]. »

Generalized eigenvalues and eigenvectors satisfy
m.Transpose [vectors] == a.Transpose [vectors] .DiagonalMatrix[values].

(vals, vecs} = Eigensystem [m] can be used to set vals and Vecs to be the eigenvalues and eigenvectors
respectively. »

Eigensystem [m, Spec] is equivalent to applying Take[..., Spec] to each element of Eigensystem m].

The option settings Cubics -> True and Quartics -> True can be used to specify that explicit radicals
should be generated for all cubics and quartics.

SparseArray objects can be used in Eigensystem. »
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Normalize

Normalize|[v]
gives the normalized form of a vector V.

Normalize[z]
gives the normalized form of a complex number Z.

Normalize [expr, f]
normalizes with respect to the norm function f.

Normalize|[Vv] is effectively V /NOrm[V], except that zero vectors are returned unchanged.

Except in the case of zero vectors, Normalize[V] returns the unit vector in the direction of V.
For a complex number z, Normalize[z] returns z / Abs[z], except that Normalize[0] gives 0.

Normalize [expr, f] is effectively expr / f [eXpr], except when there are zeros in f [expr].
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Orthogonalize

Orthogonalize[{vi, V2, ...}]
gives an orthonormal basis found by orthogonalizing the vectors V;j.

Orthogonalize([{e;, &, ...}, f]
gives a basis for the € orthonormal with respect to the inner product function f.

Orthogonalize[{vy, V2, ...} ] uses the ordinary scalar product V1.V as an inner product.

The output from Orthogonalize always contains the same number of vectors as the input. If some of
the input vectors are not linearly independent, the output will contain zero vectors.

All nonzero vectors in the output are normalized to unit length.

The inner product function f is applied to pairs of linear combinations of the €;.

The & can be any expressions for which f always yields real results.

Orthogonalize[{vi, V2, ...}, Dot] effectively assumes that all elements of the V; are real.
Orthogonalize by default generates a Gram-Schmidt basis.

Other bases can be obtained by giving alternative settings for the Method option. Possible settings
include: ""GramSchmidt", "ModifiedGramSchmidt", "Reorthogonalization and ""Householder™.

Orthogonalize(list, Tolerance ->t] sets to zero elements whose relative norm falls below t.
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Transpose

Transpose [list]
transposes the first two levels in list.

Transpose [list, {n;, m, ...}]

transposes list so that the k™ level in list is the n ™ level in the result.

Transpose gives the usual transpose of a matrix.

Transpose [m] can be input as m'.
T can be entered as Esc trEsc or \[Transpose].

Acting on a tensor T . Transpose gives the tensor T

»

ipigig .. iy ip i3 ..

Transpose [list, {n;, Nz, ...} ] gives the tensor Tinl iny oo

So long as the lengths of the lists at particular levels are the same, the specifications Ny do not
necessarily have to be distinct.

Transpose works on SparseArray objects.
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