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Here we discuss the translation operator. The linear momentum is a generator of the 

translation. This is in contrast to the rotation operator where the angular momentum is a 
generator of the operation. 
 
1 Definition of the translation operator 

Here we discuss the transportation operator 
 

)(ˆ aT : translation operator (unitary operator) 
 

 )(ˆ' aT , 

 
or 
 

)(ˆ'' aT   . 

 
(i) Analogy from classical mechanics for x 

The average value of x̂  in the new state '  is equal to the average value of x̂  in the 

new state   plus the x-displacement a. 

 
 axx  ˆ'ˆ' , 

 
or 
 

 axaTxaT  ˆ)(ˆˆ)(ˆ , 

 
or 
 

1̂ˆ)(ˆˆ)(ˆ axaTxaT  . (1) 
 
Normalization condition: 
 

   )(ˆ)(ˆ'' aTaT , 

 
or 
 

1̂)(ˆ)(ˆ  aTaT , (2) 
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((Unitary operator)) 

From Eqs.(1) and (2), we have 
 

)(ˆˆ)(ˆ)ˆ)((ˆ)(ˆˆ aTaxaTaxaTaTx  . 
 
((Commutation relation)) 
 

)(ˆ)](ˆ,ˆ[ aTaaTx  . 
 
Here we note that 
 

xaTaxxaTaxxaTxaTx )(ˆ)()(ˆˆ)(ˆ)(ˆˆ  . 

 

Thus xaT )(ˆ  is the eigenket of x̂  with the eigenvalue (x+a) 

 

axxaT )(ˆ . 

 
or 
 

xaxaT  )(ˆ  

 
We note that 
 

xaxaTxaTaT   )(ˆ)(ˆ)(ˆ . 

 

When x is replaced by x-a in the relation xaxaT  )(ˆ  

 

axxaT  )(ˆ , 

 
or 
 

xaTax )(ˆ  , 

 
or 
 

)(ˆ aTxax  . 

 
Note that  
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)()(ˆ' axaxaTxx   . 

 
(ii) Analogy from the classical mechanics for p 

The average value of p̂  in the new state '  is equal to the average value of p̂  in 

the new state  . 

 
 pp ˆ'ˆ'  , 

 
or 
 

 paTpaT ˆ)(ˆˆ)(ˆ   

 

paTpaT ˆ)(ˆˆ)(ˆ   
 
So we have the commutation relation 
 

0]ˆ),(ˆ[ paT . 
 
From the above commutation relation, we have 
 

paTpppaTpaTp )(ˆˆ)(ˆ)(ˆˆ  . 

 

Thus paT )(ˆ  is the eigenket of p̂  associated with the eigenvalue p. 

 
2 Infinitesimal translation operator 

We now define the infinitesimal translation operator by 
 

dxG
i

dxT ˆ1̂)(ˆ


 , 

 

where Ĝ  is called a generator of translation. The dimension of Ĝ  is that of the linear 
momentum. 

The operator )(ˆ dxT  satisfies the relations: 
 

1̂)(ˆ)(ˆ  dxTdxT , (1) 
 

1̂ˆ)(ˆˆ)(ˆ dxxdxTxdxT  ,  
 
or 
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)(ˆˆ)(ˆ)(ˆˆ dxTdxxdxTdxTx  , (2) 
 
and 
 

0]ˆ),(ˆ[ pdxT , (3) 
 
Using the relation (1), we get 
 

1̂)ˆ1̂()ˆ1̂(   dxG
i

dxG
i


, 

 
or 
 

1̂])[()ˆˆ(1̂)ˆ1̂)(ˆ1̂( 2   dxOdxGG
i

dxG
i

dxG
i


, 

 
or 
 

GG ˆˆ  . 
 

The operator Ĝ  is a Hermitian operator. Using the relation (2), we get 
 

2)(1̂)ˆ1̂(ˆ)ˆ1()ˆ1(ˆ dxOdxdxG
i

dxxdxG
i

dxG
i

x 







, 

 
or 
 

1̂]ˆ,ˆ[ dxdxGx
i




, 

 
or 
 

1̂]ˆ,[ 


iGx  . 
 
Using the relation (3), we get 
 

0]ˆ,ˆ1̂[  pdxG
i


. 

 
Then we have 
 

0]ˆ,ˆ[ pG . 
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From these two commutation relations, we conclude that  
 

pG ˆˆ  , 
 
and 
 

dxp
i

dxT ˆ1̂)(ˆ


 . 

 
We see that the position operator and the momentum operator p̂  obeys the commutation 
relation 
 

1]ˆ,[




ipx  . 

 
which leads to the Heisenberg’s principle of uncertainty. 
 
3 Momentum operator p̂ in the position basis. 

Using the relation 
 

xxxxT  )(ˆ ,  xp
i

xT  ˆ1̂)(ˆ


 . 

 
we get 
 








)'('''''

'''''')(ˆ)(ˆ

xxxdxxxxdx

xxxdxxxdxxTxT




 

 
We apply the Taylor expansion: 
 

)'(
'

)'()'( x
x

xxxx 



 . 

 
Substitution: 
 


































'
'

''

]'
'

'[''

)]'(
'

)'([''

)'('')(

x
x

xdxx

x
x

xxxdx

x
x

xxxdx

xxxdxxT

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From the definition, we have 
 
 

 )ˆ1̂()( xp
i

xT



 . 

 
Comparing these two equations, we obtain the relation 
 

 


  '
'

''ˆ x
x

xdx
i

p


, 

 
or 
 







x
xi

x
x

xxdx
i

x
x

xxdx
i

px


























'
'

)'('

'
'

''ˆ

 

 
We obtain a very important formula 
 

 x
xi

px






ˆ . 

 
Note that 
 










x
xi

xdx

x
xi

xdx

pxxdxp





















*

ˆˆ

 

 
These results suggest that in position space the momentum operator takes the form 
 

xi
p







ˆ . 

 
4. Position operator x̂ in the momentum basis. 
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













p
p

i

xxpdx
p

i

xdxe
p

i

xdxxe

xxpdxx

xxxpdxxp

ipx

ipx
























































2

1

2

1

ˆˆ

 

 
Then we have 
 

 p
p

ixp



 ˆ . 

 
Using this result, we get 
 







p
p

ipdp

p
p

ipdp

xppdpx























*

ˆˆ

 

 
These results suggest that in momentum space the position operator takes the form 
 

p
ix



 ˆ . 

 
5. The finite translation operator 

What is the operator )(ˆ aT  corresponding to a finite translation a? We find it by the 
following procedure. We divide the interval into N parts of size dx = a/N. As N→∞, a/N 
becomes infinitesimal. 
 

)(ˆ1̂)(ˆ
N

a
p

i
dxT


 . 

 
Since a translation by a equals N translations by a/N, we have 
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)ˆexp()](ˆ1̂[lim)(ˆ ap
i

N

a
p

i
aT N

N 



. 

 

x
0 aDx=aN  

 
Here we use the formula 
 

e
N

N

N



)

1
1(lim , 1)

1
1(lim 


 e

N
N

N
 

 

axaxN

N

axax

N

N
ee

N

ax

N

ax 


 )()1(lim])1[(lim 1  

 
In summary, we have 
 

)ˆexp()(ˆ ap
i

aT


 . 

 
6. Discussion on the commutation relation 

It is interesting to calculate 
 

ap
i

ap
i

exeaTxaT
ˆˆ

ˆ)(ˆˆ)(ˆ 
  , 

 
by using the Baker-Hausdorff theorem: 
 

...]]]ˆ,ˆ[,ˆ[,ˆ[
!3

]]ˆ,ˆ[,ˆ[
!2

]ˆ,ˆ[
!1

ˆ)ˆexp(ˆ)ˆexp(
32

 BAAA
x

BAA
x

BA
x

BxABxA  

 
When x = 1, we have 
 

...]]]ˆ,ˆ[,ˆ[,ˆ[
!3

1
]]ˆ,ˆ[,ˆ[

!2

1
]ˆ,ˆ[

!1

1ˆ)ˆexp(ˆ)ˆexp(  BAAABAABABABA  

 
Then we have 
 

1̂ˆˆ]ˆ,ˆ[ˆ]ˆ,ˆ[ˆˆ)(ˆˆ)(ˆ ˆˆ
ax

i
a

i
xxpa

i
xxap

i
xexeaTxaT

ap
i

ap
i


 


 . 
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So we confirmed that the relation  
 

1̂ˆ)(ˆˆ)(ˆ axaTxaT  , 
 
holds for any finite translation operator. 
 
7. Invariance of Hamiltonian under the translation 

Now we consider the condition for the invariance of Hamiltonian Ĥ  under the 
translation. 
 

The average value of Ĥ  in the new state '  is equal to the average value of Ĥ  in the 

new state  . 

 

 HH ˆ'ˆ'  , 

 
or 
 

HdxTHdxT ˆ)(ˆˆ)(ˆ  ,  or HdxTdxTH ˆ)(ˆ)(ˆˆ  , 
 
or 
 

Hdxp
i

dxp
i

H ˆ)ˆ1̂()ˆ1̂(ˆ


 . 

 
Then we have 
 

0]ˆ,ˆ[ pH . 
 
8. ((Sakurai 1-28)) 
(a) Let x and px be the coordinate and linear momentum in one dimension. Evaluate 

the classical Poisson bracket. 
 

classicalxpFx )](,[ . 

 

(b) Let x̂  and xp̂  be the corresponding quantum-mechanical operators this time. 

Evaluate the commutator 
 

)]
ˆ

exp(,ˆ[


api
x x . 
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(c) Using the result obtained in (b), prove that 
 

')
ˆ

exp( x
api x


,  '''ˆ xxxx   

 
is an eigenstate of the coordinate operator x, What is the corresponding 
eigenvalue? 

 
((Solution)) 
 
(a) 
 

x

xx

xx

x
classicalx p

pF

x

pF

p

x

p

pF

x

x
pFx



















)()()(

)](,[  

 
(b) 
We use the Gottfried’s result 
 

)
ˆ

exp()
ˆ

exp(
ˆ

)]
ˆ

exp(,ˆ[





api
a

api

p
i

api
x xx

x

x 



  

 
(c) 
 

)
ˆ

exp(ˆ)
ˆ

exp()
ˆ

exp(ˆ


api
ax

apiapi
x xxx   

 
Then we have 
 

')
ˆ

exp()'(

')
ˆ

exp('ˆ)
ˆ

exp(')
ˆ

exp(ˆ

x
api

ax

x
api

axx
api

x
api

x

x

xxx








 

 

The ket ')
ˆ

exp( x
api x


 is the eigenket of x̂  with an eigenvalue (x’-a).  

 

axx
api x  '')

ˆ
exp(


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Therefore )
ˆ

exp()(ˆ


api
aT x

x  is a translation operator. 

 
________________________________________________________________________ 
9. ((Sakurai 1-29)) 
 
(a) Gottfried (1966) states that 
 

  )ˆ(
ˆ

)ˆ(,ˆ pp G
p

iGx
i

i 


  ,   )ˆ(
ˆ

)ˆ(,ˆ xx F
x

iFp
i

i 


   

 
can be easily derived from the fundamental commutation relations for all 
functions of F and G can be expressed as power series in their arguments. Verify 
this statement. 

(b) Evaluate  22 ˆ,ˆ px . Compare your result with the classical Poisson bracket 

classicpx ],[ 22 . 

 
((Solution)) 
(a) 
(i) 











)ˆ(
ˆ

)(

)()()(

)(])([

])()([)]ˆ(,ˆ[

pp

pp

pppppp

pppp

ppppp

G
p

i

G
p

i

p
Gi

p
GiG

p
i

p
GiG

p
i

p
iGG

p
iGx

i

i

iii

ii

ii
i



































































 

 
Thus we have the final result 
 

)ˆ(
ˆ

)]ˆ(,ˆ[ pp G
p

iGx
i

i 


   

 
(ii) 
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









)ˆ(
ˆ

)(

)(])()(

)(])([

])()([)]ˆ(,ˆ[

rr

rr

rrrrrr

rrrr

rrrrr

F
xi

F
xi

x
F

ix
F

i
F

xi

x
F

i
F

xi

xi
FF

xi
Fp

i

i

iii

ii

ii
i



































































 

 
or 
 

)ˆ(
ˆ

)]ˆ(,ˆ[ rr F
xi

Fp
i

i 





 

 
(b) 
 

)ˆˆˆˆ(2

ˆˆ
ˆ

ˆ
ˆ

ˆ

ˆ]ˆ,ˆ[]ˆ,ˆ[ˆ]ˆ,ˆ[

22

2222

xppxi

xp
p

ip
p

ix

xpxpxxpx
























  

 
The classical Poisson bracket is defined by 
 

)(2

4

],[
2222

22

pxxp

xp

x

p

p

x

p

p

x

x
px classic



















 

 
________________________________________________________________________ 
10. ((Sakurai 1-30)) 

The translation operator for a finite (spatial) displacement is given by 
 

)
ˆ

exp()(ˆ


lp
l




i
T , 
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where p̂  is the momentum operator. 

(a) Evaluate 
 

)](ˆ,ˆ[ lTx  

 

(b) Using (a) (or otherwise), demonstrate how the expectation value x  changes 

under translation. 
 
((Solution)) 
(a) 

The translation operator is defined by 
 

)
ˆ

exp()(ˆ


lp
l




i
T  

 

)(ˆ)
ˆ

exp()(ˆ
ˆ

)](ˆ,ˆ[ l
lp

ll Tl
i

lT
p

iTx ii
i

i 









 ] 

 
or 
 

)(ˆ)](ˆ,ˆ[ lllr TT   

 
(b) 
 

 )(ˆ' lT  

 

'ˆ

')](ˆˆ)(ˆ)[(ˆ

')(ˆˆ)(ˆ'ˆ'







lr

llrll

lrlr










TTT

TT

 

 
or 
 

lrr   ˆ'ˆ'  

 
________________________________________________________________________ 
11. ((Sakurai 1-31)) 
Prove 
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'rrr d , pp   

 
under infinitesimal translation. 

 
((Solution)) 

We use the commutation relations 
 

)(ˆ)](ˆ,ˆ[ rrrr dTddT   

 
and 
 

0)](ˆ,ˆ[ rp dT  

 
We have 
 





rr

rrrrrrrr

d

dTddTdTdTdT



 

ˆ

)(ˆˆ)(ˆ)[(ˆ)(ˆˆ)(ˆ
 

 
or 
 

rrr d  ˆ'ˆ'  

 
Similarly 
 

 pprrrpr ˆˆ)(ˆ)(ˆ)(ˆˆ)(ˆ   dTdTdTdT  

 
________________________________________________________________________ 
12. ((Sakurai 1-33)) 
(a) Prove the following: 
(i) 
 

 '
'

ˆ' p
p

ixp



   

 
(ii) 
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 


  '
'

'ˆ
*

p
p

ipdpx   

 
(b) What is the physical significance of 
 

)
ˆ

exp( 0



pxi
, 

 

where x̂  is the position operator and 0p  is some number with the dimension of 

momentum? Justify your answer. 
 
((Solution)) 
(a) 
(i) 
 















'
'

''''
'

''
2

1

'

'''
2

1

'''''

ˆ''''ˆ'

''

''

p
p

i

xxpdx
p

i

xedx
p

i

xexdx

xxpxdx

xxxpdxxp

xip

xip
























































 

 
(ii) 
 





















'
'

''

ˆ'''

ˆ'''ˆ

p
p

ipdp

xppdp

xppdpx



 

 
(b) 
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'}')
ˆ

exp()
ˆ

exp({

'ˆ)
ˆ

exp()
ˆ

exp(,ˆ')
ˆ

exp(ˆ

00
0

000

pp
xipxip

p

pp
xipxip

pp
xip

p





















 

or 
 

')
ˆ

exp()'(')
ˆ

exp(ˆ 0
0

0 p
xip

ppp
xip

p


 . 

 

Therefore ')
ˆ

exp( 0 p
xip


 is the eigenket of p̂ with an eigenvalue of (p’ + 0p ). 
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APPENDIX 
Properties of the translation operator 
 

(i) )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ aTbTbTaTbaT   
 
((proof)) 
 

bxxbT )(ˆ , 

 

baxbxaTxbTaT  )(ˆ)(ˆ)(ˆ  

 

baxxbaT  )(ˆ  

 
Then we have 
 

)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ aTbTbTaTbaT   
 

(ii)  1̂)0(ˆ T  
 
((Proof)) 
For any x , we have 
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xxT )0(ˆ  

 
leading to the relation 
 

1̂)0(ˆ T . 
 

(iii) 1̂)(ˆ)(ˆ)(ˆ)(ˆ  aTaTaTaT  
 
((Proof)) 
In the relation 
 

)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ aTbTbTaTbaT  , 
 
we assume that 0 ba . Then we have 
 

1̂)0(ˆ)(ˆ)(ˆ)(ˆ)(ˆ  TaTaTaTaT  
 
leading to the relation 
 

)(ˆ)(ˆ)(ˆ 1 aTaTaT    
 


