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We consider the variational method and apply it to just one type of problem, the
estimation of the ground state energy eigenvalue of a quantum system.

1 Theory
We attempt to guess the ground state energy E( by considering a “trial ket”, |1//0>,

which tries to imitate the true ground-state ket |(00> . We define
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We can obtain an upper bound to Eo by considering various kinds of |l//0> .
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where |g0n> is an exact energy eigenstate of H
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where Eo is the exact ground-state energy.
H |(/70> = E0|(P0>
The equality sign in Eq.(1) holds only if |1//0> coincides exactly with |g00> .

Another method to state the theorem is to assert that H is stationary with respect to the
variation

|l//0> = |l//0(ﬂ‘l’ﬂ’27ﬂ'3a"'7ﬂ“n)>
with Ay, Ay, 43, ..., 4, are parameters.
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2. Example (J.L. Martin, Basic Quantum Mechanics, p.199)
We consider the 1D quantum box. A particle is confined in one dimension to the
range 0 < X <1. The requirements on the energy eigenfunction y(X) are

_dPp(x)
dx?

=Ey(x)

with the boundary condition
y(x=0)=y(x=1)=0.

For simplicity we drop all the physical constants. We know the solution of the ground
state,

E,=7"=9.8696, w(X) = sin(zx)
We now solve this problem by using a trial function (un-normalized) such that
w(x)=x"(1-x)

We calculate
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by using Mathematica. After that we vary the parameter « to obtain the minimum value
of E,, (). We find the minimum value of E, () (= 9.89898) at « =1.11237. This

value is a littler larger than the actual ground state energy: E, =z° = 9.8696

((Mathematica))



Clear["Global " *"]; ¥l =x* (1 -x)%; f1 =y1 D[¥1, {X, 2}] ;

2 = lﬁlz »
—folfl dx

El=—2— //Simplify[#, a>1/2] &
folfz dx

hl=Plot[El, {a, 1.0, 1.25}, PlotStyle -» {Red, Thick},
PlotRange -» All];

h2 =

Graphics[{Text[Style["a", Black, 12], {1.26, 9.91}],

Text[Style["r°", Black, 12], {1.11, =®}],
Blue, Dotted, Thick, Line[{{1, »°}, {1.25, n*}}]}]:
Show[h1, h2]
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FindMinimum [El, {a, 1.1}]
{9.89898, {a—>1.11237}}

7% // N
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3 Example: ground state of hydrogen
Wave function for the ground state of the hydrogen

l//o(r) = e—r/a

where a is a parameter.



1 e’ 1 , P e’
H=—p'-——=—(p, +5)——
2m P r 2m(pr rz) r

with

hlo

iror

r

Since L'y, =0, we have
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Note that
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Then we have

or
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a, = powcl (Bohr radius)
Therefore
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which is correct ground state energy.

4. Example
Wave function for the ground state of the hydrogen

() =e"

where « is a parameter. We use the method which is used above. Using Mathematica, we
get the following results;

8e'm’ 8 0.282042 (0.531)
a = 7 = 3 = 2 =
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and the upper limit of the ground state energy as
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where
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Clear["Global «"];

-h% 1 el?
H1 := |— = D[r #, {r, 2}] - — #| &;
2m r r

yr ] 1= AExp[-ar?];

fl = Integrate[y[r] H1[¥[r]]4xr?, {r, 0, ®}] //
Simplify[#, a>0] &
A2r (8el?m-3~2n Va n?)
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f2 = Integrate [y [r] y[r] 4 r?, {r, 0, w}] //
Simplify[#, a>0] &
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K=F1/%2//Simplify
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egl = Solve[D[K, a] =0, a]
8 e1* m?
o o 1
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FullSimplify[#, {el>0, m>0, A>0}] &
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5 Example: Simple harmonics

We assume that
y,(x)=e"

where >0 (even function).
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Then we have
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6. Example from Sakurai
The ground state of one-dimensional harmonics

Trial function

<x‘5> —g N (3>0).
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In the first term of |, we put X’ = -X
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in the limit of &=0.

Noting that
0 o 2
'[ x’e ™ ==
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| is calculated as
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We now consider the second term

f(x)=eM

2
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This function f(X) is continuous at X = 0, but df/dx is discontinuous at X = 0.

df/dx=-f exp(-pX) for x>0 and [ exp(/X) for X<0.
[P ! By = d” f(x)
1, j ST 2+2ma)0x)e dx = 2mj f (x)
Note that (df/dx)2 is continuous at X = 0.
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The equality is valid when
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7. Mathematica

Clear["Global ™ +"]; ¥[x_] := AEXp[-a x2] :
-B2

1 2,2
H1 := [— D[#, {X, 2}] + — mw” X° #| &;
2m 2

f1 = ¢[x] HL[¥[x]] // Simplify
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K1 = Integrate[fl, {X, -o, ©}] // Simplify[#, a>0] &
A?L 2 (mPw? + 4 of P
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2 =y [x] ¥[x] // Simplify
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K2 = Integrate[f2, {X, -, ©}] // Simplify[#, a> 0] &
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K12 = K1 /K2 // Simplify
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eql = Solve[D[K12, a] =0, a]
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EO =K12 /. eql[[2]] // Simplify
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