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The Wigner—-Eckart theorem is a theorem of representation theory and quantum
mechanics. It states that matrix elements of spherical tensor operators on the basis of
angular momentum eigenstates can be expressed as the product of two factors, one of
which is independent of angular momentum orientation, and the other a Clebsch-Gordan
coefficient. The name derives from physicists Eugene Wigner and Carl Eckart who
developed the formalism as a link between the symmetry transformation groups of space
(applied to the Schrédinger equations) and the laws of conservation of energy,
momentum, and angular momentum.
https://en.wikipedia.org/wiki/Wigner%E2%80%93Eckart theorem

1. The Wigner and Eckart Theorem
We start with the formula given by

[3,.1,91=hqT,

[3,, T 1=nJk —a)k +q+ DT

+21q g+l

[3_. 71 =k + a)(k =g + DT

g-1

where

(a)  The recursion relation from the relation [J,, T]=qT*
The matric element is
(as ', M3, T ex; j.m) = ha(a; j', m[T|a; j,m)
or
A(m'—m— q)<a‘; i, m'|'I:q(k)| a; |, m> =0
Then we have

o j,mT®la; j,m) =0
{ Lt



only if

m-m-q=0 (selection rule)

(b) The recursion relation from the relation [j+,'|:q(k)] = h\/ (k—g)(k+qg+ l)fq(fl)

The matrix element:

(as§',m[d,, T

@ j,m) = hyJ(k—a)(k+q +1){e; j',mv|f(k)

g+l

a;j,m>

or
(as J' 3T -T2F | e j,m) =y (k =)k +q+1) (e |, M| e j,m)
or
(s J' M3, T e jom)—(a's ', m [T, |ers j,m)
= (k=K +q+1){e; j',m T j,m)
Then we get

JG+mG=mD e i =17
=G =m e m D miT
= Jk— )k +q+D{as j,mffY

a;j,m>

a;j,m+1>

a; j,m)

(c) The recursion relation from the relation [j _,'Icq(k)] = h\/ (k+q)k—qg+ l)fq(fl)
The matrix element

<a';j',m'|ij(k)|a; j,m>—<a';j',m'|fq(k)5,|a; j,m)

=k + @)k —q+1)(a; j,m Y

a; j,m)

Then we get

\/(jy_my)(jv+mv+1)<av; j',m'+1|-|:q(k)
~JG+mG-m+ (e j,m e
= Jk+a)k—-q+D)(a; j,m[H

a;j,m>

a;j,m—l>

a;j,m>
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So we have the recursion relation

A GFEM+D) (e L, mFT
=JGFM(jEm+1)(a'; j',mT®
+ykFayk£g+D{as ', mTEes j.m)

a;j,m>

a; j,m=1)

We find the same recursion relations for the <a'; I, m'|1°q(k) a; |, m) as we find for the

Clebsch-Gordan coefficients <j1, Jsm,my s by j,m> = <j,k;m,q J,K; j',m'>
with

=} 2=k,

mi=m, m2=q,

-y m=m’

JAEM)GFM D,k m, gl j.k; ', m')
=JGEm(Fm+1)(j.kmFLg
+J(kEq)KkFg+D(j,k;m,qF1

ik jLmF)

j.k; j',mF1)

By changing by + - F and ¥ —» £, and m'—> m'¥1 we have

JAEMGFm+D (G, ksm,g| ks ', mF1)
=JGFmjtm+D)(jksmxLq|j.k; j’,m’)
+J(kFQ)kq+1){j,k;m,qx1]jk; j',m)

Therefore the m behavior of the (a'; j',m'[T
Clebsch-Gordan coefficients. We see that

a; |, m> must be the same as that of the

<a'; j', mv|fq(k)

a; j,m> :<j,k;m,q J,K; j',m'>>< term independent of m’, m, and q.

or

<av; j',m'|fq(k)

a: jom) = (k. ks §'mi)(a [T o)

(Wigner-Eckart theorem)



(a' j'”'lck " aj) is the reduced matrix element, independent of m’, m, and q.

where
m'=m+q

j'=j+k j+k—=1,.....1]j

((Note)) As the Wigner-Eckart theorem, one can use conventionally the form

The /2 j+1 factor is arbitrary, but conventional. Here we use the formula which is used
by Zettli.

((Note))

Recursion relation of the Clebsch-Gordan coefficients

|j1, i j,m> = ZZ| Jis jz;mlsm2><j1’ jz;m1am2| Ji> b j»m>

m m,

where
(m-m, —m2)<j1, jz;mlsmz| bs 1o j,m>=0
and
JAFmGEm+D(j,, fm,m, | j, j,; j,m+1)
:\/(jl +m, +1)(j1 im1)<j1, j25m1 +1,m, jla jz; j,m>
+\/(j2 +m, +1(], imz)<j1, Josmy,m, ¢1| Jis s jam>
or
JAEmMGFm+D (G, Josm,m, | i, s §,m)
:\/(jl £m)(j, ¥ m, +1))<j1> Josm, $1:mz| Jis Jos j:m$1>
+\/(j2 +m,)(j,+m, +1)<j1, Josmy,m, $1| B> bos j,m$1>
3. Definition of matrix element



We define the matrix element of the tensor using the Clebsch-Gordon coefficient as

<6¥'; j', mv|'|:q(k)

; j,m) oc { ks, g j,k; j',m)

oc ClebschGodan[ {j,m} {k,q},{j',m'}]

<) k:m,qljk;jm'>

Fig.  Definition of Clebsch-Gordan coefficient

where
J'=JtK, k-1, ..., [J-K].
m'=m+(

with
q=Kk, k-1,..., -k.

Note that the matrix <a'; J, m'|'|cq(k)| a; |, m> is not a N x N types matrix since j’ is not

always equal to j.



Ji

Im1q=j1> Im1=j1-1> Im1=-j1>
<m2=j2|
<m2=j2-1|
Jo
T <o, My ToKjy,m>
<m2=-j2|

Fig.  The matrix element: (o'; j',m’|fq(k)|a; jm). =j.m=m.j=j.m=m.

4. Numerical calculation of matrix using Mathematica

Dj, = DJ. xD, = Dj+k + Dj+k—1 oot D\J'*kl

i'=j+k, j+k-1, oo | 1=K



Fig. Example.j=3(mM=3,2,1,0,-1,-2,-3).k=3(q=3,2,1,0,-1, -2, -3).
=6 (m=3,2, 1,0, -1, -2, -3).

(a) Mathematica program I  (standard)

ClebschGordan[{j,m},{k,q}.{j’,m"}]



Fig. Mathyematica program for the clebsch-Gordan coefficient
Each point corresponds to the Clebsch-Gordan coefficient
ClebschGordan[ {j,m},{k,q},{j’,m’}] (in Mathematica)
which is equal to the matrix element
(3T jm)
where
m=m+q, =]k, k-1, . K.
(b) Mathematica program II

<j', mv|Tq(k)

j.m)
CC(q[ j',{k,q}, J] =[{m’, m}, the corresponding Clebsch-Gordan efficient]

((Mathematica))

Clear["Global "%"]; CCGG[{j1 , m1 }, {jJ2 , m2 }, {j_, m }] ==
Module[{sl},
sl = IF[Abs[ml] < j1&& Abs[m2] < j2&& Abs[m] < j,
ClebschGordan[{j1, m1}, {j2, m2}, {i, m}], O11;
CCG[J2_, {ki_, gl }, J1] :=
Table[{{ml+ql, ml}, CCGG[{j1l, ml}, {k1, ql}, {j2, ml+ql}1}, {ml, ji, -ji, -1}1;

Using this program, one can get the table of the matrix elements of the tensor operator,

(o

j.m)

for given Kk, ¢, and j. Here the matrix can be obtained using the notation of matrix; The
result from the Mathematica is as follows. The matrix element <j', m'qu(k) J, m> is given

by

CC(q[ j',{k,q}, j] =[{m’, m}, the corresponding Clebsch-Gordan efficient]
with

m=m+q,



< r’mrqu(k)l ',m>

\

CCOU o ahI] — (i e

Fig. Mathematica program CCG for the matrix element {m’, m} for given j’, k, g, and
J.

5. Example 1: Tensor of rank 0 (scalar)
By using the Mathematica, we calculate the matrix element

(a'; ' mITEO

a; j,m> # 0 at the point (m’, m)

which is proportional to the Clebsch-Gordan coefficient

(J.ksm,qlj.k; j',m);

ClebschGordan[{j,m},{k,q},{j’, m’}] (in Mathematica)
or

CCG[{]J',{k,q}, j] at the point (m',m) (program in this lecture)
only if

m'=m and j'= |
((Example)) CCG[{j',{k,q}, j] at the point (m',m)
(@  (i'=0,m[T5"j=0,m)

k=0,q=0; j =0, j'=0



{{{0, 0}, 1}}

(b)
(j'=1,mT%0 j=1,m)
k=0,9=0; j=1, j'=1
CCG[1, {0, O}, 1]
{{{1, 1}, 1}, {{0, O}, 1}, {{-1, -1}, 1}}

j'=1

m (1,1

(=1,-1)1

6. Example 2: Tensor of rank 1 (vector): k=1.
We calculate the matrix element

(o Jomire

a; j,m)

which is proportional to the Clebsch-Gordan coefficient

(J.k; j'm'| j,k;m,q)
only if
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m=m+q, j'=j+Lj|j-1
since k= 1. Note that ¢ =1,0, -1
@  (j'=LmT*"j=0,m)
k=1,q=1: j=0, j=1
CCG[1, {1, 1}, O]
{{{1, 0}, 1}}
k=1,9=0: j=0, j=1
CCG[1, {1, 0}, O]
{{{0, 0}, 1}}
k=1,q=-1: j=0, j=1

CCG[1, {1, -1}, 0]
{{{_11 0}1 1}}

®  (j'=2mT*j=1m)

k=1,q=1: i=1, =
cceérz, {1, 13, 1]
[{{2, 1), 1}, {(1, 0}, i} {{o0, -1}, i}}
V2 V6
k=1,9=0: ji=1, j=2

CCG[2, {1, O}, 1]

({11, 13, ;%;}, ({0, 0}, \/__}, ((-1, -1), ;%f}}

wIN
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CCG[21 {11 _1}! 1]

({10, 13, v—%}, (-1, 03, %}, (-2, -1}, 13}

12



cCGr1, {1, 13, 1]

{{{2, 1}, Null}, {{1, 0}, -— 1}, {{0, -1}, -

2 2
k 1, q O: j 1, j'_l

CCG[1, {1, 0}, 1]

{{11, 13, %}, {{0, 0}, 0}, {{-1, -1}, —%}}
k=1,q=-1: ji=1 j'=1

CCG[1, {1, -1}, 1]

{{¢0, 13, —12}, {{-1, 0}, iz}, {{-2, -1}, Null}}

13



cCG[o, {1, 1}, 1]

1
({2, 1}, Null}, 1, 0}, Null}, o, -1}, —
{ . {1 } b, {1 } ﬁ}}

k=1,q=0: ji=1, j'=0
CCG[O, {1, 0}, 1]

{{{11 1}1NUII}1{{01 0}1_ 1{{_11 _1}1NUII}}

_l_}
V3
k=1,q=-1: ji=1, j=0

CCG[Os {11 _1}1 1]

1
{{{01 1}1 \/—5}1 {{_11 0}1 NUII}, {{_21 _1}7 NUII}}

j'=0

m
q=_mpn)
[1/

V3

q=0

‘O 0
. 1/%

q=1

©-1
13

7. Selection rule for the rank 1 tensor (I)

We consider the case when

14



R 1 - 1 A
TV =V, =—F=V, =——=(V, +iV
+1 +1 2 + \/E(Vx y)
To(l) =V, =V,
n 1 ~ 1 A A
TO=V, ==V =—(V, -V
-1 -1 P - 7 (Vx y)

Then we have

(a)
o oo

(a';j',mNV, e j,m) = (a'; J',m'|% a;j,my=0
(s N [t fom) = (@ JM% & j,m) =0
unless m'=m+1 and  j'=j+1,],]j-1

(b)
(s ',V |er; j,m) = (s ', T s j,m) =0
unless m'=m and  j'=j+1,],|j-1]

8.  Selection rule for the rank 1 tensor with the odd parity

Spherical tensor of rank 1

T _ Ry
o _ X+l
V2
T =32
—iy
I _
TO-2"F

T2
From Wigner-Eckart theorem

TR ()
(n 1, mfT,

15

n,I,m);ﬁO for mM=m+q and for I'=1+1,1,

11|



where | is integer. For the parity operator, we have

AT, q(l)fr = —'fq(l) (odd parity)
and

Zn,L,m) = (=1)'|n,I,m), (n,Im|z =(=D"(n,1,m|
Thus the matrix element is equal to zero for I'=1, since

n,l,m) = (-D)""(n 1, mT

n, I, m'T O, L, m) = —(n',I',m|#T % n,l,m
q q

Finally we have the selection rule

(n',I',mT

n,l,m>;é0for m'=m+q and for I'-l = +1

9. Selection rule for rank-2 tensor (even parity)

Spherical tensor of rank 2

r(2) _T0©
T1 — T—l
-2

( X+’ —222} fo

From Wigner-Eckart theorem

(1", T

nl,m)#0
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for mM'=m+(q and for I'=1+ 2,1 + L 1|l —=1|,|l — 2| . For the parity operator, we have
AT, q(z)fr = fq(z) (even parity)

and
Zn,L,m) = (=1)'|n,I,m), (n,I,m|z =(=1D"(n,1,m|

Thus the matrix element is equal to zero for I'=1+1 since

(n',I',mT>

n,l,m)=(n',I',m|#T>%

n,l,m)= (D" (n,I',m T

n,l,m)

Finally we have the selection rule;

(n',I',m[T®

n,I,m>¢0f0r m'=m+( and for I'-1 =+2,0

10. Formula

[3,. T8 = Jk(k+ (KL, |k Lk, g+ )T
with

p=0,+1,-1.
((Proof))

We start with the formula

[J,,T8O1=ngT®

[3,, T 1=nk —q)k +q+DTX

+2'q q+l1

(3. T¢0] =tk + a)(k =g + DT,
Using the Mathematica for the Clebsch-Gordan co-efficient

<j1> j2’m1’m2|j17 I j,m>

we get

17



<k,l; 9,0

kal;k:Q>:<j1 =k, jz =Lm =q,m, :O|j1 =Kk, jz :l;j:kam:q>
_ g
JK(k+1)
KLk,g+1)=(j =k, j, =Lm =q,m, =1|j =k, j, =L j=k,m=q+1)

_ Jk-a)k+q+1)
V2 Jk(k +1)

(k.1;0,1

<k,1;q,—1

k,l;k,q—1>=<jl =k, j, =1L m =q,m, :_1|j1 =k, j, :l;j:kam:q_1>

sesy (K + (K =g +1)
ﬁ\/k(k +1)

_Jk+k—g+1)

- V2. Jk(k +1)

since Kk +Q is assumed to be integer.

= (-1

((Mathematica))
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Clear["Global +"];
ClebschGordan[{k, g}, {1, 0}, {k, gq}] // Simplify[#, k>1/2] &

[ d kzg&&k+g=0
U r (14X =4d 4=
L 0 True

ClebschGordan[{k, g}, {1, 1}, {k, g+1}] //
Simplify[#, k>1/2] & // FullSimplify

[ - - k=l+g&tk+qg=0
= |I k (1+k)

2 | ——
\ k—kz—q (1+q)

L0 True

ClebschGordan[{k, g}, {1, -1}, {k, g-1}] //
Simplify[#, k>1/2] & // Factor
[ (—172 (k+g) .'IM
' Yo kek?
¢ — k=g&tk+qg=1
W2
L0 True

fl[x ] := ClebschGordan[{1, -x}, {1, x}, {1, 0}] // Simplify

£1[0] + £1[-1] + £1[1]
0

Then we get the formula

[3,,741=hqT,

= k(K + D) {(K,150,0[k, sk, )T

[J,. T¥1=hJk -k +q+ DT Y

g+l
= —hy2k(k + (K, .1k, Kk, g + T

g+l

[, TO1=ndk + )k —q+DTY

= i(=1)* 2k (k + (k.1 0,~1

We assume that

kala ka q - 1>T\q(_kl)
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fl 1 > . 1 o o A A A

J=--=0, +1))=—==1]_, J, =—70,-1J)=—FJ_

1 \/5( X y) \/E + 1 2( y) 2
Then the above formula can be rewritten as

[J,.,T01=nyk(k + 1){k,1;q,0|k,;k,q)T

(3. T O =k + D{k.L a1k Lk, g+ 1T

A A 1 A
[J..T] =—2h\/(k +q)(k—q+DTY

5
=n(-1)"* P Jk(k + Dk q,-1]k Lk, g - T
= n(Jk(k + D (k1 0,-1] kL k, g - 1)T®

11. Projection theorem (Wigner-Eckart theorem for a scalar product J- I})
The projection theorem for the tensor of rank 1 is given by

J-TO =% (-)*J T,

q

1) Decomposition theorem:

ot D) s _ <j"m'|jq(j'T(l)) J9m> |
(P Gm) === sy % (1)

2) Factorization theorem:
(inm3 (7 -T) jm) = (' m'd [ Gom) < LT -7V > 2)

3) Decomposition theorem of the second kind (the projection theorem)

bm)y<jllJ- T j>
R j(j+1)

(i,

j.m) = 5 3)

<jv’ mvl'l"\q(l)

((Note)) The expressions for the vector operator \7q insteads of 'fq(]) ;

(i,

LLismy<jvii>

a; j,m)=(j.;m,q

20



with  (j,1;m,q

j.l; j',m') oc ClebschGordan[ { j,m} {1,q} { j',m'}]

<j'9m'|jq(j'l}) Jam> .
R j(j+1) M

(imV,

j.m)

(i"m'[3,(J-¥)

imy=(iLmd, imy< j i1V >,

<l -vi>
P+

{Jnm,

(inm,

j,m)

12. Proof of the decomposition theorem
The matrix element

A

M = (jr,m|3, (7 w3, (3,7,

j,m)

jam> = Z(_l),u<jv’

U

Here we use the commutation relation,
I f W, F 3
I T, =03,,T,,71+T
Then we get
M =(j,m[J,(J-T) j.m)
_ o] Wy T M7
= 203 m )
)7

)+ DA m 3 (3, T, D) 5. m)
i

We note that
[3,. T8 =k + D (KL, |k Lk, g+ ) TE)
Forq=-gand k=1, we have

[3,. T 0= V2 (1L, |11k, 0T

Using this commutation relation, we calculate the second term defined by
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1,1;,0)

js m><191;_,u9/u

z(_l)#<j'=m'|jq ([j#,-l'-‘_ﬂ(l)]) j’m> — \/EZ(_I)/t<jv’mv|quo(l)
u u
=2(j,m|3,1,"

=0

1,1;1,0)

j > m>z (_ 1)# <1,1;—/,l, H

"

where

D (=D (L=, p| 11,0y = 0
7

(We check the final result using the Mathematica). Then we have

M=>D“(j,m[3, T "3, |j.m)
)7
Noting that
<j"m' j/l j’m> = é‘j,j'ém',mﬂz<j9m + /’l|jy| j’m> . (;U = 1:09_1)9
we obtain
<j"m' j/t j’m>:51,1'5m',m+#<j’m+'u|jﬂ j’m>
:§j,j'5m',m+,u<jal;m:,u|j:l; j,m+/,l>< J ||j|| J >

i mm+u

L j.m+ )
using the Wigner-Eckart theorem, where
<JI I j>=n/iGi+D).

i-m)=(ism,al it jme+ g O] )

(J.m+pfT"

Pl gme )i Q) with TO =3

(Bom+ud,[i.m)=(iLm.q

U

Then we have
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(3,03, m) = 3 ) 35 m-ait O el 5. m)

= (mJg| 3 m=a)(itm=afT, | j.m-+ w0, .m)
= (3|, m- ><J'm+ﬂj Jm><J m-q[r., )
= ma{ 1M ~a)(J; m)(imir, )
_5mm+q<1’m q B >< ) uldo >

x < Jm+ =] Bl jLm>< JUTO ) j>
= SV GHDA TG D < JITO N 5> (jLm=
<Jalam+ﬂa_ﬂ 'a ><7 7 ) >

j|,1;j|,mv>

Here we note that

=D*(jl;m,

.m)

oL B m+ ) =(jhm+ u—p

(see the proof of this equation below). The sum over x is

1
2 2

><<j,1;m+,u,—ﬂ| Bk j:m>
=5

Z(—l)”<j,1;m+,u,—ﬂ| J’L J',m><],1,m,ﬂ| J’L j’m+'u>zz< .’ >
7

U
N}

(from the condition of orthogonality), where we use

Z<j1aj2§m1

m;,m,

m, j1aj2;jam><j19j2;m1 m, jlﬂjz;jvom'>=5j,j'5m,m'

Lk imy < JUTO >

(1

> mm+q<jak;m9q

(3,3, 1) =8 1Sy AN TG +HD(Gdsm, | 1.1 ' m+ p)
Then
(j.m+q3,T O3 | Lm)=n[j(j+ D16, 5 < MITONj > (j.m,q] L j.m+q)

Here we put
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m'=m+q

we have the form such that

<j',m'|jq'|:7#(l)jﬂ

=% j(j+ 1 ; (it m[T"] j,m)

Then we get the final result

<j'am'|jq(j'i(1)) Jam>
— o .
R j(j+1) &

<jv’mv|-|'-\q(1)

j.m) =

((Note-1))
Proof of

(B, ] L j,me+ ) = (CD*( LM+ =] 15 j,m)

(om+ p 3, 5om) =G+ D(m, a1 j.m+ )

When u is changed into -4,

<j:m_lu|j—/4 j7m>:h J(J+1)<Jalama_,u|Jalajam_/u>
Whenm'=m- gz, orm=m'+ g,

(mp,

om+ ) = Ay JC+ D (LM - p| L j,m')

Replacing 4/ into 4,

(om[3_ | Jom+ ) = A JG+D(Glm + -] .1 j.m)
Here we note that
3=, o Ju=013,)

24

my=nj(j+ D8, < JITO I i>(j.Lm,g

joljmy)



Then we get

(bm_fim e+ a2 = D(Gmp3, 1.+ )
=T+ D (jm+ -

jol; j,m)

Then we have

(im|3, [ im+ a)=(im+ ufd,|j,m)
= (0!G +D(m+ =gl j.L; j,m)

Since

(om+ )3, om)=(im+ 3, | §,m)’
from the definition, we finally obtain the relation

(Jom+ pld | 5,mY = (025G +D{Glsm + =] j.1; jm)
or

(Blm, g JL; jom+ g = CDAClm+ g=p] 1 j,m)
((Note-2))

We show that

D DALl 1] 1,151,0) = 0
u

using the Mathematica.

((Mathematica)) We use the Mathematica to calculate the Clebsch-Gordan coefficient.
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Clear["Global +"];

ClebschGordan[{1, -1}, {1, 1}, {1, 0}]
1

V2

ClebschGordan[{1, 1}, {1, -1}, {1, 0}]
1

V2

ClebschGordan[{1, 0}, {1, 0}, {1, 0}]
0

Sum[ (-1)* ClebschGordan[{1, -u}, {1, 1}, {1, 031, {u, -1, 1, 1}]
0

13. Proof of the factorization theorem

(j.m3,(J-T™) j.m)

)= (3 )l 70

i
We use the fact that J - T is a tensor of rank 0 and

(j".m"|J-TP jm)y =8, S < FIT TV j>

ju’j m",m

Then we have

(jm|3,(J-T)

jm)= (0 m {3 §"m")S ;e G < JI-T [ >
j"me

:<j'7m'|jq j7m>< J ||j'T(1) || J >

14. Proof of the theorem III

<j|,mv|jq(j,T(1)) J,m> 5 |

R +1)
(3 my< i -0 i>
m i+ b

<j|,mv|fq(1)

j,m) =
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15  Calculation of the reduced matrix <j'”f : “ i)

In the projection theorem

<nmm”Lm=““ﬂ%22;T51mM>jJ
we put
T =3,
Then we get
(g m= SR 5
.

<IN i>=6, m i+

16  Calculation of the reduced matrix ( j ”j “ i)
In the Wigner-Eckart theorem,

(imf ok =1 P

1)

j7m>:<jak:1;m:q

we put
T =J,, @=0)
T = J

Then we get
(m3o|ism)=(j.k=1;m,q=0 j,kzl;j,m'><j”f“j>

Here we note that

(j',mJ,

j.m)=mas,.J, ;

m'm'™~j,j'
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<J7k_ S1HLY =

k=1 j,m)=

m_ s
NTTED

Then we have

R

or

(i[d]iy=niC+D)

((Proof))
The proof of the formula

m

VIiG+D

<j7k_ st —

k=1;j,m)=

is given by Mathematica as follows.

((Mathematica))
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Clear["Global "+"]1; CCGG[{j1_, ml_}, {j2_, m2_}, {J_, m_}] :

Module[{sl},
sl = If[Abs[m1] < j1&& Abs[m2] < j2 & & Abs[m] < j,
ClebschGordan[{j1, m1}, {i2, m2}, {i, m}], O11;

Jl=1;
ml

Table[{ml, CCGG[{jl, ml}, {1, O}, {jl, m1i}1, —}
Vi1l (Jl+1)

. N1, §1, -j1, -1)]

1 1 1 1
1, —, —1, {0,0,0}, {-1, -—, -—
jl=2;
ml
Table[{ml, CCGG{jl, ml}, {1, O}, {jl, m}], —————1}, {nl, ji, -j1, -1}]
J1(gl+1)
2 2 1 1 1 1 2
2, = .. = ts41y, —, —{, {0,0,0}, {-1, -—, -—}, {-2, - N
2. /55 1 1 @@}{ b { NS ﬁ}{ J3
jl=3;
ml
Table[{ml, CCGG[{jl, ml}, {1, O}, (j1, m1}], —— 1}, {m1, j1, -j1, -1}]
Vil (g1+1)
3 V3 1 1 1 1
3, —, — .12, —, —— {, {1, ———, ——+t, {0, 0, O},
{{22}{@@}{2323}{ }
1 1 1 1 3 3
1, e, e, {2, =, =}, -3, -2, Y2
{ 273 zﬁ} { 3 ﬁ} { > >

17. Landé g-factor
The magnetic moment is defined by

= —%(I: +28)

The total angular momentum is

A

J=L+S

The expectation value of the m-th component of the magnetic moment u can be obtained
from the projection theorem (decomposition theorem of the second kind, see Rose),

In

om)y<jllJg- T j>
Rj(j+1)

_,m>:<j,m|jq

(3. mfT,"
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Then we get

o <jIalli> s
J’m>_ h2](]+1) <J’m|Jq

(1-mla, ; j.m)

Now we have
i G =528 (s §) = —Ho (i 4287 430§
a-J= h(L+2S)-(L+S)— h(L +28°+3L-8)-
and

J =’ +8*+2L-S

or

ﬁ-.i=.i-ﬁ-:—%[i2+23‘2+%(j2—iz—Sz)]-
and
<jlJ-allj >z—%h2{l(l +1)+25(s+1)+§[(j(j+1)—I(I +1)—-s(s+ 1]}

Then the expectation value of the magnetic moment along the z axis is

, <jlT-alli>,. s

9m - . . am\]

i-m) Ri(j+1) (mp,
Hy m7

= _YWTQ {1+ +2s(s+1)

+§[(j(j+1)—|(| +1)=s(s+ D]}

<j9m|:[lo j’m>

Hg i _
2j(j+1)[3(1(1+1) I(1+1)+s(s+1)]
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since j,m> 1s a joint eigenstate of J*, I, §*, and j0=jz with eigenvalues

R j(j+1), R’l(1+1), A’s(s+1), and #m , respectively.
Here we introduce the Land¢é g-factor as

9,48 Jj

n= 7

Then we have

jm) ===,

h=—mg, tg

j,m>:_ gJ:B m

(3.m|a,

and

3 s(s+D)-I(+1

g, =3, SEHD=10+D
2 2j(J+1)

18. The expectation value of S,

Since

¥ 12 Q2 7?12, Q2
§.J=8(i+8§)=§+i §=§ 4L L5 _J-L+S

2 2
we get the expectation of S; as
R <ilT-Sli>,. iz, .
,m|S,| J,m) = — ,m|J,[; J,m
m# S
=———h +D) =11+ +s(s+1
74D O+D =10 +D+s(s+1)]
=m_h[1+ s(s +.1).— I(1+1)
2 1G+1)

where we use the projection theorem.

19. Spin-orbit interaction: example of equivalent operators
The idea of operator equivalents finds applications in many branches of physics. As
one of typical examples, we consider the effect of the spin-orbit interaction.

N
Hso :Zé(r.) -8 =AL-S
i=1
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where A is the spin-orbit interaction constant. We use the equivalent operator

(3,m'[J,|3,m)

nJ(j+1)

(j,mT" <jITOYj>

j,m)=

for the rank-1 tensor (vector): operator equivalents.

Long . _ e <L||§(ri)i||L>, \ <S|s|S>
(LM ;SM'E@)E - 5| LM S, M) = [[(LM'|L|LM ) LLeD ][(SMS|S|SMS>—h S(S+1)]
~(Lsnijuysiils) L), (S LIS

AJL(L+1)  7S(S+1)

If we sum over all the electrons (i) , we get

<LML';SMS'|HSO|LML;S,MS>=<LML';SMS'|Z§(11)ii -§|LM;S, M)
(LMJE|LM,) (SM|s|sM,)
mJL(L+1)  7yS(S+1)

s[s)

ACEGUINE

Noting that

(LM _";SM¢'|Hgo|LM L;S’MS>=<LML';SMS'|1LA.S‘| LM,;S, M)
= A(LM'|L|LM )-(SM,'|$|SM)

Then we have

S;

AMLMJLILM ) -(SM'|8|SM ) = Z(L”é(ri)i

L)Y(S|s:[S)

ALMUE[LM ) (SM,'[S|SM)
AJL(L+1)  7yS(S+1)

or

S;

(Llgai|L)(ss]s)
=
= 1>\ JL(L+1)4/S(S +1)
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20. Magnetic form factor
Here we use the projection theorem,

<jllJ-V|ij>
R j(j+1)

(3w,

jom) = (jrmlJ,

j.m’)

where J -V is a scalar so its expectation value is independent of m.
I}:Zeik~'}r§‘/:zfv§v j:S|d ZZ§V

where the atom site is denoted by j = {l, d}, and vis the vector connecting atom at the
site {I, d} and electrons surrounding the nucleus. We also put

A

for the simplicity. x is the wave vector. S, is the resultant spin determined from the
Hund rule. Then we get

JV= (Z fv§vj-sId =8, -(Z fsJ .

Here we use the projection theorem,

<AISq D f.8, 114>

A)=(A|8,s| A)

(21,8,

hZS(VS +1) (1)
= Fy (w)(A']S)g| 1)
where

<AlS8e- D f8, 14>
Fd(")z

h*S(S+1)

is called the magnetic form factor. It is obtained by the Fourier transform of the
normalized spin density at the site j (or denoted by |, d).

21. Quadrupole interaction
Using the Wigner-Eckart thorem, we get
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(imy

m)=(jk=

for -fq(kzz) = Qékzz) (spherical tensor of rank-2)

ik =2; j,m)(jlQ"

1)

and

j.m) = (i,

In this last equation we putm'=jand m=j

(jom Wil i)

jL,k=2m=

(m'= jQgs7 m=j)=(ik =2m= j.q = = i)ife*|1)
Then we get
<j(§““2)|j>=< (i m—J :j_> -

=)

Using this relation, we have

><Jm—1 m=j)

)= 12K

{1y

<j,k 2,m j>
1 (ik= =2;j,m)
_2eQ<j,k:2;m— .= j,m'= j)
where we define
(j,m'=jlQYj.m=j) = Leq
2

i, Summary: formula

Gomd ] gm)y=(ismp|jk=1jmy< jI1J | j>
=8| Onmen ] SN

J i Cmumep

_5115m m+y\/j(j+1)<-’ PR

m=5

m',m+q< >TY s

b b

Jols jtm+ )

(.t NSO I )
[3,.797=Jk(k + D (k.5 q, x|k, k, g+ p) T
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[3,. T 01 =2(LL~p, | L1 k,0)T,"

D" (hlsm, a] 1,15 §ome+ g = (Glsm+ =g j.1; j, m)

<IN j>= 6, hi(j+1)
J-TO = Z(_l)q jqf,q(l)
q

m

S
VIiG+D)

<J7k zl;m,q =O|J,k :l;j,m'>=

(il]i)=nii+D

JV]im)=n{j(+D < jIVII>>

(3.m

JVm)=<jlI I i><jIVIl]>>

(3.m

The construction of tensor with rank k

T =3 (K Ky 0 Gy K, Ky K, g X W20

IR

Decomposition theorem

<j',m'|jq(f-T(”) j,m)
— O
P+ "

<jv,mv|-|'-\q(1)

j,m)=

Factorization theorem
(m'[3 (- T jom) = (§'m 3| m) < jIJ-TO | j>.

Decomposition theorem of the second kind (the projection theorem)

{nmp,

om)< [TV ] > 5
R +1) W

<jv’mv|-|'-\q(1)

j,m)=
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TOM T =2, 01, @
q

<L',Jz';J'm'lf(k)(l)-f(k)(2)| iis Jps J,m)
mm ]]( 1)]1+12 Jx‘\,lzjl ‘\[2J2

<HITOO G >< BT 5 >W s b By’ 52 5K

Equivalent operator

> J”-pk)"J

() WJ(JH)

)13

(3. Mg

)=0;

A<k)"\]>_
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APPENDIX

A.1. Orthogonality condition

The CG coefficients form an unitary matrix. Furthermore, the matrix elements are
taken to be real by convention. A real unitary matrix is orthogonal. We have the
orthogonal condition.
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iis bs om) = (i s mumy| Jis o Jom)

<j1’ Jos JsmM|p jZ’ml’m2> :<j17 Josm;,m,

Closure relation

(Ji» jo3m;,m, J'l,J'z;ml',m2'>=%,<jl,J'z;ml,m2 i 32 BB oz Jom| s Gosmy,m,')
=2<il,jz;ml,m2 B 3o BB Bsmymy |y, Jys Jom)
or
jzm<j1,j2;m1am2 Jio o3 M)l Bosmy s my s oz Jom) = 6, 0 S
Similarly,
(Js o Jom J},jz;J',m'>=§<h,jz;j,mljl,jz;ml,mZXL,jz;ml,mzljl,jz;j',m'>
=2<jl,jz;ml,m2|jl,jz;j,m><jl,jz;ml,mzljl,jz;j',m?
Z5, 60
or

Z<j19 Josmy,m,

m;,m,

j1a jz; jvomv> = 5],]'5m,m'

jp jz; jam><j1a jz;ml’mz

As a special case of this, we may set j =], m'=m=m; +m,.

2.

<j1,j2;m1,m2
my,My

m=m, +m,

j1> jz; j>m>‘2 =1

which is just the normalization condition of | IR m> .
A.2. Clebsch-Gordon series

Dy (D (R) = D (k;.k;50,',0," kiskos k", q) DY (R)

k"q"q"

k]akz;kuaq'><k19k2;q19q2

((proof)) Sakurai Modern Quantum Mechanics
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Dy (RIDLL(R) = D7 (dis B3y i, Jos Bm){dis Josmysmy | i, o3 .m)DGR(R) (1)

j,m,m"
We start with the notation given by

Djl . Dlz = Dj1+jz + Dj1+jz_1 oot D|J-1_J-2‘

This means that a similarity transformation must exist which reduces D; xD; to the
block form

D|jlsz|(|i) 0 0 0
0 Dy u® = 0 0
D|J‘1+j2_1(li) O .

0 DR

First we note that the left-hand side of Eq.(1) is the same as
<j1> jz; mls m2 |F§| j1» jz; m]'9 m2'> = < j]a m1 |F§| j1a m] '>< jz» m2 |F,é| jz: m2'> = Déflr%l(Fi)Dr(nJ;nL(F’é)
((Note)) This expression can be understood from the following consideration.

X i . TP i . i .
R(0)=R,(0)= exp(—%HJ )= exp[—%ﬁ(\]]y +J,)1= exp(—%HJ,y)exp(—%HJzy)

. I3 s s
<Jl,Jz;ml,mz|exp(_%0‘]1y)exp(_ge‘]2y)|J1,Jz;m1';m2'>

= < Ji,m, |exp(_%‘9j1y)| Jismy '>< Josm, |€Xp(—%9j2y)| Josm, '>
=D{) (0)D:) (6) =Dy (R)D:) (R)

This matrix element can be also calculated as
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,|R

<j1v Josm;,m b jz;m1"mz'>: . Z<Jls jz;mlamz| Jis Jas j,m><j1, Jos j,m||:\3| Jis s j',m'>

jm.j,
X jnjz;j'm'|jnjz;m1'm2'>
= Z<j1,j2;m1,m2 jlsjz;jam>DrE1jnz'(Fi)5j,j-
jom, j,m'
X jlajz;j'm'|j1’j2;m1'm2'>
= Z(jl,jz;ml,m2|jl,jz;j,m><j1,j2;j,m'|jl,jz;ml'm2'>D,ﬁ1jm),(F§)
j,m,m'

= 'Z<J‘1, jz;m1’m2| Jis Jas j,m><j1, j23m1'm2'| Jis Jas Jam>D§1’rﬁ(F§)

j,m,m’

using the closure relations. Note that all the Clebsch-Gordon coefficients are real.

A.3. Formula for tensor product
We define

TOMTY@ =207 0T, )
q

which represents an interaction between two independent subsystems 1 and 2. Here we
discuss the matrix element of the type

(3 3 T M- T9Q) Jis Jy3 m)

where T®(1) is the tensor operator of the rank k for the subsystem 1 and T®(2) is the
tensor operator of the rank k for the subsystem 2. Here we note that

|j1>j2; j>m>: Z| b jz;ml’m2><j1’ jz;ml’m2| Jis dos j>m>

m;,m,

and

|j1', b j',m'>: z

m, 'sm2'

I jzv;ml'amzvle'a jz';m]'9m2'| [T I j':m'>
By using these, the matrix elements becomes

<j1', jz'; j'm'|f(k)(1)'-|:(k)(2)| j17 jz; Jm> = Z(_l)q<j1'a jz';m1'am2'| jlva jz'; jvam'>*<j17 jz;m1am2| jla jz; j’m>
q.m;',m,’

><<j1', jzv;ml'sm2'|fq(k)(1)f_q(k)(2)| P jz;m13m2>

Here we have
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(g sm,m T OT @) s dpsmmy )y =(m [T @) um ) my T @) §,.m,)

since two factors operate in separate decoupled systems. According to the Wigner-Eckart
theorem,

(im0 dmy) = (ks g

Lk i mY < i ITOO |, >
(", [T @) §pomy) = (i ksm,,=a ju ks 1y m, ) < T 1, >

Then we get

Gy dsmymy T OT, @) s dosmemy) = (o ksmy gl ks 5 m s, ksmy,—al dyu ks J,'m,)
<JNTOON b >< BLITO@) i, >

Using this relation, we have

<j1',jz';j',m'|-|:q(k)(1)-|:-q(k)(2)| jl,jz;j,m> B T Y PR o
T 5 < LITO@ N > e 25 RB5 1) (e i s
X<j1>k;m1=q|j1:k; jllam1'><j2=k;m2:_q|jz:k; jzvam2'>
= 2 (05 a0 m s Bt my s dasmema i s . m)

m;,m,

X<jl’k;mlaq| jlak; jl',m1'><j2,k;m2,—Q| jzak; jzlam2'>

since

<j19j2;m19mz| Jis o j',m'>* :<j1= j2§j'am'| b jz;m17m2>

(0B 1m0 - TOQ) b by §om O S
A O T o TP s = 0 B 0 i 3 s )

my,m,

X<j1,k;m1’q jlﬂk; j1'9m1'><j2’k;m25_q| jzak; jzv’m2'>
= 5m’m' Z(_l)ml'—m1<jlv, jzv;mlv’ml_mlv| jlv’ jzv; jl,mv>

my,my
><<j1, jz;mlam_m1| jl: J29 J:m><Jlaka mlaml'_m1| jlﬁk; j1'5m1’>

x(Jokim=mm —m| j,.k: j,',m-m,’)
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We may also apply the Wigner-Eckart theorem to the entire matrix element

(j'm| ;M) =6, 6, (s )
<JITOMm-T9Q)j>
=m0 <JITOM-TOQ)j>

where
(i )=

Using the above two equations, we get

(1 55 Im T -TOQ) s b 3m) = 6wy < FITOO N >< BITO@ I ), >

m.m~ g, j’
Z( l)ml m1<Jl :Jz ’m m ml |j1"j2';j'am'>

<Jl=12>m m-—m |jlsjz;jam><j1=k§m1:m1'_m1|jlak;j1'9m1'>
X<J2>k;m_m1=ml_mlv‘jzak;jzv’m_ml'>

=S <TG >< LITO@) N, >

m,m'“j, j'
Z( D™ gy m L mem | g gy mY)

(Jl,Jz,m m—m,|j,, jo; L-m)( ksm,m'=m | ks j,'.m,")
><<Jz,k-m—m1,m -m,'| j,.k; j,',m-m,")

S0y~ T X 2]+ 1,[2 ), '+
<HITOMI T >< BLITO 5, >W s Js i 525 1:K)

or

(3 55 MO -TOQ)| By, oz 1o M) = 80y (DT %2412, +1

<HITOON 5 >< BT b >W s by i 125 1.6

where the Racah coefficient W is defined by (Tinkham, Rose)
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(_1)‘]1"]2‘*’] mm /e . L .
_1 I ! 5 5 D - D 5 )s
2j1v+1)(2 j2'+1) m%'( ) <J1 Jo>m;, M m1| Jis )2} m>

W(jl’ j2’ jl" jz'; Jak) = \/(
X<j2’k;m_m1’m1 _m1'| jzak; jz"m_mlv>

X<j1ak;m1>m1'_m1| JisK; j1'am1'>
{

(IS Bt m=mL g gy j,m>

A.4  Wigner 3j coefficient

The Clebsch-Gordan coefficients are sometimes expressed using the Wigner 3j symbol,

ok
m m, —-m

Connection among these two is given by

<j1’j2;m1’m2|jlajz;j’m>=(_1)jl_j2+m\/m( " J j

m m, -m
or
ook =(_1)m—jl+j2 <j19j2;m1,m2|j19j2§ja—m>
m m, m \/2] +1
They have the symmetry

<j19 jz;m19m2| Jis s j,m> z(_l)jl+j27j<j2> j1;m2am1| Jos 1o j,m>

A.5  Property of the Wigner 3j symmbol
We have that an even permutation of the column leaves the numerical value
unchanged

ok B (B b B _(B
m m, m) {m, mi m) (m m m,

An odd permutation is equivalent to multiplication by (=1)"**%
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(_l)jl+j2+j3 jl j2 j3 — j2 jl j3
m._.m, m m, m m

(b ko

ml m3 m2

(B L

m3 ml ml

We also have

[ P :(_1)j1+j2+j3 Ji I s
m m, m, -m -m, —-m,

A6. The orthogonality property

Z<j1’ jz;mlam2|j1’ jz; j,m><j1, jz;ml

j.m

m,’ jlajz;jam>:§ 0,

m;,m; " 'm,,m,’

<jlnjz;ml,m2|j1,jz;j’m>:(_1)iriz+m\/2j+1 Lk J )

m m, —m
. ' (I Ji—Jptm D] J J J
<J15J2;m1 ,M, |JI’J2;J’m>=(_1)j | 2J+1(mll mzz _mJ

5’“1’"‘1'5’“2:”‘2' - Z<j1’ J2’ j’m

5,m

_Z( 1)h- Jz+m 2j+1 ( J J( 1)~ Jz+m 2j+1 (J Jz‘ J
m' m
]

Jis j2;m17m2><j]9 jz;m1'7m2'| Jis Jos j,m)

—m

_ 2j,-2j,+2m jz jz ]
germenfl AL
_ jz | bk jz ]
ol 2 A4 k)

Similarly, we have
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95, i Omm = Z<j1’ j2;ml’m2| I 1s j,m>< I jz;mlamz| Jis 123 j',m'>

=(2j+1>m§2<—1>2j'“”'”*"”'[ri r:1 —jm}(ri njw —jr;fj
=(2j+l)m;2<—l>2j‘Wn{nj{ r:1 _jmJ(rfwll r:] —jr;w'j
=(2j+l>m§2(r:,‘] r:] _jmJ(ril] an —jr;]'j

((Note))

(_1)2 j1—2J,+2m — 1

(a) Suppose that j1=1/2 and j>=1. j = 3/2 or 1/2. Then m is a half-integer. m = 3/2, 1/2,
-1/2, or -3/2. Then ji1 - j2 + m=integer.

(b) Suppose that j1=1/2 and j>=3/2. ] =2 or 1. Then m is an integer. m=2, 1, 0, -1, -2.
Then ji - j2 + m=integer.

A.7  Mathematica for Wigner 3j coefficient
((Mathematica)) Calculation of the Wigner 3] coefficient

W3J[{ilaml}m{iz,mz},{js,ms}]*[r:ml] r:1 rﬂ
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Clear["Global +"]; W3J[{j1 , ml_}, {J2_, m2_}, {J_, m }] :=
Module[{sl},

sl = If[Abs[ml] < j18&& Abs[m2] < j2 && Abs[m] < j,
(_1)j1—j2—m
N2j +1

W3J[{2, 1}, {2, 1}, {2, -2}]

ClebschGordan[{j1, m1}, {j2, m2}, {j, -m}], Null”;

"\ 35
0

W3Jd[{2, 1}, {2, 1}, {3, -2}]
0

W3J[{4, 0}, {4, 0}, {0, 0}]
1

3

W3J[{3, 0}, {2, 0}, {3, 0}]
2

1/ 105

W3J[{j, -m}, {0, O}, {j, m}] // Simplify[#, Abs[m] < jJ&& Abs[m] < j] &
(-1)d-"

V1i+2]
A.8 Matrix elements of vector operator

Spherical tensor of rank 1

T _VX +iV, :_V_+
‘ V2 V2
To(l) =V,
TO :VX —Vy _v.
B 2 W2
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Using the Wigner-Eckart theorem, we have

<J,’M,|-Iﬁq(1) J,M>=<~]91;Maq J,I;J"M'><J'|‘f(k)‘|J>
where

P=3+1,3, I-1, M’ =M+q
Forq=1,

(J+LM +1fT"

I,M)=(J,5M,q=1

JLI+LM +1)(3 +1[T 0] 3)

:(_1)2(J+M)\/(1+J +M+1)(J +M +2)<J +1|\f<1>\|3>

2(1+3)(1+2J3)

I+ +M+DJ +M +2)
- 21+ J3)(1+2J)

(J +1”‘f(““J>

(J,M +1T"

J.M)=(J,5;M,q=1

1L3,M + 13TV 3)
:_\/(J ~M)J +M +1)<J )

f(l)

2J(J +1)

(J-LM +1[T,®

J,M)=(J,;M,q=1

13 =1,M +1)(3 - 1[T ] 3)

_ (J—M)(J—M—1)<J_1 )
2323 +1)

'f(l)

Forq=0,

(J+L,M[T"

J,M)=(J,5M,q=0

:(_l)wm)\/(\] -M+DJ +M +1)<J FfFa)
(23 +1)(J +1)

_ J-M+DHIJ+M +1)<\J +1”_|:(1)“J>
2JI+DI +1)

JLI+LM)I+1[TO)9)

(J,M[T®

J,M)=(J,;M,q=0
M

ENATOETTAY Ir19)

313, M)I T 3)
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(J-LM[T"

J,M)=(J,;M,q=0

AREVES RVSTREST) SR
:\/(J MO M gt o)a)

J(2J +1)
Forq=-1,

(J+1L,M -1[T 0

J,M)=(J,5M,q=-1

JLI+1L,M —1)(J +1

[3)

=(_1)2(J+M)\/(‘] -M+1)(J-M +2)<J +1”'|:(1)“J>
2(J +1)(2J +1)

_[a=mMeDa-M+2) fFo]ay
23 +1)(23 +1)

(I, M -1 0

J,M)=(J,5M,q=-1

:(_1)2(3+M)\/(J +M)J -M +1)<J
2J(J +1)

IR +1)<J
- 203 +1)

J,53,M -1)(J

[3)

f M

[3)

f(l)

[3)

(3 -1,M —1[T

J,M)=(J,;M,q=-1

:\/(J +M)J + M —1)<J ~1ff o))
2J(23 +1)

I3 -1,M =1)(3 - 1T 3)

Here we note that
(_1)2(.] +M) — 1
when J is either a positive integer or a half-integer.

A.9 Matrix elements of vector operator (J° =J)
We now calculate the matrix element with J° = J,

where M'=M +q

Forq=1
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(.M 41T, )=(JLM.I[J.1, )9)
O -MI+M+D) e
- J233+1) <J”T "J>
3 (It 3)
=(I,M +1|-==[J,M)—_L L
(.M +1] 2 >h JA+1)
For g=0
(J, )=(J.L M) 3)
M "
= qa:ﬁww*ﬂﬂ
L o)
’ JIA+1D)
Forg=-1
(3,M =1[TP[3,M) =(3,;M,~1]3,,3,M - 1)(3 [T ] 3)

203+M) \/(J +M)J -M +1) ] ”-Iﬁ(k)“J>

=D 230G +D)

j |9)

=(J,M =1|(-D*"M =g M)—L_L_°

o =D 2 >h JA+1)
:<J M J M>ﬂ
’ R WATEES)

where we use the relations

(J,

J I M)=nJ(3+M)JT-M +1)[I,M -1)

Y=1J(I-M)J +M +1)

(I,M 3|3, M)y=rM|I, M)
Here we note that

(_1)2(J +M) — 1
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when J is either a positive integer or a half-integer. Since

V, =21

Vv, =T"

V=21
we have

A.10 Operator equivalents
We start with

iy

Suppose that T" = J, . Then we get

J,M)=(J.;M,q

1L3,M )T 3)

(.M,

J,M)=(J.;M,q

3,159, M (3] 9)
or

(3, M +1)3,

J,M)=(J ;M1

3.3,M +1)(3'|]9)

(I, M3,

J,M)=(J,;M0

3.3,M)(3']9)

(I,M-1)3

I,M)=(J.;M -1

353,M =1)(3']] )
From the above equations we have the following relations
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JLILMNI[TOL3) (F)9)
LLIMNI)  (3]9)

(LMTTO,M)  (JLM.g

(3,M'3 3. M)~ (3,:M.q

or

In other words, 'fq(l) may be replaced by cJ . » the angular operator times a constant C.
T =i,

A.11 Calculation of the scalar product

D = VL ML -V

LMY= Y (LMY

M

=(I.MV,

(J,MN W_ J,M)

J,MNI,M'W_

I,M=1){I,M -1

J.M)

(3p)a) (o)

=(I,M[J.[3,M -1)}(I,M -1J_|3,M
(MM -1Q.M =103, >h\/J(J+l)h\/J(J+1)
(ILMN W [I,M)=> (I, MN _[J,MNI,M'W,[I,M)
=(3,MN |I,M +1){(I,M +1W,|I,M)
- A sy Q)
=<J,M|J_J,M+1><J,|v|+1|J_J,M>< ) | )
A3 +1) 13 +1)
<J,M[\70\/\703,M>=Z<J,M[\70J,M'><J,M'[\/\70J,M>
=(J,MN |3, M)}I,MM,[I.M)
=(I,M |3 |3, MNI,M[J |3, M) <J”I}"J> <J”W"J>

nJIQ +1) 1I( +1)

((Mathematica))

50



Clear["Global %"];
ClebschGordan[{J, M}, {1, 1}, {3, M+1}] // FullSimplify[#, {2J > 1}] &

(J-M) (1+J+M)
J (1+d)

V2

ClebschGordan[{J, M}, {1, O}, {J, M}] 7/ FullSimplify[#, {2J > 1}] &
o w
J (1+J)

ClebschGordan[{J, M}, {1, -1}, {J, M-1}] // FullSimplify[#, {2J > 1}] &

2 v
J1)2 @My | 222202
(-1) J+J2

V2

J+J%24+M-M2// Factor
(L+J3I-M) (IJ+M)

A.12

D™ Bsmyme=my G R T m) < dsme,m=my [ by §om)
(iksmem=my | ks ,tm ) x Gy ksm=my,my—my'| j,,k; j,',m—m,")

= (_1)m1'—m1 (_1)]1'-Jz'+m' /2jv+1£ h ' ) quj(_l)jl_jzmm[nqu ) J j
a 1

m,' m'-m,’' m-m, -m

, , ' K J,' , , ' K j,'
><(_1)]1—k+m1 m[r# i j(_l)jz—k+m—m1 M[ ) ) ]
1

m,'-m, -m,' m-m, m-m' -m+m’

= (=i iR o 12§+ 142§, 142, '+

% jl' jz' j' jl j2 J
m' m-m' -m)jm m-m -m

S ki h k j'
m m'-m -m'Jim-m m-m' -m+m'

(Wigner-Eckart theorem)

Appendix B Application

B.1 Tinkham
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where
_(_T\H
e, e, =(-1 5,,,4
Then the vector V can be expresses by

V=Ve,+Ve, +V,e,=-V e +Vie,-Vie => (-)V_e,
H

The scalar product of two vectors has the form

VW= (-1)""V_e, W e,

J7R%
= Z (—1)”+VV_#W_V (-D)* 5#,_‘,
J7RY
- Z(_l)#vfﬂwu
"

= VW, +V,W, VW,
=V W, +V,W, —-V,W_

B.2  Spherical Harmonics as rotator matrices

Using the relation

|9¥r>= Ii|r>

|n) = |%r)
~Rle,)
=R,(#)R,(0)e,)

= ; R,(#)R,(0)Im')Im'|e,)
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Then

(Im[n) =" (Im|R,(H)R, (&) Im')(Im'| e, )

Here note that

(n|lm)=Y,"(n) =Y,"(6,0)
or

(Im[m) =[Y,"(0,9)]

<|m|ez> =[Y"(0,4)] evaluated at &= 0 with ¢ undetermined. At 8= 0, Y,"(6,4) is

known to vanish for m#0. Then we get

(Im

e,)=[Y"(0=0,$)]5,,

- b coso=1)5,
4 ’
_ /2f+1§m0
4r

[Y,"(0.8)] =>_(Im[R,(#)R,()[Im')(Im'|e, )

s s Ne o [20+1
R@R,(OfIm)5,, == —(Im

20+1
2 %le

R,(#)R,(0)]10)

or
3 5 dr o m .
(Im[R. (/)R (0)10) = || 7" V" (@.4)]
Since
R.(¢)= expl—J.4]
we have

(Im|R,(#)R,(0)[10) = <|m|exp[—% J.4IR,(0)[10) =™ (Im|R (8)]10)
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or

*

efim¢<|m | ﬁy (9)| | 0> = %[Yzm (6, ¢)]
or

(im[R, @10)=¢™, | 2 v 0,9)]

B.3  Nuclear quadrupole field (Yosida)

The nucleus is not just a point, but has a finite size. If we define the nuclear charge
distribution function p(r)and the electrostatic potential due to the electrons around the

nucleus by V(r).
H = [ pr\V (r)dr.

where dr denotes the volume elements. Expanding V(r) about the origin, we get
v, 1 oV
H=2eV+) P(—),+—= i (oo T
0 Z ](axj)o Zszij (anéxk)o

Here Ze, Pj and Qjx’ are defined by

Ze = I p(r)dr (nuclear charge)
Pj = J‘ p(r)x J.dr (electric dipole moment)
Qu'= J- p(r)X;x dr (electric quadrupole moment)

The electric dipole moment Pj vanishes if the nuclear charge distribution has inversion
symmetry with respect to the origin, as is assumed here. The first term is the energy of
the nucleus when the nucleus is regarded as a point charge. Neglecting this term, we get

1 1
H, =H-ZeV, =52ij Vj
j,k
where
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oV
OX ;OXy

ij =( )o

The Hamiltonian Hq is the interaction of electric field gradient and the quadrupole
moment. We introduce the traceless tensor as

3Qll '_ZQii' 3Q12' 3Q13'
ij = 3ij Lé‘jk ZQii' = 3Q21' 3sz '_ZQii' 3Q23'
3Q31' 3Q32' 3Q33'_ZQii'

Then we get

SRRl b
with

Q, = jp(r)(sxjxk ~ &, )dr
Suppose that

p(r) =2 ed(r-n)

Then we have

Qj = Ze(3xijxik _§jkri2)

((Slichter))
We are in general concerned only with the ground state of a nucleus or perhaps with
an excited state when the excited state is sufficiently long-lived. The eigenstate of

I,m) with m =1, I-1, I-2,...,-1 21 +1 states). Then

we need only the matrix elements of the quadrupole operator,

nucleus are characterized by the state

<I,m'|(§jk

I,m)

According to the Wigner-Eckart theorem these can be shown to obey the equation

55



<mew

|,m>=c<|,m'|§(fafﬂ+fﬁlﬂz)—%l2 I, m)

where C is a constant. We will show you later how to derive this form.

The Hamiltonian is then given by

eQ 3 fal i ~ I 2
=——— > V [ 1 ,+1,1 )=0,1
Q 6'(2'—1); aﬁ[z( a'p B a) aff ]

We choose a set of principal axes such that

V,=0 for a # B

af

Then we get a simplified Hamiltonian

eQ ~2 ) 2 2 P2 2
H=——""— 3N -I1H)+V, 3, —-I)+V,_ (31, —-I)].
Q 6|(2|_1)[\/xx( X ) yy( y ) zz( z )]
Since
Vg +V, +V, =0 (from the Laplace’s equation)
we have
eQ r2 2 r2 r2
H="—"—""— 31, -1 )+ =V ), =1
Q 4|(2| _1) [sz( z ) (\/xx yy)( X y )]
We define
eq =VZZ
n :Vxx _Vyy
V

where 7 is called the asymmetry parameter and ( is called the field gradient. then we
have

e’qQ

Q=m[(3|z =I")+m,-1,7)].

B-4  (Equivalent operator)
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f1(2) :U1U0+ OUl :—l(U+U0 +UOU+)
2 2
UU +UU,) -
juU ig 040U 2 +2U
-fo(2) U1U 1+2U0U0+U71 1 2 0
G 7
ro Y000 1y L0 )
2 2
2 -1~ -1 _
2
o I P e I IR
T =—==—(,+il ), +il ) ="— L 4i—2Y VX
2 7 (x y)( x y B 5
T —_ L+l [ L+, i L1 +10
1 5 > 5
(T, waii? S
2 2 21,7 =L+ 1,7

—_—

or
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— =17 +20 = 6T

X

(1T 207 —i(TO® _TO®
Izlx—i_lxlz_l(‘l——l _Tl )

B.5  The operator equivalent

(a)

{1,mfT,_,*~

I,my=(l,k=2;m,q=0
3m% —1(1 +1)

(Thompson p.321)

Lk=21,m) <[ T2 1>

~ 10+ HE2I-D21 +3)

< T 1 >

P +00 )
_[ T +j+2|° I (I =m+1)(1 +m)
(1,m| 7 I,m>:%[— > +2m? +
_(I+m+1)(|—m)]
2
:%[3m2—|(|+1)]
where
(Lm+1|T,]1,m) = /(1 -m)(1 + m+1)
(L[l [1,m=1)= /(1 —m+1)(l +m)
(Lm—1|I_|1,m)= /(1 +m)(1 -m+1)
(Lm|i_|1,m+1) = /(I +m+1)(1 —m)
Then we have
<|,m|—('+'-;'-'+J+2f02 1,m)

(1,m[T "

I,m) =

<HIT®2 1 >

JIA+ DRI =D(2I +3)

The atomic spectroscopic quadrupole moment Q is defined by
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Q=(I1

1)
_ 312 =1(1 +1)
JIA+ D21 =121 +3)

_lel-h < T®2 1 >
(1 +1D)(21 +3)

<HT®2 1 >

which is consistent with vanishing matrix elements for | =0 and | = 1/2.

(k=2) (I+D21 +3)
<HITH > 1/—|(2|—1) Q

Suppose that

(1,m[T.2)

,m)y=c(l,mB31,> -1’

y=c[3m* —1(1 +1)]

((Equivalent operator))

Then we have

| mT. ®) _ 3m’ - I(1 +1) LT %2
([T ™1 m) \/|(1+|)(2|—1)(2|+3)< | 1=
_3m’ = I(1+1)
R TC ) Q
(b)
(1,m+2[T, % 1,m)=( Sm+2) < HIT2 1>
\/7\/(I —1)(I—m)(|+m+1)(|+m+2)<|HT(H)HI>
JIA+ D2 =121 +3)
and
(1.m-+2[L7|1,m) =31 NI )
=1, )1L,m+1|1,]1,m)

= J(=m=1)(I —=m)(I +m+1)(1 +m+2)

Then we have
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(©)

(Lm+1T_ “2lm)=(Lk=2mqg=1/Lk=21m+1)< I [T*> |1 >

~ 3 Ja-m{+m+1)
V2 I+ DRI -1)21 +3)

Cm+D)< T2 1 >

(I,m—l|—%| I,m>=—%[m<l,m—1|f_| L,m)+(m-1)(L,m-1|{_|I,m)]
=—%(2m—1)<l,m—l|f_ I, m)

1

—E(Zm—l)\/(l —m+1)(1 +m)

Then
(d)
(m-1T,__“?[,m)=(L,k=2;m,q=-1|Lk=2;I,m=1) < 1 [T* || 1 >
3 (I =m+D)(1+m) .
= (=)™ = am—1)< 1| T®2
Y 2\/|(1+|)(2|—1)(2|+3)(m )<t >
(I,m—l|% I,m>=%[m<l,m—1|f_ 1m)+ (m =1} Lm—1i_| 1,m)]
=%(2m—l)<l,m—1|f_|l,m>
:%(2m—l)\/(l—m+l)(l+m)
or
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(e)

(Lm=2T_,"“?[,m)=(Lk=2mq=-2|LLk=21,m=2)< 1 [T*? I >
z(_l)z(,+m)\/§\/(l+m—l)(l—m+2)(|+m)(|—m+1) LT 1>
2 JIA+ D21 =121 +3)
and
(Lm=2[i*[1,m)=>"(1,m=2|T_| 1,m")1,m'|[{_|1,m)

=(l,m=2[i_ [, m=1){l,m=1|i_[I,m)
= J(L+m=D)(1 —=m+2)(1 +m)(I —m+1)

or

where we use the relations

(Lm+1T,[1,m)= (I —m)(I + m+1)
(LLm=1]i_[1,m)= /(1 +m)(I —m+1)
(I,m[f,[1,m)=m

((Mathematica))

Calculation of the Clebsch-Gordan coefficients for the rank 2 tensors
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Clear["Global +"];

ClebschGordan[{J, m}, {2, 2}, {J, m+2}] // FullSimplify[#, {J > 1}] &
-1+J-m) (IJ-m (L+J+m) (2+J+m)
J) (-1+23J) (3+23J)
ClebschGordan[{J, m}, {2, 1}, {J, m+1}] // FullSimplify[#, {J > 1}] &

/ J (J-m) (L+J+m) (1r2m
1+4J (2+3)))

ClebschGordan[{J, m}, {2, 0}, {J, m}] // FullSimplify[#, {J > 1}] &

-J (1+J) +3m?2
VI (-3+3(1+4J (2+)))

ClebschGordan[{J, m}, {2, -1}, {J, m-1}] // FullSimplify[#, {J > 1}] &

|3 J (L+d-m) (J+m) C1.om
(1+4J3 (2+3)))

ClebschGordan[{J, m}, {2, -2}, {J, m-2}] // FullSimplify[#, {J > 1}] &
(J+m) (L+J-m (2+J-m) (-1L+J+m) (J+m)
J) (-1+2J) (3+213)

(-3+J (1+4J (2+J))) // Factor

(1+J) (-1+2J) (3+2J)
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T -0 = U
2
T® :U1Uo+ oY, :_l
1 > B

NG

-1 2 2
. A 1«
T®=U U, ,=-U"
2
where
. U, +iU U R
U, =- : t=——, U,
2 NG
or
IAx IAy + IAy IAx = _i(fzm _-Ic_(zZ))
R0 20 = JETe
(1 201 —i(TO®_T®
IZIX+IXIZ_I(T—1 _Tl )
((Comment))
T =22 =% -9)

Wigner-Eckart theorem
(1 mr @53

(1 m T

I,m)=(l,k=2;m,q=0

I,m)=(I,k=2;m,q=0

Lk=21"m)< 1| T@)< |1 >

Lk=2;1"m)> < TO< 1>
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((Slichter page 169 — 170))

The last term of the right-hand side is independent of m and m'.

C.1
(imlim) =ik =tm,q| k=1 j,m) < jI| T || j >
((Proof))
a =1
(3.m]3, | §.m) = T“ m'|(J, +id,)|§.m)
- (emld [ im)
= —J(j—m)(j+m+1)<", | )
J(J—m>u+m+1)5, O
(jlm.q=1]j5: j'= j,m'=m+1>:_l\/(i—m)(j+m+1)

CG
V2o G+ (€0

Then we have

<j>1;maq=1 j,l;j': j,m'=m+1>\/ J(J+1) ___\/(J_m)(J+m+1) :
b =-1

. 1 . A n

(it 1.m) = —=(itmld, -i3, )} )

1 . A
2305”" |j.m)
=%¢(j+m)(1—m+l)<':

-1)

[¢(1+m>u M+ 13 Oy
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2o (M) —m+1)
JiGi+1)

. c 1
<J:19m:q =-1 J:I;J': Jsm':m_1>:ﬁ(_l)

Then we have

(j.sm,q=-1

JL = m=m -1 + ) :%m Fm(j-m+1)

since 2( j + M) = even.

c =0
(omf3g|jomy = (', m'd, ] j.m) = madj',m| j,m) = mas,,,
. C mh
LEm,g=0] )1 )'= j,m'=m) = —
< ) ViG+D

Then we have

b= gom=m)/j(j+1) =mn.

(j.sm,q=0

C.2  Matrix of scalar
J -V isascalar

JV]im)=nli(i+) < jlIV] j>>

(im
where

JV=>(-)"3V,
i

((Proof))
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(. a>=Z&W@ WLM
—ZZ( 1)"< j,m")(j,m"NV >
—Z< j,m") 3, m"No| 3 m) = (3, m 3 [ §,m")( j, m"N
(1, "><Jm" j.m)]
=[{Jm[Jo] 3 m)(i.mNg| 1. m) = (. ~1)(i,
where
(i, >——i2¢(j+m)(j—m+1)
(j,m[J,| j,m) = mn
(i, )= [J(J—m>(j+m+1>
(imN, | j,m)=(], Lk=Ljm)y<j|v|j>
(1-mM,|1.m) = (j.k =1;m, k=L jm<jlIV]j>6,,
=Jﬁ<jnﬁnj>
(1, Jim)y={(j.k= K=Ljm+D<jIV]ij>
L g-m@g+m+D Lo
= ﬁJ ey <>
(, Jimy=(jk=Lm-1| k=L jm=-D< jI¥V|j>
_ L g+rmg-m+H .o
—ﬁ\/ ey <>

Then we have
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imld Pl am’ 1 G-m@+m+D 1(G+mG-m+D),
JamJ'Vjam :[%'i‘— —= +— AL <
< > ja+n 2 Ji(j+) 2 Ji(j+)

(omd Plimy=niG+D < j IV | j>>

(J.mlJ V] jmy=< jI [ j>>< V] j>>
where

<JIIJI j>>=nj(j+1)
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