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Wigner distribution function in the phase space is a special representation of the density
matrix. It provides a third, alternative, formulation of quantum mechanics, independent of the
conventional Hilbert space or path integral formulations. It is useful in describing transport in
quantum optics, quantum computing, de coherence, and chaos.

Here we discuss the fundamental properties of the Wigner distribution function.

1. Definition of Wigner function

The Wigner distribution function is a quasi-probability distribution function in phase space

(X, p) and is defined by

1 . i
W(x, p)=— [ dyy” (x+ )e™ "y (x - )
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W (x, p)=—[day"(p+a)e " y(p-0)

It is a generating function for all spatial autocorrelation function of a given quantum mechanica;
wave function y(X). We have different expressions forW (x, p), but these expressions are

equivalent to the above expression.
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Note
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We note that
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When we use p, = p+(Q, we have
2p-p=2p-(p+d)=p-q, P-P=-q

Thus we get
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where the Fourier transforms are defined as
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Formula:
jolpe—iyp =275(Y)

Using the density operator (which include mixed states), the Wigner distribution function can be

rewritten as
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A

1 ipy
W (X, p)=%je ! dY<X—1P

2

x+1>
2



When the variable y is replaced by y'= -y, the above integral can be rewritten as
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Note that the density operator is defined by

for the mixed state.
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and

p= |l//><l//| for the pure state.



2z Momentum space expression

Similarly, we have

W (x, p) =%qu<l/f| p+ale " (p-aly)
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3. Expression of the density operator

The density operator can be expressed by
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((Proof))
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In fact, we have the same expression such that
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4. Mathematica properties
(i) The function P(X, p) is a real valued function.

((Proof))
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i) [dpw (x, p) = (x[4|x)
If the system can be described by a pure state
[ dpw (x, p) =[(x|w)f

((Proof))
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(i) _I;dxw(x, p)=(pl3|p)

If the system can be described by a pure state
]ide(x, p) = K p|1//>‘2 .

((Proof)
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where
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(iv) J. dx Jde(x, p)=Tr[p]=1
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((Proof))

T dp deW(x, p)= po<p Alp)=Trlpl=1

—00 —00



) Time reversal operator
(X[0ly) = (x|) = (y|x).
Under the time reversal, W (X, p) = P(x,—p)

((Proof))
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(vi)  Parity operator
(xliv) = ()
Under the parity reversal [y (X) > w(—X))
W (X, p) > W (=x,—p)

((Proof))
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—— [y (x y)e Py (x- y)

=W(=x,-p)

(vii) Translation operator

(X[T_,

y)=(x+a|y)=y(x+a)
Under the translation operator

WX, p)>W(x+a,p)

((Proof))
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=W(x+a,p)
((Proof))
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S. State overlap

The state overlap can be calculated as

2ﬂhj dxjdeW(x, PW, (X, p)==Tr[p,0,]
In the case of pure states,

27 [ dx [ dpW,, (x, pW, (x, ) =Tr[5, 5,1 =|(w| 6
((Proof))
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J‘dpe2ipy1 /hezipyz/h _ IdpeZip(y]+y2)/h _ 27[5(2 (yl ;; yz)) _ 2”25()’1 + yz)
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We use new variables such that

X=Y, =X, X+Y =X,



or

Jacobian:

XX
oY) _|o%  ox|_|2 2|_1
0(x,%) |0 oy |1 1] 2

X, OX, 2 2

Then we get

I _J.dxj‘dx 8% ) (% [ 2a] %))
= J (x|, 4] %)

=Tr[p, p,]

=Trlly )w[6)0])

=[(w o)

6. Phase space average (/|G

V)

Operator expectation values (averages) are calculated as phase space averages of the

respective Wigner transforms

g(x,p) = [ dy<x—§‘e .

—00

y Py
>e i (definition)



<é> = <W |é|w> =Tr[pG]= JdXIdeW(X, P)I(X, P) (phase space average)
((Proof))

| = [ dx[ dpW,, (x, p)g (X, P)

_Idxjdp[—jdyle w <X—yllﬁw|x+y1>][zdy2< 5F

Py>
X+ y2>e "]
2
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1 % R A
I :%Idxjdyl[_{odyxx — Y |p1//|x + y1><x _% G
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= jdXIdyl<X -y |,by/|x + y1><x +Y |é|X - y1>
We use new variables such that
X=Y, =X, X+Y =X

or

Jacobian:
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Then we have

I _Idx '[dx

(%,[G|x,) = .[dx1<xl 15,G|x)=Tr[p,G]

pl//
Note that

Trp,G1=Trlly )y [G1=Tri{y [Gly)1= (v [Glw)

7. Expression of g(x, p) for the operator G= exp[% (oX+10)]

We calculate g(x, p) for the operator G= exp[% (oX +10)].

x+1>
2

i ioX i 70
exp( D) exp(*) exp(%p) X+

o
5 exp[%(ox +170)]

i i
-] dyexp(%)<x—§

9(x, p) = j dy exp("%y)<x Y

g

Y
exp( h )‘X+2>

Y.
)

- exp(—) j xp( )exp[—(x —%)]dy<x -2

—exp(—) jexp( )exp[ 7 (x %)]dy<x—%x+

- exp('%) ] exp(%) expl (¢ dys(y =)

= expl (T + pr+o(x—)]

or



g(x, p) = exp[%(ox + p7)]

((Note))
(1) The Baker-Campbell-Haussdorff theorem

G= exp[%(of( +10)
= exp(?) exp(%) eXp[%[f(, P]
= exp(%) exp(%) exp(%)

(i1) Translation operator exp(%)

”
exp(%)

x+1_§

x+2) =
2> 2

7. Fourier transform of the Wigner function



(6)=(w|Glw)
- <exp[%<oﬁ + zm>
= ” dXdX'<(// | X><X| exp(lijhT) exp(ﬂ) exp(£)| X'><X'| l//>
= exp( 25 ke expt 2 [X)(x|expt ) x) ¢
= exp('%) [] et exp(%)<ly| X)(x| x'—r><X'| w)
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= [dxexplC (x+ Dy (Op (x+7)

1 T
=|dxe "y (X——)w(X+—
I v (X=2y(x+)
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(6) =<exp[%(oﬁ+zﬁ)>

= dxe%w*(xl)w(xﬁ)

- [Jedpexp P2

=C(o,7)

———JP(x,p)

where
exp(%) is the translation operator; exp(%ﬂ X'> = |X'—z‘>

(X|x'—7) = 5(X—x—7)

75 Fourier transform of W (x, p)



”dxdpexp[ I(ox )]\N(X p) = .[dxe 7% (X——)l//(x+_)
((Proof))
] dXdpexp[( Pl (x. p)

_ |(O'X ), 1 * o Y\ ainy/n ¥y

= [ [ dxdpexpl n ]2ﬂhfdyl// (x=2)e™ My (x+ )
1 . y iox y _ip(y-7)

——ﬁh”dxdyt// (X—E)e h y/(x+5)jdpe h

—L“dxdy ‘= Dye r yxs Dy2ahs(y - )
s ARV,
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Wox Py = [dyy (x- e e 2
Thus we have
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8. The matrix element <X|é-| y>



The Wigner transformation is a general invertible transformation of an operator G on a
Hilbert space to a function g(x, p) on phase space, and is given by

o0 S n
g(x.p)= | ds<x—5‘e

s
x+§>e h (definition)
© ip(x=y) X +
[ dpe g(Ty, p)

- w ip(x-y) ps
:Ljds X+y_i X+y J.dpe h e h
2 4 272 T2)d

| =—
27 -

:ﬁid{”y % X;y 2>27zﬁ5(x y+s)
_Tds<x+y %GX;y >5(x y+5)
=(x[Gly)
or
b=y x+y

. 1 = .
<x|G|y>_%J;dpe a( p).

Hermitian operators map to real functions. The inverse of this transformation, so from phase

space to Hilbert space, is called the Weyl transformation.

9. Size of quantum state

When we consider two identical density operators, P, = P, = p and recall that

Tr[p*]1<1

where the equal sign holds only for a pure state. So we get from



27h[ dx [ dp[W (x, p) =Tr[p*]<1

or

1
e [ dx[ dptw (x, p)F

Note that the area A of X-p phase space where the function P(x, p) takes on considerable values

follows as

B 1
-~ [ox]dpw (x, p)1*

10. Upper bound of Wigner function

For the pure state,

Wox P = [dyy (- De e+ 2
= EI dyd (¥)#.(y)

1
=L (414,

where

ipy

Ly LY
#(y)= \/—e y (X ) $,(Y) ﬁW(X+2)

(4 w( - j|w<§)| dg=1




(616)= [l oy=[ dy= [enfdn=1

y

X+ =
w( 2)
These definitions allow one to estimate the Wigner function

1
W p) =14

With the help of the Cauchy-Schwartz inequality
(8] (8] 4)e]4) =1

valid for two normalized states |¢1> and |¢2>. The Wigner function of a pure normalized state

1
cannot take on values larger than prd

11.  Wigner function can take on negative value

For the case of two density operators p, and p, such that

Tr[,bllbz] =0

This relation implies
270 dx | dpW, (x, PIW, (X, p) =T[5, 4,1 =0

That is the product of the two Wigner functions integrated over the whole phase space has to

vanish. This condition enforces that the Wigner function W, (X, p) or / and W, (X, p) must take

on negative values. This surprising feature makes it impossible to interpret the Wigner function
as a true probability as a true probability distribution. Nevertheless, the Wigner function is useful

to calculate the quantum mechanical expectation values.



12. Derivation of the wave function from the Wigner function

(1) Fourier transform of W (x,, p)

2ip

[dpP(x. pe #

W(x,,8)

2ipy

2ip
2P 1 . <1y
C—Jayy e - y)

Il
—
o
o
D

1 \ 2
- %jdyt// (X, + Y)W (X, — y)27f5[g(5 -Y)]

——Jayy O+ Yy (4 - Ys(s - y)

=y (% + Sy (X —5)
where
1 * |
W(x, p)=— [ dyy” (x+ y)e™ "y (x - y)

X+ X —X+X
When X, = 20, S=——10

X+X, —X+X

W ;
3 2

D)=y () (X)
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W(x;xo —x2+x
w(x)= :
‘//(Xo)

")

b

(11) The choice of X, = X, and s =0 yields

(1)



W (%,,0) = l//*(xo W (X))

or

V() = ) @
w (%)
Using Eqgs.(1) and (2),
W(X-;XO ’—x; XO)
w(X)= P(.0) w(Xy) 3)

P is pure real while y is generally complex.

13. von Neumann equation in phase space (from Toda, Kubo, and Saito)

The equation of motion for the density operator;

Thus we have



A

0 y
at< 2P

Al
2 2| ot 2 h 2

_ipy
We multiply both sides by %e " and integrate over the variable y.

x_1>
2

ipy y
W (X, p)_—jdye h <x+2 yo)

The equation of motion:

AW (%, p) _ jdye - Y
ot 2

iy yl i
jdye h<x+5‘——[H,[)]x

ipy
VAP A
= 2ﬂﬁzj.dye h<x+5‘(Hp—pH)

x—J
g
We assume that the Hamiltonian H is given by

H =L|@2 +V (%)
m

2
(KIALAIX) = (X[ B V(015 AL B +V (R X)
Poo Tl
== )V 0=V X AI)

If we change the variables as

X'= X+, X'=X—-=



or

Using

0 _OX 0 8y6 léi

X oxox oX'oy 20x oy’

8_6X8 oy d_10 0

XXX ox'dy  20x oy

we get

s

2m ox?  ox™

)+V(X)=V(X")

__ I lo, 0, 1o 0y Yy _vx-Y

= [(2ax+ay) O 8y) NV (x+2)=V(x=3)
h2 0’

_ Yy _vixY
= maay+V(x+2) Vx-2)

Then we have

oW ipy vl 1 ., i e L 5 y
e L U S L B G B
) i u;y 2 52 v y v y VAR y
__z;z#j - iy (X+2) V(X=X +Jpx =7

We note that



A

ipy
jdye h ii<x+l,o X—
oy OX

2

y\_ipac. 2/ yl.
2> o e ()P

x_1>

2

x_1>
2

_ipy

e "V (x+ y)<x+ ;"p

y B y
— [ — e =
X > V(X ) <x+ 5

5

Thus we have

W __ Tl YL g 1 Y
~ - 2ﬁhzjdye <+ ‘[mp +V ()15 - p[ p* +V (R)] X 2>
i _ipy hz 2

__ w0 Yy vy Y
=5 dye "[ maxay+V(x+2) V(x 2)]<x+2

~ y
X__
px-2)

=_27th e Tia |75< +§px_%>]
mzj IV (x ———) Vx+ M 2 )le '§y<x+§‘ﬁx—§>
St y_w<x+§“ 2
T e < %‘ﬁx—%>
or
= W V(X2 VO W (1)

which is the Liouville equation in the Wigner representation. If we take the classical limit , the

operator 7 — 0, the operator on the right-hand side of Eq.(1) reduces to the Liouville operator,
since

1 h o0 oV aJ
i X——— _V —
ih[v( 2i ap) (x+ 2i ap) x ap



or

W __pow  ovaw

ot mox  ox op
((Note))

The equation of motion for each point in the phase space is classical in the absence of forces

0 p o
—W (X, p)=—"—W(X,p).
p (X, p) o ox (X, p)

14. Wigner distribution function for simple harmonics

The wave function of the simple harmonics with state |n>

1 e
0. (&) =(&n)=(z2"nl) e 2H, (&)
where

(el = L xiny = L
a(£)=(&|n) ﬂ<><|n> 777

ma,

H,(&) is the Hermite polynomial.



In the phase space variables X and p the Wigner function of the n-th energy eigenstates is given

by

(=" P2 2 P 2
R 06 p) = e G E) + (OB G + (507
or
(% p)_<ﬂ2 expi-[(2 ﬂ> F(BOTIL, (200 ﬁ) F(HOT)

L,(X) 1is the Laguerre polynomial.

&= px (dimensionless)
n= P (dimensionless)
hp
since
_ho _noto ;.10
P i Ox OF ﬂ|8§

15.  Operator Ordering in Quantum Mechanics: symmetrical operator
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=\|d yix-2L
[0 yexpl h )< 2

= [ dyexp(PHyx— 5
= | dyexp(%)(x—%) [ p'dp'<x —1‘ p>< pljx+2
- dyexp(%)(x—%)j p'dp'<x—1‘ +§>

j dyex p(—)(x =) pdptexpl p'(x—2)lexpl— p'(x+ )]

jdyexp( =) prdp'exp(—- Py

i(p- p)y 1 i(p—pYy
—x—jdyjpdp expl ]- mzj y[ yp'dp'exp[ =]
_yp_ 1O
- 2 dp
I
ARy
where
_Tdyj pvdpvexp[l(p_ p')y]z Ip dpjdyexp[ (p p)y]
h 3 n 271h -

1 T ' '
=2—j p22h5(p—p')
=P



(p%) = j dyexp( >< Llpxix

+2)

p

>

—jdyexp( )X+ )<x—%

4
Yot
ot

jdyexp( o+ pdpexp[ P (=3 expl- p'(x%)]

|
= Idyexp(%)(x+%)j p'dp'<x—%
? i
- j dyexp(%)(x+%).[ p'dp'<x—%

jdyexp( Jx+D) pdprexp(- py

i(p— p)y]

—x—jdyjpdp expll ID)y] dy| yp'dp'expl

272?12"‘

Then we have

2+ PR 17 17
=—(Xp—=——+XpP+——) =X
< 5 > (Xp =T+ XP+ =) =Xp

Hence, for this example the Weyl-Wigner ordering corresponds to the symmetric ordering.

x>

o KD + P
S(%p) = pzp

where S(XP) is summed over all possible ordering of X and p .

S(Xp) = xp



In general,
(S@™, p") = [ dx[ dp(x"p")F (x, p)

For example, if m=2, n =2, then
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APPENDIX
* product
ih 0 inh 0
f 2 * ) = f N T T~ )
. P)*g(x, p) = T(x+2 o P—3 aX)g(X p)

The equivalent Fourier representation of the *-product is



1
f * g — (ﬁh)z Idpvdpudxvdxu f (X', pv)g(xn, pu)

) exp(%i[ P(X'=X") + P'(X"=X) + P"(X — X))

An alternative integral representation of this product is

frg :@h;)zjdx'dX"dp'dp" f(x+x,p+pHg(x+x",p+p")

xexp[2 (X p'X" )]
Note that
Idxdpf *g :jdxdpg *f :J'dxdpfg
((Proof))

1
J.dxdpf *qg :IdxdeJ'dx'dx"dp'dp" f(x', pHgx", p")

<exp(— 2 [POC-X") + PX'=X) + P (¢ X)])

Note that

P(X'=X")+ P'(X"=X) + p"(X = x') = X(P"=P") + P(X—x") + (p'X"=p"X)

Jadpexpl =2 pOX=x")] = Ah3(-x"),

Jaxexpl =2 ("= p)] = (P



Then we get

1
'[dxdpf *g = J.dxdeJ‘dx'dx"dp'dp" f(x', pHo(x",p")
=2i
x eXp(7[X( p"=p") + p(X'=x") + (p'X"=p"x")])
—2i
= jdp'dp"dx’dx" f(x', p)g(x", p")eXp[T(p'X"— p"x")]
Xé‘( p"_pl)é‘(xv_xﬂ)
= [dxdp' £ (', p)g(x, p)

or

j dxdpf *g = j dxdpf (x, p)g(x, p)



