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Here we are interested in the x  representation and p  representation of the ket  , 

in the forms of the wave functions x  and p  in the one-dimensional system. The 

solution of the Schrodinger equation is given by such forms. We also introduce the 
transformation function px  which plays an important role for the Fourier transform 

between the x  representation and p  representation. We also discuss the property of 

the Dirac delta function. 
 
1. x  representation 

The wave function )(x in the x  representation can be described by 

 
 xx )( , 

 
or 
 

xxx   ** )( , 

 
where 
 

'x  is the eigenket of x̂  with the eigenvalue x’. 

'x  is the state vector that a particle is located at x = x’. 

dxx
2

 : probability of finding a particle between x and x+dx. 

 
Note that 
 

'''ˆ xxxx  , 

 
)'"(''"'''"'ˆ" xxxxxxxxxxxx   . 

 
The eigenstate x  obeys the orthonormality condition, 

 
)'"('" xxxx   , 

 
where )'"( xx   is the Dirac delta function. 
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Using the closure relation: 
 

1̂




dxxxdx , 

 
the inner product can be rewritten as 
 

dxxxdxdxxxdx )()(*  








 . 

 
The state x  is also rewritten as 

 






















 )'(''''''''' xxxdxxxxdxxdxxxdxx  . 

 
2. p  representation 

The wave function in the p  representation is defined by 

 
 pp )( . 

 
p : state that a particle has a linear momentum p. 

 
'''ˆ pppp    )'"(''"'''"'ˆ" pppppppppppp   . 

 
2

p : probability of finding a particle having a linear momentum between p and p +dp. 

 

ppppdppppdppppdpp 







 













)'(''''''''  , 

 
)'(' pppp   . 

 
Closure relation: 
 

1̂




dpppdp . 

 
3. Transformation function 
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'p  is the eigenket of p̂  with the eigenvalue p', 

 
'''ˆ pppp  . 

 
Note that in general, (formula) 
 

 x
xi

px






ˆ . (1) 

 
(This formula will be discussed later in association with the translation operator). When 

'x in Eq.(1), we get 

 

)'(''ˆ xx
xi

xx
xi

xpx 







 
. 

 
When p  in Eq.(1), we get 

 

px
xi

pxxxdx
xi

pxxx
xi

dx

pxxpxdxpxpppx
































')'('

')'('

''ˆ'ˆ




 

 
or 

pxppx
xi





. (2) 

 
using the property of the Dirac delta function. 
___________________________________________________________________ 
((Alternative method)) 

Using the formula 
 

 x
xi

px






ˆ , 

 
with p , we get 

 

pxppx
xi

ppx 






ˆ . (3) 
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_____________________________________________________________________ 
The solution of Eq.(2) is given by 
 

)exp(


ipx
Cpx  , 

 
where C is the constant which is determined from the normalization condition. 
 

)
'

(2)]'(exp[

)
'

exp()exp(''

22

2





xx
Cdpxx

ip
C

dp
ipxipx

Cdpxppxxx











 

or 
 

)'(2)
'

(2)'('
22

xxC
xx

Cxxxx 


  


, 

 
from the property of the Dirac delta function (we will discussed later) 
 
or 
 

2

1
C . 

 
Here we choose a real number C given by 
 

2

1
C . 

 
The transformation function: 
 

)exp(
2

1



ipx
px


 , (4) 

 
or 
 

)exp(
2

1*



ipx
pxxp 


. (5) 

 
((Property of the Hermite operator p̂ )) 
 

  pp ˆˆ
*

, 
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dxx
xi

x

dxx
xi

x

dxpxxp

*

*

ˆˆ










 

 







p

dxpxx

dxx
xi

xp

ˆ

ˆ

ˆ
**














 

 
Thus we have pp ˆˆ   (Hermitian operator). 
 
4. Fourier transform 

We can define the Fourier transform using the transformation function 
 












dxx
ipx

dxxpx

dxxxpp








)exp(
2

1

*



 

 
and 
 

  dpp
ipx

dpppxx 


 )exp(
2

1


. 

 
Using this Fourier transform, we can confirm the formula 
 

 x
xi

px






ˆ . 

 
In fact, we have 
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pxdppppx

dpppxp

dpp
ipx

p

dpp
ipx

xi
x

xi

ˆˆ

)exp(
2

1

)exp(
2

1































 

 
using the closure relation.  
 
5. Summary 
(1) Transformation function 
 





/

2

1 ipxepx


 , 

 
or 
 





/*

2

1 ipxexpxp 


. 

 
(2) Fourier transform 
 









 dxxedxxxpp ipx 


 



/

2

1
, 

 
and 
 









 dppedpppxx ipx 


 



/

2

1
. 

 
6. k  space 

Here we introduce k, as kp   
 

'
1

)'(
1

)]'([

)'('

kkkk

kk

pppp
















 

 
Then we have the following relation 
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kp


1
 , 

 




/

2

11 ipxekxpx


 , 

 
or 
 

ikxekx
2

1
 , 

 
and 
 

ikxekxxk 
2

1*
. 

 
Fourier transform in the x-k space 
 


















dxxe

dxxxkk

ikx 




2

1  

 
and 
 
















dkke

dkkkxx

ikx 




2

1  

 
7. Expectation value 
 
















dkkkk

dkkkkkk

n

nnn





*

ˆˆˆ

 

 
















dpppp

dpppppp

n

nnn





*

ˆˆˆ
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where 
 

nnn kp ˆˆ  . 

 

8. Another method to calculate np̂  
np̂  can be evaluated in a different way; 

 





























dxx
xi

x

dxpxx

pp

n

n

nn







*

ˆ

ˆˆ

 (1) 

 


















dxxxx

dxxxx

xx

n

n

nn







*

ˆ

ˆˆ

 

 
or 
 



























dpp
p

ip

dpxppxx

n

nnn






*

ˆˆˆ

 (2) 

 
9. Proof of Eq.(1) 
 

















 dxx
xi

xI
n

 *
, 
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dppep

dppep
i

i

dppe
xi

x
xi

ipxn

ipx
n

ipx
nn
































/

/

/

2

1

2

1

2

1

 

 
Then we have 
 



  








































pppdxedpdp

dppepdppedxI

nxppi

ipxnxip

*/)'(

/*/'

''
2

1

2

1
''

2

1








 

 
Note that 
 

)'(2)]'(
1

[2/)'( ppppdxe xppi 




  


 , 

 
we get 
 














  pppdppppppdpdpI nn **
)'('' . 

 
10. Proof of Eq.(2) 
 
















 dpp
p

ipx
n

n  
*

ˆ , 

 

























































dxxex

dxxex
i

i

dxxe
p

ip
p

i

ipxn

ipx
n

ipx

nn






























/

/

/

2

1

2

1
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1
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/)'(*

/*/'

''
2

1

2

1
''

2

1
ˆ

xxipn

ipxnipxn

dpexxxdxdx

dxxexdxxedpx










 

 
Note that 
 

)'(2/)'( xxdpe xxip 




  , 

 

 












  xxxdxxxxxxdxdxx nnn **
)'(''ˆ . 

 
11. Mathematica 

The FourierTransform is defined by 
 

dxxekk ikx )(
2

1
)( 


 





 , 

 

dkkexx ikx )(
2

1
)( 


 





 . 

 
In Mathematica, we use the following command for the above Fourier transform. 
 
Fourier transform of  (x): 
 

FourierTransform[ [x], x, k, FourierParameters→{0,-1}]:  
 
Inverse Fourier transform of  (k): 
 

InverseFourierTransform[ [k], k, x, FourierParameters→{0,-1}]:  
 

 pp )(  can be calculated from  kk )(  as 

 

)(
11

)( kkpp 


 , 

 
where 
 



p
k  . 
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Note that 
 

][
1

)(
2

1

)(
2

1
)(









p
k

dxxe

dxxep

px
i

ikx
































 

 
________________________________________________________________________ 
12. Exercise-1 (Gasirowicz, p.53) 

Given that 
 

2

4/1 2

)(
x

ex














 , 

 
calculate 
 

(a) 




 dxxxxxx nnn )()(ˆ *  , 

 

(b) 
22 xxx  . 

 
Solution 
 

)
2

1
(

2

])1(1[
)()( 2/* 




 





n
dxxxxx n

n
nn 


 , 

 

2

12 x ,  0ˆ x , 

 

2

122  xxx . 

 
________________________________________________________________________ 
13. Exercise-2 

Calculate the momentum space wave function for system described by the wave 
function 
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2

4/1 2

)(
x

ex














 . 

 
calculate 
 

(a) 






 








 dxx

xi
xdppppp

n

nn
nn )()()()( **  

  

 

(b) 
22 ppp  . 

 

)
2

exp()
1

(
1

2

1
)(

2

2
4/3

4/1  









p

dxxekk ikx



 






 

 

)
2

exp()
1

(
1

2

11
)(

2
4/3

4/1 









k

dxxekpp ikx



 









 

 

)
2

1
(])1(1[

2

1

ˆ

2/

*

n

dkkkkk

nn

nn




 








 

 

2
ˆ2 

k , 

 

0ˆ k , 

 

2
ˆˆ 2

2 
  kkp , 

 

2


 px . 

 
((Note)) 
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 dxx

xi
xp

n

nn
n )()(ˆ *  

, 

 

2
)()(ˆ

2

2

22
*2   










 





dxx
xi

xp , 

 

0)()(ˆ * 









 





dxx
xi

xp  
. 

 
________________________________________________________________________ 
14. Exercise-3 

Given the wave function 
 

22
)(

ax

N
x


 . 

 
(a) Calculate N needed to normalize )(x : 

(b) Calculate nx̂ . What values of n lead to convergent integrals? 

(c) Calculate 2p  directly, and using the momentum space wave function. 

(d) Use the definitions 
 

22 xxx  , and 
22 ppp  . 

 
to calculate px  for this problem. 
 
______________________________________________________________________ 
((Solution)) 
(a) 


22/3aN  ,  

22

2/3 2

)(
ax

a
x


  . 
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-3 -2 -1 1 2 3
x

0.2

0.4

0.6

0.8

yx

 
Fig. Plot of )(x  as a function of x. a = 1. 
 
(b) 









 




2
sec)1(])1(1[

2

1

)()(ˆ *





n
na

dxxxxxx

nn

nnn

 

 
only for n =1 and 2. 
 

222 ˆ axx   , 

 
0ˆ   xx . 

 
(c) 
 

)]()([

2

1
)(

2 kkeea

dxxekk

akak

ikx
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fk

 
 
Fig. Plot of )(k  as a function of k. a = 1. 
 

)1(])1(1[
2

1

ˆ

1

*

na

dkkkkk

nn
n

nn











 

 

 

3
2

2

1ˆ
a

k  , 

 

0ˆ k . 

 
(d) 

ax  , 
 

a
kkp

2
ˆˆ 2

2 
  . 

 
Then we have 
 

22


 px . 

 
_____________________________________________________________________ 
15. ((LiBoff 5-53)) 
 
A free particle moving in one dimension is in the state 
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 dkeakiexx ikx

ka

)sin()( 2

22

 . 

 
(a) What values of momentum, px = p of the particle will not be found? 
(b) If the momentum of the particle in this state [ )(xx   ], in which momentum 

state is the particle most likely to be found? Hint: calculate )( pp   . 

(c) If a = 2.1 Å, and the particle is an electron, what value of energy (in eV) will 
measurement find in the state described in part (b). 

 
((Solution)) 
(a) 
 
We note that 
 










 dkkedkkkxx ikx 



2

1
. 

 
Comparing this with 
 







 dkeakiexx ikx

ka

)sin()( 2

22

 , 

 
we get 
 

)sin(
2

1 2

22

akiek
ka





, 

 
or 
 

)sin(2 2

22

akiek
ka


  . 

 

Since kp   and kp


1
 , 

 

)sin(
21 2

22

2




ap
iekp

pa



 , 

 

)(sin
2 22 2

22




ap
ep

pa



 , 
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We will show a plot of the   22 sin)(sin)(
22

22




 e
ap

eP
pa


  with 



ap
  by using 

Mathematica below. 
We find that )(P  becomes zero at  = 0 (p = 0) and  = ±∞ (p =  ±∞). 

 
(b) 
 

)sin(cossin2
)( 2



   e

d

dP
 

 

When 


ap
  = ±0.86033, )(P  has a local maximum. 

 
(c) 
 
The energy of the free electron is given by 
 

eV
amm

k
kE 64.0)

86033.0
(

22
)( 2

2222




 

 
where 
 

a = 2.1Å=2.1x10-8 cm 
m = 9.109381 x 10-28 g 
 =1.05457 x 10-27 erg sec 
1 eV = 1.602176 x 10-12 erg 

 
Note that we can calculate x  using Mathematica 

 

][
2

1 2

2

2

2

2

)(

2

)(

a

ax

a

ax

ee
a

x








 . 

 
((Mathematica)) 
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Clear"Global`"; Clear"Global`";
exp_  : exp . Complexre_, im_  Complexre, im;
f  Exp2 Sin2;
 Plot[f,{,-3,3},PlotStyle{Hue[0],Thick},BackgroundGrayLevel[0.5],
AxesLabel{"","f"}]

-3 -2 -1 1 2 3
k

0.05

0.10

0.15

0.20

0.25

f

 g1=D[f,]//Simplify

2 
2

Sin Cos   Sin

Plotg1, , 3, 3, PlotStyle  Hue0, Thick,
Background  GrayLevel0.5, AxesLabel  "", "f"

-3 -2 -1 1 2 3
k

-0.4

-0.2

0.2

0.4

f

h1  Cos   Sin; FindRooth1  0, , 0, 1
  0.860334
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FindRooth1  0, , 1, 0
  0.860334

g2  



Exp a

2 k2

2
  Sina k  Exp k x k  Simplify, a  0 &



 ax2

2 a2 1  
2 x
a  

2

a

g21  g2 . x  a   Simplify



 1

2 12 1  2  
2

a

PlotAbsg212 . a  1, , 3, 3, PlotStyle  Hue0, Thick,
Background  GrayLevel0.5, AxesLabel  "", "2"

-3 -2 -1 1 2 3
x

0.2

0.4

0.6

0.8

1.0

1.2

y2

Physics constant

phycon  B  9.274009  1021, —  1.054571  1027, m  9.109382  1028,

e  4.803242  1010, eV  1.60217642  1012;

Energy 
—2

2 m

0.86033

a

2  eV . a  2.1  108 . phycon

0.639461  
 
________________________________________________________________________ 
16. ((Sakurai 1-21)) 

Evaluate the x-p uncertainty 22 )()( px   for a one-dimensional particle confined 

between two rigid walls 
 

V = 0 for 0<x<a,  ∞ otherwise. 
 
Do this for both the ground and excited states? 
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V x

0 a
x

I II III

 
 
The Hamiltonian: 
 

m

p
H

2

ˆˆ
2

 , 

 

)(
2

)()(
2

)(
22

2

22

x
m

k
xEx

dx

d

m
xH  

 . 

 
The solution of this equation is 
 

)cos()sin()( kxBkxAx  , 

 
where 
 

m

k
E

2

22
 . 



 

21 
 

 
Using the boundary condition: 
 

0)()0(  axx  , 

 
we have  
 

B = 0 and A≠0, 
 

0)sin( ka , 

 
nka   (n = 1, 2, …) 

 
Note that n = 0 is not included in our solution because the corresponding wave function 
becomes zero. The wave function is given by 
 

)sin(
2

)sin()(
a

xn

aa

xn
Axx nnn

  , 

 
with 
 

22

2








a

n

m
En


. 

 

The calculation of x  and  2x  

 

2
)()(ˆ

0

* a
xxxdxxx

a

nnnn    , 

 

)
3

2(
6

)()(ˆ
22

2

0

2*22




n

a
xxxdxxx

a

nnnn   , 

 

  









2

1

124
)

3
2(

6

22

22

22

22

2
222 


n

n

aa

n

a
xxx . 

 

The calculation of p  and  2p  



 

22 
 

 

0)()(ˆ
0

* 



 
a

nnnn x
xi

xdxpp  
, 

 
2

0
2

22
*22 )()(ˆ 

















  a

n
x

xi
xdxpp

a

nnnn

  , 

 

 
2

222








a

n
ppp


. 

 
Then we have 
 

   
42

1

122

1

12

222
2

2

22222

22

2
22 


























n

a

nn

n

a
px . 

 
((Mathematica)) 
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Clear"Global`"; Clear"Global`";
exp_  : exp . Complexre_, im_  Complexre, im;

x_ : 2

a
Sinn  x

a
;

avx  
0

a
x x2 x  Simplify, n  Integers &

a
2

avsqx  
0

a
x2 x2 x  Simplify, n  Integers &

1
6

a2 2 
3

n2 2 

avp 
—



0

a
x Dx, x x  Simplify, n  Integers &

0

avsqp 
—



2


0

a
x Dx, x, 2 x  Simplify, n  Integers &

n2 2 —2

a2

X1  avsqx  avx2  Simplify ; P1  avsqp  avp2  Simplify;
h1  X1 P1

1
12

n2 1 
6

n2 2  2 —2

h1 . n  1  Simplify, —  0 &  N

0.567862 —  
________________________________________________________________________ 
17. ((Sakurai 1-27)) 

(a) Suppose that )ˆ(Af  is a function of a Hermitian operator Â  with the property, 

 

'''ˆ aaaA   

 

Evaluate ')ˆ(" bAfb  when the transformation matrix from the a' basis to the b' 

basis is known. 
 

'ˆ' bUa  , "ˆ" bUa   



 

24 
 

 

where Û  is the unitary operator. 
(b) Using the continum analogue of the result obtained in (a), evaluate  
 

')ˆ(" prp F  

 

Simplify your expression as far as you can. Note that )ˆ,ˆ,ˆ(ˆ zyxr . We assume 

that )(rF  depends only on r; 

 
)()( rFF r  

 
with 
 

222 zyxr  . 

 
((Solution)) 
 
(a) 
 

'ˆ' aUb  ,  "ˆ" aUb   

 
or 
 

 Uab


'' ,   Uab


""  

 





















'''

*

'''

'''

'ˆ''')'''("ˆ'''

'ˆ''')'''('''ˆ"

'ˆ'''''')ˆ(ˆ"

'ˆ)ˆ(ˆ"')ˆ("

a

a

a

aUaafaUa

aUaafaUa

aUaaAfUa

aUAfUabAfb

 

 
where 
 

*
"ˆ''''''ˆ" aUaaUa   

 
(b) 
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'')'('"'

'')"'()'("""'

''"')'("""'

''')ˆ(""""'')ˆ("

prrrpr

prrrrrprr

prrrrrprr

prrrrrprrprp

Fd

Fdd

Fdd

FddF


 

 
Using the transformation function 
 

)exp(
)2(

1
2/3 

rp
pr




i


, 

 











)'(]
')"'(

exp['
)2(

1

)
''

exp()'()
'"

exp('
)2(

1
')ˆ("

3

3

r
rpp

r

rp
r

rp
rprp

F
i

d

i
F

i
dF








 

 

Here we use the spherical co-ordinate (r, , ). The direction of "' ppp   is the z axis. 

 

 
 

 dddrrd 'sin'' 2r  

 

cos'"'')"'( rpprpp   



 

26 
 

 
Suppose that )(rF  is a function of the magnitude of r. 

 

 
 


0 0

2
3

]
cos'"'

exp[sin'')'(
)2(

2
')ˆ("

 







ri
ddrrrFF

pp
prp  

 
Note that 
 








 





 





'"'
sin

'"'

2
]

cos'"'
exp[sin

0

r

r

ri
d

pp

pp

pp 
  

 
Then 
 













 


0

2
3 '"'

'"'
sin

)'(''
)2(

4
')ˆ("





 r

r

rFrdrF
pp

pp

prp
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APPENDIX-I  Heisenberg’s principle of uncertainty 

Here we chose the wave function in the x-representation, as 
 

)
4

exp(
2

1
)( 2

2


 x

xx   
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So that the probability 
2

)()( xxP   has a form of the Gaussian distribution function. 

We note that 
 

1)(
2 





dxx  (normalization) 

 
and 
 

)
2

exp(
2

1
)()(

2

2
2


 x

xxP    

 
 (Gaussian distribution function) 

 
The uncertainty x  is evaluated as 
 

  2222 )(   




dxxxx  

 
Fourier transform of )(x  can be obtained as 
 

]
)

2
(2

exp[

2
2

1

)exp(
2

)
4

exp(
2

1
]exp[

2

1

)(

2

2

2

224/1

2

2

















p

p

dp
x

px
i

pp




















 

 
The probability P(p) also has the form of the Gaussian distribution function. 
 

)
2

exp(
2

1

)

4
2

exp(

2

1

2

1

)
2

exp(
2

)()(

2

2

2

2

2

2

22

2

pp

p

p

p

ppP
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where 
 




2


p  

 
We note that the normalization condition is satisfied, 
 

1)(
2 





dpp  

 
The uncertainty p  is evaluated as 
 

  2

2

2
222

4
)( pdpppp 


  






 

 
Then we get 
 

22





px  

 
((Mathematica)) 
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Clear "Global` " ;

P x :
1

2
Exp

1

2 2
x2 ;

x2 P x x Simplify , 0 &

2

P x x Simplify , 0 &

1

x :
1

2
Exp

1

4 2
x2

p :
1

2
Exp

p x
x x
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1 p Simplify , 0 &

p2 2
2 2 1 4

Pp 12

2 p2 2
2 2

p2 Pp p Simplify , 0, 0 &

2

4 2

Pp p Simplify , 0, 0 &

1  
 
________________________________________________________________________ 
APPENDIX-II 
Mathematica: Fourier transform 
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FourierTransform

FourierTransformexpr, t, 
gives the symbolic Fourier transform of expr. 

FourierTransformexpr, t1, t2, …, 1, 2, …
gives the multidimensional Fourier transform of expr. 

Details and Options

 The Fourier transform of a function f t is by default defined to be 1

2 p
-¶

¶ f t ei w t d t.

 Other definitions are used in some scientific and technical fields. 

 Different choices of definitions can be specified using the option FourierParameters. 

 With the setting FourierParameters  a, b the Fourier transform computed by FourierTransform is 

b
2 p1-a 

-¶

¶
f t ei b w t d t. 

 Some common choices for a, b are 0, 1 (default; modern physics), 1, 1 (pure mathematics; systems engineering), 
1, 1 (classical physics), and 0, 2 Pi (signal processing). 

 The following options can be given:

      Assumptions $Assumptions assumptions to make about parameters

      FourierParameters 0, 1 parameters to define the Fourier transform

      GenerateConditions False whether to generate answers that involve 
conditions on parameters

 FourierTransformexpr, t,  yields an expression depending on the continuous variable  that represents the symbolic 
Fourier transform of expr with respect to the continuous variable t. Fourierlist takes a finite list of numbers as input, and 
yields as output a list representing the discrete Fourier transform of the input. 

 In TraditionalForm, FourierTransform is output using F. »  
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