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The coherent state is the quantum state of light most proximate to the classical radiation
field. For the coherent state, the product of the fluctuations of two non-commutative
physical quantities takes the minimum value. The electric field of the coherent state can be
approximately expressed by a well-defined amplitude and phase as with classical waves.
The Bogoliubov transformation will also be discussed for the squeezed state and squeezed
coherent state.

((Wikipedia)) Application of coherent squeezed state

Squeezed states of the light field can be used to enhance precision measurements. For
example phase-squeezed light can improve the phase read out of interferometric
measurements (see for example gravitational waves). Amplitude-squeezed light can
improve the readout of very weak spectroscopic signals. Various squeezed coherent states,
generalized to the case of many degrees of freedom, are used in various calculations in
quantum field theory, for example Unruh effect and Hawking radiation, and generally,
particle production in curved backgrounds and Bogoliubov transformation.

Recently, the use of squeezed states for quantum information processing in the
continuous variables (CV) regime has been increasing rapidly. Continuous variable
quantum optics uses squeezing of light as an essential resource to realize CV protocols for
quantum communication, unconditional quantum teleportation and one-way quantum
computing. This is in contrast to quantum information processing with single photons or
photon pairs as qubits. CV quantum information processing relies heavily on the fact that
squeezing is intimately related to quantum entanglement, as the quadrature of a squeezed
state exhibit sub-shot-noise quantum correlations.
http://en.wikipedia.org/wiki/Squeezed coherent_state

1. Simple harmonics
We start with the quantum mechanics on the simple harmonics. The annihilation and
creation operators are defined by

~ P . ip
a=——=(x+ ,
Notams
B 0D
a="=x-—),
2 g

where



The Hamiltonian of the simple harmonics is given by
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The uncertainty:
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2. Single-mode field operator
From the discussion on the quantized electromagnetic field, the vector potential and
electric field are given by
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in the cgs units. The direction of propagation is taken to be the z axis and, with the mode
subscripts k£ and A removed. The scalar electric-field operator for the given direction of
linear polarization is given by
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and @ = ck (dispersion relation of the photon), where

E, =, }2”30)‘) (in c.g.s. units)

E, is the amplitude of the electric field, and £, is the effective electric field,
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Note that the total energy is the sum of two contributions from electric field and magnetic

T
energy, both are the same), and the factor 1/2 comes from the average, 1 cos’ (ot)dt = 1 .
T+ 2

We consider the simple case (the single mode).
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((Evaluation of the amplitude of electric field £))
Suppose that in a volume ¥, there is one photon with the angular frequency @, and

energy Na, .



(a) SI units

Suppose that
1 2
V(uy= v ek =ho.

leading to

where <u> is the energy density (see the topics of Maser Physics)

1
<I/l> = 580E02 .

Ey is the amplitude of the electric field; £, = E| /2 is the effective electric field.
(b) c.g.s. units

Suppose that
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where <u> is the energy density (see the topics of Maser Physics)
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= . (in cgs units),
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For convenience, the electric field is measured in units of £, =
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E,=2 (in cgs units). By dividing the electric field by E,, we get the expression
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((General formulation)) More convenient method (complex plane)

Here we use more convenient expression which is familiar in the discusstion of AC
circuit analysis. We consider the expectation value of E( ) for the state |1//> (general

state, including the vacuum state, the coherent state, the squeezed state, and so on).
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where z is the complex number,
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to that of the AC circuit analysis in the electricity and magnetism,

> = <Y > =Y are real. This notation is very similar

Since <l//

V(f)=Re(Ve™) (AC voltage)



1(t) = Re(Ie™) (AC current)

where V and [ are complex numbers in the complex plane. So that we just consider how
the complex number z = <1//|&|1//> is located on the 2D complex plane.
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Fig.1 <(//|l:7(;()|(//> = Re[<t//|d|t//>e’”‘] .z =<1//|&|1//> = X +iY inthe 2D complex

plane. |1//> is a given state.

(2)

As will be shown later, when |1//> = | a> (coherent state),

z=<a|&|a>=a=|a|e’y



Fig.2
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The 2D complex plane for the coherent state |1//> =|a>. The blue point

indicates the location of z =<a|&|a> =a =|a|ei9. The amplitude |a| and

the phase @ for the coherent state with &| a> =a | a> :

(b) |l//>=|0>, we have z=<0|&|0>=0

3. Displacement operator
Suppose that
A=-ad* +a’a B=a,

where ¢ is a complex number.
[4,B]=[-ad" +a’d,4]=—-ald",d]=al
Using the Baker-Hausdorff lemma, we get
exp(—ad" +a d)aexplad” —a'd)=a+al,

or



where Da is called the displacement operator,
ﬁa —expld’ —a'd).
Note that
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Da+15a =1. (Unitary operator).

4. Properties of Da 1))
Using the above theorem, we can derive the following formula.
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5. Properties of Da an
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where fis any function of aand a* witha power series expansion. We show that

((Proof))
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We also note that
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D,Dy=exp(aff —a f)D,D,.

From this we get

only when

aff —a' B =2a|pisin(6,-6,)=0,

or
g,=0,.
6. Translation operator
Suppose that & = a. Then we have
ﬁa =explad’ —a'a)=expla(a’ —a)],
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or

A I V2a .
D, =exp[-—~—=p],
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with
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This operator coincides with the translation operator
-~ i _
T(a)= eXp[—%pa]a

where

f(a)|x> =|x+a>,

or
<x|f+(a) = <x+ a|.
Note that
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When |y) =[0).
<x|a> :<x|15a|0> :<x—% O> =y, (x—x,),

which is the Gaussian function where the center shifts from zero to x = xo, where

a
Xy = 7 . (real)
7. Coherent state |Ot>
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We define the coherent state ‘a> as

a a> :a|a>, and <0¢|€z+ :<a| a
Suppose that
@)= e ).

Then

da)=Yciny=SeAnn-1=Ye, Jntiln).
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This is equal to
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a|a> = cha

n=0

).

Then we get the recursion relation

which leads to

an
c, =¢C, ﬁ .
Consequently, we have
o0 an
|6¥> = CO;ﬁ|n> .

The bra vector <a | is given by

<a|=co*§%<n|.

From the normalization requirement, we determine ¢;
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yields
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Finally we have the coherent state
L 1 = (aa™)"
a)=e * 3 pn)=e 3 I,

where

A+

|n>=ﬁ 0).

8. Property of | Ot>

Here we show that |Oc> is expressed by

|@)=D,0).
where

D, =exp(ad” —a’d), D =exp(a'd—ad®)
We know that

A aA . A
D, aD,=a+al,
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or
aD, =D a+aD,.

From this we get

ab,|0)=D,a

0)+aD,[0),
or
b, |0) = ab,|0).
Then D,|0) is the eigenket of & with the eigenvalue

‘a>:f) O>.

a

The form of |Oc > can be expressed as follows.

|a> = ﬁa|0> = exp(—%|a|2)exp( aa®) exp(—a*c?)|0>.

Using

exp(—a*&)| O> = |O> ,

[exp(aa”),a]=—exp(aa)a,
or

exp(ad* ) (al+a) = aexp(ad®)
we have
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ala)=aD, |0)
- exp(—%|a|2)& explad’)|0)
- exp(—%|a|2) exp(ad’ e +a)[0)
=« exp(—%|a|2) exp(ad®)|0)
=ala)
or

A

a

a)=da).
which means that |Oc> is the eigenket of a with the eigenvalue .
((Note))
ba =exp(ada’ —a a)
= exp(—%|a|2) exp(aa®)exp(—a’a)
= exp(% |a|2) exp(—a a)exp(aa®)
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|a>:D

o
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1 at *a

= exp(—5|a|2)exp(aa )exp(—a a)|0>
1 ~t

= exp(—5|a|2)exp(aa )|0>

1, 2 1")"
= e~ ]a)3 o)

9. The explicit expression of |a> in terms of ‘n)
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Since
n >=ﬁ<ff)" 0>,
we get
—oxn( LS @) o b e @t
)= exp(- a3 <4 o) = expi- a3 )
or

— exn(— L) &
()= exot- -

2n
P, [ = exp(-faf) -

Note that the coherent states do not have a definite value of the quantum number », simply
because they are not eigenstates of the number operator. In fact, the probability of

observing the values of n in a quantum measurement of state |Oc > is actually a Poisson

distribution.
Now we now consider the single mode coherent state

2
H

<n>=(a |ﬁ|a> = <a|&+&|a> = |a

<n®>=(ali’|a)=(a

o

b

= (i)~ (afia)’ =

or
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or

(An)2 = |05|2 = <n> (Maxwell-Boltzmann distribution)
<n>=3
020 P,
<n»=5
i <nN>=
0.15+ e 9 <n>=9
'Y [ ]
0.10 ¢ °
. ° °
o [ J
f °
0.05- ° °
° °
® 9 ° °
g o | | ‘ “‘.'0:8..n.
5 10 15 20
018, 1
- <ri>=10
0.10r .
I ° <n>=20
0.08|
, | <n>=30
006 ° . S A
I ¢ ° .: .< n>= 0
004~ . . ’ S "
002" P ’ " .
[ [ ] o [ : [} ° ° [} o .0 ° n
08e0006800000088800080008c0c00000sieoecs 220000000 000888s
10 20 30 40 50 60
Fig.3 Poisson distribution function. The average value <n> is changed as a
parameter. |a| = ,/(n) . In the limit of || — o0, the Poisson distribution may
be approximated as a Gaussian distribution.
((Note))
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(1) Bose-Einstein (BE) distribution function
2
(Ang,) =ng(1+ng).
(i1) Fermi-Dirac (FD) distribution function
2
(AnFD) =npp(1=np).
(ii1))  Maxwell-Boltzman (MB) distribution function
2
(AnMB) =Ny -

10. Time evolution of the coherent state
The coherent state is defined by

n

la” o
e a
= 2 .
a)=¢ T 3 i)

The time evolution of the coherent state is given by

i 1
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P o ( 2) |
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n=0 \/;
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((Note))
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&|a(t)> =e 2 &‘aef"“’“’> = (ae” ™ )e ?

ae—ia)ot> — (ae—ia)ot)

a(t)) = a(t)|a(t)).
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Then we have

a(t)=ae™ .
((Example)) Ehrenfest theorem for simple harmonics
Using
~ [/
X= (a+a)
2ma,

we get

() =(a )] #]a)n)

h Ay
=, /% (a@®)|(@+a")|a@)
= ‘fﬁ(ae”‘” +a’e™)
h —iwt
= ,f%ZRe[ae ]
= ‘fﬂ Re(ae™)
me

We note that

7‘5
a=|a|e’

(p)=(a®|p|a()

=—i,/’"2‘” (a(t)

mhe , . . . o+
= T(—zae “yiae™)

=, /@2 Re(—iae ™)

=2mho Re[(—ia)e ™ ]

()

a-a

The time dependence of <x> and < p>;
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d{x) _ 121 Ref(-iwar)e ™
dt mao

= 2 Ref(ciar)e ™
m

% =~2mho Re[(~ia)(-iw)e ™ ]

=2mho Re[(—aw)e ™ ]
= —oN2mho Re[-ae ™ ]

Note that

(p >

Re[( ia)e]
m

"27’10) Re[(—ia)e ™™ ]
m

dv 5
<E> — e (x)
= w~N2hmo Re(ae™)

Thus, we have the relations

(Ehrenfest theorem)

11. Unitary operator R,



We consider the unitary operator:

R, =exp(ild*d)

where A is real. We note that

RGR, = expA)a.

((Proof))
exp(4)Bexp(—A) =B+ [Ai'B] + [A’[;’B]] + [A’[A’:E)'A’B]]] +....
A=-ila*a, B=a,

[7,a]=-a,
[A4,B]=—iA[4"4,a) =—iAlh,a] =ila,
[A,[A,B]]=—iAla*a,ild]=—(A)[A,a] = (i1)a
[A,[A,[A4,Bl]]=—iAla"a,(iA) 4] =—(A) [h,a] = (iA)a
and so on.
il (A

R'GR, =d[l T

+..]=€"a.

Now let us show that

We note that
da)=cla),

R,'GR,

a)=e"da)=ce’|a),
or
d(§ﬂ|a>) = aem(f?ﬂ|a>) )
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which means that fg|a> is the eigenket of @ with the eigenvalue ae” . Thus we have

A

R|a)= c‘e"’la>.

|e“a> is the coherent state. c is the phase factor.

12.  Non-orthogonality
The coherent state (‘a >) do not form an orthogonal state.

&a>:aa>,
a|p)=p|B).
@)= 5,0

1 r *
= exp(—5|a|2)exp(aa )exp(—a a)| 0>

1, 2 a~t
=exp(—5|a| )exp(aa )|0>
(Bl=(0[D,” =(0[D., = (Olexp(~ |8 rexp(5'd)

(Bla) = exp(—%|a|2)exp(—%|ﬁ|2)<0|exp(ﬁ*d)exp(a&+)|0> :

Note that
exp(B a)exp(aa”)exp(—B a) = exp(ad”)exp(aff’),
or

exp(f d)exp(ad”) =exp(af’)exp(ad”)exp(fd) ,

lof +18f
2

(Bla)=exp(- +af" )0 exp(ad*) exp(f'd)|0),

or
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|a| ;|ﬂ| +a,8*).

<ﬂ|a> =exp(—
We also note that

o= B = (a~p)a-p) =|af +|B] —(af +a'p),
|2

|<,B|a> = exp( —|05|2 —|,6’|2 +af’ +a’ f) = exp(—|a —,B|2).

The distance |a -p |2 measures the degree to which the two eigenstates are approximately
orthogonal.

Note that
2 l 2 A LN At * A
D, = exp(—5|a| Yexp(aa™ )exp(—a a)=exp(ad” —a a),
using the theorem
At * A 1 2 * A At
exp(aa”)exp(—a a) = exp(5|a| Dexp(—a a+aa™) .
((Note))

@) =D,

0

1 at .
= exp(—§|a|2)exp(aa )exp(a a)|0>

1 ~
= exp(—§|a|2) exp(aa )|0>

At 1 A+ At
a |a> = exp(—§|a|2)a exp(aa )|0>
1 0 at
= exp(—§|a|2)£exp(aa )|0>
= exp(—l|a|2)iexp(l|a|2)exp(—l|a|2)exp(ad+)| 0>
2 o 2 2
1 0 1
= exp(—§|a|2)£exp(§|a|2)| a>

13. Over-closure relation

26



s 1 5 s
K—ﬂ“a)d a<a| 1.

The integration is extended over the entire o plane with a real element of area. Let us give
a proof for this.

n

1| oo
o) -exn- IS ),

(o

y
Jnl

1 0

(o =expt-2eS @2 (o]
n=0
We calculate K defined by

s 1 5
K—”I|a>d a<a|

g a” e (@)”
_ ”I;M|n>exp( |a| yd*a ) T <m|

m=0

We assume that

a=lofe’ =re”, (r=la))
then we have

a'(a’)" =lal""e" ",

J= Idza exp(—r*)r"" expli(n —m)6),
with

d*a =rd6dr .
Then

J = ” rd @dr exp(—r>)r"™" expli(n —m)@],

where 0 < r <o and 0<O<27x. Note that

2

ja“”Wd9=2ﬂ5

n,m?>
0
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J= 27z5n!mj‘dr exp(—r)r*" = m!s,
0

Thus

K= S| 20, = Sl =1.

Using the closure relation, we have

@)= (a3 pley= L [ oo 1AL i |

where

(Bla)" =exp(Ha—pf).

This is an expression of over-closure. This means that a coherent state forms an complete
set and that the simultaneous measurement of @, and a,, represented by the projection

operator |a><a| is not an exact measurement but instead an approximate measurement

with a finite error measurement.

14. ‘x> -representation of the coherent state
If we multiply the left-hand side of

A

i) =dic).

y <x| and use

with

Then we have

(rlaler) = alx|),

28




or

or

<XI @)+ (=2 Bla)=0

may, O

The solution for <x|a> can be obtained as

(x|er) = Cexp[- x-2% )]
:C'exp[—ma)o ()C_\/EReoz)z_H,ma)0 xx/EIma)]
h B
mao
= Clexp[ -0 (x - x,) +zl;l° 0]
where
Reo
:\/5 o) ’ po:mwo\/alma:hﬁ\/alma’
_” |a>‘2dx—1
1/4
0:[’"“’0) .
7th
Note that

<x> = ];x‘<x|a>‘2dx =X,,

2 R 2 2 h
(Ax) =__[o(x—x0) |<x|a>| dx :M,
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Then we have

AxAp = h |mhay, k-
2maw, 2 2

The wavefunction <x|a> is indeed the minimum uncertainty wave-packet with stationary

quantum uncertainty.
The wavefunction for the coherent state is

! 1/4 (x - )2 :
<x|a>:(%) exp[— );(Atc))z +z<z>x)].

The time dependence of the coherent state:

Lt
2

)

() =exp(- aexp(—i“;°‘)>,

(x|edr))=C exp[—% (x—~2 %aexp(—i—(;w))z] .

((Note)) | & > -representation of the coherent state

Here we use

1
&= px, |5>=W|X>,

_k_»r _
K_,B hﬂ’ |K‘>—\/E|p>,

where
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_ |ma,
s

We start with the differential equation

h
ma,

§<x|a>+(x—\/5%)<x|a> ~0,
or

1 poe o S _ 2% o) =

§;<¢\a>+<¢—ﬁa><ﬂa>=o.

The solution

where

§0=\/§Rea, K, =v2Ima,

(A& =5+ (k) =1

[dzexpl-(£-¢&)1=7"

1
<§|K>:mel§‘

((Note))
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iyt

la())=e *

ae—icoot> ,

with

(¢la®)=—7 exp[—%(é’ — &)’ +iKkyE]s (Gaussian)

1
puy
where

& =~2Re[ae ™ =2 la|cos(a,t - 6),
K, =2 Im[[oe” ™" ] = —x/E|a|sin(a)ot -0),
where
o =lafe?.
Suppose that |a| =/n , then we have
& =2ncos(mt —0).

The classical turning point is

gclass =N 27’l+1 z«/2_n

So the coherent state remains a coherent state under the free field evolution. A coherent
state-wave function moves through the harmonic oscillator potential, between the classical
turning points, without dispersion.
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'

Fig.4 The movement of a coherent state-wave function through the harmonic
oscillator potential, between the classical turning points, without dispersion
(C.C. Gerry and P.L. Knight, Introductory Quantum Optics).

15. Canonical coordinate and momentum
From

g=Pley P G- Bl b
V2 mao, J2 ma,

The expectation values of the position and momentum in the coherent state are given by

<a|)€|a>=\/_%ﬂ(a +a*)= @040050,

A

p

(a

a)= ﬂ—zhi(a —a’)= \/Eﬂh|a|sin€,

where
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s

: A2
The expectation values of > and P~ can be calculated as

(of°]a) = 2}32 lla+a’} +1,

~2

<apa

2h2
>:ﬂ

(e’ ~a) ],

where we use

dja)=adla), (ald’ =(a

The variances Ap and Ax are obtained by

~

a [a,a"]=1.

b

(Ax) =(ali*|a) - (aldla)
2;2 o+ +1)-—
1
25

(a+a’f

2

and

(ap) =(al|p*|a)-(a|pa)
ﬂ;fﬂ [1—(05* —05)2]+ ﬂ;hZ (a_a*)z

B ﬂZhZ
2

The minimum uncertainty relation

222
aeap= | L [F b
282V 2 2

1s satisfied in the coherent state.

16.  Phase operator
We define the phase operator as

34



a=(r+1)"%e",

& =e (i),

or
¢ =(h+1)"a,
e =a (h+1)™"?,
Then we get

e?e = (A+1)"2aa* (h+1)""
=(A+1) " @ta+ DA+
~1

However, the reverse-order product is not equal to unity. The phase operator has the
number expansion

e =N (A+1)"a

s

n)(n|
(n)™*n|n—1){n|

=
Il
(=]

s

n

s

|n><n+1|

n

The Hermite conjugate is
@) = i|n +1><n| =e™,
n=1

since
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I
B
~~
S
+
(S
\./
s
_+
S
=
—_
=

=S (12 (1) 2+ 1)
=Y+l = ey

It is easy to see that
e[&(e[&) (e’¢)+ i9 _

We also note that
e?|n)=(+1)"an)=(A+1)"n|n-1)=|n-1), for n0,
e ?|n)=a*(A+1)"?|n)=(m+1)"2a"|n) = |n+1).

The phase operator ¢” is not Hermitian and it cannot represent observable properties of

the electromagnetic field. Here we define the Hermitian operator as
d oL by i
cosgp=— (e’ +e'),
2
and

sin g = L‘(e"“g —e .
2i

((Note)) Phase operator
Luca Salasnich, Quantum Physics of Light and Matter; A Modern Introduction to
Photons, Atoms and Many-Body Systems (Springer, 2014).

Here we discuss the origin of the definition for the phase operator.
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&|n>:x/;|n—l>, &+|n>=M|n+l>

=§J_|m+1>< m|
=[1){0]+2[2)(1]+3[3) (2] +.
Phase operator

]} _ &N—I/Z ’ JAH _ N71/2d+ ’

f:iﬁ|m><m+1|zw

=S T )1

= |m)(m+1
~[0){1]+[1) (2] +]2)(3]+..
DY RN TRl EE
=S T m et
= Jm 1)

=[1)(0|+]2) (1] +|3)(2|+...
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f n>=&]§77”2|n>=n71/2&|n>=n71/2\/;|n—1>=|n—1>
F*lny = K20 ) = K 1 1) = 1)

These operators are similar to the translation operators such that

T, x)=|x+a), T x+a)=|x),
where
T, = exp(— pa)
We assume that
Fee
with
Flap=ln-t), )=+
ff” n>:f|n+l>:|n>
7=$Fliol= S+
7o =3 7l =S

38
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x)=|x—a)



Fo i = X w1

=+ 1)(n 1
=1-{0)(0
(| /]er) = (el @V " |a)

Note that

|>exp<—">z )

&N71/2| > aN 1/2 exp( %)i (\77) N—I/Z |m>
— __ ( ) m 24
= exp( )Z \/; a|m)

= exp(—%)i@| m— 1>

n=0 m

B N G
~ew 3 )

: () («)"
<0‘|f| > exp(— |0‘| )Z |m|
_ y (@)

= exp(— |0‘|)2 \/*\/m< | >

= exp(— |a| )z \/7\/((”1%)'

o™

=aexp(— |a| )zfm

Here we define a function

()C) \/;eXp( x)z\/m
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When we choose N = 1000. We make a plot of g(x) as a function of x. For x>>1, g(x)
tends to approach unity.

1.0000

- g(x
g() .oooooo"""
I e ®®
0.9995 o
[ [}
[ [}
[ [
0.9990 - .
[ °
0.9985 -
e X
0.9980 100 200 300 400 500 600 700
0.9975 o
Fig,5 Plot of g(x)as a function of x.

When x =|a|2>>1, we get

2n

a

8=l =lafexp(claf )3 rr =

~1

or

2n

2 a 1
exp(~|a] )Z;m ol

Using this approximation,

(a

a .
a> == =¢",
o

/

A

N|a)= |0(|2 >>1, with & =|a|e” = \/(N)e”. Thus, for a large average number

for <a

<N > of photons the expectation value of the phase operator f on the coherent state |a>

gives the phase factor ¢ of the complex eigenvalue « of the coherent state.

17. Commutation relation
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[A,a]l=-a, n,al=a,
Using the relations

a=(+1)"2e?,

& = i),
we get

(7, e[’;] =—¢", (A, e_[’;] =e ™,
since

h=d"a=e(i+1)2(h+1)"%e* =e (i +1)e” =e he? ++1.
(1)

é’n=ne” +é?, leading to (7, e[&] =—¢*.
(i)

ne’=e“n+e’”,  leading to [h,e?]=e".

Then we have
(7, cosgz] =—i singz, (7, singz] =i cosgz.

These equations lead to the inequalities,

(An)(A cos ¢)> %Ksin )

b

9

(An)(Asin ¢)> %Kcos )

using the Schwarz inequality. Then we get
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[(Acosg) +(Asing)'] 1
(An)2 <sin¢>2 +<cos¢>2 - 4
18. Coherent state

Coherent state:

~

a

a>:aa>,

(n)=(alila) =(ala"da)=|of

b

(a|i?|a)=(a|a*ad*d|a)=(a|a* (@ a+Da|a)=|a| +|af .

Then we have

(an)’ = (ali?|a)~(aila) =|of
or

An = |a| .
The fraction uncertainty in the number is

An :M:

(@) ol

|-

For |0¢| >>1, (see the note below)

<a|cos¢?|a>= cos O(1— ! )+
8a|
. (cos’ 6’—1)
(a|cos® gl ) = cos 6’——22—
2fa|
where
o =|ale?
((Note))
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From the above, we have the relations,
I, o & a”
a)=exp(——|a —\n),
) =exp(-]e[)2 =1n)
¢ =(+1)"a,
e = arh+1)7"2,

Then we get

cos¢A|a> (e“’+e | )| >

:%Kﬁ+D‘”&+a(H+D1”ﬂ>

1 1/2 A~ 1/2 !
:Eexp(——|05| )Z[( +)"Parar (i) ]%|n>

= Je(- 3l )Y T

n-— l> |n+l>]

~ 1 & al
<a|cos¢|a>:gexp(—|a| )z %%[<m|n—l>+<m|n+l>]

n,m=0

1
2exp( |0!| )z \/—[ mn— 1+5m,n+1]

n,m=0

wl— 1 xn+1

a o

+¢mm+nﬂ

1 o &aa +a*"+la”
_EGXP(_|C¥| ); \/n!(n+1)'

:%exp( |a| )Z[

=S era)ena)y m

_|a|COSHGXP( |a| ); n!\/m

or

2n

(a|cos ¢3| ) = la|cos @ exp(— |a| )Zn: n'[/m .

(M
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We also get

. 1 o"
<n|cos¢|a>:aexp(——|a| )< |z\/_[|m—l>+|m+l>]

m=0

—exp(-af )z —(n|m 1)+ (ufm+1)]

1 T
= exp(— | |)[¢( +1)! J(” 1)']
<n|cosé|a>* = (a|cosd|n)
| *n+1 *n_l
_Eexp( ||)\/( +1)! \/(n 1)']

(aleos” dla) = 3 (alcos ln){nlcos da)

sn+1 *n—l

5 0 n+1 n—-1 a
_Zexp(—|0!| )nz(;(\/( \/( 1), \/(n+l)' \/(n l)')
1 | 2(n+l) | 2(n-1) n+1a*n— +a a xn+1
=4O |)Z[( D -0 Jm- Dl D)

sn—1 sn+1

a'a +a"'a
Jn=D(n+1)!
|a2n

nlyJ(n +1)(n +2)

= JonCla) 2exp(a) 11+ Jexn(fe ) 3l 1

:%_Zexp( o)+~ exp( )@ +a’ >Z

Noting that

ara” = |05|2 exp(2i0) + |05|2 exp(—2i0)
= 2|05|2 cos(26)

AP oo oL
—4|a| (cos” @ 2)

we have
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2)

Here we use the asymptotic expansions for |oc|2 >>1 (R. Loudon, 2nd edition)

E2 |a|2" :exp(|a|2)(1_ 1 ‘)
= nin +1 |a| 8|a|2 e
- | 2n eXp(]a|2) 1
1- +...).
,,Z:(;nl\/(n+l)(n+2) o ( 2ef )
((Note)) Mathematics formula; C.C. Gerry and P.L. Knight, Introductory Quantum
Optics
When |a| —> 0,
lim exp(-ef ) =0,
la] >
| 2n+1
fimerdeD S
| 2n+2
11m exp( |a| )z 'Jn+1Jn+2

Thus for large mean numbers of photons, the phase expectation values become

2
(a|cos ¢?|a> =|a|cos & exp(_|a|2) exp(a|) (1- ! =)
el 8

=cosO(1— Lz +...)
8l
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A 1 1 1 1
(a|cos’ gla) = 3" Zexp(—|a|2) +(cos” 0 — 5)(1 —~ 2|a|2 +..)
1 1 1
= 5 + (COS2 0 — 5)(1 —w + )
=cos 6 — ! (coszé’—l)—
2|05|2 5
Note that
(Acosg) =(a|cos’ g|a) —(a|cosg)| a>2
(cos’ 0—1) |
=c0526?——2—cos2 0(1-—; :
2le] 8
(cos’ 0—1) |
~ cos’ 6?——2—cos2 0(1-———
2lof 4of
B sin’ @
Yo

The phase uncertainty is

Acosg = ﬂ,

2ldf

where
o =|ale”.

The product of uncertainties is

sind sind
An(Acosg) = |05|M =
We also note that
<a|sin¢? a> =sind,

for |0c| >>1. Thus we have
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An(Acos @) = %‘<a|sin o).

which means that the coherent state has the minimum uncertainty product.
If we use the relation <a|sin ¢| a> =sin @ (whose proof will be givem below), we get

An(Acos @) = %sin 0.

((Proof)) <a | sin ¢?| a> =siné.

i$

o
“a)

1. .. A71/2A 1/2
—2—i[(n+l) —a (a+1)"]a)

sin ¢3| a> =

1 1 N AC1/2 A Atsa Ao1j2q O
:2—iexp(—§|a|2);[(n+l) 2a—at(n+1) 1/2]ﬁ|n>
1 1, oo @
—2—l_exp(—§|a| );—m[|n—l>—|n+l>]

and

(asingla) =-exp(af) > J_f< m|n=1)=(m|n+1)]

n,m=0

exp( |a| ) Z \/_ \/_ mn 1 5m,n+l]
n,m=0

= —exp( lof )Z[ \/

a a"

I(n —1)! \/n'(n+l)']

+1 sn+1

:—exp( |0‘| )Z; \/n'(nfl)'a

n

— (@ yexp(-laf Em
|a|s1n96XP( |a| )Z |\/_

..)=sin@

8of
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19. The relation of AY =AY =% for the coherent state

2 ﬂ A 1 A A4 A 1
X=—F=x=—(a+a"), Y=—(a-a"
2 2( ) 544
Since
X a>=%(a+d+)a>=%(a+a*)|a>=|a|cos6|a>,

Y|a>=2il(a— i)

a>=2ii(a—a*)|a>=|a|sin 6la).

| @) is the eigenket of X with the eigenvalue ‘a‘ cos @, and is also the eigenket of ¥ with

the eigenvalue |04 sind, where
—lafe”.
We note that

~ 1 .
0‘>=<“|5

a)= %(a +a’)= %|a|(2 cos 0) =|a|cos 6,

(alf|a)={a |—(a )| >=%(a—a*)=%|a|(2isin6’)=|a|sin6’,
l l

<a|)?2|a>=<a|l(&+&+)(&+&+)|a>
@y ( )Z+2a a+1)| )

- i(az +a" +2a]’ +1)

(a]V]a)

—(a&(a —a")a-a)|a)

—-Lafay + (@ -2a7a-1a)

4

_ _%(a2 ra” —2of - 1)
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Then we have

(aX) = {a| £ @)~ (| ¥]a) =
(AYY = (a]P*|a) - (alfla) =
So we get
1
AX:AY:E.
((Note)) Vacuum state |0>
(AX)" = (0] &[0}~ (o]-£|0)* =
(A7) = (0] %[0}~ (0] 7]0) =
:la AY:l
2
B}
A
AX=F1/2

(I




Fig.6

The 2D complex plane of z=(y|aly)=(X)+i(Y)=X+iY. with

|l//>=|0>.AX=% and AY:%. X=Y=0.

We also have several relations

Fig.7

al, Acosg =

<a|sin¢3|a> =sind, <a|cos¢3| a) =cosd,

sind

ER)

b

> X

The 2D complex plane of z={(y|a|ly)=(X)+i(Y)=X+iY with
lw) =|a). The uncertainty circle of a coherent state. |a|= \/@ . ABis the

phase uncertainty. The state (denoted by green circle) is expressed by
l@)=D,0). (a| X

A

Y a> = |a|sin0

a) =|a|cos9, <a
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At o>>1, simple geometry gives
AOl| =2,
2

From this we can see that there is a tradeoff between number uncertainty and phase
uncertainty

AOAn = ABla|= %

which sometimes can be interpreted as the number-phase uncertainty.

v
A
AX=1/2
.
AY=1/2
|
0
D
Fig.8 The phasor diagram for the coherent state |0!> . The length of the phasor is

equal to ‘04 , and the angle from the X-axis is the phase 6. a = ‘a‘em with
|a| =,/ <n> . The quantum uncertainty is shown by a circle of diameter 1/2 at

the end of the phasor. The state is defined by Da|0> .
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Fig.9 Coherent stated defined by Da|0> , Where a = ‘a‘em .

20. Electric field variation

> A A | o 5 5 .

E(x))=E"(x)+E (») =E[ae “+a'e*]=Xcosy+VYsiny,
where

r
=wt—kz——.

d 2

The average of the electric field is

<a|E(;()| a)= %(ae"" +a'e?)
=|a|c0s()(—6’)
= Ref|a|e"]

= Rel|a|e’e ]

or more generally, we define
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E =Re[Ee™].

where E is the phasor of electric field and is the complex number. For the coherent state,
we have

E=a=|a|e’€

We use the phasor |a| ¢ in the complex plane.

Re[|a|e”’]=|a|cos 0 =(X), Im[|a|e”]=|a|sind =(Y)
Im
14
a=|a|e
i<Y>
&
P Re
<X>
Fig.10 Phasor diagram of electric field in the complex plane. <X >=|a|cos€.

<Y > = |a| sin & . Coherent state.
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The variation:

(alE*(p)a)= i(a (Ge™” +a*e™)a"e” +ae™)|a)
= i(a (@ a+1)+ata)+aa+ata|a)
- i[2|oc|2 1+ (e +a” e
Then we get

(AE) =(a|E*(p)|a)~(a|E(x)|a)’ = i

The root-mean-square deviation in electric field is

AE = (al £ (p) @)~ (alEo] @) =

21. Squeezed state (over view)
A squeezed state of light is a special form of light that is studied in the field of quantum

optics. The light's quantum noise is a direct consequence of the existence of photons. When
light is detected with an ideal photo diode, every photon is translated into a photo-electron.
For squeezed light the resulting photo-current exhibits surprisingly low noise. The noise is
lower than the minimum noise one expects from the existence of independent photons and
their statistical arrival times.

The quantum noise of light with independent (uncorrelated) photons is often called
shot-noise. The light itself is then in a so-called coherent state, or Glauber state. Shot-noise
could be expected as the minimum noise possible. And highly stabilized laser sources
almost achieve this low noise level. However, squeezed light can even show less noise than
Glauber states. Squeezed states of light belong to the class of non-classical states of light.

Having less noise, squeezed light has applications in optical communication and optical
measurements. Using squeezed light, weaker signals can be transmitted with the same
signal to noise ratio and the same light power. Squeezed light can be used to distribute
secret keys to two distant parties to perform quantum cryptography. Squeezed light
composes an attractive field of research in fundamental quantum physics. In particular it
allows the production of entangled states of light and the experimental demonstration of
the so-called Einstein-Podolosky-Rosen (EPR) paradox. Squeezed light has been used to
demonstrate quantum teleportation.

22.  Origin of the expression of S’g
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What is the origin of the squeezed operator S . - The wave function for the vacuum state

is given by
1 1/4 xz
x|0)=| ———— | exp[-——] (|x) representation)
1 1/4 pz
|0 :(—J exp[— ] (|p) representation)
where
- 1 _hp
Ax = J{0|3*]0) =—,
O R S C RS i
and
AxAp = L hp_1 (Heisenberg’s principle of uncertainty)

252 2

We parameterize the deviation of the variances from their vacuum values by a real
number ( called the squeezing parameter

L pp -

R ¢

Obviously, the product of Ax and Ap equals the minimal value g;

pxtp= Lo B T

2" 202

How can we squeeze the vacuum? Mathematically, we could just scale the position
wave function ¢,(x) for the squeezed state

P () =g, (ex) = (£). (1
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or

where

/2

The pre-factor e°'? in this scaling serves for maintaining the normalization of @,(x). The
p g g 0

momentum wave function ¢,(p) is the Fourier transformed position wave function ¢,(x).

Consequently,

¢,(p)= eig/z(po (e°p)
or

,%<

(plov)=e"> (7 p|o)

where
‘e’gp> = eg/2|p> .

This formula implies that the momentum wave function is stretched when the position
wave function is squeezed and vice versa. We differentiate ¢,(x) in Eq.(1) with respect to

the squeezing parameter { and obtain

0@, (%) _l /2 2 8(00(5)8_68
oc —26 P (&) +e o6 oc

_l o2 o2 0P, (&) c
—2e ®,(&)+e —85 e‘x

o 8%(6&)
=e [ P (&) +E——— o
1 /2 o
=S¢ gé faé)%(f)
i 2 nh 0

=8¢ gé 5_8_5)%(68)
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where

_0 L 09,(8)
%(é)—aé[é%(é)] g oc

Thus, we have

ho LI na
2L )=t i+ D el m)

| e
=5e€/2 (E|(px+3D)| @)

or
h 0 oo _1ho ., .ho
o (&|@,) S agé 5 ><§|¢0> o
- ; el i+ ) )
where

E=ex,  [&)=e"x)
Thus we have

h O 1 An An
7§<x|¢0> =§<x|(l7x+xp)|%>

We note that

DX+Xp  ma, [a* -

o g ()]— [a —(@)’]

Here we note that
&) =e<"]x)

and
L2 o (el (e iyl = (] — @
2 {sf0) =(ol 3 55+ D) = (56 -(@ L)
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or

0 1, a2 as
e o) =5 (@ =@ o)

In the limit of ¢ > 0,
1 ~ ~t
(xlen) = (x[0) + ¢ (x[@*~(@")|0)

) = {1+ cld* =@ B]0)
—expl <[’ ~(@)]0)
By solving the differential equation for Eq.(2), we get the squeezed state
[20) =5.10)
with
S, =expl5d* 5 ("))
In general, using a complex number ¢, the squeezed operator can be given by

A 1 *AD 1 Ao
Sg:exp(aga —Ega ).

23.  Pure squeezed state |g> = 3’§| 0>
A pure squeezed state is defined as produced by the sole action of the unitary operator
S . on the vacuum state |0>;

[5)="5.19),
where |g> is the squeezed-vacuum state. The squeezed operator is defined by

S 1

* A2 1 A+y2
Sg=eXp[2ga —Eg(a )15
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and ¢ is the complex squeeze parameter with amplitude and phase defined by

G =s¢é

b

where s>0 is the squeezed parameter and 9 is real. It is seen by inspection that S . isa

unitary operator.

—
™

$.'8.=88 "=

S

where

A

S§+ = S—§

The squeezed vacuum state can be expressed by the superposition of number states,

).

)| 1/2

| >: sec hs] ”22 (2n

! —¢'? tanh 5]"
2

Here we use the formula given by
S ;dﬁ . =dcosh(s)—a*e" sinh(s)
S,'a*S, =a" cosh(s) —de ™’ sinh(s).

The expectation number:

{clatale)
(0[S, a*as,|0)
(0[S,7a"S,S +&5}|o>
(O |[a cosh(s) —ae "’ sinh(¢)][a cosh(s) —a’e”’ s1nh(s)]|0>
=sinh’(s)

(clals)=(sla‘a

This means that <ﬁ> =0, when s = 0 (in the absence of any squeezing). Then the squeezed

vacuum state reduces to the ordinary vacuum state. The number <ﬁ> increases sharply as

the magnitude of the squeezed parameter is increased.

(n*)=3sinh*(s) + 2sinh(s) = 3(n)" +2(n).
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Then the variance of number is
(An) = (n*) = (n)" = 2n)(m) + 1),
(cla|s)=(0S."aS.|0) = (0|acosh(s) — 4" sinh(s)|0) = 0,
(cla*|)=(0[S."a*S.|0)=(0|a* cosh(s) — de ™"’ sinh(s)|0) = 0,
,¢)=(0[S."aas.|0)
= (0[[@ cosh(s)—a*e' sinh(s)][a cosh(s) —a*e'’ sinh(s)] 0)

= (0[[-aa*e™" cosh(s)sinh(s)|0)
= —¢'? sinh(¢) cosh(¢)

<g |&d

(glaa’|g)=(0[S."a*a"s.|0)
=—e¢ "’sinh()cosh()
We note that
v IB N P
X="=x==(a+a"),
V272
A 1 1
P=p=o(@-d"),
2np 2i
&+ Qo l 4 +,A At
SR8, =8, @+a))s;
1 _. at 08 - n A i
= E[a cosh(s)—a"e'’ sinh(s) + a" cosh(s) —ae "’ sinh(s)]

Q +vQ l 4 +A AN Q
S,YS, =?S§ (a—a")s;
i
1 A A+ T : A+ A i :
:?[acosh(s)—a ¢ sinh(s)—a* cosh(s)+ ae ™ sinh(s)]
i
Then we have

(slX]) = (0[S, 45 ]0) =0,
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([¥l¢)=(0IS."75 ]0) =0,

(AX) = (5]¥7]c) = Fe¥ sin® Z4e cos S,
(AY) =(s"*|) = %[e“ cos’ g +e * sin’ g] :
E=E' (0 + ()= lae ™ +d7e").
(s|ECx)|5)=0,

2_1 2s = 2 _l -2s 2 _l
[AE(y)] —4[e sin“(y 219)+e cos (y 219)].

When 9=0,
AX = le_s, AY =les,
2 2

AXAYzl,
4

satisfying the Heisenberg’s principle with minimum uncertainty.
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0.4;
0.2;
0.0;
—0.2;
-0.4;
‘—(‘).4‘ | ‘—(‘).2‘ | ‘010‘ | ‘012‘ | ‘0‘.4‘
Y
A
A = X
Fig.11 The 2D complex plane of z={(y|a|ly)=(X)+i(Y)=X+iY with

|l//> = |g> =3 g|0>. Representation of the quadrature operator means and
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uncertainties for the squeezed vacuum state with s parameter given by
exp(s) = 2. The points A1 and Az (dx/dy =0 on the ellipse). The point B
and B2 (dy / dx = 0 on the ellipse).

azle‘s, bzles where ¢ =2.
4 4
AX =2a= %e” . AY =2b= %es (the red line)
Y
A
A
- - » X
0]

Fig.12 Error ellipse for a squeezed vacuum state where the squeezing is in the X

direction. The state is defined by |g> =S g|0> .
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— <

Fig.13 Error ellipse for a squeezed vacuum state where the squeezing is in the ¥
direction. The state is defined by |g> =S g|0> .

The new co-ordinates of the point on the ellipse (x’, y’) is related to the old co-ordinate of
the same point on the ellipse (x, y) by the relation

cos ﬁ sin ﬁ cos ﬁ —sin ﬁ
= T ) R N S R )
V' —sin ﬁ cos ﬁ y y sinﬁ cos ﬁ y
2 2 2 2
((Note)) The calculation of AX and AY for the ellipse

(a) Calculation of AY

Starting with the equation of ellipse given by

2 2

x! + 1 _1
2 2

a> b ’

in the {x’, y’} co-ordinates. The relation between (x’, y’) and (x, y):

— — ' \J '
r=xe +ye =x'e'+ye,

b
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where

x'=e(xe +ye)=x(e e )+ (e e)=xcosd+ysinb,

y'=e(xe +ye,)=x(e,e)+ (e e)=—xsind+ycosd.

Where
' _ U — a1
e'e =cosd, e e, =sind,
' _ : ' —
e'e = —sind, e'le = cosd,

Then the equation of the ellipse can be rewritten as

(xcos@+ ysind)’ . (—xsin@+ycosd)’
a’ b’ -

1. (1)

We now calculate the value of 4y. We take the derivative of Eq.(1) with respect to x.

(xcos @+ ysin 8)(cos € + y'sin 0) N (=xsin@+ ycos @)(—sinf+ y'cos §)

0.
a2 b2
When y’ = 0 we get the value of x as a function of y,
(a—b)(a+b)ysinfcosb
X = .
b*cos> @ +a’sin* @

Substituting this value into Eq.(1), we get

y=b?cos’@+a’sin’ @ .
Then we have

AY =241 cos’ O+’ sin’ 0, or  (AY) =4(¥ cos O+d’sin’ H)

(b)  Derivation of AX
We now calculate the value of AX. We take the derivative of Eq.(1) with respect to y.

(xcos @+ ysin @)(x'cos 8 +sin ) N (=xsin@+ ycos@)(—x'sin +cos )

a’ b’ 0:
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When »’ = 0 we get the value of y as a function of x,

_(a—=b)a+b)xsinOcosd
a’cos® 0 +b*sin’ 0

Substituting this value into Eq.(1), we get

x=va*cos O+b*sin 0.

Then we have

AX =2\a’* cos’ 0+bsin’ 6, or (AX)* =4(a® cos 6+b*sin’ 6).
(c)

2 _ 02 _l ~2s 2£ zs-zﬁ
(Ax) —<§|X |g>—4(e cos 2+e sin 2),

L sop_ Lo oo 08 5 28
(AYy =(s|r |§>—4(e sin 2+e cos 2).

Then we have

1
az_e_S7 b:les’ 9=§
4 2

24.  Probability |(¢ |g>|2 for the pure squeezed state |g> =S c | 0>

A pure squeezed state is defined as produced by the sole action of the unitary operator
S . on the vacuum state ‘0>;

[s)=15.10),

and

—1/22 (2”)']1/2

|6) =[sechs] - J¢” tanhs]’

)

—[sechs] “22( 1y [(2;) ]'1/2 ¢"[tanhs]"

The probability of finding the state |2n> state (in other words, 2m photons) in the field is
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:  (2n)! (tanhs)™
b, :‘<2n|g>‘ - 2*(n!)  coshs

while for finding the state |2n+1> state, it is
})2n+l = O .

So the photon probability distribution for a squeezed vacuum state is oscillatory, vanishing
for all odd photon numbers.

We now make a plot of the function <§ |g> as s is chosen as a parameter.

]1/2

(&|g) =[sechs] -1/22 (2n) 2e"9 tanhs]"(£|2n)

=fsechs] Y (1" [(2;3 LD oot (efon)

The probability is

[(ele) = (eleXels)

where

1
& = px, |§>=ﬁ|x>-
((Mathematica)) We make a plot

(le)

b

as a function & where s and , are changes as parameters.
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Squeezed vacuum state

Clear["Global %"]; Clear["Global *"];
exp " :=exp /. {Complex[re , im ] :» Complex[re, -im]}; pl = 80;

2
z

YHOzZ[n , z ] := 2772 g1/4 (n!)'1/2Exp[——] HermiteH[n, z];
- = 2

1 ((2n) 12 (- n
£1= ——— Sum[— [— Exp[-1 O] Tanh[s]) YHOZ[2n, €],
vV Sech[s] n! 2

{n, 0, p1}|;
gl = Abs[£1]?;

ptl[s , ¢ ] :=Plot[gl, {&, -4, 4}, PlotLabel » {s, ¢},
PlotStyle » {Red, Thick},
Ticks -» {Range[-2, 2, 1], Range[0, 2, 0.5]}, PlotPoints -» 100,
PlotRange -» All, DisplayFunction -» Identity];

s = Log[2]; pt2 = Table[ptl[s, ¢], {¢, 0°, 180 °, 10°}];
Show[GraphicsGrid[Partition[pt2, 3]]]

{log(2), 0} flog(2]; 107}
g

5]
]

[
|
=
|

[
|
-
|
=
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=]

) 90°} {log(2). 100 °} {log(2), 1107}

{log(

2), 140°}

{log(2), 150°) ,170°}

_2 -1 12 _2 -1 ~2 -1 1 2

Fig.14 Plot of |<§|g>|2 for the case of {s, 9 } where s=In2, and 9 =0° - 180°.

25.  Bogoliubov transformation: squeezed state
((Merzbaxher, Quantum Mechanics))
In the coherent state

h mha,
Ax = ; Ap=\——,
2ma, 2

where
h
AxAp = —.
=5

We now construct the coherent state with narrower width Ax, so-called squeezed state,

where
mhao,'
Ax = h , Ap=1f—°.
2ma,' 2
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When @'>>a), we can reduce Ax arbitrarily at the expense of letting Ap grow
correspondingly. We define the raising and lowering operator

b= "% 4+ Py,
2h mao,'

£+: ma, ()%_ p )’
2h mao,’'

using an arbitrarily chosen positive parameter @, . Note that

[b,6*]=1.
Then we get
5:1 me, a+a’ 1 ma)o(&—&+)]

[ +
2\ 2n \/ma)o ma,' \/ma)o

:%\/E( v >+—\F( )]
[y @y 1 o o, .,

Similarly,
ma)0 a+a’ ma)o(&—ff)
Zh ma)0 mao \/ma)o
-3 “’0)“ BT P
or
b=pua+va", b"=ua +va.

(Bogoliubov transformation), where yand v are real numbers,
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#=51 @, a)o')’ V_E( @, a)o')’
and

@£V =1,
(with z>1).

a=pb—vb", a* = ub* —vb .
Inversely, we have

b=pa+va', b* = ud* +va.

((Note))

u —vY' (uov
v u) v u)
Then we have

2 " oo "
= = — = (u-v)’,
2mw," 2mo, @," 2mao,

(4x)

:M(/zﬂ/)z.

ho, @,'
Ap)? = D Dy
() 5

2

Wy

So that
/]
AxAp = —,
P 2

as it should be for a minimum state.

26.  Application of Bogoliubov transformation to the squeezed state
We start with the vacuum state |0> , satisfying

A~

a

0)=0.
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Multiplying by S . from the left and using the fact that this operator is unitary, we may

write
A A A
S.48.°5]0)=0,
or
5 A& +
S.48."|¢)=0.
Here we use
S “aS . =acoshs+a‘e’sinhs
¢ ¢ ’
or
S.aS," =acoshs+a"e’sinhs,

i3

since S! = §_¢ and —¢=—5€ . Then we get

A |¢)=(acoshs+ad*e” sinhs)|g)
=(,ud+v&+)|g> =0

or
ble) =0,
where
b=pua+va'
and
u=coshs, v=€’sinhs,
with

juf = =1,

Thus the squeezed vacuum state is the eigenstate of 5 with the eigenvalue zero.
From
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$.48.°5.10)=0.

((Note)) Bogolyubov transformation
It is said that the Bogolyubov transformation is a canonical transformation, as it

preserves the commutation relations. Let b and b* be the operators

~

b=pua+va' bt=ga +va,

where the complex numbers ¢ and v satisfy
uf ~ =1.

The operators b and b* satisfy the commutation relation
[b.6°1=1,

since

[b,b | =[ua+va*,u'at+v'a]

= ‘LIILI*[&, &+] —VV*[CZ, a+]
= -pPi-=1

We also note that
a=pb—vb", a =—vb+ub".

27.  Calculations of the fluctuation (AX),” and (AY),’

The operators X and Y are given by

N

RN S

¥ 1(&_&+):(,u +v )b—‘(,u+v)b '

2i 2i

@

73



. *_ *b" _ b"+
(x), = (| X)) = = ) <o,

(¥), =(g|P[g) = (g YLD |y ¢

2i
since
5|g>:0, <g|5+:0.
(i)
(x%) ={clX¥ls)
=(g|X]¢)
=(wly)
or

(%), =Sl (s16°b]e)

(1), = S (el7dle)
= (el +le)
= gl
Then we have
(AX)SZ B <X2>s _<X>s2 = %V‘ _V|2 = %(e“ sin’ §+ e cos? g) ,
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(AY) " = <Y2>S —(r)’ =%|ﬂ+‘/|2 _ %(ezs c052§+e‘“ Sinzg)'

28. Squeezed coherent state
We assume the squeezed coherent state as

a,g> =l§a§g|0>, or <a,g

=(0|S."D,".
Using the formula shown in the APPENDIX, we have
S.'D,"aD,S. = acoshs—a*e” sinhs +al,

S'D "a"D S =a"coshs—ae“sinhs+a’l,

¢ “a as
with

a=|de?, ¢=sé’
(1)

(n)= |05|2 +sinh’s .
((Proof))

(m) =({@clilec)
=(0[S.'D,'a*D,S.S." D, aD,S.|0)
=(w|w)

(w|y)=(0|-ae " sinhs +a'I)(-a"e’ sinh s + a1)|0)

= (0|(@*a +1)sinh?s +|a|’|0)
= |a|2 +sinh?s
where
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)=5.5,"4B,5)0)
= (acoshs —d*e'’ sinhs + a1)[0)

=(-a'e"sinhs + ai)|0>

and
(w|=(03."D, " D,S. = (0|(~ae* sinhs + a']).
(i)
(An)? =[af (¥ sin®(0 1 8) + ¢ cos* (8~ 1-9)] + 2sinh  s(sinh *s + 1.
((Proof))
<n2> =(a,¢lif|a,¢)

=8."D,a*aD,S.|0)
=8.'D,a"D,S.S. D,aD,S.|0)

= (a* coshs —de " sinhs+a 1) (dcoshs —a'e” sinh s + 1) 0)
= (" coshs —de ™’ sinhs +a 1) (=a"¢" sinhs +a)[0)

At At (9

=(-a*a*e"’ coshssinhs +ad* coshs+aa* sinh® s —a’a*e” sinhs + |05|2)|0>

At At (9

= (—a*a*e"” coshssinhs +ad* coshs —a'd*e" sinh s +sinh? s +|af)]0)
and
(v|=(0|(-ade " coshssinh s +adcoshs — ade '’ sinh s + sinh? s + |a|2) .

Then we have
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(w|w)= <O|&2&+2 sinh® scosh’ s + |0(|2dd+ cosh®s —(a"e”? + a’e)aa" sinh scoshs
+|a|*aa* sinh? s + (sinh? s +|a )?|0)
= 2sinh® scosh’ s + (sinh” s + |0(|2)2 + |0(|2+ (cosh® s +sinh” s)

%2 i .
— (" e” +a’e?)sinh s coshs
where

[(4),(@")*]1=2(a"G+aa")=2(2a"a+1).
Thus, we get

(An) =<n*>—-<n>’
=2sinh® s cosh” s + |0(|2 (cosh® s +sinh® s)— (o e’ + a’e)sinh s cosh s
=2sinh” s(sinh’ s +1) + |oc|2 (cosh’ s +sinh” s) — 2|0(|2 cos(26 — 3)sinh s cosh s

=2sinh” s(sinh® s +1) + |0(|2 (cosh’ s +sinh’ s)
—2|0(|2 [cos® (8 —g) —sin*(@ —g)]sinh scosh s
=2sinh” s(sinh® s +1) + |0(|2 (cosh’ s +sinh’ s)
—4|0(|2 [cos® (8 —g) —sin*(@ —g)]sinh scosh s
21, 25 2 1 2 9 2 9 2s 25
=la| =(e” + —la| = 0——)— 0—— -
|a| 2(e e’) |a| 2[cos ( 2) sin”( 2)](e e”’)

= |a|2 [e* sin*(@ —% 9)+e cos* (0 —% 9)]+ 2sinh’ s(sinh® 5 +1)

(iii)
<a,g X a,g> = |a|cos¢9 = Re[a].
((Proof))
Using the expression of X
X=L@+an
=2 ,

we get
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A

X

1 SJ+A tra AN A O
<a,g a,g>=§<O|Sg D, (a+a)DaSg|O>
= %<O|& coshs — 4" sinhs + al

+a" coshs — e ?asinhs + a*1| 0>

1 .
=—(a+a
> )
=Re[]
where
SN AN O _ 4 ignt 1
S. D, aD,S_=acoshs—e”a"sinh(s) + al,

a e A . "
S.'D,a*D,S. =a" coshs—e’asinhs+a'l.

(iv)
<a, S I;I a, g> = |a| sind = Im[a].
((Proof))
V@),
we get
. 1 oimn o i
(a,clY|a.¢)= 27<0|S€ D, (a-a)D,S.|0)
= %<O|(& coshs —e'?4" sinhs + )
1
(" coshs —e’asinhs + 1) 0)
1 .
= 2—1.(05 —-a)
=Im[a]
)

1 -2s 2‘9 2s 2 2‘9
AX) =—(e"cos"—+e’sin"—).
(X ) = 2 ; >)
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< X2 >= <06,g‘ X2 a,g> = <0|S +Da+ ba§g§g+ba+)a5asg|0> =<Z|7/>’
where
|l//>: ‘§§+[)a A[)as; O>
Lava n aevA &
=55.D,(@+a")D,S, 0)
%(a cosh s —de " sinh s+ "1+ dcosh s —a*e’ s1nhs+a1)|0>
%[(coshs ¢ sinh $)a* + (a + a )] |0>
(v|= %<0|[(Cosh s—esinh $)a+(a +a')i].
So we get

(yly)= %<0|[(coshs — e sinh$)a + (@ + a’)1](coshs — e’ sinh s)a* + (a + a*)i]| 0)
_ %[(coshs — ¢ sinh s)(cosh.s — "’ sinh )(0[aa”|0) + (@ + a*)*(0|0)]
= %[(coshs —e " sinhs)(coshs —e *sinhs)+ (o +a')’]

= %(cosh2 s +sinh® s —2cos 3sinhscoshs + (o + a")*]

:_[(e te SJ (coszg—sinzg)(#JH%(ox+a*)2]

= l(efz“' cos’ g +e*sin’ ﬁ) + l(0: +a’)
4 2 27 4

Then
=<< >—< >
AX) =< X? X >?
1 28"219 2—8"219 1 *2 1 *2
=—(e”sm" —+e "sin" —)+—(a+a ) ——(a+a
4( 2) 4( ) 4( )

= l(e_z“‘ cos? 2 4 ¢ sin’ ﬁ)
2 2
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(vi)

(AYY = i(e‘” sin’ g +e”’ cos’ g) :

((Proof))
<¥*>=(a,s|V’|a,s)=(0[S."D, ¥D,S.S." D, YD,S.|0) = (x]7).
where
lw)=$."D,¥D,S.|0)
- 2%5}*[)&(& —a)D,8.|0)

- 2%(&+ coshs —de " sinh s + a1 - dcoshs +a*e” sinh s — a1)|0)
- 2Ll_[(cosh s+e”sinhs)a" +(a" - a)1]0)
(w|= %<0|[(cosh s+e sinh s)d + (a —a)H1]-
So we get
(yly)= —%<0|[(coshs +e " sinhs)a + (@ — o )1](coshs + e sinh s)a* +(a” - a)i]| 0)

*10) = (@ —a")*(0]0)]

aa

= —%[(coshs +e"’sinh s)(coshs + '’ sinh s)(0
— —%[(coshs +e " sinhs)(coshs +e “sinhs) — (o —a’)’]

= —%(cosh2 s +sinh’ s + 2cos $sinh scoshs — (& —a')*]

s 2s —2s

_ L) o i D L ary
= 4[( 5 J+(cos 5 sin 2)( 5 J] 4(0! a)’]

s

)2

= l(e’z“' sin® 4 +e* cos’ ﬁ) - l(0: -«
4 2 27 4

Then, we have
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(AY) =<Y?>>—-<Y>*
1 2Y . 219 2—Y . 219 1 2 1 £
=—(e”sin* =+ 'sin’ D) ——(a-a )V +—(a-«a

4( 2 2) 4( ) 4( )

= l(e_z“‘ cos? 2 + &% sin’ ﬁ)
4 2 2

(vi)

S =(E(0) ={a-g|E(n|a.c) =|e]cos(z - ).
where

E(y)= %[&e"’f +a'e”].
((Proof))

1 . . at ;
S :§<a,g a a,g)e d +§<a,g a a,g>eZ
:%(ae"" +a'e?)
= |a|cos(;(—6?)

where

(a.¢|da,c)=(0S."D, aD,S.|0)

=(0Jacosh s —a*e" sinh s + ai|0>
=a
(a,gla*|e,c)=(0[S."D,"aD,S_|0)
= (0|a cosh s — de ™’ sinh s + a*i|0>
= a*
(vii)
1 _2s 2 1 28 82 1

N =[AE(p)] =Z[e cos (1—59)+e sin (1—59).

((Proof))
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A | e N e
E(y) =Z(ae Zrate*)ae* +ae”)
1 . iy | A2 iy oAt AAt
=Z(ae +a e*+aa+aa’)

2
At
a

aa'*|c,a)]

a‘dlg,a)+(c,a

c,a)e’ +(s,a

a’lg,a)e™ +(s,a

A 1
E 2 = — ,a

(Eor)=lis

= %[(—ei‘g sinh scosh s + a*)e ** + (—e "’ sinh s cosh s + a” )&z

+(sinh® s +|a| ) + (cosh?s + |a| )]

= i[—2 sinh scosh scos(2y —§) + 2|oc|2 cos(2y — &) +sinh? s + cosh® s + 2|a|2]
Then we have

e N2 A 2 1 ) 5 g )
<E(;() > - <E(;()> = Z[(—2 sinh scoshscos(2y —9) + 4|a| cos(y — E) - 2|a|
: 2 2 2 2 2 19
+ (sinh” s + cosh” s + 2|a| )] - |a| cos (y — 5)

B %[(_2 sinh scoshscos(2y —J) + (sinh”s + cosh” s+)]

eZs + e—Zs
2

o=y a8 a8
—4{ 5 [cos™(x 2) sin”(y 2)]+

i
= i[ez“ cos’(y — g) +e*sin’(y - g)]
where

A

(0$.*D,a*aD,S.|0)

0$.D,a*D,S.S8."D,aD,S.|0)

0|(a* cosh s — e’ sinh s +a T)(écosh s — a*e”’ sinh s +a1)[0)

{
{
(0[(a* cosh s —de™ sinh s + a"I)(—a"e”’ sinh s + r1)| 0)
{

0[(aa* sinh? s + |a|)|0)

=sinh’s+ |oc|2
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§.°B,aa"D,3.|0)= (018" DD, 5.8, b,a",S.|0)

10)

(
(0|(@coshs—a*e” sinh s + al)(@" coshs—desinh s + a*i)‘ 0)
{

0|(dcoshs—a*e"” sinhs + al)(@* coshs + a*i)‘ 0)

=(0|(aa* cosh? s +|o|")|0)

=cosh? s + \a\z

0lS."D,a*D,S.S. " D,a*D,S.|0)

{
(0|(a* coshs —ae™ sinhs + o' 1)(@"* coshs —de ™’ sinh s + a*i)| 0)
<O|(ci+ coshs —de " sinhs + & 1)(4* coshs + a*i)| O>

(0|—e®aa* sinhs coshs + a*2)| 0)

i9 - %2
=—¢"sinhscoshs +«a

=(0$.'D,aD,S.S."D,aD,S.|0)

=(0|(acosh s —a*e" sinh s +al)(@cosh s —a*e sinh s +a1)|0)
=(0|(acosh s —a*e'’ sinh s + al)(~a"e"’ sinh 5 + a1)|0)

(0\ aa*e' sinh scosh s + a )\0)

. 2
=—¢"?sinh scosh s + &

29.  Application of the Bogoliubov transformation to squeezed coherent state
We start with the vacuum state |0>, satisfying

~

aO>=O.

Multiplying by lA)aS’ . from the left and using the fact that this operator is unitary, we may

write

D,S.4S°D,;D,S|0)=0,
or

D,S8.4S.°D,’|a,g)=0

Here we use the relation
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D,S4S D, =D (Aa+ui)D,’
=Aa-al)+u@ -a'l
=(Ad+ ua*)— Ao+ paHl

since

S.aS." =4+ ua*,
and

DaD =a-al, Da&D =d-al.
Then we have

(Aa+ ") a) = (Aa+ua)ag)=1a.gs),
or

Hag)=1a.s),  (aglb={acly,
where

y=Ada+pua =acoshs+a'e’sinhs.

This means that |, g> is the eigenket of b=Aa+ 4" with the eigenvalue 7.

30.  Calculations of the fluctuation (AX )

a,g

* and (AY),

(X = 1Yo+ (A— )b

(a,g|R]a,g) = (a,g : a.6)
~C D (o el g) + A g )
_yA -4y (A-p)
2 2
(a5 XXa,6) = (w|w),

where
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v)=X|es)
_ A )b+ (A= b’
2
%@+u;mﬁ

a,¢)

_y(A -
2

a,c)

since X*'=X,
)"(Jr

A

X

(/1;'”)5*+<a,g

(w|=(a.c
{a.s

(L -4);
2

(=p) - F=-p);

[y R

(s

= <a’g

Then

A

|2 n ]/(ﬂ«* ;,U*)2 < b (ﬂ«; ,u)2 < B+

a,g>+7

a,g>

1
(wlw)=-1A-u ¢ o
4

bb*

|
+Z|ﬂ“_:u|2<aag a7g>
£3 * *2
z+ﬁu—uf+7(%#ﬁ
4 4

hb+1

I,
= A-4

a,g>

2 * * 2 *2 2
2 y(A-pu) v (A-p)
4 4

+i|/1—,u|2<a,g

= 14

The fluctuations (AX ) 2

a.g a,6 :
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(a%),.” =(a.6|XX|a.6) (@[ X a.6)°

a,g
z+7(ﬂ—u)+7 (A-p)
4 4

I,
= 1A=

2|7||ﬂ;u|2 AT AT

1 2 2
tA— A= Z Z

]
1 2 1 s . 219 25 219

=—A-—pu =—(e”’sin"—+e cos”—
4| ﬂ| 4(e 2 ¢ 2)

Similarly, we have

a6)~(aglYag)

1 2 1 9 ., 9
==+ u =—(* cos’ —+e ¥ sin* =
4| lu| 4( 2 2)

(AY )a, gz = <a,g

which are identical to the results for the squeezed vacuum state.

A

AY

AX
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Fig.15(a)

The 2D complex plane of <1//|&|1//>=X +1iY . Representations of the

quadrature operator means and variance for the squeezed vacuum state and
the squeezed vacuum state. € <9/2 The ellipse (blue) at the origin is one
for /2 =0. (a) The squeezed vacuum state. (b) The squeezed coherent

state. a,g> = ba§g|0> .

<

.

AY » X
TN
e
Y
-—
AX
Fig.15(b) The 2D complex plane of <l//|&|l//> =X +iY . Rotated error ellipse of a

displaced squeezed vacuum state. € =9/2. The state is defined by
a,g> = ba§g|0>. The 2D complex plane of <l//|&|l//> =X+iY. |l//> is the

corresponding squeezed coherent state. .<l// |E ( ;()|1//> = Re[(t// |d |1//> e ']
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v /2

AY] — X
//
— ]
AX

Fig.15(¢c) The 2D complex plane of <l//|&|l//> =X +iY . Rotated error ellipse of a

displaced squeezed vacuum state. €>9/2. The state is defined by
a,g>=[)a§g 0>.
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Fig.16 Quadrature squeezed state. The phase-squeezed light.

Fig.17(a) The 2D complex plane of <1//|&|1//> = X +iY . Quadrature squeezed state

and squeezed coherent state. Amplitude-squeezed light

90



v

= X

Fig.17(b) The 2D complex plane of <l//|&|l//> =X +iY. |l//> is the corresponding

squeezed coherent state. Amplitude-squeezed light.

31. The electric field

(a) The case of fixed phase
A

Fig.18

The error circle of a coherent state revolve about the origin of the phase
space at the oscillator angular frequency @ and the expectation value of the
electric field is the projection onto an axis parallel with x.
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We assume that the ellipse is approximated by a line along the X axis. In this case, the
phase of the electric field is fixed. Only the amplitude of the electric field changes over the
limited region of X.

E(t) = asin(2xft + ¢).

While a is the amplitude and ¢ is the phase. While ¢ is fixed, the amplitude a is changed.

A

: T

Fig.19(a) The 2D complex plane of <l//|&|l//> =X+iY.a=08 -1.2 Aa=0.05,f=
1.
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Fig.19(b) Plot of E(¢) vs t.

(b) The case of fixed amplitude

We assume that the ellipse is approximated by a line along the Y axis. In this case, the
phase of the electric field changes, while the amplitude of the electric field almost remains

unchanged over the limited region of Y.

A

Fig.19(a) The 2D complex plane of <1//|&|1//>=X +iY

squeezed coherent state).
E(t)=rsin(27ft +0),

with
r:\/a2+b2 5 tanﬁ:é.
a

While a is fixed, the parameter b is changed.

a=1, b=-Z - % ap=". f

5 5 50
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Fig.19(b) Electric field vs t.

((Mathematica))
Clear["Global *"]; al =1;

hl = Graphics|[{Black, Thick, Arrow[{{0, 0}, {2.2, 0}}],
Arrow[{{0, -1.5}, {0, 1.5}}],
Text[Style["E(t)", Black, 15], {0.2, 1.4}],
Text[Style["t", Black, 15], {2.3, 0}1}1~

gl =

/ bl
Plot[Evaluate[Table[ al? + bl? Sin[2 Tt+ ArcTan[—1 ” ,
a

-7T T T
{bll_l 7 _}]]I{tl 012}1
5 5 50

PlotStyle -» Table[{Hue[0.05i], Thick}, {i, O, 40}],
Axes - False] ; Show[ gl, hl, PlotRange - All]

(¢) Coherent state
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=~

N\ ¢
+ro— B X

s, a> . Each

The 2D complex plane for the squeezed coherent state |l//> =
point inside a circle contributes to the superposition of electromagnetic

waves.

Fig.20(a)

E(t) = R(r,$)sin(27ft + 0) ,

with

R(r,$) =Ja* +r* +2arcos g,

While a is fixed,  and ¢ are changed as parameters.

a=1, F=0-02, Ar=0.02, 9=.0 - 27 A¢=Zf=1.
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Fig.20(b) Electric field vs t.

Clear["Global *"];a=1;

hl = Graphics[{Black, Thick, Arrow[{{0, 0}, {2.2, 0}}],
Arrow[{{0, -1.5}, {0, 1.5}}],
Text[Style["E(t)", Black, 15], {0.2, 1.4}],
Text[Style["t", Black, 15], {2.3, 0}]1}];

Rl[r , & ] :='\/a2+r2 + 2arCos[d] ;
rSin[¢]]
Rl[r, #]

’

6l[r , 4] := ArcSin[

gl=
Plot[Evaluate[Table[ Rl[r, ¢] Sin[27x t+ 61[r, 6] ],

{r, 0, 0.2, 0.02}, {¢, 0, 2, 22—:}” {t, 0, 2},

i
PlotStyle aTable[{Hue[ %] , Thin}, {i, 0, 240}] ,

Axes - False] ;

Show[gl, hl, PlotRange - All]

Summary

Important results are summarized as follows. The electric field is expressed by

E=Re[Ee ]

with E= ‘E’ ‘e’p , where Re is the real part and £ is the complex amplitude of the

electric field, 6 is the phase angle, and y = kz — wr - % .
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(a)  Vacuum state |O>

(a%), =3+ (a¥),= (a%), (a7), -

! '
2 ° 4

(0, =01RJ0=0. (), ={0]7]0)=0

(b) Coherent state |a> = ba |0>

Displacement operator:

A

D, =exp(ad’ —a’a")

= exp(—%|a|2) exp(ad’)exp(-a'a")

E,=Re[E ¢ "]
with

E, =|ofe” =(x), +i(Y),

1 1

(ax), =3 (ar), =3

() Squeezed state
The squeezed operator

S‘g = exp[% a —%(Zf)z]
|<)=5.10)

1
(1), (a7, -4
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where (AX)g # (AY)g :

(x), =(c|X|c)=0, (1), =(s]?]¢) =0

(d) Coherent squeezed state

|a,g> :baﬁg 0>
-
A
- X
Fig.21 The 2D complex plane for the coherent state |l//> =|c, a> .
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APPENDIX

A: Schwarz inequality

A A

A and B are two Hermitian operators with the condition
[4,B]=iC.
Then we have a Heisenberg’s principle of uncertainty:

1
AAAB > 5|<c>|.

B Commutation relations for coherent state and squeezed state

The derivation of all the formula were discussed previously. Here we only list up the
formula used in the section.

B-1  Operators for the simple harmonics
&|n>=\/2|n—1>,

a |n>=n+1|n+1>,
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Aln>=n|n>,

1
n>=——©a")" 0>,
| 7 |
[ﬁ,d] = _d )
[A,a"]=a"

Commutation relations related to the creation and annihilation operators

[a,a"]=1,
[d4,(a")*]=2a",

[a.(a")’]1=3(a")*,

(@) 1=n@H ",

IS]

[
[a.f@a = r"@")

[a*.(a)’]=-2a,
[a*,(a)1=-3(a)’,

[a*,(a)"1=-n(a)"",

a, f@)=-f'(a),
[(@Y,@"V1=2a"a+aa") =224 a+1),
(@), 1=-2a"a+aa")=-22a"a+1),

[@>,a")1=2(a"fa+2ala* +2a%aa*.
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=—[a*,a’]a
=24’
A2 A ARDAE A AL Ang)
[a”,n]=a"aa—a aa
=—a'[4,a"]
:_2&+2
In general.
[a”,n]= pa”, [af,n]=-pa™” (Messiah, p.460).
[ﬁ,a"p]z_p&p, [ﬁader]:p&er
At AoAt 0 AoAt
[a 9f(aaa )]=_ Af(aaa )
oa

[d,f(d,d*)]=aa—Af(a,d*>-
a

B-3 Baker-Hausdorff theorem
(1) In general, we get

exp(Ax)Bexp(—Ax) = B+%[ﬁ, B]+x72'[24, [4, B]]+x?j[21, [4,[4 B]]]+...
(1))  Suppose that

[4,[4,51]=0,
then we have

exp(zglx)é exp(—ﬁx) =B+ x[/], l§]
(1)  If the operators satisfy the relation (/£ constant),

[4,[4,B]1= BB
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exp(xzzl)f? exp(—xzzl) =B cosh(x\/ﬁ )+ ﬁ[ 4,B) sinh(x\/ﬁ ).

(iii)  Suppose that 8=0, [A4,[4,B]]=0. Then we get
B =B+ x[4, B]
since

lm sinh\(/xﬁ\/ﬁ ).

B-4 Baker-Campbell-Hausdorff formula
If the commutator of two operators 4 and B commutes with each of them (4 and
B)
[4[4,B11=0
[.[4.B])=0
One has an identity

exp(A + B) = exp(A) exp( B) exp(—%[ﬁ,é]) . (2)

This is known as the Baker-Campbell-Hausdorff theorem.
((Proof by Glauber))
Roy J. Glauber (A. Messiah, Quantum Mechanics p.422)

We start with

Taking a derivative of f{x) with respect to x, we get

@ =4 exp(xfl) exp(xl?) + exp(xfl)é exp(xé)
X

= (121 + exp(x;l)é exp(—xfl)) exp(xfl) exp(xé)
= [121 + exp(x;l)é exp(—x;l)] f(x)
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or

V) — explud)exp(xb) B+ Aexp(xd) exp(ed)
X

= exp(x;l) exp(xl?)[l? + exp(—xl?)fl exp(xé)]
= f(x)[B +exp(—xB) A exp(xB)]

We note the commutation relations which is derived above. If
[A,[4,B]]=0 and [B,[A4,B]]=0

then we have
A+ exp(ngl)é exp(—ngl) =A+B+ [21, l§]x
B+ exp(—xé)gl exp(xé) =A+B+ [21, l§]x

Using this relation, we get

@: (A+B+[A,BI)f(x)= f(x)(A+B+[4.B]x),
X

with f (x=0)=i. The operators A+ B and [A4, B] commute,
[A+B,[4,B]]=[A,[4,B]]+[B,[4,B]]=0

The function f(x) and A+B+ [21, Blx commutes. Then they can be considered as
quantities of ordinary algebra,

.[%df = j(/] + B+[A, Blx)dx
or
In(f) = (A+B)x +x—22[2, B,
or
£ (x) =exp(Ax) exp(Bx) = exp[(A+ B)x + % [4,B)).
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When x =1,

or

where

[A4,[4,B]]=0, [B,[4,B]]=0.

In general case,

exp(A)exp(B) = exp[(4+ B) + %[21, B+ %[21,[21,1%]] + %[é,[é, AN+ ..

B-6  Displacement operator Da
(1) For the displacement operator

-

we have

(i)

D= f)_a —exp(-ad* +a'a),
D,'D,=1. (Unitary operator).

(i)

At A

D a%ab, =(@'1+a"Yal+a)=|af +ad" +a'a+aa.
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vy D =D

B-7 Formula forﬁa

A

D, =exp(aa’ —a'a) = exp( —%|a|2) exp(aat)exp(—a’a),
where

[a,exp(aa’)]=aexp(aa”),

[a",exp(aa)] = —aexp(aa).

1.

[a&ﬂ—a*&} = |

B-8 Formula for the squeezed state
We define the operator

S’g = exp(%g*&2 - %g&ﬂ) )
where
c= sé? , (€, complex number, s and 9 are real)
S.'aS. = acosh(s)—e'’a* sinh(s),
S.'a*S, =a" cosh(s)—e “asinh(s).
5. =5
((Proof))
S.*aS_ =exp(A)Bexp(-A)
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) . 1 .
with A_—— a*+=ca” ,B=a
2g 2g

~oA 1 * A 1 A
[ABkﬂ——gf+2gf2]

A+D ’\]

=—da

A ’\+2]

=——d

~ ~NOA 1 * A 1 At
[Aa[AaB]] [_Eg (12 +— 9 ga ,—6a ]

1 «a
_[_Eg a’,—ga’']
—— el 1.
:|gza
A A A 1 .. .
[A,[A,[4,B]]]= [——ga +ogd", ¢|” a1
=——dd[AA“
:—5g|g|22&+

PN
=—l¢| a

A A A A A 1 ., 1 ., 2y
[ALALALA, BN =[-26'a +—ca”, ~ef @)

At A2

=——M[

4 A
a

=|g

Finally, we get
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ca—ci +rlof amsglef a +—|d a+
SaTed el amRyelel @ rlel d

3 1,2 1, 4 A g Ly 1,5 ot
—(1+2—!|g| +Z!|g| +.)a—e [|g|+5|g| +§|g| +..)a
= cosh(|g|)a — " sinh(g])a*

or

with
i9

g=sei‘9 , c= |g| e’ =se

Similarly, we get

since
[S.7aS.1" =[acosh(s)—ea" sinh(s)]*
or

A+A+A _ A4 * A
S;a'S . =pa -va

= a" cosh(s) —e “asinh(s)

We note that using the relation S_ .= S -
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~ ~
At

S.a'S =pat—via

-<
= 4" cosh(s) —e “asinh(s)
9
When ¢ >—=5(—€"), we have
$.4°8 = pa’ +v'a
= 4" cosh(s)+ e asinh(s)

where the phase of = is (%)=&

hand side and the left hand side, we also get

. Taking the Hermitian conjugate for both the right

S.aS* = ua+va
= dcosh(s) +e”a* sinh(s)
where
b=8.4S8." = pa+va'
and

[+ _ QA+ Q+ A+ * A
b*=SaS =pa +va

B-9 Formula for the squeezed coherent state

a=lofe”, ¢=sé’

b
S+ AN O A At 7
S. D, aD,S_=upa—-va +al
. A
= acosh(s)—e”a* sinh(s) + al
S+ +A+N O A+ * A *2
S.D,aD,S =pa —vatal
. *A’
=a" cosh(s)—e “asinh(s)+a'l

where

A ran . A
D, aD,=a+al,
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((Proof))

A

S.'D,;"aD,S.=S_"(a+al)s.
=S_"aS. +al
= ud-va* +al

= dcosh(s)—e®a" sinh(s) + al
§°B a8 =5 @ +aDS,

_ QA+ *7

=S, aS. +al

=udt—via+a'l

= 4" cosh(s)—e ’asinh(s)+ a1

B-10 Eigenstate (I) |g> =S . |O>
We start with the vacuum state |O>, satisfying

A

a

0)=0,

or

= acosh(s)+ ¢ a’ sinh(s)
we have
(ua+va)s.|0)=0
Here, we define S . |0> = | g> and
b=ua+va'
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4= cosh(s), v=€"sinh(s)

Then, we get
l;|g> =0
with
- |V|2 = cosh’(s)—sinh’(s) =1 (Bogoliubov transformation)

Thus, the squeezed vacuum state is an eigenstate of the operator
b=ua+va', Z;|g>:0

with eigenvalue zero.

~ ~

b=ua+va", b =va+ua*
or

&zyl;—vl;*, &*zyl;*—v*l;=—v*13+yl;+
Note that

(5.6 ]=1
B-11 Eigenstate (II): |a, g> = ﬁaﬁ' - | O>

We start with the vacuum state |O>, satisfying

A

a

0)=0.

Multiplying by ba§ . from the left and using the fact that this operator is unitary, we may

write

D,S.a8.D,'D,S.]

0)=0,

When we use lA)aS” . | 0> = | a, g> , we have
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or
D.b Aa+|a, >:0
where
b=S.4S."
=ua+va"
= acosh(s) + e a* sinh(s)
Thus, we get
[D,aD,* u+D,a"D,"v] |, ) =0
or

[((a-alpu+@ -a'lyv]|a,s)=0

Using the Bogoliubov transformation
or

bla,¢)=(ua+va)|a.¢) = (ua+va')|a,c)=r|a.s)
where

y=puo+ver =acosh(s)+a ¢’ sinh(s)

a, g> is the eigenket of 5 with the eigenvalue }.

A

b

a,6)=7|a,¢)

B-12 Bogoliubov transformation
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S.7aS. = acosh(s)—e"a” sinh(s)
=ua-va’

b

Similarly, we get

O + A+ Q At —ign s
S.'a’S, =a" cosh(s)—e " asinh(s)

=ua -va

=4 =]
=1
B-13
(a,¢la|a,c)=(0 5;[ A;dzﬁa]ﬁg
=(0|S."(a+al)S_|0)
= (0|5, +l|0)
=a
(a,cla*|a,g)=(0 i*[lﬁ;&*DdS
=(0[S."(a" +a'1)S.
= (0[5, +a'1|0)
= a*
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= o —sinh(s) cosh(s)e™
where
(0|52 [0) = —uv(0| 272 + 1] 0) = — v = —sinh(s) cosh(s)e”

S [D,"a”D,1S.|0)
S*[D,a*D,D, a"D,1S.|0)

A+2
a

a,g>= 0
0

(g

{
=(
{
= <O|l;1+2 +2a'b" + a*zi| 0)
=a” +(0|5,|0)
=a’ —<O| uv' (2n +i)| O>
oy

= o —sinh(s)cosh(s)e™

where
0|5,210) = —v" (024 +1]0) = —v" = —sinh(s) cosh(s)e ™

(0[5, [0) (0[27+1]0)

The average of number operator:
(0|87 (D, " D,)(D, " aD,)1S.|0)

(0[S (a" +a'I)a+al)S.|0)
(0|(B" +e"T)(B, +al)|0)
(0|5, +]a 1|0)

aala, g>

(a.s

=|of +f

= |oc|2 +sinh’(s)
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where

(0[,5,|0) =|v" = sinh*(s)

We also calculate

B-13 S

B-14

aa* aa+l

a,5)
a,c)+1

a,g>:<a,g
:<a’g

= |oz|2 +1+ |v|2

(a.s

aa

=|af + 22

= |oz|2 +cosh?(s)

(0]3]0) =0, (0|5 [0)=0

(0],5,7]0) = 1% = cosh?(s)

(0]5,"5,]0) = (0|55, ~1|0) = 4> ~1=|v[" = sinh’(s)
(0[5,2]0) = —uv"

(0]67]0) = —uv

(0]5,28,|0) = (0| (ua* —v"a)*(ua—va*)|0)
<O| (ua* —v'ayua* —vay(ua-va®) | O>
(0|(—v"a)(ua* —v'a)(-va*)|0)
=|v[* (0| a(ua* —v'aya*)|o)
=0

(0[,°52]0) = (05,2, ]0) =0
Calculation of (AX)2
X:l(aﬂr), Y=i.(&—&*)

2 i
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B-15

X? =i(&*&*+&&+2ﬁ+i)

A L
Y2=Z(—aa —aa+2n+1)

A

(AX)2:<a,g X? X a,g)z

a,6)=(a¢
~ 1 aoas 1 "
<a,g|X|a,g>=E<a,g|a+a |a,g>=5(a+a )

X? atat+aa+2n+1

1
<0(,g a,g>=z<a,g a7g>

- i[of2 +a’ —(uv' +yv)+2|oc|2 +2|v|2 +1]

= %[052 +a* —sinh(s)cosh(s)e ™ —sinh(s) cosh(s)e”

+2 |05|2 +2sinh*(s) +1]

o0 < e 2 1L

=%(—,uv—,uv* +2|v|2 +1)

1 .
=Z(—yv—yv + o’ +|V|2)

= i[s inh*(s)+ cosh’(s) — 2 sinh(s) cosh(s) cos ]

Calculation of (AY)2
(AY)2 ={a,¢|V|a.g)~{a,c|Y a,g}z
<a,g Y? a,g>=—i<a,g atat+aa-2n-1 a,g>

= da v g 2faf 4 1)

~ 1 A oan 1 -
<a,g|Y|a,g>=2 (a,¢la-a |a,g>=2—i(a—a)

i

115



(AY)z :_i[az vat—uv— v _2(|05|2 +|v|2)—1]+%(0£2 +a’ —2|05|2)
:%[(ﬂV+HV*)+2|V|2 1]
1 .
= v+ +7]

= %[2 sinh(s)cosh(s)cos 3 +sinh’(s) + cosh’(s)]

1 . .
(AX)’ (AY) =l ) Vv + vy + 1 + V[

1 .

=l Y = )]
1 4 4 21,2 200 %2 2

=E[(,u +|V| +2u |V| ) (v +v +2|V| ]
1 .

=+ - 07 )

R
1

=7

For simplicity, we assume that $=0

(AX) = %[cosh(s) —sinh(s)]* = %e-“ ,

(AY)2 = i[cosh(s) +sinh(s)]* = %ezs )

or
AX Zle_s, AY:lesa
2 2
leading to
1
AXAY =—.
4

B-16 Generalized quadrature
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la+ea

XO=k (H)(“*“ ] (0)=

& &+ R eib?&_e—iH&Jr
Y(O)=R _ca—c a4
O)= (6’)( > ] R(O) >
R(0) GR(O) = ¢”a,
R(6) a'R(O)=e"a",

where

R(@)=e™  (rotation operator)

C-1  Number fluctuation

(a.6]#*|a.c) =

>

<)

A+2 A2

.5)
a.¢)+{a.cli|a.g)

0[S.°D,"(a?a*)D,S.|0)+{a,
0[S."@" +a'1(a+al)S.|0)+ (

A+2 A2

>

(@.s
(e,
(@,
(@,
{
{

:5)

Note that
(0[S (@ +a'1y’(a+al)S.|0)
=(0[(5" +a'1)’ (b +al)’|0)
=(0| (b +2a' b + 1) (B2 +2ab, + azi)| 0)
=(0|5,2b2 +2ab, b, + &*b + 20, B + 4|05|2 b'b+2a%a’b}
+a*zl;12 + 205*20(1;1 + 2|05|4 i|0>
=(0|5,72572|0) +a? (0] 52| 0) + 4|a| (0|55, | 0)
+a (0]57]0) +]a

=|v|2 [ +2|V|2]—(a2,uv* +0[k2,uv)+4|05|2 |v|2 +|05|4
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where
(0|525,|0) =0, (0]552|0)=0
or

<0|§g+ba+(&+2&2)ba§g|0> :<0|51+2512 +a251+2 +4la
= (0|55 |0)+a* (0] 5,2]0)+4]e]" (0

+a%(0|572(0) +]al*

“bh+ah? +|af 1]0)

b'b |0)

= |v|2 [ +2|v|2]—(a2,uv* +05*2,uv)+4|05|2 |v|2 +|0:|4

We also have

<a,g 7 a,g>: |0(|2 +|v|2
(a,¢|A®|a,¢) = |v|2 [1 + 2|v|2]—(a2yv* ot uv)+ 4|0(|2 |v|2 + |0(|4 + |0(|2 + |v|2
(An)2 =(a,¢|i*|a.¢)—{a.¢|h a,g>2

=V 112 2 1= (@2 uv +apv)+alal W] +|ef +|af + ]| —(|0:|2 +|v|2)2
=V 112 2 1= (@2 uv" +apv)+alal W] +|ef +]af + | —(|0:|4 +v[' +2|e| |v|2)
=V [ + 2 [ 1= (@ v+ a wvy+ 2] V] +lef + | |V

=V 12+ 1= (@ v+ a vy +2la v +|ef +p[
When a =0, the photon number variance is
(An) =" (2 +|V[ +D =2 (V] + D) =2(n)((n)+1)
where
(m)=pf’

When ¢ = 0, the photon number variance is

(an)’ =[af
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where

In general,

(An)2 = |V|2 [ +|V|2]—(a2,uv* +atuv)+ 2|05|2 |V|2 +|05|2 +|V|2
= sinh?(s)[cosh’(s) + sinh? (s)] ~|a] [¢"®*™* + &% ]cosh(s) sinh(s)
+2 |05|2 sinh®(s)+ |05|2 +sinh®(s)
=|a[ [-2cos(26 - 9) cosh(s)sinh(s) + 2 sinh’(s) +1]
+2sinh?(s)[sinh?(s) +1]]

= |a|2 {2[sin’ (8 —g) —cos’ (0 —g)] cosh(s)sinh(s) +2sinh’(s)+1]}
+2sinh?(s)[sinh?(s) +1]]

= |a|2 [e* sin®(@ —g) +e ' cos* (0 —g)] +2sinh’*(s)[sinh’(s) +1]]

B-18 Bogoliubov transformation

b=ua+va’, b =va+ua'
b = pa—va', bt =pud"—va
a=ub—vb", a'=ub"—v'b
-1
wovy _(u v
v ou v u
B-19
R=e"

~ 1 .. t
H(g)=—(cd"~¢a"”
2i
Baker-Campbell-Hausdorff

AL A A FUN ~t A
R H(¢)R = exp(—iga a)?(g a’ —ca*?)exp(iga®a)
i
= exp(zgl)l% exp(—zgl)
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AR - TR S SRR (NS S
exp(A)Bexp(—4)=B +F[A’ B] +5[A, [4,B]] +§[A, [A4,[4,B]]]+...

(@) A=-ign, B=a
[4,B] = (—ig)[A,a] = iga
[4.[4,B]]=[4,iga] = #'[4,a] = —¢’a
[A.[A.[4, B]]] = [-igh,~¢ a] = —ig’a
[A[A[A,[4, B]]| =[~igh,—ig’a] = ¢'a

exp(A)Bexp(-A) =a +ll! (id)a)+ % (ip)*a+ % (ig)a+ 41! (id) a+...

=e’a
RGR =¢e"a

exp(fi)f?z exp(—fi) = exp(fi)f? exp(—fi) exp(fi)f? exp(—za)
= (e*ay

=ea’
R R=e"a

(b) A=-ign, B=a"
[4, B] = (=ig)[#,a"] = (=ig)a"
[A.[4, Bl =[~igh,—iga"] = (=ig)’[#,a" ] = (—ig)*a"
[A.[A.[4, BN = [-igh,~¢*a] = (-ig)’a
[A[ALAL4, B =[-igh,(-ig) a1 = (-ig)'[n.a"] = (=ig)*a"
exp(A)Bexp(—A) =a* +11!(—i¢)a+ +2i! (—ig)’a* +%(—i¢)3 at +4i!(—i¢)4a+ +...

=ea
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exp(fi)f?z exp(—fi) = exp(fi)f? exp(—fi) exp(fi)f? exp(—za)
— (e—[gﬁ&-# 2
— e—2[¢&+2

D+ 17 D At A 1 * A A+ LAt A
"H()R = exp(—iga @) a* —ga**)exp(iga’ a)
l
=i‘(g*ezi¢&2 —geizi"’&”)

2i

—i9 2ip A2 9 2ig ~+2
=—2.s(e B q? — et
i

=H(ge™)

i3
where G =se

Note that e =s5e'*?” . When ¢ =9/2, we get
R'H(R=H(s).

We have

2 | S Anan
H(s)=—s(a"—a " )=—(xp+ px
() 2l.( 2h(p DX)

o N S AA AAN A

[H(s),X]=—[(xp + px),X]
2h

_Srp g

_Zh[pax ]

= —isX

[Fz(s>,m=2—;[(xﬁ+m>,m

S A A2
_ %,
2h[ Pl
=isp
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