
1 

 

Coherent state and squeezed state 

Masatsugu Sei Suzuki and Itsuko S. Suzuki 

Department of Physics, SUNY at Binghamton 

(Date: February 07, 2022) 

 

The coherent state is the quantum state of light most proximate to the classical radiation 

field. For the coherent state, the product of the fluctuations of two non-commutative 

physical quantities takes the minimum value. The electric field of the coherent state can be 

approximately expressed by a well-defined amplitude and phase as with classical waves. 

The Bogoliubov transformation will also be discussed for the squeezed state and squeezed 

coherent state. 

 

((Wikipedia)) Application of coherent squeezed state 

Squeezed states of the light field can be used to enhance precision measurements. For 

example phase-squeezed light can improve the phase read out of interferometric 

measurements (see for example gravitational waves). Amplitude-squeezed light can 

improve the readout of very weak spectroscopic signals. Various squeezed coherent states, 

generalized to the case of many degrees of freedom, are used in various calculations in 

quantum field theory, for example Unruh effect and Hawking radiation, and generally, 

particle production in curved backgrounds and Bogoliubov transformation. 

Recently, the use of squeezed states for quantum information processing in the 

continuous variables (CV) regime has been increasing rapidly. Continuous variable 

quantum optics uses squeezing of light as an essential resource to realize CV protocols for 

quantum communication, unconditional quantum teleportation and one-way quantum 

computing. This is in contrast to quantum information processing with single photons or 

photon pairs as qubits. CV quantum information processing relies heavily on the fact that 

squeezing is intimately related to quantum entanglement, as the quadrature of a squeezed 

state exhibit sub-shot-noise quantum correlations. 

http://en.wikipedia.org/wiki/Squeezed_coherent_state 

 

1. Simple harmonics 

We start with the quantum mechanics on the simple harmonics. The annihilation and 

creation operators are defined by 
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The Hamiltonian of the simple harmonics is given by 
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The expectation value: 
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The uncertainty: 
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Using the Schwarz inequality and 1̂
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2. Single-mode field operator 

From the discussion on the quantized electromagnetic field, the vector potential and 

electric field are given by 
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in the cgs units. The direction of propagation is taken to be the z axis and, with the mode 

subscripts k and  removed. The scalar electric-field operator for the given direction of 

linear polarization is given by 
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and ck  (dispersion relation of the photon), where  
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We consider the simple case (the single mode). 
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((Evaluation of the amplitude of electric field 0E )) 

Suppose that in a volume V, there is one photon with the angular frequency 0  and 

energy 0ℏ . 
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(a) SI units 
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where u  is the energy density (see the topics of Maser Physics) 
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E0 is the amplitude of the electric field; 0 / 2AE E  is the effective electric field. 
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((General formulation)) More convenient method (complex plane) 

 

Here we use more convenient expression which is familiar in the discusstion of AC 

circuit analysis. We consider the expectation value of ˆ ( )E   for the state   (general 

state, including the vacuum state, the coherent state, the squeezed state, and so on). 
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Since X̂ X X     and Ŷ Y Y    are real. This notation is very similar 

to that of the AC circuit analysis in the electricity and magnetism, 
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ˆ( ) Re( )i tI t Ie    (AC current) 

 

where Vɶ  and Î  are complex numbers in the complex plane. So that we just consider how 

the complex number ˆz a   is located on the 2D complex plane. 

 

 
 

Fig.1 ˆ ˆ( ) Re[ ]iE a e       . ˆz a X iY     in the 2D complex 

plane.   is a given state. 

 
(a) 

As will be shown later, when    (coherent state),  
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Fig.2 The 2D complex plane for the coherent state   . The blue point 

indicates the location of ˆ iz a e       . The amplitude   and 

the phase  for the coherent state with â    . 

 

(b) 0  , we have ˆ0 0 0z a   
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3. Displacement operator 
Suppose that 
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or  

 

   . 

 
6. Translation operator 

Suppose that * = . Then we have 
 

)]ˆˆ(exp[)ˆˆexp(ˆ * aaaaD    , 

 

where  
 

p
m

iaa ˆ
2

ˆˆ
0ℏ

 , 
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or 

 

]ˆ
2

exp[ˆ p
i

D




ℏ

 , 

 

with 
 

ℏ

0


m
 ,  


2

a . 

 

This operator coincides with the translation operator 
 

]exp[)( ap
i

aT
⌢

ℏ

⌢
 , 

 

where 
 

axxaT )(ˆ , 

 
or 

 

axaTx  )(ˆ . 

 
Note that  

 

)
2

(
2ˆˆ








   
 xxDxDx . 

 

When 0 , 

 

)(0
2

0ˆ
00 xxxDxx  




  , 

 

which is the Gaussian function where the center shifts from zero to x = x0, where  
 


2

0 x . (real) 

 

7. Coherent state   
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We define the coherent state   as 

 

 â ,  and  
*

â     

 
Suppose that 

 







0n

n nc . 

 

Then 
 
















0

1

00

11ˆˆ
n

n

n

n

n

n nncnncnaca . 

 
This is equal to 

 







0n

n nc  . 

 

Then we get the recursion relation 
 

1
1




n
cc nn


, 

 
which leads to 

 

!
0

n
cc

n

n


 . 

 

Consequently, we have 
 







0

0
!n

n

n
n

c


 . 

 

The bra vector   is given by 

 

 






0

*
*

0
!n

n

n
n

c


 . 

 

From the normalization requirement, we determine 0c ; 
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 

 

 

2

*

2

0

0 0

*

2

0

0 0

*

2

0 ,

0 0

2

2 2

0 0

0

! !

! !

! !

!

1

m
n

m n

m
n

m n

m
n

n m

m n

n

n

c m n
m n

c m n
m n

c
m n

c c e
n



 
 

 

 




 

 

 

 

 

 











 



 

 

 



 

 

yields 
 

2
0

2


 ec . 

 
Finally we have the coherent state 

 
2 2

2 2

0 0

ˆ( )
0

!!

n n

n n

a
e n e

nn

  


  

 

   . 

 

where 
 

1
ˆ( ) 0

!

nn a
n

 . 

 

8. Property of   

Here we show that   is expressed by 

 
ˆ 0D  . 

 
where 

 
*ˆ ˆ ˆexp( )D a a    ,  *ˆ ˆ ˆexp( )D a a      

 

We know that 
 

1̂ˆˆˆˆ  
aDaD , 
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or 
 

ˆ ˆ ˆˆ ˆaD D a D    . 

 
From this we get 

 
 

0ˆ0ˆˆ0ˆˆ  DaDDa  , 

 

or 
 

0ˆ0ˆˆ  DDa  . 

 

Then 0ˆ
D  is the eigenket of â with the eigenvalue , 

 

ˆ 0D  . 

 

The form of   can be expressed as follows. 

 

0)ˆexp()ˆexp()
2

1
exp(0ˆ *2

aaD     . 

 
Using 

 

00)ˆexp( *  a , 

 

ˆ ˆ ˆ[exp( ), ] exp( )a a a     , 

 
or 

 
ˆˆ ˆ ˆ ˆexp( )( 1 ) exp( )a a a a       

 
we have 
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2

2

2

ˆˆ ˆ 0

1
ˆ ˆexp( ) exp( ) 0

2

1 ˆˆ ˆexp( ) exp( )( 1 ) 0
2

1
ˆexp( ) exp( ) 0

2

a aD

a a

a a

a



 

  

  

 









 

  

 



 

 

or 
 

 â , 

 

which means that   is the eigenket of ˆ a  with the eigenvalue . 

 

((Note)) 
 

*

2 *

2 *

ˆ ˆ ˆexp( )

1
ˆ ˆexp( ) exp( ) exp( )

2

1
ˆ ˆexp( ) exp( ) exp( )

2

D a a

a a

a a

  

  

  







 

  

 

 

 

*

2 *

2

2

0

ˆ 0

ˆ ˆexp( ) 0

1
ˆ ˆexp( ) exp( )exp( ) 0

2

1
ˆexp( ) exp( ) 0

2

ˆ1 ( )
exp( ) 0

2 !

n

n

D

a a

a a

a

a

n



 

  

 
















 

  

 

  

 

 

9. The explicit expression of   in terms of n  
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2

2

0

ˆ 0

1
ˆexp( )exp( ) 0

2

ˆ1 ( )
exp( ) 0

2 !

n

n

D

a

a

n



 












 

  

 

 

Since 

 

  0|)ˆ(
!

1
| na

n
n , 

 

we get 

 













0

2

0

2

!
)

2

1
exp(0

!

)ˆ(
)

2

1
exp(

n

n

n

nn

n
nn

a 



 , 

 

or 

 

!
)

2

1
exp(

2

n
n

n
  , 

 

!
)exp(

2

22

n
nP

n

n


  . 

 

Note that the coherent states do not have a definite value of the quantum number n, simply 

because they are not eigenstates of the number operator. In fact, the probability of 

observing the values of n in a quantum measurement of state   is actually a Poisson 

distribution. 

Now we now consider the single mode coherent state 

 
2

ˆˆˆ   aann , 

 

]1[ˆˆˆˆˆˆˆ
4222 nnaaaaaann    , 

 

 
22 ˆˆ nnn , 

 

or  

 

nn

n 11





, 
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or 

 

  nn 
22  . (Maxwell-Boltzmann distribution) 

 

 
 

 
 

Fig.3 Poisson distribution function. The average value n  is changed as a 

parameter. n  . In the limit of    , the Poisson distribution may 

be approximated as a Gaussian distribution. 

 

((Note)) 

n

Pn

n 9
n 7

n 5

n 3

5 10 15 20

0.05

0.10

0.15

0.20

n

Pn
n 10

n 20

n 30

n 40

10 20 30 40 50 60

0.02

0.04

0.06

0.08

0.10

0.12
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(i) Bose-Einstein (BE) distribution function 

 

 2
(1 )BE BE BEn n n   . 

 

(ii) Fermi-Dirac (FD) distribution function 

 

 2
(1 )FD FD FDn n n   . 

 

(iii) Maxwell-Boltzman (MB) distribution function 

 

 2

MB MBn n  . 

 

10. Time evolution of the coherent state 

The coherent state is defined by 

 









0

2

!

2

n

n

n
n

e





. 

 

The time evolution of the coherent state is given by 

 

ti

ti

n

ntiti

n

tn
in

n

tH
in

tH
i

ee

n
n

e
ee

ne
n

e

ne
n

e

et

0

0

0

2

0

0

2

2

2

0

22

0

)
2

1
(

2

0

ˆ
2

ˆ

!

)[(

!

[

!

)(



























































ℏ
ℏ

ℏ

ℏ

 

 
or 

 

ti

ti

eet 0

0

2)(




 
 . 

 

((Note)) 
 

)()()()()(ˆ)(ˆ 00

0

00

0

22 ttteeeeeaeta
titi

ti

titi

ti

 





 
. 
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Then we have 

 

( )
i t

t e
   . 

 
((Example))  Ehrenfest theorem for simple harmonics 

Using 

 

0

ˆ ˆ ˆ( )
2

x a a
m

 
ℏ

 

 
we get 

 

*

ˆ( ) ) )

ˆ ˆ( ) ( ) ( )
2

( )
2

2Re[ ]
2

2
Re( )

i t i t

i t

i t

x t x t

t a a t
m

e e
m

e
m

e
m

 





 

 


 


















 

 





ℏ

ℏ

ℏ

ℏ

 

 
We note that 

 
i

e
    

 

*

ˆ( ) ( )

ˆ ˆ( ) ()
2

( )
2

2 Re( )
2

2 Re[( ) ]

i t i t

i t

i t

p t p t

m
i t a a

m
i e i e

m
i e

m i e

 





 


 


 




 











  

  

 

 

ℏ

ℏ

ℏ

ℏ

  

 

The time dependence of x  and p ; 
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2
Re[( ) ]

2
Re[( ) ]

i t

i t

d x
i e

dt m

i e
m















 

 

ℏ

ℏ

 

 

2 Re[( )( ) ]

2 Re[( ) ]

2 Re[ ]

i t

i t

i t

d p
m i i e

dt

m e

m e







  

 

  







  

 

  

ℏ

ℏ

ℏ

 

 

Note that 

 

2
Re[( ) ]

2
Re[( ) ]

i t

i t

p m
i e

m m

i e
m















 

 

ℏ

ℏ

 

 

2

2 Re( )i t

dV
m x

dx

m e 



   



 ℏ  

 

Thus, we have the relations 

 

1d x
p

dt m
 , 

d p dV

dt dx
   

 

(Ehrenfest theorem) 

 
_______________________________________________________________________ 

11. Unitary operator
ˆ R   
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We consider the unitary operator: 
 

ˆ ˆ ˆexp( )R i a a     

 

where  is real. We note that 
 

ˆ R 
  ̂a ̂  R   exp(i)  ̂a . 

 

((Proof)) 
 

....
!3

]]],ˆ[,ˆ[,ˆ[

!2

]],ˆ[,ˆ[

!1

],ˆ[ˆ)ˆexp(ˆ)ˆexp( 
BAAABAABA

BABA

⌢⌢⌢

 

 

aaiA ˆˆˆ   ,  aB ˆˆ  ,  

 

aan ˆ]ˆ,ˆ[  , 

 

aianiaaaiBA ˆ]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,ˆ[   
, 

 
2 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ , ]] [ , ] ( ) [ , ] ( )A A B i a a i a i n a i a          

 
2 3 3ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ , ]]] [ , ( ) ] ( ) [ , ] ( )A A A B i a a i a i n a i a          

 

and so on. 
 

ae
ii

aRaR i ˆ...]
!2

)(

!1
1[ˆˆˆˆ

2






. 

 
Now let us show that 

 

 


iecR ˆ . 

 
We note that 

 

 â , 

 

 


ii eaeRaR 
ˆˆˆˆ , 

 

or 
 

)ˆ()ˆ(ˆ  


 ReRa i , 
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which means that R̂  is the eigenket of ˆ a  with the eigenvalue e
i

. Thus we have 

 

 


iecR ˆ . 

 

ie  is the coherent state. c is the phase factor. 

 

12. Non-orthogonality 

The coherent state (  ) do not form an orthogonal state. 

 

 â , 

 

â    , 

 

0)ˆexp()
2

1
exp(

0)ˆexp()ˆexp()
2

1
exp(

0ˆ

2

*2











a

aa

D





 

 

 

)ˆexp()
2

1
exp(0ˆ0ˆ0 *2

aDD    
 , 

 

0)ˆexp()ˆexp(0)
2

1
exp()

2

1
exp( *22  aa  . 

 
Note that  

 
* * *ˆ ˆ ˆ ˆexp( ) exp( )exp( ) exp( ) exp( )a a a a       , 

 

or 
 

* * *ˆ ˆ ˆ ˆexp( ) exp( ) exp( )exp( ) exp( )a a a a      , 

 

0)ˆexp()ˆexp(0)
2

exp( **

22

aa 


 


 , 

 

or 
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)
2

exp( *

22




 


 . 

 
We also note that 

 

)())(( **22*2   , 

 

)exp()exp(
2**222

  . 

 

The distance 
2

  measures the degree to which the two eigenstates are approximately 

orthogonal. 

 
Note that 

 

)ˆˆexp()ˆexp()ˆexp()
2

1
exp(ˆ **2

aaaaD    , 

 
using the theorem 

 

)ˆˆexp(])
2

1
exp()ˆexp()ˆexp( *2*   aaaa  . 

 

((Note)) 

 

2 *

2

ˆ 0

1
ˆ ˆexp( ) exp( ) exp( ) 0

2

1
ˆexp( ) exp( ) 0

2

D

a a

a



  

 







 

 

 

 

2

2

2 2 2

2 2

1
ˆ ˆ ˆexp( ) exp( ) 0

2

1
ˆexp( ) exp( ) 0

2

1 1 1
ˆexp( ) exp( ) exp( ) exp( ) 0

2 2 2

1 1
exp( ) exp( )

2 2

a a a

a

a

  

 


   


  


  





 


 




  



 


 

 

13. Over-closure relation 
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1̂
1ˆ 2   


dK . 

 

The integration is extended over the entire  plane with a real element of area. Let us give 

a proof for this. 

 







0

2

!
)

2

1
exp(

n

n

n
n


 , 

 







0

*
2

!

)(
)

2

1
exp(

n

n

n
n


 . 

 

We calculate  ̂K defined by 

 

 














0

*
22

0

2

!

)(
)exp(
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m
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



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We assume that  

 
 ii

ree  ,  ( r ) 

 

then we have 

 

 n
( *

)
m   n m

e
i( n m ) , 

 

])(exp[)exp( 22  mnirrdJ mn   , 

 

with 

 

drrdd  2 . 

 

Then 

 

   ])(exp[)exp( 2  mnirrdrrdJ mn , 

 

where  r0  and 02. Note that 

 

e
i (nm)

d  2
0

2

 n, m, 
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mn

n

mn nrrdrJ ,

0

22

, !)exp(2   


. 

 

Thus 

 

1̂
!

!1ˆ
,

.

 
n

mn

mn
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n

n
mnK 


. 

 

Using the closure relation, we have 

 

 


 )
2
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11 *
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22 








 dd , 

 

where 

 

)exp(
22   . 

 

This is an expression of over-closure. This means that a coherent state forms an complete 

set and that the simultaneous measurement of ˆ a 1  and  ̂a 2 , represented by the projection 

operator   is not an exact measurement but instead an approximate measurement 

with a finite error measurement. 

 

14. x -representation of the coherent state 

If we multiply the left-hand side of 

 

 â , 

 

by x  and use 

 











0

ˆ
ˆ

2
ˆ




m

pi
xa ,  










0

ˆ
ˆ

2
ˆ




m

pi
xa  

 

with 

 

ℏ

0


m
 . 

 

Then we have 

 

 xax ˆ , 



29 

 

 

or 

 





x

m

pi
xx 










0

ˆ
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2
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0)2(
0












xxx
xm

ℏ
. 

 

The solution for x  can be obtained as 
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



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




 

 

where 

 


Re

20 x , 



 Im2

Im2
00 ℏ mp , 

 

1
2






dxx  , 

 
4/1

0' 







ℏ
m

C . 

 

Note that 

 

0

2

xdxxxx  




 , 

 

0
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0

2

2
)()(




m
dxxxxx

ℏ
 




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0pdxx
x

x
i

p 



 





ℏ

, 

 

2
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2 


ℏℏ m
pdxx

x
x

i
p 











 




, 

 

 
2

0222 ℏm
ppp  . 

 

Then we have 
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0

0

ℏℏℏ





m

m
px . 

 

The wavefunction x  is indeed the minimum uncertainty wave-packet with stationary 

quantum uncertainty. 

The wavefunction for the coherent state is 

 

 
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4
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exp[

2

24/1

0 x
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i
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xxm
x

ℏℏ
















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The time dependence of the coherent state: 

 

)
2

exp()
2

exp()( 00 titi
t





  , 

 

]))
2

exp(
1

2(
2

exp[)( 200 ti
x

m
Ctx







 
ℏ

. 

 

((Note))  -representation of the coherent state 

 

Here we use 

 

x  , x


 1
 ,  

 




ℏ

pk
 ,  pℏ  , 

 

where 
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ℏ

0


m
 . 

 

We start with the differential equation 

 

0)2(
0











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ℏ
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2






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








 x
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or 

 

0)2( 

 


. 

 

The solution  

 

])(
2

1
exp[

1

)]Im2)Re2(
2
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2
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





 

 

where 

 

 Re20  ,   Im20  , 

 

 
2

12  ,  
2

12  . 

 

2 1/2

0exp[ ( ) ]d   




     

 

1

2

ie  


 . 

 

((Note)) 
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ti
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eet 0

0

2)(




 
 , 

 

with 

 

])(
2

1
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1
)( 0

2

04/1



 it  ,  (Gaussian) 

 

where 

 

)cos(2]Re[2 00
0    

te
ti

, 

 

)sin(2]Im[[2 00
0    

te
ti

, 

 

where 

 
 i

e . 

 

Suppose that n , then we have 

 

)cos(2 00   tn . 

 

The classical turning point is 

 

nnclass 212  . 

 

So the coherent state remains a coherent state under the free field evolution. A coherent 

state-wave function moves through the harmonic oscillator potential, between the classical 

turning points, without dispersion. 
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Fig.4 The movement of a coherent state-wave function through the harmonic 

oscillator potential, between the classical turning points, without dispersion 

(C.C. Gerry and P.L. Knight, Introductory Quantum Optics). 

 

15. Canonical coordinate and momentum 

From 

 











0

ˆ
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2
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
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we get 
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2

1
ˆ


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)ˆˆ(
2

ˆ  aa
i

p
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. 

 

The expectation values of the position and momentum in the coherent state are given by 

 

  






 cos
2

2

1
ˆ * x , 

 




 sin2)(
2

ˆ *
ℏ

ℏ


i
p , 

 

where 
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 i
e . 

 

The expectation values of 2x̂  and 
2p̂  can be calculated as 

 

  ]1[
2

1
ˆ
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2

2  

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 
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, 

 

where we use 

 

 â ,  
*ˆ  

a , 1̂]ˆ,ˆ[ aa . 

 

The variances p  and x  are obtained by 
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The minimum uncertainty relation 

 

222

1 22

2

ℏℏ





px , 

 

is satisfied in the coherent state. 

 

16. Phase operator 

We define the phase operator as 
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̂2/1
)1̂ˆ(ˆ i

ena  , 

 
2/1ˆ

)1̂ˆ(ˆ  
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i
, 

 

or 
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i ˆ)1̂ˆ(

2/1ˆ 
, 

 
2/1ˆ

)1̂ˆ(ˆ   nae
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, 

 

Then we get 
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However, the reverse-order product is not equal to unity. The phase operator has the 

number expansion 

 


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
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The Hermite conjugate is 

 

 ˆ

1

ˆ
1)( i

n

i enne 




  , 

 

since 
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It is easy to see that 

 

1̂)()(
ˆˆˆˆ
   iiii

eeee . 

 

We also note that 

 

11)1̂ˆ(ˆ)1̂ˆ( 2/12/1ˆ
  nnnnnannei ,  for n≠0,  

 

1ˆ)1()1̂ˆ(ˆ 2/12/1ˆ
  nnannnane i . 

 

The phase operator 
̂ie  is not Hermitian and it cannot represent observable properties of 

the electromagnetic field. Here we define the Hermitian operator as 

 

)(
2

1ˆcos
ˆˆ  ii ee  , 

 

and 

 

)(
2

1ˆsin
ˆˆ  ii ee

i

 . 

 

 

((Note)) Phase operator 

Luca Salasnich, Quantum Physics of Light and Matter; A Modern Introduction to 

Photons, Atoms and Many-Body Systems (Springer, 2014). 

 

Here we discuss the origin of the definition for the phase operator. 
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Phase operator 
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1/2 1/2 1/2ˆ ˆˆ ˆ 1 1f n aN n n a n n n n n         
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These operators are similar to the translation operators such that 
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Here we define a function  
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When we choose N = 1000. We make a plot of ( )g x  as a function of x. For x>>1, ( )g x

tends to approach unity. 

 

 
 

Fig,5 Plot of ( )g x as a function of x. 
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( ) exp( ) 1
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n
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g x
n n


  



   

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2

2

0

1
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!( 1)!

n
N

n n n






 


 . 

 

Using this approximation, 

 

ˆ if e 
 


  . 

 

for 
2ˆ 1N    , with i ie N e    . Thus, for a large average number 

N  of photons the expectation value of the phase operator f̂  on the coherent state   

gives the phase factor i
e

  of the complex eigenvalue   of the coherent state. 

 

17. Commutation relation 

x

g x
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aan ˆ]ˆ,ˆ[  ,  ˆ ˆ ˆ[ , ]n a a
  , 

 

Using the relations 

 
̂2/1

)1̂ˆ(ˆ i
ena  , 

 
2/1ˆ

)1̂ˆ(ˆ  
nea

i
, 

 

we get 

 
 ˆˆ

],ˆ[
ii

een  ,  
 ˆˆ

],ˆ[
ii

een
  , 

 

since 

 

1̂ˆ)1̂ˆ()1̂ˆ()1̂ˆ(ˆˆˆ
ˆˆˆˆˆ2/12/1ˆ

   iiiiii
eneeneenneaan . 

 

(i) 

 
ˆ ˆ ˆˆ ˆi i ie n ne e    , leading to 

 ˆˆ
],ˆ[

ii
een  . 

 

(ii) 

 
ˆ ˆ ˆˆ ˆi i i

ne e n e
      , leading to 

 ˆˆ
],ˆ[

ii
een
  . 

 

_____________________________________________________________________ 

Then we have 

 

 ˆsin]ˆcos,ˆ[ in  ,   ˆcos]ˆsin,ˆ[ in  . 

 

These equations lead to the inequalities, 

 

    sin
2

1
cos n , 

 

    cos
2

1
sin n , 

 

using the Schwarz inequality. Then we get 
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     
4

1

cossin

]sincos[
22

22
2 









n . 

 

18. Coherent state 

 

Coherent state: 

 

 â , 

 
2

ˆˆˆ   aann , 

 
4 22 ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( 1)n a aa a a a a a               . 

 

Then we have 

 

  2222
ˆˆ   nnn . 

 

or 

 

n . 

 

The fraction uncertainty in the number is 

 



 1
2



n

n
. 

 

For 1 , (see the note below) 

 

...)
8

1
1(cosˆcos

2



  

 

...
2

)
2

1
(cos

cosˆcos
2

2

22 






  

 

where 

 
 i

e . 

 

((Note)) 
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From the above, we have the relations, 
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


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n
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n
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We also get 
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Noting that 

 

)
2

1
(cos4

)2cos(2

)2exp()2exp(

22

2

222*2











 ii

 

 

we have 
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
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 (2) 

 

Here we use the asymptotic expansions for 1
2
  (R. Loudon, 2nd edition)  
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((Note)) Mathematics formula; C.C. Gerry and P.L. Knight, Introductory Quantum 

Optics 
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Thus for large mean numbers of photons, the phase expectation values become 
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The phase uncertainty is 
 


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
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cos  , 

 
where 

 
 i

e . 

 
The product of uncertainties is 

 

2
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



 n . 

 

We also note that 
 

 sinˆsin  , 

 

for 1 . Thus we have 
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2

1
)cos( n , 

 

which means that the coherent state has the minimum uncertainty product.  

If we use the relation  sinˆsin   (whose proof will be givem below), we get 
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19. The relation of 
2

1
 YX  for the coherent state 
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  is the eigenket of X̂  with the eigenvalue  cos , and is also the eigenket of Ŷ  with 

the eigenvalue  sin , where 
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Then we have 

 

 
4

1ˆˆ 222   XXX , 

 

 
4

1ˆˆ 222   YYY . 

 

So we get 

 

2

1
 YX . 

 

((Note)) Vacuum state 0  

 

  22 2 1ˆ ˆ0 0 0 0
4

X X X    , 

 

  22 2 1ˆ ˆ0 0 0 0
4

Y Y Y    . 

 
1

2
X  , 

1

2
Y   
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Fig.6 The 2D complex plane of ˆ .z a X i Y X iY       with 

0 . 
1

2
X   and 

1

2
Y  . 0X Y  . 

 

We also have several relations 

 

 sinˆsin  ,   cosˆcos  , 

 

n , 




2

sin
cos  ,   

 
2n . 

 

 
 

Fig.7 The 2D complex plane of ˆz a X i Y X iY       with 

.   The uncertainty circle of a coherent state. n  .  is the 

phase uncertainty. The state (denoted by green circle) is expressed by 

ˆ 0D  . ˆ cosX    , ˆ sinY     
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At >>1, simple geometry gives 

 

2

1
  . 

 

From this we can see that there is a tradeoff between number uncertainty and phase 

uncertainty 

 

2

1
  n , 

 

which sometimes can be interpreted as the number-phase uncertainty. 

 

 
 

Fig.8 The phasor diagram for the coherent state  . The length of the phasor is 

equal to  , and the angle from the X-axis is the phase . 
 i

e  with 

n . The quantum uncertainty is shown by a circle of diameter 1/2 at 

the end of the phasor. The state is defined by 0ˆ
D . 
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Fig.9 Coherent stated defined by 0ˆ
D , where 

 i
e . 

 

20. Electric field variation 

 

  sinˆcosˆ]ˆˆ[
2

1
)(ˆ)(ˆ)(ˆ YXeaeaEEE ii   , 

 

where 

 

2


  kzt . 

 

The average of the electric field is 

 

*

( )

1ˆ ( ) ( )
2

cos( )

Re[ ]

Re[ ]

i i

i

i i

E e e

e

e e

 

 

 

    

  











 

 





. 

 

or more generally, we define 
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Re[ ]iE Ee  ɶ .  

 

where Eɶ  is the phasor of electric field and is the complex number. For the coherent state, 
we have 

 
i

E e
  ɶ   

 

We use the phasor 
i

e
  in the complex plane. 

 

Re[ ] cos
i

e X
    ,  Im[ ] sin

i
e Y

     

 

 
 

Fig.10 Phasor diagram of electric field in the complex plane. cosX   . 

sinY   . Coherent state. 

Re

Im

X

i Y

e
i
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The variation: 

 

)](12[
4

1

ˆˆˆˆ)ˆˆ)1̂ˆˆ(
4

1

)ˆˆ)(ˆˆ(
4

1
)(ˆ

22*222

2











ii

iiii

ee

aaaaaaaa

eaeaeaeaE













 

 

Then we get 
 

4

1
)(ˆ)(ˆ)(

222   EEE . 

 

The root-mean-square deviation in electric field is 
 

2

1
)(ˆ)(ˆ 22   EEE . 

 
21. Squeezed state (over view) 

A squeezed state of light is a special form of light that is studied in the field of quantum 

optics. The light's quantum noise is a direct consequence of the existence of photons. When 

light is detected with an ideal photo diode, every photon is translated into a photo-electron. 

For squeezed light the resulting photo-current exhibits surprisingly low noise. The noise is 

lower than the minimum noise one expects from the existence of independent photons and 

their statistical arrival times. 

The quantum noise of light with independent (uncorrelated) photons is often called 

shot-noise. The light itself is then in a so-called coherent state, or Glauber state. Shot-noise 

could be expected as the minimum noise possible. And highly stabilized laser sources 

almost achieve this low noise level. However, squeezed light can even show less noise than 

Glauber states. Squeezed states of light belong to the class of non-classical states of light.  

Having less noise, squeezed light has applications in optical communication and optical 

measurements. Using squeezed light, weaker signals can be transmitted with the same 

signal to noise ratio and the same light power. Squeezed light can be used to distribute 

secret keys to two distant parties to perform quantum cryptography. Squeezed light 

composes an attractive field of research in fundamental quantum physics. In particular it 

allows the production of entangled states of light and the experimental demonstration of 

the so-called Einstein-Podolosky-Rosen (EPR) paradox. Squeezed light has been used to 

demonstrate quantum teleportation. 

 

22. Origin of the expression of Ŝ  
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What is the origin of the squeezed operator Ŝ . The wave function for the vacuum state 

is given by 

 

 

1/4 2

22

1
0 exp[ ]

2 ( ) 4

x
x

x x
 

    
  ( x  representation) 

 

 

1/4 2

22

1
0 exp[ ]

2 ( ) 4

p
p

p p
 

    
  ( p  representation) 

 

where 

 

2 1
ˆ0 0

2
x x


   , 

2
2ˆ0 0

2 2 2

m
p p

  
 

    
ℏ ℏ

 

 

and 

 

1

22 2
x p




   
ℏ ℏ

  (Heisenberg’s principle of uncertainty) 

 

We parameterize the deviation of the variances from their vacuum values by a real 

number ζ called the squeezing parameter 

 




 ex

2

1
, 

2
p e

 
ℏ

 

 

Obviously, the product of x  and p  equals the minimal value 
2

ℏ
; 

 

1

22 2
x p e e 


   
ℏ ℏ

 

 

How can we squeeze the vacuum? Mathematically, we could just scale the position 

wave function 0( )x  for the squeezed state 

 
/2 /2

0 0 0( ) ( ) ( )x e e x e
       . (1) 
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or 

 

2 2
0 0 0x e e x e

 
      

 

where 

 
/2e x e x    . 

 

The pre-factor 2/
e  in this scaling serves for maintaining the normalization of )(0 x . The 

momentum wave function 0( )p  is the Fourier transformed position wave function 0( )x . 

Consequently, 

 
/2

0 0( ) ( )p e e p
     

 

or 

 

2
0 0p e e p


 

   

 

where 

 
/2e p e p   . 

 

This formula implies that the momentum wave function is stretched when the position 

wave function is squeezed and vice versa. We differentiate 0( )x  in Eq.(1) with respect to 

the squeezing parameter ζ and obtain 

 

/2 /20 0
0

/2 /2 0
0

/2 0
0

/2

0

/2

0

( ) ( )1
( )

2

( )1
( )

2

( )1
[ ( ) ]
2

1
( ) ( )

2

( ) ( )
2

x
e e

e e e x

e

e

i
e

i i

 

  







   
 

  
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 


 
  



   
 

   
 

  
 

  


 




 



 
 

 

 
 

 
ℏ ℏ

ℏ
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where 

 

0
0 0

( )
( ) [ ( )]

 
    

 


 
 

  

 

Thus, we have 

 

/2 /2

0 0

/2

0

( )
2

1
ˆ ˆ ˆˆ( )

2

i
e e

i i i

e px xp

 



     
  

 

  
 

  

 

ℏ ℏ ℏ

ℏ
 

 

or 

 

/2

0 0

/2

0

1
( )

2

1
ˆ ˆ ˆˆ( )

2

e
i i i

e px xp





     
  

 

  
 

  

 

ℏ ℏ ℏ

 (2) 

 

where 

 

xe  , 
/2

e x
   

 

Thus we have 

 

0 0

1
ˆ ˆ ˆ ˆ( )

2
x x px xp

i
 




 

ℏ

 

 

We note that 

 

2 2 2 20

2

ˆ ˆ ˆˆ 1
ˆ ˆ ˆ ˆ[ ( ) ] [ ( ) ]

2 2 2

mpx xp
a a a a

i i




 
   

ℏ ℏ
 

 

Here we note that 

 

xe
2/   

 

and 

 

2 2

0 0 0

1 1 1
ˆ ˆ ˆ ˆ ˆ ˆ( ) ( )

2 2
x x px xp x a a

i i
  




   
 ℏ
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or 

 

2 2

0 0

1
ˆ ˆ( )

2
x x a a 




 


 

 

In the limit of 0  , 

 

2 2

0

1
ˆ ˆ0 ( ) 0

2
x x x a a      

 

2 2

0

2 2

1
ˆ ˆ{1 [ ( ) ]} 0

2

1
ˆ ˆexp[ [ ( ) ] 0

2

a a

a a

 







  

 
 

 

By solving the differential equation for Eq.(2), we get the squeezed state 

 

0ˆ
0  S  

 

with 

 

])ˆ(
2

ˆ
2

exp[ˆ 22  aaS


  

 

In general, using a complex number  , the squeezed operator can be given by 

 

)ˆ
2

1
ˆ

2

1
exp(ˆ 22*  aaS  . 

 

________________________________________________________________________ 

23. Pure squeezed state 0ˆ
 S  

A pure squeezed state is defined as produced by the sole action of the unitary operator

Ŝ  on the vacuum state 0 ; 

 
ˆ 0S  , 

 

where   is the squeezed-vacuum state. The squeezed operator is defined by 

 

])ˆ(
2

1
ˆ

2

1
exp[ˆ 22*  aaS  , 
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and  is the complex squeeze parameter with amplitude and phase defined by 

 
 ise , 

 

where s>0 is the squeezed parameter and   is real. It is seen by inspection that Ŝ  is a 

unitary operator. 

 

1̂ˆˆˆˆ  
 SSSS , 

 

where 

 

 
  SS ˆˆ . 

 

The squeezed vacuum state can be expressed by the superposition of number states, 

 






 
0

2/1
2/1 2]tanh

2

1
[

!

])!2[(
][sec

n

ni nse
n

n
hs  . 

 

Here we use the formula given by 

 

)sinh(ˆ)cosh(ˆˆˆˆ seasaSaS i


  , 

 

)sinh(ˆ)cosh(ˆˆˆˆ seasaSaS i


  . 

 

The expectation number: 

 

)(sinh

0)]sinh(ˆ)cosh(ˆ)][sinh(ˆ)cosh(ˆ[0
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ii
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
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













 

 

This means that 0ˆ n , when s = 0 (in the absence of any squeezing). Then the squeezed 

vacuum state reduces to the ordinary vacuum state. The number n̂  increases sharply as 

the magnitude of the squeezed parameter is increased. 

 

nnssn 23)(sinh2)(sinh3
2242  . 
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Then the variance of number is  

 

  )1(2
222  nnnnn , 

 

00)sinh(ˆ)cosh(ˆ00ˆˆˆ0ˆ  
seasaSaSa i

 , 

 

00)sinh(ˆ)cosh(ˆ00ˆˆˆ0ˆ   seasaSaSa i
 , 
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We note that 

 

1ˆ ˆ ˆ ˆ( )
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Then we have 

 

00ˆˆˆ0ˆ  
 SXSX , 
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00ˆˆˆ0ˆ  
 SYSY , 
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1ˆ 222222 
 ss eeXX  , 

 

  ]
2

sin
2

cos[
4

1ˆ 222222 
 ss eeYY  , 
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2

1
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4
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When 0 , 

 

seX 
2

1
, seY

2

1
 , 

 

4

1
 YX , 

 

satisfying the Heisenberg’s principle with minimum uncertainty. 
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Fig.11 The 2D complex plane of ˆz a X i Y X iY       with 

ˆ 0 .S    Representation of the quadrature operator means and 
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uncertainties for the squeezed vacuum state with s parameter given by 

exp(s) = 2. The points A1 and A2 ( 0/ dydx  on the ellipse). The point B1 

and B2 ( 0/ dxdy  on the ellipse). 

 

sea 
4

1
, seb

4

1
  where 2se .  

seaX 
2

1
2 . sebY

2

1
2   (the red line) 

 

 
 

Fig.12 Error ellipse for a squeezed vacuum state where the squeezing is in the X 

direction. The state is defined by 0ˆ
 S . 
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Fig.13 Error ellipse for a squeezed vacuum state where the squeezing is in the Y 

direction. The state is defined by 0ˆ
 S . 

 

The new co-ordinates of the point on the ellipse (x’, y’) is related to the old co-ordinate of 

the same point on the ellipse (x, y) by the relation 
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((Note)) The calculation of X  and Y  for the ellipse 

 

(a) Calculation of Y  

 

Starting with the equation of ellipse given by 

 

1
''
2

2

2

2


b

y

a

x
, 

 

in the {x’, y’} co-ordinates. The relation between (x’, y’) and (x, y): 

 

'''' yxyx yxyx eeeer  , 
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where 

 

 sincos)'()'()('' yxyxyxx yxxxyxx  eeeeeee , 

 

 cossin)'()'()('' yxyxyxy yyxyyxy  eeeeeee . 

 

Where 

 

cos'  xx ee ,  sin'  yx ee , 

 

sin'  xy ee , cos'  yy ee , 

 

Then the equation of the ellipse can be rewritten as 
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We now calculate the value of y. We take the derivative of Eq.(1) with respect to x. 

 

0
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When y’ = 0 we get the value of x as a function of y, 

 



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
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 . 

 

Substituting this value into Eq.(1), we get 

 

 2222 sincos aby  . 

 

Then we have 

 

 2222 sincos2 abY  , or   )sincos(4 22222  abY   

 

(b) Derivation of X  

 

We now calculate the value of X. We take the derivative of Eq.(1) with respect to y. 
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When y’ = 0 we get the value of y as a function of x, 
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Substituting this value into Eq.(1), we get 

 

 2222 sincos bax  . 

 

Then we have 
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Then we have 

 

s
ea


4

1
, s

eb
4

1
 , 

2


  . 

 

24. Probability 
2

 for the pure squeezed state 0ˆ
 S  

A pure squeezed state is defined as produced by the sole action of the unitary operator

Ŝ  on the vacuum state 0 ; 

 

0ˆ
 S , 

 

and 

 




















0

2/1
2/1

0

2/1
2/1

2][tanh
!2

])!2[(
)1(][sec

2]tanh
2

1
[

!

])!2[(
][sec

n

nin

n

n

n

ni

nse
n

n
hs

nse
n

n
hs





 

 

The probability of finding the state n2  state (in other words, 2m photons) in the field is 
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  s

s

n

n
nP

n

nn
cosh

)(tanh

!2

)!2(
2

2

22

2

2   , 

 

while for finding the state 12 n  state, it is  

 

012 nP . 

 

So the photon probability distribution for a squeezed vacuum state is oscillatory, vanishing 

for all odd photon numbers. 

 

We now make a plot of the function   as s is chosen as a parameter. 
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
















0
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2

1
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!
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n

nim

n

m

n

ni

nse
n

n
hs

nse
n

n
hs









 

 

The probability is 

 
*2

  , 

 

where 

 

x  , x


 1
 . 

 

((Mathematica)) We make a plot  

 
2

 , 

 

as a function , where s and   are changes as parameters. 
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Squeezed vacuum state
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n

ψHOz@2 n, ξD,
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g1 = Abs@f1D2;

pt1@s_, ϑ_D := Plot@g1, 8ξ, −4, 4<, PlotLabel → 8s, ϑ<,
PlotStyle → 8Red, Thick<,
Ticks → 8Range@−2, 2, 1D, Range@0, 2, 0.5D<, PlotPoints → 100,

PlotRange → All, DisplayFunction → IdentityD;

s = Log@2D; pt2 = Table@pt1@s, ϑD, 8ϑ, 0 °, 180 °, 10 °<D;
Show@GraphicsGrid@Partition@pt2, 3DDD
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Fig.14 Plot of 
2

  for the case of {s, } where s=ln2, and  =0° - 180°. 

 

25. Bogoliubov transformation: squeezed state 

((Merzbaxher, Quantum Mechanics)) 

In the coherent state 

 

02 m
x

ℏ
 ,  

2

0ℏm
p  , 

 

where 

 

2

ℏ
 px . 

 

We now construct the coherent state with narrower width x, so-called squeezed state, 

where 

 

'2 0m
x

ℏ
 ,  

2

'0ℏm
p  . 
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When 00 '   , we can reduce x  arbitrarily at the expense of letting p grow 

correspondingly. We define the raising and lowering operator 

 

)
'

ˆ
ˆ(

2

'ˆ

0

0




m

pi
x

m
b 

ℏ
, 

 

)
'

ˆ
ˆ(

2

'ˆ

0

0




m

pi
x

m
b 

ℏ
, 

 

using an arbitrarily chosen positive parameter '0 . Note that 

 
ˆ ˆ ˆ[ , ] 1b b

  . 

 

Then we get 

 




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Similarly, 
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m
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b
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1

]
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
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



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

ℏℏ

ℏ

 

 

or 

 

ˆ ˆ ˆb a a    ,  ˆ ˆ ˆb a a    . 

 

(Bogoliubov transformation), where  and  are real numbers, 

 



71 

 

0 0

0 0

'1
( )

2 '

 


 
  ,  0 0

0 0

'1
( )

2 '

 


 
  , 

 

and 

 
2 2 1   , 

 

(with >1).  

 
ˆ ˆâ b b    ,  ˆ ˆâ b b    . 

 

Inversely, we have 

 
ˆ ˆ ˆb a a    ,  ˆ ˆ ˆb a a    . 

 

((Note)) 

 
1   

   


   

      
. 

 

Then we have 

 

 
2 2 2

2 20

0 0 0 0

( )
2 ' 2 ' 2

x
m m m


 

   
    

ℏ ℏ ℏ
, 

 

 2 20 0 0

0

'
( )

2 2

m m
p

  
 


   

ℏ ℏ
. 

 

So that 

 

2

ℏ
 px , 

 

as it should be for a minimum state. 

 

26. Application of Bogoliubov transformation to the squeezed state 

We start with the vacuum state 0 , satisfying 

 

00ˆ a . 
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Multiplying by Ŝ  from the left and using the fact that this operator is unitary, we may 

write 

 

00ˆˆˆˆ 
 SSaS , 

 

or 

 

0ˆˆˆ   SaS . 

 

Here we use 

 

seasaSaS i sinhˆcoshˆˆˆˆ 






  , 

 

or 

 

seasaSaS i sinhˆcoshˆˆˆˆ 


  , 

 

since  
  SS ˆˆ  and 

 ise . Then we get 

 

ˆ ˆˆ ˆ ˆ( cosh sinh )

ˆ ˆ( ) 0

i
S aS a s a e s

a a


   

  

 



 

  
 

 

or 

 

0ˆ b , 

 

where 

 

ˆ ˆ ˆb a a    , 

 

and 

 

cosh s  , sinhie s  , 

 

with 

 
2 2

1   . 

 

Thus the squeezed vacuum state is the eigenstate of b̂  with the eigenvalue zero. 

From 
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00ˆˆˆˆ 
 SSaS . 

 

((Note)) Bogolyubov transformation 

It is said that the Bogolyubov transformation is a canonical transformation, as it 

preserves the commutation relations. Let b̂  and b̂  be the operators 

 

ˆ ˆ ˆb a a    ,  
* *ˆ ˆ ˆb a a    , 

 

where the complex numbers  and  satisfy 

 
2 2

1   . 

 

The operators b̂  and b̂  satisfy the commutation relation 

 
ˆ ˆ ˆ[ , ] 1b b

  , 

 

since 

 
* *

* *

2 2

ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ]

ˆ ˆ ˆ ˆ[ , ] [ , ]

ˆ ˆ( )1 1

b b a a a a

a a a a

   

 

 

  

 

  

 

  

 

 

We also note that 

 
*ˆ ˆâ b b    ,  

* ˆ ˆâ b b    . 

 

27. Calculations of the fluctuation   2

sX  and   2

sY  

The operators X̂  and Ŷ  are given by 

 
* * ˆ ˆ1 ( ) ( )ˆ ˆ ˆ( )

2 2

b b
X a a

    
   

   , 

 
* * ˆ ˆ1 ( ) ( )ˆ ˆ ˆ( )

2 2

b b
Y a a

i i

    
   

   . 

 

(i) 
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* * ˆ ˆ( ) ( )ˆ 0
2s

b b
X X

   
   

  
   , 

 
* * ˆ ˆ( ) ( )ˆ 0

2s

b b
Y Y

i

   
   

  
   , 

 

since 

 

0ˆ b , 0ˆ b . 

 

(ii) 

 


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
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
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s
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ˆ 22
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 





 

  

 
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








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s
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2

2

1 ˆ ˆ
4

1 ˆ ˆ 1̂
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1
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s
Y b b
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   

   

 





 

  

 

 

 

Then we have 

 

  2 22 2 2 2 2 21 1
( sin cos )

4 4 2 2

s s

s ss
X X X e e

 
         , 
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  2 22 2 2 2 2 21 1
( cos sin )

4 4 2 2

s s

s ss
Y Y Y e e

 
         . 

 

28. Squeezed coherent state 

We assume the squeezed coherent state as 

 

0ˆˆ,  SD , or 
  DS ˆˆ0, . 

 

Using the formula shown in the APPENDIX, we have 

 

1̂sinhˆcoshˆˆˆˆˆˆ 
  

seasaSDaDS i
, 

 

1̂sinhˆcoshˆˆˆˆˆˆ *
  

seasaSDaDS i
, 

 

with 

 
 i

e , 
 ise . 

 

________________________________________________________________________ 

(i) 

 

sn 22
sinh  . 

 

((Proof)) 

 














0ˆˆˆˆˆˆˆˆˆˆ0

,ˆ,

SDaDSSDaDS

nn

 

 

s

saa

seasea ii

22

22

*

sinh

0sinh)1̂ˆˆ(0

0)1̂sinhˆ)(1̂sinhˆ0















 

 

 

where 
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0)1̂sinhˆ(

0)1̂sinhˆcoshˆ(

0ˆˆˆˆˆ

























sea

seasa

SDaDS

i

i  

 

and 

 

)1̂sinhˆ(0ˆˆˆˆˆ0 * 
  

seaSDaDS i
. 

 

______________________________________________________________________ 

(ii) 

 

)1(sinhsinh2)]
2

1
(cos)

2

1
(sin[)(

22222222  
sseen

ss  . 

 

((Proof)) 

 














0ˆˆˆˆˆˆˆˆˆˆ[0

,ˆˆ,2

SDnDSSDnDS

nnn

 

 

Here we note that 

 

0)sinhsinhˆcoshˆsinhcoshˆˆ(

0)sinhˆsinhˆˆcoshˆsinhcoshˆˆ(

0)1̂sinhˆ)(1̂sinhˆcoshˆ(

0)1̂sinhˆcoshˆ)(1̂sinhˆcoshˆ(

0ˆˆˆˆˆˆˆˆˆˆ

0ˆˆˆˆˆˆ

0ˆˆˆˆˆ

22*

2*2

*

*





















































sseasasseaa

seasaasasseaa

seaseasa

seasaseasa

SDaDSSDaDS

SDaaDS

SDnDS

ii

ii

ii

ii
 

 

and 

 

)sinhsinhˆcoshˆsinhcoshˆˆ(0
22*     sseasasseaa ii . 

 

Then we have 
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ssee

sssss

ssaa

ssaaeesaassaa

ii

ii

coshsinh)(

)sinh(cosh)(sinhcoshsinh2

0)(sinhsinhˆˆ

coshsinhˆˆ)(coshˆˆcoshsinhˆˆ0

22*

22222222

22222

22*222222





























 

where 

 
2 2 ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[( ) , ( ) ] 2( ) 2(2 1)a a a a aa a a       . 

 

Thus, we get 
 

2 2 2

22 2 2 2 *2 2

2 22 2 2 2

22 2 2 2

2 2 2

( )

2sinh cosh (cosh sinh ) ( )sinh cosh

2sinh (sinh 1) (cosh sinh ) 2 cos(2 )sinh cosh

2sinh (sinh 1) (cosh sinh )

2 [cos ( ) sin ( )]sinh
2 2

i i

n n n

s s s s e e s s

s s s s s s

s s s s

s

   

   



 
  



     

    

     

   

   

22 2 2 2

2 2 2

2 22 2 2 2 2 2

2 2 2 2 2 2 2

cosh

2sinh (sinh 1) (cosh sinh )

4 [cos ( ) sin ( )]sinh cosh
2 2

1 1
( ) [cos ( ) sin ( )]( )

2 2 2 2

1 1
[ sin ( ) cos ( )] 2sinh (sinh 1)

2 2

s s s s

s s

s

s s s s

s s

e e e e

e e s s



 
  

 
   

    

 



   

   

      

     
 

______________________________________________________________________ 

(iii) 
 

]Re[cos,ˆ,  X . 

 

((Proof)) 

Using the expression of X̂  
 

)ˆˆ(
2

1ˆ  aaX , 

 
we get 
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]Re[

)(
2

1

01̂sinhˆcoshˆ

1̂sinhˆcoshˆ0
2

1

0ˆˆ)ˆˆ(ˆˆ0
2

1
,ˆ,

*

*

































saesa

saesa

SDaaDSX

i

i

 

 
where 

 

1̂)sinh(ˆcoshˆˆˆˆˆˆ 
  

saesaSDaDS i
, 

 

1̂sinhˆcoshˆˆˆˆˆˆ *
  

saesaSDaDS i
. 

 

________________________________________________________________________ 
(iv) 

 

]Im[sin,ˆ,  Y . 
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(vi) 
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29. Application of the Bogoliubov transformation to squeezed coherent state 

We start with the vacuum state 0 , satisfying 

 

00ˆ a . 

 

Multiplying by SD ˆˆ  from the left and using the fact that this operator is unitary, we may 

write 
 

00ˆˆˆˆˆˆˆ 
 SDDSaSD , 

 

or 
 

0,ˆˆˆˆˆ   DSaSD . 

 

Here we use the relation 
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which are identical to the results for the squeezed vacuum state.  

_______________________________________________________________________ 
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Fig.15(a) The 2D complex plane of â X iY    . Representations of the 

quadrature operator means and variance for the squeezed vacuum state and 

the squeezed vacuum state. 2/  The ellipse (blue) at the origin is one 

for 02/  . (a) The squeezed vacuum state. (b) The squeezed coherent 

state. 0ˆˆ,  SD . 

 

 
 

Fig.15(b) The 2D complex plane of â X iY    . Rotated error ellipse of a 

displaced squeezed vacuum state. 2/  . The state is defined by 

0ˆˆ,  SD . The 2D complex plane of â X iY    .   is the 

corresponding squeezed coherent state. . ˆ ˆ( ) Re[ ]iE a e        

 
 

2

2

X

Y
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Fig.15(c) The 2D complex plane of â X iY    . Rotated error ellipse of a 

displaced squeezed vacuum state. 2/  . The state is defined by 

0ˆˆ,  SD . 
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Fig.16 Quadrature squeezed state. The phase-squeezed light. 

 

 
 

 
 

Fig.17(a) The 2D complex plane of â X iY    . Quadrature squeezed state 

and squeezed coherent state. Amplitude-squeezed light 
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Fig.17(b)  The 2D complex plane of â X iY    .   is the corresponding 

squeezed coherent state. Amplitude-squeezed light. 

 

31. The electric field 

 

(a) The case of fixed phase 

 

 
 

Fig.18 The error circle of a coherent state revolve about the origin of the phase 

space at the oscillator angular frequency  and the expectation value of the 

electric field is the projection onto an axis parallel with x. 

 

X

t
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We assume that the ellipse is approximated by a line along the X axis. In this case, the 
phase of the electric field is fixed. Only the amplitude of the electric field changes over the 

limited region of X. 
 

)2sin()(   ftatE . 

 

While a is the amplitude and  is the phase. While   is fixed, the amplitude a is changed. 

 

 
 

Fig.19(a) The 2D complex plane of â X iY    . a = 0.8  - 1.2  05.0a , f = 

1. 
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t
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Fig.19(b) Plot of ( )E t  vs t. 

 

________________________________________________________________________ 
(b) The case of fixed amplitude 

We assume that the ellipse is approximated by a line along the Y axis. In this case, the 

phase of the electric field changes, while the amplitude of the electric field almost remains 
unchanged over the limited region of Y. 

 
 

 
 

Fig.19(a) The 2D complex plane of â X iY     with ,    (the 

squeezed coherent state). 
 

)2sin()(   ftrtE , 

 

with 
 

22 bar  , 
a

b
tan . 

 
While a is fixed, the parameter b is changed. 

 

a = 1,  b = -
5


 - 

5


, 

50


b . f = 1. 

 

X

Y

a
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r

q
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Fig.19(b) Electric field vs t. 
 

((Mathematica)) 

 
 
 

(c) Coherent state 
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Fig.20(a) The 2D complex plane for the squeezed coherent state ,   . Each 

point inside a circle contributes to the superposition of electromagnetic 

waves. 
 

)2sin(),()(   ftrRtE , 

 

with 
 

 cos2),( 22 arrarR  , 
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sin
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



rR

r
 . 

 

While a is fixed, r and   are changed as parameters. 

 

a = 1,  r = 0 – 0.2, 02.0r ,  .0 – 2. 
24

2
 f = 1. 
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Fig.20(b) Electric field vs t. 
 

 
 

32. Summary 

Important results are summarized as follows. The electric field is expressed by 

 

Re[ ]iE Ee  ɶ  

 

with iE E e ɶ ɶ , where Re is the real part and Eɶ  is the complex amplitude of the 

electric field,  is the phase angle, and 
2

kz t
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(a) Vacuum state 0  

 

 
0

1

2
X  ,  

0

1

2
Y       

0 0

1

4
X Y    

 

0

ˆ0 0 0X X  ,  
0

ˆ0 0 0Y Y   

 

(b) Coherent state ˆ 0D   

Displacement operator: 

 
*

2 *

ˆ ˆ ˆexp( )

1
ˆ ˆexp( ) exp( )exp( )

2

D a a

a a

  

  

 

 

 

  
  

 

Re[ ]
i

E E e


 
 ɶ  

 

with 

 
i

E e X i Y


  
  ɶ  

 

ˆX X


  , ˆY Y


   

 

  1

2
X


  ,   1

2
Y


   

 

(c) Squeezed state 

The squeezed operator 

 
*

2 2ˆ ˆ ˆexp[ ( ) ]
2 2

S a a

     

 

ˆ 0S   

 

    1

4
X Y

 
    
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where    X Y
 

   . 

 

ˆ 0X X


   ,  ˆ 0Y Y


    

 

(d) Coherent squeezed state 

 

ˆˆ, 0D S     

 

 
 

Fig.21 The 2D complex plane for the coherent state ,   . 

 

____________________________________________________________________ 
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APPENDIX 

 

A: Schwarz inequality 

Â  and B̂  are two Hermitian operators with the condition 
 

CiBA ˆ]ˆ,ˆ[  .  

 
Then we have a Heisenberg’s principle of uncertainty: 

 

CBA
2

1
 . 

 

B Commutation relations for coherent state and squeezed state 

 

The derivation of all the formula were discussed previously. Here we only list up the 
formula used in the section. 

 
B-1 Operators for the simple harmonics 

 

 1||ˆ nnna , 

 

 1|1|ˆ nnna , 
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 nnnn ||ˆ , 

 

  0|)ˆ(
!

1
| na

n
n , 

 

aan ˆ]ˆ,ˆ[  , 

 

ˆ ˆ ˆ[ , ]n a a
  . 

 

B-2 Commutation relations related to the creation and annihilation operators 

 

1̂]ˆ,ˆ[ aa , 

 
2ˆ ˆ ˆ[ , ( ) ] 2a a a  , 

 
3 2ˆ ˆ ˆ[ , ( ) ] 3( )a a a  , 

 
1)ˆ(])ˆ(,ˆ[   nn anaa , 

 

   afafa ˆ')]ˆ(,ˆ[ , 

 

aaa ˆ2])ˆ(,ˆ[ 2  , 

 

 23ˆ ˆ ˆ[ , ( ) ] 3a a a   , 

 

  1
ˆ ˆ ˆ[ , ( ) ]

nna a n a
   , 

 

or 
 

 ˆ ˆ ˆ[ , ( )] 'a f a f a
   , 

 
2 2 ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[( ) ,( ) ] 2( ) 2(2 1)a a a a aa a a       , 

 
2 2 ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[( ) ,( ) ] 2( ) 2(2 1)a a a a aa a a       , 

 

      aaaaaaaaa ˆˆˆ2ˆˆ2ˆˆ2])ˆ(,ˆ[
2232

. 
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2 2 2

2 2

2

2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ , ]

ˆ ˆ ˆ ˆ ˆ( )

ˆ ˆ ˆ[ , ]

ˆ2

a n a a a a aa

a a a a a

a a a

a

 

 



 

 

 



  

 
2 2 2

2

2

ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ[ , ]

ˆ ˆ ˆ[ , ]

ˆ2

a n a a a a aa

a a a

a

    

 



 




 

 

In general. 
 

ˆ ˆ ˆ[ , ]
p p

a n pa ,   ˆ ˆ ˆ[ , ]
p p

a n pa
     (Messiah, p.460). 

 

ˆ ˆ ˆ[ , ]
p p

n a pa  ,  ˆ ˆ ˆ[ , ]
p p

n a pa
   

 

____________________________________________________________________ 
 

ˆ ˆ ˆ ˆ ˆ[ , ( , )] ( , )
ˆ

a f a a f a a
a

  
 


. 

 

ˆ ˆ ˆ ˆ[ , ( , )] ( , )
ˆ

a f a a f a a
a

 



. 

 

B-3 Baker-Hausdorff theorem 

(i) In general, we get 

 

...]]]ˆ,ˆ[,ˆ[,ˆ[
!3

]]ˆ,ˆ[,ˆ[
!2

]ˆ,ˆ[
!1

ˆ)ˆexp(ˆ)ˆexp(
32

 BAAA
x

BAA
x

BA
x

BxABxA  

 

(ii) Suppose that 
 

0]]ˆ,ˆ[,ˆ[ BAA , 

 

then we have 
 

ˆ ˆ ˆˆ ˆ ˆexp( ) exp( ) [ , ]Ax B Ax B x A B     

 

(ii) If the operators satisfy the relation (: constant), 
 

ˆ ˆ ˆ ˆ[ ,[ , ]]A A B B   
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)sinh(]ˆ,ˆ[
1

)cosh(ˆ)ˆexp(ˆ)ˆexp( 


 xBAxBAxBAx  . 

 

(iii) Suppose that  = 0, ˆ ˆ ˆ[ ,[ , ]] 0A A B  . Then we get 

 
ˆ ˆ ˆˆ ˆ ˆ[ , ]

xA xA
e Be B x A B

     

 
since 

 

x
x


 




)sinh(
lim

0

. 

 

B-4 Baker-Campbell-Hausdorff formula 

If the commutator of two operators Â  and B̂  commutes with each of them ( Â  and 

B̂ ) 
 

ˆ ˆ ˆˆ[ ,[ , ]] 0A A B    

 
ˆ ˆˆ ˆ[ ,[ , ]] 0B A B    

 

One has an identity 
 

])ˆ,ˆ[
2

1
exp()ˆexp()ˆexp()ˆˆexp( BABABA  . (2) 

 
This is known as the Baker-Campbell-Hausdorff theorem. 

 
((Proof by Glauber)) 

 
Roy J. Glauber (A. Messiah, Quantum Mechanics p.422) 

 
We start with 

 
.  

 
Taking a derivative of f(x) with respect to x, we get 

 

)()]ˆexp(ˆ)ˆexp(ˆ[

)ˆexp()ˆexp())ˆexp(ˆ)ˆexp(ˆ(

)ˆexp(ˆ)ˆexp()ˆexp()ˆexp(ˆ)(

xfAxBAxA

BxAxAxBAxA

BxBAxBxAxA
dx

xdf






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or 
 

( ) ˆ ˆ ˆˆ ˆ ˆexp( ) exp( ) exp( ) exp( )

ˆ ˆˆ ˆ ˆ ˆexp( ) exp( )[ exp( ) exp( )]

ˆˆ ˆ ˆ( )[ exp( ) exp( )]

df x
xA xB B A xA xB

dx

xA xB B xB A xB

f x B xB A xB

 

  

  

 

 
We note the commutation relations which is derived above. If 

 
ˆ ˆ ˆˆ[ ,[ , ]] 0A A B   and  ˆ ˆˆ ˆ[ ,[ , ]] 0B A B    

 

then we have 
 

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆexp( ) exp( ) [ , ]A xA B xA A B A B x       

 
ˆ ˆ ˆˆ ˆ ˆ ˆ ˆexp( ) exp( ) [ , ]B xB A xB A B A B x       

 
Using this relation, we get 

 
( ) ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( [ , ] ) ( ) ( )( [ , ] )

df x
A B A B x f x f x A B A B x

dx
      , 

 

with 1̂)0( xf . The operators BA ˆˆ   and ˆ ˆ[ , ]A B  commute,  

 
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ[ ,[ , ]] [ ,[ , ]] [ ,[ , ]] 0A B A B A A B B A B      

 

The function ( )f x  and ˆ ˆˆ ˆ[ , ]A B A B x   commutes. Then they can be considered as 

quantities of ordinary algebra, 
 

1 ˆ ˆˆ ˆ( [ , ] )df A B A B x dx
f

      

 

or 
 

]ˆ,ˆ[
2

)ˆˆ()ln(
2

BA
x

xBAf  , 

 
or  

 
2

ˆ ˆ ˆˆ ˆ ˆ( ) exp( )exp( ) exp[( ) [ , ])
2

x
f x Ax Bx A B x A B    . 
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When x = 1,  

 
1ˆ ˆ ˆˆ ˆ ˆexp( ) exp( ) exp( [ , ])
2

A B A B A B   , 

 

or 
 

1ˆ ˆ ˆˆ ˆ ˆexp[( ) [ , ]) exp( ) exp( )
2

A B A B A B    

 
where 

 
ˆ ˆ ˆˆ[ ,[ , ]] 0A A B  , ˆ ˆˆ ˆ[ ,[ , ]] 0B A B  . 

 
In general case,  

 
1 1 1ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆexp( ) exp( ) exp[( ) [ , ] [ ,[ , ]] [ ,[ , ]] ...]
2 12 12

A B A B A B A A B B B A       

________________________________________________________________________ 

B-6 Displacement operator D̂  

(i) For the displacement operator 

 
*ˆ ˆ ˆexp( )D a a    , 

 
we have 

 

ˆˆ ˆˆ ˆ 1D aD a     , 

 
*ˆˆ ˆˆ ˆ 1D a D a      , 

 
(ii) 

 

)ˆˆexp(ˆˆ *aaDD   



, 

 

1̂ˆˆ 
 DD . (Unitary operator). 

 
(iii) 

 

aaaaaaDaaD ˆˆˆˆ)ˆ1̂)(ˆ1̂(ˆˆˆˆ *2*    . 

 



105 

 

(iv) ˆ ˆD D 


   

 
*ˆˆ ˆˆ ˆ 1D a D a       

 

ˆˆ ˆˆ ˆ 1D aD a      

 
_______________________________________________________________________ 

B-7 Formula for D̂  

 

)ˆexp()ˆexp()
2

1
exp()ˆˆexp(ˆ *2* aaaaD    , 

 
where 

 

ˆ ˆ ˆ[ ,exp( )] exp( )a a a    , 

 

ˆ ˆ ˆ[ ,exp( )] exp( )a a a     . 

 
2* ˆˆ ˆ, 1a a      . 

 
____________________________________________________________ 

B-8 Formula for the squeezed state 

We define the operator 

 

)ˆ
2

1
ˆ

2

1
exp(ˆ 22*  aaS  , 

 
where 

 
 ise , (, complex number, s and   are real) 

 

)sinh(ˆ)cosh(ˆˆˆˆ saesaSaS i   
 , 

 

)sinh(ˆ)cosh(ˆˆˆˆ saesaSaS i


  . 

 
ˆ ˆS S 


   

 

((Proof)) 
 

ˆ ˆ ˆ ˆˆˆ exp( ) exp( )S aS A B A 
     
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with * 2 21 1
ˆ ˆ

2 2
A a a      , ˆ ˆB a   

 

* 2 2

2

2

1 1ˆ ˆ ˆ ˆ ˆ[ , ] [ , ]
2 2

1
ˆ ˆ[ , ]

2

1
ˆ ˆ[ , ]

2

ˆ

A B a a a

a a

a a

a

 















  



 

 

  

 

* 2 2

* 2

2 2

2

1 1ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ , ]] [ , ]
2 2

1
ˆ ˆ[ , ]

2

1
ˆ ˆ[ , ]

2

ˆ

A A B a a a

a a

a a

a

  

 





 





   

  

 



 

 

2* 2 2

2 2

2

2

1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ , ]]] [ , ]
2 2

1
ˆ ˆ[ , ]

2

1
ˆ2

2

ˆ

A A A B a a a

a a

a

a

  

 

 

 









  

 

 

 

 

 

2* 2 2

4 2

4

1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ ,[ , ]]]] [ , ]
2 2

1
ˆ ˆ[ , ]

2

ˆ

A A A A B a a a

a a

a

   





 



   

 



 

 
Finally, we get 
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2 2 4

2 4 3 5

1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆexp( ) exp( ) [ , ] [ ,[ , ]] [ ,[ ,[ , ]]]
2! 3!

1 ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ ,[ , ]]]] ....
4!

1 1 1
ˆ ˆ ˆ ˆ ˆ ...

2! 3! 4!

1 1 1 1
ˆ ˆ(1 ...) [ ...)

2! 4! 3! 5!

ˆcosh( ) sinh

i

i

A B A B A B A A B A A A B

A A A A B

a a a a a

a e a

a e





    

    



 



    

 

     

       

  ˆ( )a 

  

 
or 

 

1
ˆ ˆ ˆˆ

ˆ ˆ

ˆ ˆcosh( ) sinh( )i

b S aS

a a

a s e a s

 



 









 

 

 

 
with 

 
ise   , 

i i
e se

     . 

 

Similarly, we get 
 

1

*

ˆ ˆ ˆˆ

ˆ ˆ

ˆ ˆcosh( ) sinh( )i

b S a S

a a

a s e a s

 



 

  



 



 

 

 

 

since 
 

ˆ ˆˆ ˆ ˆ[ ] [ cosh( ) sinh( )]iS aS a s e a s
 
      

 

or 
 

*ˆ ˆˆ ˆ ˆ

ˆ ˆcosh( ) sinh( )i

S a S a a

a s e a s

 



   

 

 

 
 

 

We note that using the relation ˆ ˆS S 


   
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*ˆ ˆˆ ˆ ˆ

ˆ ˆcosh( ) sinh( )i

S a S a a

a s e a s

 



   
 

 

 

 
 

 

When ( )is e    , we have 

 
*ˆ ˆˆ ˆ ˆ

ˆ ˆcosh( ) sinh( )i

S a S a a

a s e a s

 



   

 

 

 
 

 

where the phase of   is 
( )( )i ie e    . Taking the Hermitian conjugate for both the right 

hand side and the left hand side, we also get 
 

ˆ ˆˆ ˆ ˆ

ˆ ˆcosh( ) sinh( )i

S aS a a

a s e a s

 



  



 

 
 

 

where 
 

ˆ ˆ ˆˆ ˆ ˆb S aS a a        

 

and 
 

*ˆ ˆ ˆˆ ˆ ˆb S a S a a          

 

________________________________________________________________________ 
B-9 Formula for the squeezed coherent state 

 
 i

e , 
 ise , 

 

ˆ ˆ ˆˆ ˆˆ ˆ ˆ 1

ˆˆ ˆcosh( ) sinh( ) 1i

S D aD S a a

a s e a s

   



  



  



  

  
, 

 
* *

*

ˆ ˆ ˆˆ ˆˆ ˆ ˆ 1

ˆˆ ˆcosh( ) sinh( ) 1i

S D a D S a a

a s e a s

   



  



   

 

  

  
, 

 

where 
 

1̂ˆˆˆˆ  
aDaD , 
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1̂ˆˆˆˆ *  
aDaD . 

 
((Proof)) 

 
ˆ ˆ ˆ ˆ ˆˆ ˆˆ ˆ( 1)

ˆ ˆ ˆˆ 1

ˆˆ ˆ 1

ˆˆ ˆcosh( ) sinh( ) 1i

S D aD S S a S

S aS

a a

a s e a s

     

 







  



  







 

 

  

  

 

 
*

*

* *

*

ˆ ˆ ˆ ˆ ˆˆ ˆˆ ˆ( 1)

ˆ ˆ ˆˆ 1

ˆˆ ˆ 1

ˆˆ ˆcosh( ) sinh( ) 1i

S D a D S S a S

S a S

a a

a s e a s

     

 







  



    

 



 

 

 

  

  

 

 

B-10 Eigenstate (I)  ˆ 0S   

We start with the vacuum state 0 , satisfying 

 

00ˆ a , 

 

or 
 

ˆ ˆ ˆˆ 0 0S aS S  
  . 

 

Using the relation 
 

ˆ ˆ ˆˆ

ˆ ˆ

ˆ ˆcosh( ) sinh( )i

b S aS

a a

a s e a s

 



 









 

 

 

 

we have 
 

ˆˆ ˆ( ) 0 0a a S     

 

Here, we define ˆ 0S   and 

 

ˆ ˆ ˆb a a     
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cosh( )s  , sinh( )ie s   

 

Then, we get 
 

ˆ 0b    

 

with 
 

22 2 2cosh ( ) sinh ( ) 1s s       (Bogoliubov transformation) 

 

Thus, the squeezed vacuum state is an eigenstate of the operator 
 

ˆ ˆ ˆb a a    ,  ˆ 0b    

 
with eigenvalue zero.  

 

ˆ ˆ ˆb a a    ,  
*ˆ ˆ ˆb a a     

 
or 

 

ˆ ˆâ b b    ,  
* *ˆ ˆ ˆ ˆâ b b b b          

 
Note that 

 
ˆ ˆ ˆ, 1b b   

 

 

B-11 Eigenstate (II): ˆˆ, 0D S     

We start with the vacuum state 0 , satisfying 

 

00ˆ a . 

 

Multiplying by SD ˆˆ  from the left and using the fact that this operator is unitary, we may 

write 
 

ˆ ˆ ˆˆ ˆ ˆˆ[ ] 0 0D S a S D D S     
   , 

 

When we use ˆˆ 0 ,D S    , we have 
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ˆ ˆˆ ˆˆ[ ] , 0D S aS D        . 

 
or 

 
ˆˆ ˆ , 0D bD      

 
where 

 
ˆ ˆ ˆˆ

ˆ ˆ

ˆ ˆcosh( ) sinh( )i

b S aS

a a

a s e a s

 



 









 

 

  

 
Thus, we get 

 
ˆ ˆ ˆ ˆˆ ˆ[ ] , 0D aD D a D           

 
or 

 
*ˆ ˆˆ ˆ[( 1) ( 1) ] , 0a a          

 
Using the Bogoliubov transformation 

or 
 

*ˆ ˆ ˆ, ( ) , ( ) , ,b a a                  

 

where 
 

* *cosh( ) sinh( )is e s         

 

ˆˆ ˆˆ ˆ 1D aD a      

 
*ˆˆ ˆˆ ˆ 1D a D a       

 

,   is the eigenket of b̂  with the eigenvalue . 

 
ˆ , ,b       

 
B-12 Bogoliubov transformation 
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1

ˆ ˆˆ ˆ ˆcosh( ) sinh( )

ˆ ˆ

ˆ

iS aS a s e a s

a a

b


 

 

 



 

 



 

 
Similarly, we get 

 

*

1

ˆ ˆˆ ˆ ˆcosh( ) sinh( )

ˆ ˆ

ˆ

iS a S a s e a s

a a

b


 

 

   





 

 



 

 
The commutation relation; 

 

ˆ ˆ ˆ ˆˆ ˆ, [ , ]

1̂

b b S a a S 
     


 

 
22

1 1

22

ˆ ˆ ˆ ˆˆ ˆ, ( ) [ , ]

1̂

b b S a a S  

 

      

 



 

 
B-13 

 

1

ˆ ˆˆ ˆˆ ˆ, , 0 [ ] 0

ˆ ˆ ˆˆ0 ( 1) 0

ˆ ˆ0 1 0

a S D aD S

S a S

b

   

 

   







 





 

 



 

 

*

*

0

*

ˆ ˆˆ ˆˆ ˆ, , 0 [ ] 0

ˆ ˆ ˆˆ0 ( 1) 0

ˆ ˆ0 1 0

a S D a D S

S a S

b

   

 

   







   

 



 

 


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2 2

2

2 2

1 1

2 2

1

2

2

ˆ ˆˆ ˆˆ ˆ, , 0 [ ] 0

ˆ ˆˆ ˆ ˆ ˆˆ ˆ0 [ ] 0

ˆ ˆ ˆˆ0 ( 1) 0

ˆ ˆ ˆ0 2 1 0

ˆ0 0

sinh( )cosh( ) i

a S D a D S

S D aD D aD S

S a S

b b

b

s s e

   

     

 



   



 



 



 

  







 

  

 

 

 

 

 

where 
 

2

1
ˆ ˆˆ0 0 0 2 1 0 sinh( )cosh( ) ib n s s e          

 
2 2

* 2

2 * *2

1 1

*2 2

1

*2 *

*2 *

*2

ˆ ˆˆ ˆˆ ˆ, , 0 [ ] 0

ˆ ˆˆ ˆ ˆ ˆˆ ˆ0 [ ] 0

ˆ ˆ ˆˆ0 ( 1) 0

ˆ ˆ ˆ0 2 1 0

ˆ0 0

ˆˆ0 (2 1) 0

sinh( )cosh( ) i

a S D a D S

S D a D D a D S

S a S

b b

b

n

s s e

   

     

 



   



 



 

 



   

    

 

 









 

  

 

  

 

 

 

 
where 

 
2 * *

1
ˆ ˆˆ0 0 0 2 1 0 sinh( )cosh( ) ib n s s e           

 
The average of number operator: 

 

*

*

1 1

2

1 1

2 2

2 2

ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, , 0 ( )( )] 0

ˆ ˆ ˆ ˆˆ ˆ0 ( 1)( 1) 0

ˆ ˆˆ ˆ0 ( 1)( 1) 0

ˆ ˆ ˆ0 1 0

sinh ( )

a a S D a D D aD S

S a a S

b b

b b

s

     

 

   

 

 



 



    

 







  

  

 

 

 
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where 

 
2 2

1 1
ˆ ˆ0 0 sinh ( )b b s    

 

We also calculate 
 

2 2

2 2

2 2

ˆˆ ˆ ˆ ˆ, , , 1 ,

ˆ ˆ, , 1

1

cosh ( )

aa a a

a a

s

       

   

 

 



 



 

 

  

 

 

 

 
B-13 S 

 

1
ˆ0 0 0b  ,  1

ˆ0 0 0b    

 
2 2

1 1
ˆ ˆ0 0 cosh ( )b b s    

 
22 2

1 1 1 1
ˆ ˆ ˆ ˆ ˆ0 0 0 1 0 1 sinh ( )b b b b s         

 
2 *

1
ˆ0 0b     

 
2ˆ0 0b    

 
2 * 2

1 1

* *

* *

2 *

ˆ ˆ ˆ ˆ ˆ0 0 0 ( ) ( ) 0

ˆ ˆ ˆ ˆ ˆ ˆ0 ( )( )( ) 0

ˆ ˆ ˆ ˆ0 ( )( )( ) 0

ˆ ˆ ˆ ˆ0 ( ) ) 0

0

b b a a a a

a a a a a a

a a a a

a a a a

   

     

   

  

  

  

 

 

  

   

   

 



 

 
*2 2

1 1 1 1
ˆ ˆ ˆ0 0 0 0 0b b b b    

 

B-14  Calculation of 
2( )X   

 
1ˆ ˆ ˆ( )
2

X a a  , 
1ˆ ˆ ˆ( )
2

Y a a
i

   
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2 1 ˆˆ ˆ ˆ ˆ ˆ ˆ( 2 1)
4

X a a aa n      

 

2 1 ˆˆ ˆ ˆ ˆ ˆ ˆ( 2 1)
4

Y a a aa n       

 

  22 2ˆ ˆ, , , ,X X X            

 

*1 1ˆ ˆ ˆ, , , , ( )
2 2

X a a               

 

2

2 2*2 2 *

2 *2

2 2

1 ˆˆ ˆ ˆ ˆ ˆ ˆ, , , 2 1 ,
4

1
[ ( ) 2 2 1]

4

1
[ sinh( )cosh( ) sinh( )cosh( )

4

2 2sinh ( ) 1]

i i

X a a aa n

s s e s s e

s

 

       

     

 



 



   

      

   

  

  

 

  2 2 22 *2 2 * *2 2

2*

2* 2

2 2

1 1
[ ( ) 2 2 1] ( 2 )]

4 4

1
( 2 1)

4

1
( )

4

1
[ inh ( ) cosh ( ) 2sinh( )cosh( )cos ]

4

X

s s s s s

        

  

   



          

    

    

  

 

 

B-15  Calculation of 
2( )Y  

 

  22 2ˆ ˆ, , , ,Y Y Y           

 

2

2 22 *2 *

1 ˆˆ ˆ ˆ ˆ ˆ ˆ, , , 2 1 ,
4

1
[ 2( ) 1]

4

Y a a aa n       

     

     

       
 

 

*1 1ˆ ˆ ˆ, , , , ( )
2 2

Y a a
i i

              
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  2 2 22 2 *2 * 2 *2

2*

2* 2

2 2

1 1
[ 2( ) 1] ( 2 )

4 4

1
[( ) 2 1]

4

1
[( ) ]

4

1
[2sinh( )cosh( )cos sinh ( ) cosh ( )]

4

Y

s s s s

        

  

   



           

   

   

  

 

 

  2 222 * 2 * 2

22 2 2 * 2

4 2 24 2 2 2 *2

44 2 2 *2

2 2 2 *2

2 2

1
( ) [ ( ) ][( ) ]

16

1
[( ) ( ) ]

16

1
[( 2 ) ( 2 ]

16

1
[( ) ( )]

16

1
( )( )

16

1

4

X Y        

    

       

    

   

 

         

   

     

   

  

 

 

 

For simplicity, we assume that 0    

 

 2 2 21 1
[cosh( ) sinh( )]

4 4

sX s s e    , 

 

 2 2 21 1
[cosh( ) sinh( )]

4 4

sY s s e    , 

 

or 
 

1

2

sX e  ,  
1

2

sY e  , 

 

leading to 
 

1

4
X Y   . 

 
B-16 Generalized quadrature 
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ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )
2 2

i ia a e a e a
X R R

 

  
  

   
  

 
  

 

ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )
2 2

i ia a e a e a
Y R R

i i

 

  
  

   
  

 
 

 
ˆ ˆˆ ˆ( ) ( ) ,iR aR e a    

 

ˆ ˆˆ ˆ( ) ( ) ,iR a R e a      

 
where 

 
ˆˆ( ) i nR e    (rotation operator) 

 
 

 
C-1 Number fluctuation 

 
2

2 2

2 2

2 2

* 2

ˆ ˆ ˆ ˆ ˆ, , , ,

ˆˆ ˆ ˆ ˆ, ( 1) ,

ˆ ˆ ˆ, ,

ˆ ˆ ˆ, , , ,

ˆ ˆˆ ˆˆ ˆ ˆ0 ( ) 0 , ,

ˆ ˆ ˆ ˆˆ ˆ ˆ0 ( 1) ( 1) 0 , ,

n a aa a

a a a a

a a n

a a n

S D a a D S n

S a a S n

   

 

       

   

   

       

   

     

 

 





  

 



 

 

 

 

   

  

 

Note that 
 

* 2

* 2 2

1 1

2 * *2 2 2

1 1 1 1

22 2 2 2 2 * 2 2 *

1 1 1 1 1 1 1 1 1 1

4*2 2 *2

1 1

2 2 2

1 1 1

ˆ ˆ ˆ ˆˆ ˆ0 ( 1) ( 1) 0

ˆ ˆˆ ˆ0 ( 1) ( 1) 0

ˆ ˆ ˆ ˆˆ ˆ0 ( 2 1)( 2 1) 0

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ0 2 2 4 2

ˆ ˆ ˆ2 2 1 0

ˆ ˆ ˆ0 0 0

S a a S

b b

b b b b

b b b b b b b b b b

b b

b b b

  

 

   

     

   



 



 

     



 

  

    

     

  

 
22

1 1

4*2 2

1

2 2 2 2 42 2 * *2

ˆ ˆ0 4 0 0

ˆ0 0

[ 2 ] ( ) 4

b b

b



 

         

 

 

     

  



118 

 

 
where 

 
2

1 1
ˆ ˆ0 0 0b b  ,  

2

1 1
ˆ ˆ0 0 0b b   

 

or 
 

2 42 2 2 2 2 2 *2 2

1 1 1 1 1 1

22 2 2 2

1 1 1 1

4*2 2

1

2 2 2 2 42 2 * *2

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆˆ ˆ0 ( ) 0 0 4 1 0

ˆ ˆ ˆ ˆ ˆ0 0 0 0 4 0 0

ˆ0 0

[ 2 ] ( ) 4

S D a a D S b b b b b b

b b b b b

b

       

 

 

         

     

  

    

  

 

     

  

 

We also have 
 

2 2
ˆ, ,n         

 
2 2 2 2 4 2 22 2 2 * *2ˆ, , [ 2 ] ( ) 4n                        

 

 

 
 

22 2

2
2 2 2 2 4 2 2 2 22 2 * *2

2 2 2 2 4 2 2 4 4 2 22 2 * *2

2 2 2 2 2 2 42 2 * *2

2 2 2 2 2 22 2 * *2

ˆ ˆ, , , ,

[ 2 ] ( ) 4

[ 2 ] ( ) 4 2

[ 2 ] ( ) 2

[ ] ( ) 2

n n n       

             

               

           

          

  

         

          

       

      

  

 

When 0  , the photon number variance is 

 

  2 2 2 22 2( 1) 2 ( 1) 2 ( 1)n n n             

 

where 
 

2
n   

 

When 0  , the photon number variance is 

 

  22
n    
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where 
 

1  ,  0    

 
In general, 

 

  2 2 2 2 2 22 2 2 * *2

22 2 2 (2 ) (2 )

2 22 2

2 2

2 2

2

[ ] ( ) 2

sinh ( )[cosh ( ) sinh ( )] [ ]cosh( ) sinh( )

2 sinh ( ) sinh ( )

[ 2cos(2 ) cosh( )sinh( ) 2sinh ( ) 1]

2sinh ( )[sinh ( ) 1]]

{2[s

i i

n

s s s e e s s

s s

s s s

s s

   

          



 

  



  

       

   

  

    

 

 2 2 2

2 2

2 2 2 2 2 2 2

in ( ) cos ( )]cosh( ) sinh( ) 2sinh ( ) 1]}
2 2

2sinh ( )[sinh ( ) 1]]

[ sin ( ) cos ( )] 2sinh ( )[sinh ( ) 1]]
2 2

s s

s s s

s s

e e s s

 
 

 
  

    

 

     

 

 
B-18 Bogoliubov transformation 

 

ˆ ˆ ˆb a a    ,  
*ˆ ˆ ˆb a a     

 

1
ˆ ˆ ˆb a a    ,  

*

1
ˆ ˆ ˆb a a     

 

ˆ ˆâ b b    ,  
*ˆ ˆâ b b     

 
1

* *

   
   


   

      
  

 

B-19 

 
ˆˆ i nR e   

 

* 2 21ˆ ˆ ˆ( ) ( )
2

H a a
i

       

 

Baker-Campbell-Hausdorff 
 

* 2 21ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) exp( ) ( ) exp( )
2

ˆ ˆˆexp( ) exp( )

R H R i a a a a i a a
i

A B A

         

 
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1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆexp( ) exp( ) [ , ] [ ,[ , ]] [ ,[ ,[ , ]]] ...
1! 2! 3!

A B A B A B A A B A A A B       

 

(a) ˆ ˆA i n  , ˆ ˆB a  

 
ˆ ˆ ˆ ˆ ˆ[ , ] ( )[ , ]A B i n a i a     

 
2 2ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ[ ,[ , ]] [ , ] [ , ]A A B A i a n a a       

 
2 3ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ , ]]] [ , ]A A A B i n a i a        

 
3 4ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ ,[ , ]]] [ , ]A A A A B i n i a a       

 

2 3 41 1 1 1ˆ ˆˆ ˆ ˆ ˆ ˆ ˆexp( ) exp( ) ( ) ) ( ) ( ) ( ) ...
1! 2! 3! 4!

ˆi

A B A a i a i a i a i a

e a

         


 

 
ˆ ˆˆ ˆiR aR e a    

 
2

2

2 2

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆexp( ) exp( ) exp( ) exp( )exp( ) exp( )

ˆ( )

ˆ

i

i

A B A A B A A B A

e a

e a





   





 

 

ˆ ˆˆ ˆiR a R e a     

 

(b) ˆ ˆA i n  , ˆ ˆB a  

 
ˆ ˆ ˆ ˆ ˆ[ , ] ( )[ , ] ( )A B i n a i a       

 
2 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ , ]] [ , ] ( ) [ , ] ( )A A B i n i a i n a i a             

 
2 3ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ , ]]] [ , ] ( )A A A B i n a i a        

 
3 4 4ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ,[ ,[ ,[ , ]]] [ , ( ) ] ( ) [ , ] ( )A A A A B i n i a i n a i a             

 

2 3 41 1 1 1ˆ ˆˆ ˆ ˆ ˆ ˆ ˆexp( ) exp( ) ( ) ( ) ( ) ( ) ...
1! 2! 3! 4!

ˆi

A B A a i a i a i a i a

e a

       

 

          


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2

2

2 2

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆexp( ) exp( ) exp( ) exp( )exp( ) exp( )

ˆ( )

ˆ

i

i

A B A A B A A B A

e a

e a





 

 

   





 

 

* 2 2

* 2 2 2 2

2 2 2 2

2

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) exp( ) ( ) exp( )
2

1
ˆ ˆ( )

2

1
ˆ ˆ( )

2

( )

i i

i i i i

i

R H R i a a a a i a a
i

e a e a
i

s e e a e e a
i

H e

 

   



    

 



   

 

  



  

 

 



 

 

where  
i

se
    

 

Note that 
2 ( 2 )i i

e se
     . When / 2  , we get 

 
ˆ ˆ ˆ( ) ( )R H R H s  . 

 
We have 

 

2 21ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )
2 2

s
H s s a a xp px

i

   
ℏ

 

 

2

ˆ ˆ ˆˆ ˆ ˆ ˆ[ ( ), ] [( ), ]
2

ˆ ˆ[ , ]
2

ˆ

s
H s x xp px x

s
p x

isx

 



 

ℏ

ℏ
 

 

2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ ( ), ] [( ), ]
2

ˆ ˆ[ , ]
2

ˆ

s
H s p xp px p

s
x p

isp

 





ℏ

ℏ
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