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Here we discuss the property of the mirror-reflection operator, yM̂ , which is defined by the 

product of rotation operator Ŷ  (with rotation angle   ) and the parity operator, ̂ , 
 

̂̂ˆ YM y  . 

 

where )ˆexp(ˆ
yJ

i
Y 


 . To this end, we will evaluate a operator yy MAM ˆˆˆ 1 , where Â  is an 

operator such as the position vector, momentum, and angular momentum, using the Baker-
Hausdorff lemma. We are interested in the case of positive integer of the angular momentum 
 
1. Baker-Hausdorff lemma 

To calculate these operators, we use the Baker-Hausdorff lemma, 
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where Ĝ  is a Hermitian operator and  is a real parameter. Using the commutation relations 
 

zyx JiJJ ˆ]ˆ,ˆ[  , xzy JiJJ ˆ]ˆ,ˆ[  , yxz JiJJ ˆ]ˆ,ˆ[   

 
we obtain 
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The results of the calculations which are obtained in a similar way, are summarized as follows. 
 
















































 


















z

y

x

z

z

y

x

z

z

y

x

z

J

J

J

J

J

J

J
i

J

J

J

J
i

ˆ

ˆ

ˆ

)(
ˆ

ˆ

ˆ

100

0cossin

0sincos

)ˆexp(
ˆ

ˆ

ˆ

)ˆexp( 





, 

 



































































z

y

x

x

z

y

x

x

z

y

x

x

J

J

J

J

J

J

J
i

J

J

J

J
i

ˆ

ˆ

ˆ

)(
ˆ

ˆ

ˆ

cossin0

sincos0

001

)ˆexp(
ˆ

ˆ

ˆ

)ˆexp( 




, 

 





































































z

y

x

y

z

y

x

x

z

y

x

y

J

J

J

J

J

J

J
i

J

J

J

J
i

ˆ

ˆ

ˆ

)(
ˆ

ˆ

ˆ

cos0sin

010

sin0cos

)ˆexp(
ˆ

ˆ

ˆ

)ˆexp( 






, 

 

where )(x , )(y , and )(z  are the rotation matrices. 

 

2. Evaluation of yy MAM ˆˆˆ 1  
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Here we consider the orbital angular momentum xL̂ , yL̂ , and zL̂  (j = l, a positive integer). 

The following commutation relations are obtained. 
 

0]ˆ,ˆ[ xLx , ziLx y ˆ]ˆ,ˆ[  , yiLx z ˆ]ˆ,ˆ[  , 

 

ziLy x ˆ]ˆ,ˆ[  , 0]ˆ,ˆ[ yLy , xiLy z ˆ]ˆ,ˆ[  , 

 

yiLz x ˆ]ˆ,ˆ[  , xiLz y ˆ]ˆ,ˆ[  , 0]ˆ,ˆ[ zLz , 

 

0]ˆ,ˆ[ xx Lp , zyx piLp ˆ]ˆ,ˆ[  , yzx piLp ˆ]ˆ,ˆ[  , 

 

zxy piLp ˆ]ˆ,ˆ[  , 0]ˆ,ˆ[ yy Lp , xzy piLp ˆ]ˆ,ˆ[  , 

 

yxz piLp ˆ]ˆ,ˆ[  , xyz piLp ˆ]ˆ,ˆ[  , 0]ˆ,ˆ[ zz Lp , 

 
These commutation relations can be expressed as  
 

zxy AiAL ˆ]ˆ,ˆ[  , xzy AiAL ˆ]ˆ,ˆ[  , 

 
or 
 

zyx AiLA ˆ]ˆ,ˆ[  , xyz AiLA ˆ]ˆ,ˆ[  , 

 

where rA ˆˆ  , and pA ˆˆ  . Using these comuutation relations and the Baker-Hausdorff lemma, 

we have 
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The results of the calculation are summarized as follows. 
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When   , we assume that 
 

)ˆexp(ˆ
yL

i
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 . 

 
Then we get 
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(i) rA ˆˆ   
 

xYxY ˆˆˆ1  ,  yYyY ˆˆˆ1  ,  zYzY ˆˆˆ1  . 

 

(ii) pA ˆˆ   

 

xx pYpY ˆˆˆ1  ,  yy pYpY ˆˆˆ1  ,  zz pYpY ˆˆˆ1  . 

 
Using the above relations we have  

(a) yzx pzpyL ˆˆˆˆ   
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(b) zxy pxpzL ˆˆˆˆˆ   
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(c) xyz pypxL ˆˆˆˆˆ   
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3. Properties of mirror-reflection operator 

Here we consider only the orbital angular momentum. The mirror-reflection operator yM̂  is 

defined as 
 

YYM y
ˆˆˆˆˆ   ,   11111 ˆˆˆˆˆˆˆ   YYYM y  , 

 
for the mirror reflection at y = 0 plane (the z-x plane). ̂  is the parity operator, where 
 

   ˆˆˆ 1 , 
 

rr ˆˆˆˆ  , pp ˆˆˆˆ  , LL ˆˆˆˆ   

 

YY ˆˆˆˆ  . 
 
We note that 
 

1̂ˆˆˆˆˆˆ 22  YYYM y  . 

 

Using the properties of Ŷ  and ̂ , we get 
 

xxYxYMxM yy ˆˆˆˆˆ)ˆˆˆ(ˆˆˆˆ 11    , 

 

yyYyYMyM yy ˆˆˆˆˆ)ˆˆˆ(ˆˆˆˆ 11    , 

 

zzYzYMzM yy ˆˆˆˆˆ)ˆˆˆ(ˆˆˆˆ 11    . 

 
Similarly, for the momentum operator we have 
 

xxxyxy ppYpYMpM ˆˆˆˆˆ)ˆˆˆ(ˆˆˆˆ 11    , 

 

yyyyyy ppYpYMpM ˆˆˆˆˆ)ˆˆˆ(ˆˆˆˆ 11    , 

 

zzzyzy ppYpYMpM ˆˆˆˆˆ)ˆˆˆ(ˆˆˆˆ 11    . 

 



 

7 
 

For the orbital angular momentum, 
 

xxyxy LYLYMLM ˆˆ)ˆˆˆ(ˆˆˆˆ 11    , 

 

yyyy LMLM ˆˆˆˆ 1  , 

 

zyzy LMLM ˆˆˆˆ 1  . 

 
4. Selection rule for the matrix element 

We define the matrix 
 

 AA ˆ . 

 
We also assume that 
 

 yM̂ ,  yM̂ , 

 
and 
 

AMAMA Ayy
ˆˆˆˆ'ˆ 1   . 

 

When 1A , Â  is even and when 1A , Â  is odd. We now calculate the matrix element 
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When 1A  , 0A . When 1A  , we have 0A . Thus it is required that 

 

1A  . 

 

4. The condition for A  
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yyyy MMMM ˆˆˆˆ 11

 

 

If 1 , 0 . (orthogonal to each other) 

If 1 , 0 . (not orthogonal to each other). 

 
______________________________________________________________________________ 
APPENDIX-I  Baker-Hausdorff lemma 

This is a very useful tool to disentangle exponentials of certain operators often appear in 

quantum mechanics. Suppose that Â  and B̂  are two operators such that 
 

]ˆ,ˆ[ˆ BAC  , 

 

where Ĉ  commutes with both Â  and B̂ ; 
 

0]ˆ,ˆ[ AC , 0]ˆ,ˆ[ BC . 

 
Then the Baker-Hausdorff lemm holds: 
 

)ˆ
2

exp()ˆexp()ˆexp()ˆˆexp( CABBA
   

 
((Proof)) 
We consider 
 

)ˆˆexp()(ˆ BAF    

 

which is a function of  only. The derivative of )(ˆ F  with respect to  can be calculated using 

the definition of )(ˆ F  in terms of its Taylor series expansion; 
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Integrating this equation over a from 0 to , we find that 
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2

ˆexp()0(ˆ)(ˆ CAFF
  , 
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where Ĉ  commutes with Â . Then we obtain 
 

)ˆ
2

exp()ˆexp()ˆexp()(ˆ CABF
   

 
______________________________________________________________________________ 
APPENDIX II 
K. Gottfried and T.-M. Yan, Quantum Mechanics: Fundamentas 2nd edition (Springer, 2003). 
 

The Baker-Hausdorff lemma for arbitrary Â  and B̂ , 
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If ]ˆ,ˆ[ˆ BAC   commutes with both Â  and B̂ , 
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exp()ˆexp()ˆexp()ˆˆexp( BABABA   

 
In order to prove this formula, we first can show that 
 

xABAxAxB ]ˆ,ˆ)[ˆexp()]ˆexp(,ˆ[  . 

 
Next we define  
 

)ˆexp()ˆexp()(ˆ BxAxxG   

 
And we can show that 
 

GxBABA
dx

xGd ˆ)]ˆ,ˆ[ˆˆ(
)(ˆ

  

 
Integrate this to obtain  
 

)0(ˆ}]ˆ,ˆ[
2

1
)ˆˆexp{()ˆexp()ˆexp()(ˆ 2  xGxBAxBABxAxxG  

 
with 
 

1̂)0(ˆ xG  

 
Then we have for x = 1, 
 

]}ˆ,ˆ[
2

1
)ˆˆexp{()ˆexp()ˆexp()1(ˆ BABABAxG   

 
 


