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For spin 1/2 systems, for example, we have the basis { z , z } which are the eigenkets of the 

spin operator zŜ . We also have the basis { x , x } which are the eigenkets of the spin operator 

xŜ . These two different sets of basis, of course, span the same ket space. Here we are interested 

in finding out how the two descriptions are related. Changing the set of basis is referred to as a 

change of basis. One of the basis is related to the other basis through a unitary operator ˆ
xU , such 

that ˆ
xx U z    and ˆ

xx U z   . Here we discuss the properties of the unitary operator in 

connection with the eigenvalue problem such that xxS x 
2

ˆ ℏ
.Since

ˆˆ ˆ
2

x x xU S U z z    
ℏ

, the matrix of ˆˆ ˆ
x x xU S U

 under the basis { z , z } becomes a diagonal 

matrix with the diagonal element of the eigenvalue of xŜ . 

The concept of the change of basis is significant to understanding the essential of quantum 

mechanics. For convenience, we consider three types of basis { }ib , { }ia , and { }ic , where 

 

ˆ
i a ia U b ,  ˆ

i c ic U b . 

 

ˆ
aU  and ˆ

cU  are unitary operators with ˆˆ ˆ 1a aU U   and ˆˆ ˆ 1b bU U  . All the operator M̂  and the ket 

vectors   are represented by the matrices ˆ
i jb M b and the vector components ib   under 

the basis of { }ib . We discuss the representation of matrices ˆ
i ja M a  and ˆ

i jc M c  and 

vector components ia   and ic   under the basis of { }ia , and { }ic , in terms of ˆ
i jb M b

and the vector components ib   under the basis of { }ib . 

 

1. Change of basis 

Suppose that 

 

ˆ
i a i
a U b , and ˆ

i i a
a b U  . 

 

We consider both the basis { ib } and { ia }. The unitary operator ˆ
aU  can be described by 
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ˆ ˆ ˆ
a a i i a i i i i

i i i

U U b b U b b a b     , 

 

using the closure relation. The matrix representation of Û  is given by 

 
ˆ

i j i a jb a b U b , 

 
**ˆ ˆ

j a i i a j j i i jb U b b U b b a a b
   . 

 

Suppose that the matrix element of an operator M̂  is represented under the basis { ib }, where 

ib  is not always the eigenket of M̂ . What is the expression for the matrix element of an operator 

M̂  under the basis of { ia }? 

 

,

,

ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

i j i k k l l j

k l

i a k k l l a j

k l

i a a j

a M a a b b M b b a

b U b b M b b U b

b U MU b













 . 

 

or 

 
ˆ ˆ ˆ ˆ

i j i a a ja M a b U MU b
  

 

where ˆ
k lb M b , ˆ

i a kb U b , and ˆ
l a jb U b


 are given. 

 

2. Example (1): unitary operator xÛ  

For example, we have 

 

zUx
x
 ˆ , zUx

x
 ˆ , 

 

or 

 

xUz
x
 ˆ , xUz

x
 ˆ . 

 

Note that 

 

1b z  , 2b z  , 

 

1a x  , 2a x  . 
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The matrix of ˆ
zS  is given by 

 

1 0ˆ
0 12

zS
 

   

ℏ
. under the basis of { z , z }. 

 

Then the matrix of zŜ  under the basis of ia ={ x , x } can be obtained as 

 

,

,

ˆ ˆ

ˆ

ˆˆ ˆ

i z j i k k z l l j

k l

i x k k z l i x j

k l

i x z x j

a S a a b b S b b a

b U b b S b b U b

b U S U b













  

 

Using 

 












11

11

2

1ˆ
xU , 












11

11

2

1ˆ
xU , under the basis of { ,  }z z   

 

we get 

 









































01

10

2

11

11

2

1

10

01

211

11

2

1ˆˆˆ

ℏ

ℏ

xzx USU

 

 

under the basis of { x , x }. 

 

3. Example (2): unitary operator yÛ  

Matrix element of y
Ŝ  under the basis of { z , z }; 

 

zUy
y
 ˆ , zUy

y
 ˆ , 

 

or 

 

yUz
y
 ˆ , yUz

y
 ˆ , 

 

where 
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1b z  , 2b z  , 

 

1a y  , 2a y  . 

 

The unitary operator: 

 












ii

U y

11

2

1ˆ , 






 


i

i
U y

1

1

2

1ˆ , under the basis of { ,  }z z   

 

The matrix of ˆ
zS  is given by 

 

0ˆ
02

y

i
S

i

 
  

 

ℏ
,  under the basis of { z , z } 

 

Then the matrix of ˆ
zS  under the basis of ia ={ y , y } can be obtained as 

 

,

,

ˆ ˆ

ˆˆ ˆ

ˆˆ ˆ

i y j i k k y l l j

k l

i y k k y l i y j

k l

i y y y j

a S a a b b S b b a

b U b b S b b U b

b U S U b













  

 

Then we have 

 

1 0 1 11 1ˆˆ ˆ
1 022 2

1 0

0 12

y y y

i i
U S U

i i i i

        
           

 
   

ℏ

ℏ

 

 

under the basis of { y , y }. 

 

4. Eigenvalue problem 

Eigenvalue problem: 

 

iii
aaaA ˆ , 

 

where ia  is the eigenket of Â  with the eigenvalue ia . 
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ˆ
i a i
a U b ,  and ˆ

i i a
a b U  , 

 

jijiij abbUbU  ˆˆ , 

 

jiijjiijjiij baabbUbbUbUU   *** ˆˆˆˆ . 

 









































nnnnn

n

n

n

n

UUUU

UUUU

UUUU

UUUU

UUUU

U

......

..........

..........

..........

..........

..........

......

......

......

......

ˆ

321

4434241

3333231

2232221

1131211

 

 

((Step-1)) 

 

jijji abaaAb ˆ , 

 

 
k

jkikj

k

jkkijjijjk

k

ki abaabbbaabaabbAb ˆ , 

 

or 

 

 
k

ijikjkj

k

ki UaUbAb ˆˆˆ  , 

 

or 

 

 
k

kjikj

k

ijikj

k

kjik UaUaUA ˆˆˆˆ  , 

 

or 

 

0ˆ)ˆ( 
k

kjikjik UaA  , (1) 

 

where 
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kjjkjk UbUbab ˆˆ  ,  ijjiji UbUbab ˆˆ  . 

 

Eq.(1) can be rewritten in the matrix form as 

































































































0

.

.

.

0

0

0

.

.

.

...

.......

.......

......

...

...

...

3

2

1

321

41

3333231

2232221

1131211

nj

j

j

j

jnnnnn

nj

nj

nj

U

U

U

U

aAAAA

A

AaAAA

AAaAA

AAAaA

 

 

((Example)) 

For the 3x3 matrix 

 


















































j

j

j

j

j

j

j

U

U

U

a

U

U

U

AAA

AAA

AAA

3

2

1

3

2

1

333231

232221

131211

. 

 

((Step-2)) 

 























































































nj

j

j

j

nj

j

j

nn

k

U

U

U

a

U

U

U

bAbbAb

bAbbAb

bAbbAb

ˆ

.

.

.

.

ˆ

ˆ

ˆ

.

.

.

.

ˆ

ˆ

.....ˆˆ

.......

.......

.......

.......

.....ˆˆ

.....ˆˆ

2

1

2

1

21

212

2111

, 

 

where aj is the eigenvalue of Â . The corresponding eigenket is given by a column vector, 
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nj

j

j

U

U

U

ˆ

.

.

.

.

ˆ

ˆ

2

1

. 

 

The eigenvalue problem can be rewritten as 

 

0

ˆ

.

.

.

.

ˆ

ˆ

ˆ....ˆˆ

.......

.......

.......

.......

....ˆˆˆ

.ˆ....ˆˆˆ

2

1

21

322212

1312111



































































nj

j

j

jnnnn

j

nj

U

U

U

abAbbAbbAb

bAbabAbbAb

bAbbAbbAbabAb

. 

 

5. Eigenvalue problem (2) 

 

jjj aaaA ˆ , 

 

where ja  is the eigenket of the operator Â  with the eigenvalue aj. 

 

Using the relation with the unitary operator  

 
ˆ

j a ja U b , 

 

we get 

 
ˆ ˆ ˆ

a j j a jAU b a U b . 

 

The we have 

 

ˆˆ ˆ
a a j j jU AU b a b  , 

 

or 
ˆˆ ˆ

i a a j j i j j ijb U AU b a b b a    , 
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or 

 

,

ˆˆ ˆ
i a k k l l a j j i j j ij

k l

b U b b A b b U b a b b a    , 

 

1

2

3

0 0. . 0

0 0 . 0

ˆˆ ˆ 0 0 . . 0

. . . . 0

0 0 0 .

a a

n

a

a

U AU a

a



 
 
 
 
 
 
 
 

. (diagonal matrix) 

 

The matrix  
 

1

2

3

0 0. . 0

0 0 . 0

ˆ ˆ ˆ0 0 . . 0

. . . . 0

0 0 0 .

a a

n

a

a

A U a U

a



 
 
 
 
 
 
 
 

, 

 

under the basis of { jb }. 

 

6. The matrix representation for Û  

We now consider the matrix with 3 x 3 for simplicity. 

 

ˆ
i a ia U b ,  iii

aaaA ˆ   (eigenvlue problem) 

 

where 
 


















31

21

11

1

U

U

U

a ,  

















32

22

12

2

U

U

U

a ,  

















33

23

13

3

U

U

U

a , 

 

under the basis of { }ib , and 

 


















0

0

1

1b ,  

















0

1

0

2b ,  

















1

0

0

3b . 
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The unitary operator ˆ
aU  is given by 

 

1 1 2 2 3 3 1 1 2 2 3 3
ˆ ˆ ( ) )
a a
U U b b b b b b a b a b a b      , 

 
or 

 

     

1 1 2 2 3 3

11 12 13

21 22 23

31 32 33

11 12 13

12 22 23

13 23 33

11 12 13

21 22 23

31 32 33

ˆ )

1 0 0 0 1 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

aU a b a b a b

U U U

U U U

U U U

U U U

U U U

U U U

U U U

U U U

U U U

  

     
            
     
     

     
            
     
     

 
 








 

 

7. The matrix representation for 
Û  

We note that 

 

 *

31

*

21

*

111
UUUa  ,  *

32

*

22

*

122
UUUa  ,  *

33

*

23

*

133
UUUa  . 

 


















0

0

1

1b ,  

















0

1

0

2b ,  

















1

0

0

3b . 

 

Thus we have 
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1 1 2 2 3 3

* * * * * * * * *

11 21 31 12 22 32 13 23 33

* * *

11 21 31

* * *

12 22 32

* * *

13 23 33

* * *

11 21 31

12

ˆ

1 0 0

0 1 0

0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

aU b a b a b a

U U U U U U U U U

U U U

U U U

U U U

U U U

U

   

     
            
     
     

     
            

         

 * * *

22 32

* * *

13 23 33

U U

U U U

 
 
 
 
 

 

 

8. Expression of ic   in terms of ia  ; formula 

We discuss the general case. Suppose that there two types of basis { ia } and basis { ic }. 

These are related to the original basis { ib } through the unitary operators aÛ  and cÛ . 

 

iai bUa ˆ ,  ici bUc ˆ , 

 
 aii Uba ˆ ,  ˆ

i i cc b U
 . 

 

Here we discuss the relation between the basis { ia } and basis { ic }? 

 

,

,

ˆ

ˆ

ˆ

ˆ ˆ

ˆ ˆ

i i c

i c j j

j

i c j j k k

j k

i c j j a k k

j k

i c a k k

j

c b U

b U b b

b U b b a a

b U b b U b a

b U U b a

 





































 (1) 

 

(i) Example-I: Expression of ic   in terms of ia   

((Townsend)) 

Determine the column vectors representing the basis { x , x } and the basis { y , 

y }. 
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Suppose that 

 

xai  , zbi  ,  yci  . 

 

We note that 

 












11

11

2

1ˆ
xU , 











ii

U y

11

2

1ˆ . 

 

under the basis of { z . Then we get 

 





























 
 

ii

ii

i

i
UUUU xyac

11

11

2

1

11

11

1

1

2

1ˆˆˆˆ , 

or 

 
*

1 1 1 11 1

1 1 1 12 2

y x xi i i i

y x xi i i i

  
  

             
                      

. 

 

(ii) Example-II: Expression of ic   in terms of ia   

Suppose that 

 

xai  , zbi  ,  yci  , 

 












11

11

2

1ˆ
xU , 











ii

U y

11

2

1ˆ , 

 

under the basis of { z . Then we get 

 
































 

ii

ii

ii
UUUU yxca

11

11

2

111

11

11

2

1ˆˆˆˆ , 

 
or 

 
*

1 1 1 11 1

1 1 1 12 2

x y yi i i i

x y yi i i i

  
  

             
                      

, 

 

or 
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1 11

1 12

y xi i

y xi i

 

 

      
          

 

 

9. Expression of matrix elements under different basis 

Suppose that the matrix element of ˆ
i jb M b  under the basis { }ib  is given. We consider how 

the matrix element ˆ
i ja M a  under the basis { }ia  can be obtained from that the matrix element 

of ˆ
i jb M b . Using the closure relation, we get 

 

,

,

ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

i j i j j k k j

j k

i a j j k k a j

j k

i a a j

a M a a b b M b b a

b U b b M b b U b

b U MU b













  

 

where 

 
ˆ

i a ia U b ,  ˆ
j a ja U b  

 

or 

 
ˆ

i i aa b U
 ,  ˆ

j j aa b U
   

 

10. Example (Schaum 4-17) 

Consider a 2D physical system. The kets 1  and 2  form an orthonormal basis of the state 

space. We define a new basis 1  and 2  by 

 

1 1 2

1
( )

2
    , 

2 1 2

1
( )

2
      

 

An operator P̂  is represented in the basis of 1  and 2  by the matrix 

 

1
ˆ

1
P



 

  
 

 

 

Find the representation of P̂  in the basis of basis 1  and 2 , i.e.,, find the matrix . ˆ
i jP   

 

((Solution)) 
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1 11ˆ
1 12

xU
 

   
, 

1 11ˆ
1 12

xU
  
   

  under the basis of { z , z } 

 

1
ˆ

1
P




 

  
 

,  under the basis 1  and 2  

 

Thus we have 

 

1 1 1 1 11 1ˆ ˆ ˆ
1 1 1 1 12 2

1 1 1 11

1 1 1 12

1 0

0 1

x xU PU




 
 




      
          

   
        

 
   

 

 

or 

 

1 0
ˆ

0 1
P





 
   

 

 

under the basis 1  and 2 . 

 

11. Matrix representation: relation between ib   and ia   

 

i i j j

j

a a b b   

 

where 

 
ˆ

i a ia U b ,  ˆ
i i aa b U

  

 

Thus we have 

 
ˆ

i i a j j

j

a b U b b   

 

or 
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1 111 12 1

2 221 22 2

3 33

1

. . . . .

. . . . .

. . . . . . .

. .. . . . . . . .

. .. . . . . . . .

. .. . . . . . . .

. .. . . . . . . .

. . . . . .

n

n

n

n nn nn

a bU U U

a bU U U

a bU

a bU U

 
 
 

 

  

  



 

    
    
    
    
    
        
    
    
    
   

   
    




 

 

12. Change of expressions for i ib a   

Using the relation 

 

{ ,  },ia x x     { ,  },ib z z    

 

1 11ˆ ˆ
1 12

a xU U
 

    
, 

1 11ˆ
1 12

xU
  
   

 

 

we have 

 

1 11

1 12

x z

x z

 

 

     
         

 

 

((Problem)) A. Goswami, Quantum Mechanics, second edition (WCB, 1997). 

 

A certain state is given in the zS -basis as the spinor 

 

11

3 2

 
  
 

 

 

Find the spinor representation of the state in the xS  -basis and yS  -basis 

 

((Solution)) 
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ˆ

11 11 1

1 12 3 2

1 21

6 1 2

x

x z
U

x z

 
 

    
   

    

  
        

 
    

 

 

ˆ

111 1

12 3 2

1 21

6 1 2

y

y z
U

y z

i

i

i

i

 
 

    
   

    

  
        

 
    

 

 

13. Relation between ia   and ic   

 

,

,

ˆ ˆ

ˆ ˆ

i i j j

j

i k k j j

j k

i a k k c j j

j k

i a c j j

j

a a c c

a b b c c

b U b b U b c

b U U b c

 



























 

 

or 

 
ˆ ˆ

i i a c j j

j

a b U U b c   

 

14. Example: Change of expressions for i ic a  , and i ia c   

 

{ ,  },ia y y     { ,  },ic x x    

 

The unitary operators: 

 

1 11ˆ ˆ

2
a yU U

i i

 
    

  under the basis of { , }z z   
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1 11ˆ ˆ
1 12

c xU U
 

    
  under the basis of { , }z z   

 

So we have 

 

1 1 11 1ˆ ˆ
1 1 12 2

1 11

1 12

y x

i
U U

i

i i

i i

    
       

  
    

 

 

Using the relation 

 

ˆ ˆ
i i y x j j

j

a b U U b c   

 

or 

 

1 11

1 12

y xi i

y xi i

 

 

      
          

 

 

or 

 

1 11

1 12

x yi i

x yi i

 

 

      
          

 

 

15. Matrix representation: relation of ˆ
i jc A c  ˆ

i jb A b  

 

,

,

ˆ ˆ

ˆˆ ˆ

ˆˆ ˆ

i j i j j k k j

j k

i c j j k k c j

j k

i c c j

c A c c b b A b b c

b U b b A b b U b

b U AU b













  

 

where 

 
ˆ

j c jc U b  

 

16. Example-I: matrix representation under the different basis 

(i) ˆ
y under the basis of { ,  }y y   
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ˆ

j y jc U b ,  ˆ ˆ
yA   under the basis of { ,  }z z   

 
ˆˆ ˆ ˆ ˆˆ

1 0 1 11 1

1 02 2

1 1 11

12

1 0

0 1

c c y y yU AU U U

i i

i i i i

i

i i i

 

     
         

   
   

  

 
   

  

 

Thus we have ˆ
y   

 

1 0
ˆ

0 1
y

 
   

  under the basis of { ,  }y y   

 

(ii) ˆ
x  under the basis of { ,  }y y   

 

ˆ
j y jc U b ,  

0 1ˆ ˆ
1 0

xA 
 

   
 

  under the basis of { ,  }z z   

 
ˆˆ ˆ ˆ ˆˆ

1 0 1 1 11 1

1 1 02 2

11

1 1 12

0

0

c c y x yU AU U U

i

i i i

i i i

i

i

i

 

    
         

   
   

  
 

  
 

 

 

Thus we have ˆ
x   

 

0
ˆ

0
x

i

i


 
  
 

  under the basis of { ,  }y y   

 

(iii) ˆ
z  under the basis of { ,  }y y   
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ˆ
j y jc U b ,  

1 0ˆ ˆ
0 1

zA 
 

    
 under the basis of { ,  }z z   

 
ˆˆ ˆ ˆ ˆˆ

1 1 0 1 11 1

1 0 12 2

11

1 1 12

0 1

1 0

c c y z yU AU U U

i

i i i

i i i

i

 

    
          

   
   

  

 
  
 

 

 

Thus we have ˆ
z   

 

0 1
ˆ

1 0
z

 
  
 

  under the basis of { ,  }y y   

 

17. Example-II: matrix representation under the different basis 

(i) ˆ
y  under the basis of { ,  }x x   

 

ˆ
j x jc U b ,  

0ˆ ˆ
0

y

i
A

i


 
   

 
 under the basis of { ,  }z z   

 

ˆˆ ˆ ˆ ˆˆ

1 1 0 1 11 1

1 1 0 1 12 2

1 11

1 12

0

0

0

0

c c x y xU AU U U

i

i

i i

i i

i

i

i

i

 

    
          

  
     

 
   

 
  

 

  

 

Thus we have ˆ
y   

 

0
ˆ

0
y

i

i


 
  

 
  under the basis of { ,  }x x   
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(ii) ˆ
z  under the basis of { ,  }x x   

 
ˆ

j x jc U b ,  ˆ ˆ
zA    under the basis of { ,  }z z   

 

ˆˆ ˆ ˆ ˆˆ

1 1 1 0 1 11 1

1 1 0 1 1 12 2

1 1 1 11

1 1 1 12

0 1

1 0

c c x z xU AU U U 

    
           

   
      

 
  
 

 

 

Thus we have ˆ
z   

 

0 1
ˆ

1 0
z

 
  
 

  under the basis of { ,  }x x   

 

(iii) ˆ
x  under the basis of { ,  }x x   

 

 

ˆ
j x jc U b ,  

0 1ˆ ˆ
1 0

xA 
 

   
 

  under the basis of { ,  }z z   

 

ˆˆ ˆ ˆ ˆˆ

1 1 0 1 1 11 1

1 1 1 0 1 12 2

1 1 1 11

1 1 1 12

1 0

0 1

c c x x xU AU U U 

    
          

  
     

 
   

 

 

Thus we have ˆ
x   

 

1 0
ˆ

0 1
x

 
  
 

  under the basis of { ,  }x x   
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18. Matrix representation of the rotation operator 

 

Townsend Problem ((2-6)) 

 

Evaluate 

 

z
i

zJ
i

zR yy  )ˆ
2

exp()ˆexp(),(ˆ 
ℏ

j  

 

((Solution, method-1)) 

Here we note that 

 

)(
2

1
zizy  ,  )(

2

1
zizy  . 

 

Then 

 

)(
2

1
yyz  , . )(

2

1
yy

i
z  . 

 

zz
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We define the unitary operator as 
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We consider the eigenvalue problem: 
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Under the basis of { z , z }, it is found that yy URU ˆ),(ˆˆ j
 is a diagonal matrix; 
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We note that 
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((Mathematica)) 
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19. Example: Matrix element of ˆ
x , ˆ

y , and ˆ
z  under the basis of { n , n } 
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