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For spin 1/2 systems, for example, we have the basis {|+ Z> , |— Z> + which are the eigenkets of the

spin operator S’z . We also have the basis { |+ x> , |— x> }+ which are the eigenkets of the spin operator

S’x. These two different sets of basis, of course, span the same ket space. Here we are interested
in finding out how the two descriptions are related. Changing the set of basis is referred to as a

change of basis. One of the basis is related to the other basis through a unitary operator ﬁx , such

that |+x> = Ux | +z> and |—x> = Ux |—z> . Here we discuss the properties of the unitary operator in

connection with the eigenvalue problem such that §X|ix>=i§|ix> .Since

A

UX+§XUX

+z :iﬁ +z), the matrix of U *S U. under the basis { |+ z , |—2z) } becomes a diagonal
2 X X X g

matrix with the diagonal element of the eigenvalue of S’X .
The concept of the change of basis is significant to understanding the essential of quantum

mechanics. For convenience, we consider three types of basis {| b, >} , { a,.>} , and {| c, >} , Where

|al.>:lja

by e

U, and U, are unitary operators with U *U, =1 and U,*'U, =1. All the operator M and the ket
vectors |y) are represented by the matrices (b, |M |b, ) and the vector components (b, |y/) under
the basis of {|5,)}. We discuss the representation of matrices (a,|M|a,} and (c,|M|c,) and
vector components (g, |y) and (c, i) under the basis of {|a,)} , and {|c,)}, interms of (b,|M|b,)

and the vector components <b,. |1//> under the basis of {| b, >} .

1. Change of basis
Suppose that

|al.>:U

a

b

1

>, and <al.|:<bl.|lja+.

We consider both the basis {|bl.> } and {|al.> }. The unitary operator l?a can be described by



U, =02 [b) (b= 2U.[b) 1= X]a) b
using the closure relation. The matrix representation of U is given by

<bi‘a_/> =(b, U b_/>’

a

b_/> - <b./ ‘ai>* - <ai ‘b./>'

Suppose that the matrix element of an operator M is represented under the basis {|bi> }, where

|bi> is not always the eigenket of M . What is the expression for the matrix element of an operator

M under the basis of {|ai> }?

(e[ ]a,) = 3-a by ) o
:kz<
=,

A

M

M|b)(b|a;)
k><bk|M |6,){
|5)

U,|p,).

or

(a|M]a,)= b

oJt)

where (b, |M b)), (b|U,|b,), and (b,

B b/> are given.

2. Example (1): unitary operator ﬁx

For example, we have

|+x>=0x+z>, |—x>=Ux—z>,
or

[+z)= ) |—Z>=Ux+—x>.
Note that

) =l+z),  [b)=|-2),
ja)=[+x),  |a)=|-x).



The matrix of S’Z is given by

~ R(1 O i
S, =— . under the basis of { | +z> ,
2{0 -1

—Z> }.

Then the matrix of S’Z under the basis of |al.> ={ | + x> ,

<al. aj>=z<af|bk><bk b]><bl‘aj>

k,l
) (b3, 18) b

- x> } can be obtained as

A

S.

z

U

b,)

UX

. 1 (1 1 ~. 11 :
U =—F , U =—F4 , under the basis of {|+z>, —z>}

under the basis of { | + x> ,

—x>}.

3. Example (2): unitary operator U y

-z)};

Matrix element of S , under the basis of { | + z>,

[+9)=U+2),  |-»)=U]-2),
or

[+2)=0,1+y),  [-2)=U0,]-»),
where



) =l+z),  [b)=|-2),
la)=+r),  [a)=[-).

The unitary operator:

. 1(1 1 A~y 1 (1 =i :
U =—F4 , U, = |, under the basis of {|+z>,

Pl =i BNV,

»

The matrix of S’Z is given by

Q :E(O _l], under the basis of {|+z>, —Z> }

Y2l 0
Then the matrix of S’Z under the basis of |ai> ={ | +y> ,

@)= 2@ |b )b S, |b) (8] a;)

k.l

- y> } can be obtained as

1S, |a

(a

=> (5|0, |b)(b]S,|B)(b,|0,|b,)

k.l

a1 0
2100 -1

under the basis of { |+y>, -

4. Eigenvalue problem
Eigenvalue problem:

Aai>=ai|ai>,

where |ai> is the eigenket of A with the eigenvalue «. .



Uy =U, <b_/‘0|bi>*:< > <b/‘ai>*=<a ‘b/>
U, U, Uy . . .. .. U,
Uy, Uy Uy - o o .. U,
Uy, U, Uy . . . . .. u,,
Uy Up Us - o o u,,

0 L .
U, U, Uy ..U

((Step-1))

<bi |21‘a_/> = a_/<bi ‘a_/> J
;@Mm@hygﬁp>a2bw<pyﬂza<hy

or
2 (b Ab U, =a,2.5,U,
or
;%@f@;@@=%;@%,
or
Zk:(;lik a,5,)U, =0, )
where



<bk ‘a_/> = <bk |U‘b_/> = Uk/’ <bi ‘a_/> = <bi |U‘ b_/> = U@/ .

Eq.(1) can be rewritten in the matrix form as

4, a; 4, A 4, Ulj
4,, 4y, —a J Ay 4, U, J
45 4 A3 — a; A4, U3j
4, =
Anl AnZ An3 Ann - aj Ul’lj 0
((Example))
For the 3x3 matrix
4, 4, A Ulj Ulj
4y Ay Ay U2j =a; U2j :
4y A4y, A \Us j U, j
((Step-2))
Bls) BB .. 0, (0,
(by|Ab) (by|A4b) . . . . . U, U,
----- = a/ b
(b,|4|) (b,|4b) . . . . . U, U,

where g is the eigenvalue of A. The corresponding eigenket is given by a column vector,



I

~.

I\)Q)

U

n

The eigenvalue problem can be rewritten as

(Bl4b)-a, (alAn) () . (8B
(Boldp)  Bo|db)=a, (by|4by) . .
(b,|4b,) (b,|4b,) . ... (b]4p,)-aq,

5. Eigenvalue problem (2)

a_/>:a_/‘a_/>’

where ‘aj> is the eigenket of the operator A with the eigenvalue g;.

N

A

Using the relation with the unitary operator

The we have

ey

Ua+‘:1l}a b_/>:a_/‘b_/>’
or
(0, 40,|b,)=a,(b|b)=a,5,,

<

~.

I\)Q >

s

n




or

> (b0,
k.l
a 0 0. 0
0 a O 0
U*A0,=|0 0 a. . 0
S 0
0 0 O a,
The matrix
a 0 0. 0
0 a O 0
A=U0 0 a. . 0|US,
S 0
0 0 O a,
under the basis of {‘b_/> }.
6. The matrix representation for U

bk><bk|21|b,><b,|l7a‘bj>:aj <bi‘bj>:a45

7Ty

(diagonal matrix)

We now consider the matrix with 3 x 3 for simplicity.

la,)=U,|b,),
where
Ull
|a1>: Uy |
U

(eigenvlue problem)



The unitary operator U , Is given by

U, =U, (b (b |+[0,) (b, +]8) (0] =, ), [+ ]y ) By +] ) s

or

U, =[a,)(b|+]a,)(b, | +] a; ) (b:])

Ull} [UIZJ [UBJ
=|U, |(1 0 0)+]Uy|(0 1 0)+|Uy|(0 0 1)
U31 U32 U33
U, 0 0y (0 U, 0) (0 0 U,
=U, 0 0}[0 U, 0}[0 0 U23J
U, 0 0) {0 U, 0) (0 0 U,
Ull U12 U13
=\Uy Uy Uzz}
U31 U32 U33

75 The matrix representation for Ut
We note that

<a1|:(U11* UZI* U31*)a <a2|:(U12* Uzz* U32*), <a3|:(U13* Uzs* U33*)-

Thus we have



A

U, =[b)(a|+|6,){a, | +[b;){a,]

1 0 0

=0 (Un Uy Uy )+ 1 (UIZ Uy Uzz*)+ 0 (U13* Un U33)
0 0 1
u, U, U, 0O 0 0 0 0 0

=0 0 0 |+|U, U, U,|+|l 0 0 0
0 0 0 0O 0 0 U, U, U,
Ull UZI* U31*

=\U, U, U,
U13 U23 U33

8. Expression of (c,|i/) in terms of (q,|y/); formula

We discuss the general case. Suppose that there two types of basis {|ai>} and basis {|ci> }-

These are related to the original basis {|bi> } through the unitary operators U , and UC .
|ai> = Ua

<ai| = <bi

Here we discuss the relation between the basis { |ai> } and basis { |ci> }?

b), lc)=U

a

0r el

{elv)=(]0.y)
:Z/: b0 b/‘><b.f"”>
= >(6]0.7[b,)(b, | a)(aclv) (1)

U,

bk><ak|w>

(i) Example-I: Expression of <C,~ |‘//> in terms of <al. |1//>
((Townsend))
Determine the column vectors representing the basis {|+x> ,

-1

—x>} and the basis {|+y>,

10



Suppose that

We note that

0_111 0_111
2l =) yo Ll =i

under the basis of {|+z). Then we get

wn a1 =Y 1Y 1(1-i 1+
U,0,=0,0,=— =— :
> 201 i 1 1) 2l 1-i

(i)  Example-II: Expression of (c,|y) in terms of (a,|y)

or

Suppose that

0_111 0_111
2l —1) o2l i)

under the basis of {|+z). Then we get

~on e 1(1 1Y 1Y 1(1+i 1-i
U,0,=0,0,=— == :
ol -l —i) 2l-i 1+

11

or

9

or



((+y|t//>} =1(1+i 1—1}(<+x|y/>}
(-ylw)) 20=i 1+i){{-x|y)
9. Expression of matrix elements under different basis
Suppose that the matrix element of <bi |M ‘b /> under the basis {b,} is given. We consider how

the matrix element <ai |M ‘ a /> under the basis {a,} can be obtained from that the matrix element

of <bi |M ‘b /> . Using the closure relation, we get

<al. aj>=;<ai‘bj><bj bk><bk‘aj>
=;<bl. b,)(b,|M|b,) (b,

A

M M

u,’ U,

b,)

=(b|U," MU, |b,)
where
ay=Uils).  la)=Uulb)
or
(al=(l0.  {a]=(|0r

10. Example (Schaum 4-17)
Consider a 2D physical system. The kets |g//1> and |g//2> form an orthonormal basis of the state

space. We define a new basis |¢1> and |¢2> by

a)=F vl =)=l

An operator P is represented in the basis of |g//1> and |g//2> by the matrix

. (1 5}
P=
g 1

Find the representation of P in the basis of basis |¢1> and |¢2> , 1.e.,, find the matrix <¢l |13‘ ¢/>

((Solution))

12



U 2%6 _IJ , U’ =%G _IJ under the basis of {|+z), |-z) }
. (1 ¢
=( lj’ under the basis |;//1> and |§//2>
£

Thus we have

o5l e Ul
(l ) (i
(52

>

or

under the basis |¢1> and |¢2>.

11.  Matrix representation: relation between <bi|1//> and <ai |l//>

<af|W>:Z<af‘b./><b/“”>

J

where

a)=0,l8).  {a|={b[0;
Thus we have

(alv)= X010 1) v)

or

13



v) \ut, . ... .. U, )\(b,

(o

12. Change of expressions for <bi |l//> - <ai |l//>

v)

Using the relation

|a;) = {+x). [-x)} [6)={+2).

we have

(<+x|y/>) :L(l 1 j(<+z|y/>)
(=xlv)) V21 -\(=z|w)
((Problem)) A. Goswami, Quantum Mechanics, second edition (WCB, 1997).

A certain state is given in the S, -basis as the spinor

1 (1
Gl2
Find the spinor representation of the state in the S, -basis and S| -basis

((Solution))

14



1 [1-+2i
\/_ 1++/2i
13.  Relation between <ai |l//> and <ci |1//>

V)=lale)e )
A
(&

(&

~

Z b|U,"|b,) bk|0c‘b./><c./"”>
Z b, |Ua+0c‘b/><cf“”>
J

~
>v~

(al)=Z {810 0|0 e lv)

14. Example: Change of expressions for <ci |l//>

—><ai |1//>, and <ai|l//>

[a) =4+ [=2)} )= {+x). [=x)

The unitary operators:

1

Y 0 1 1 :
Uu,=U ——( j under the basis of {| +z>,|—z>}

7 2\i —i

15

= {alv)



A oA 1 (1 1 .
U =U=— under the basis of {|+z),

So we have

U+U_l I =iy 1 (1 1
RN G I NG S |
C1(1=i 1+
20+ 1-i
Using the relation

{aly)=2.(6]U,"U,

J

bi){e;lv)

or

Pl it e

Pl el i)

15.  Matrix representation: relation of <ci|2[‘c j> < <bi|zgl‘bj>

or

(c,|4 c]>=;;<cl.‘b]><bj Alb)(b;|c,)
-2 (5,|U.7|6,){(b,] 4|5, )(b,|T. |b,)
=(b|U, 40, |b,)
where
e,)=U.]8,)

16.  Example-I: matrix representation under the different basis
()] &, under the basis of {| + y>, —y>}

16

_Z>}



‘C/>=Uy b_,~>a zglzé'y under the basis of {|+z>, —z>}
Ur40,=U,6,0,
(1 =)0 =iy 1 (11
BNV AR N A
11 =1 -
ol i N
(10
“lo -1
Thus we have 6y
. 1 0 '
O'y=[0 _J under the basis of {|+y>, —y)}
(i) &, under the basis of {+y), |-»)}
g A 0 1 '
‘C/>=Uy b_/>’ A=6, :(1 OJ under the basis of {|+z>, —z>}
U40, =060,

Thus we have &,

G, = [0 _l} under the basis of {| + y>, —y>}

i 0

(iii) &, under the basis of {| + y>,

-y

17



n ~ 1 0
‘c/>:Uy‘bj>, A=6. :(0 J under the basis of {|+z), |-z)}
U AU,=UcU,
(1 =)t 01 (11
20 i o -2l i
1 I —i\(i —i
2l it
(0 1
1o
Thus we have &,
. (01 :
o, = i 0 under the basis of {| +y>, —y)}
17. Example-II: matrix representation under the different basis
(i) &, under the basis of {|+x), |-x)}
n A 0 —i .
‘c/>:UX b/>, A=o0, :(. Oj under the basis of {|+z>, —z)}
' i
040,060,

G, = —[0 _iJ under the basis of {| +x>, —x>}

18



(i) &, under the basis of {|+x), |-x)}
‘c/>:ljx bj>, A=6. under the basis of {|+z>, - >}
040 =0 " 60
1 1 0 1
ﬁ 0 -1 [ 1 -1
1 1 1
201 -1l-1 1
Thus we have &,
. (0 1 .
o, =[1 OJ under the basis of {| +x>, —x)}
(ii) &, under the basis of {|+x), |-x)}
n A 0 1 :
‘c/>:UX bj>, A=o0, :[1 Oj under the basis of {|+z>, - )}
UC+206 = AX+GAXUX
1 (L 10 1)1 (11
20 -l o)2ln 1
11 (1 -1
2l -yl
(1 0
Lo -1
Thus we have &
. (10 .
o, = o under the basis of {|+x>, —x>}

19



18. Matrix representation of the rotation operator
Townsend Problem ((2-6))

Evaluate
R0, j)|+2) = exp(—%jy9)| +z)= exp(—é&y¢)| +2)

((Solution, method-1))
Here we note that

iy 1

B L L o P B R S U R )
Then

r2)= o)l =) .

RO, j)+2)= exp(—é&y9)| +2)
1 .
=Eexp(—§ay0>(|+y>+|—y>>
| i
:E[e 29|+y>+ezg|—y>]
L 50 . 50 .
25[6 (|+z>+z|—z>)+e (|+z>—z|—z>)]
0 .0
~cos 2|+ 2)+sin - 2)
When 0= 7/2,

1

RO, j)|+z)= \/5(|+z>+|—z>)=|+x>.
((Method-II))
R(6.j) = exp(—%jyﬁ) - exp(—é&ye)

We define the unitary operator as

20



A

N
u,,

|+y>=Uy|+z>=%(|+z>+i|—z>), (+y]=(+z

A
"
u,,

y

)0 = o) i) (ol
where

Y2 -i) NIV

We consider the eigenvalue problem:

0 ) 0
RO, j+y)=e |+y), RO, j)|-y)=e|-y).
Then we have
. . _i0,
R(@,j)Uy|+Z>:e 2Uy|+z>
or
_i0 i0
2

lA]y+IA?(9,j)lAfy|+ Z> =e U;Uy +Z> :e_3|+z>

Under the basis of {|+z), |- z)}, it is found that U y+1§(9, HU , is a diagonal matrix;

—if
Aen A e 2 0
Uy R(G’J)Uy = 0 |»
0 e?

or

21



1 (1 1) e2 0|1 (1
= 7= 9 |
\/5 =1 0 e? \/5 1
-0
1(1 1) e? —je?
=5 e i0
0 .0
COS— —Smm-—
_ 2 2
0
Sm-— COS—
2

We note that

((Mathematica))

Clear["Global *"];
0 -1
oY = (1'1 0 )
-1
Yl = MatrixExp[— oy¢] .{1, 0}
2

fcos[2], sin[2]}

-1

Y2 = MatrixExp[—2 oy¢] .{0, 1}

{-sin[2], cos[2]}

22



19.  Example: Matrix element of 6, 6, and G, under the basis of { |+n> , |—n>}

_Z>

where the matrix of Un under the basis of {| +Z> ,

|+n)=U, |+z), |-n) =0,

—z>} is given by

_® _i® 2]
e *cos— —e ’sin— 4| cos—  —sin—
~ 2 2 i 2 2
Uu,= ] ] =e
615 Slng 615 cOS — €i¢ sin — €i¢ COS—
2 2
Note that
lg 9 —iﬂ
e?cos— e ?sin—
A
" 4 _i®
—-e?sin— e %cos—
Thus we have
) ) 9 U
e2cos— e ?sin— 1 0)€ 2cos— —e 2sin—
U6l = 2 2
e i _i? 0 -1 e 2 i? 2
—e 2 sin e 2cos— e?sin— e?cos—
2 2
2 ¢ i 1) L9
e?cos— e ’sin— |l e *2cos— —e %sin—
_ 2 2 2
. 2 ool 2 9 2 o
—e 2 sin e 2cos— || —e?sin— —e?cos—
2
cosfd —sind
—sin@ —cosé

23



<

>

>

e ?cos e Zsin—
2 4

—-e?sin— e 2cos—
2 _i?

e2cos— e ?sin—
2 _i?

—e 2sin e 2cos—
cos@gsind

e” sin® =+ e cos® —

i(e” sin’ 9 +e " cos’ Q)
2 2

|

sin @sin &

24

N

—i

ie 2cos—
2

—i(e” cos’

N

—i=

—ie ?sin—
2

9 +e " sin’ Q)
2 2

—sin ¢sin @



—nN=

|+2>
+n>
D |
— v
2>
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