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Position and momentum operators for a given axis do not commute, whereas position and 
momentum operators for different axes do commute, 
 

  1̂ˆ,ˆ ipx x  ,    1̂ˆ,ˆ ipy y  ,    1̂ˆ,ˆ ipz z  , 

 
and 
 

    0ˆ,ˆˆ,ˆ  zy pxpx ,     0ˆ,ˆˆ,ˆ  zx pypy ,     0ˆ,ˆˆ,ˆ  yx pzpz , 

 
     yxyzxz ˆ,ˆˆ,ˆˆ,ˆ  . 

 
Using these commutators, we calculate the commutators of the component of the angular 
momentum operator. 
 
 
1. Definition of orbital angular momentum 

The angular momentum is defined as 
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yzx pzpyL ˆˆˆˆˆ  , 

 

zxy pxpzL ˆˆˆˆˆ  , 

 

xyz pypxL ˆˆˆˆˆ  . 

 
2. Commutation relations 
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or 
 

zyx LiLL ˆ]ˆ,ˆ[  , 

 
Similarly, 
 

xzy LiLL ˆ]ˆ,ˆ[  , yxz LiLL ˆ]ˆ,ˆ[  . 

 
2L̂  is defined by 
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We have 
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using the relations 
 

)ˆˆˆˆ(]ˆ,ˆ[ˆˆ]ˆ,ˆ[]ˆ,ˆ[ 2
yxxyxzxxxzxz LLLLiLLLLLLLL   , 

 

)ˆˆˆˆ(]ˆ,ˆ[ˆˆ]ˆ,ˆ[]ˆ,ˆ[ 2
yxxyyzyyyzyz LLLLiLLLLLLLL   . 

 
Similarly 
 

0̂]ˆ,ˆ[ 2 xLL , 0̂]ˆ,ˆ[ 2 yLL  0̂]ˆ,ˆ[ 2 zLL . 

 
In general, the same relations hold for the general angular momentum J. 
 

0̂]ˆ,ˆ[ 2 xJJ , 0̂]ˆ,ˆ[ 2 yJJ  0̂]ˆ,ˆ[ 2 zJJ , 

 
with 
 

2222 ˆˆˆˆ
zyx JJJJ  , 
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zyx JiJJ ˆ]ˆ,ˆ[  , xzy JiJJ ˆ]ˆ,ˆ[  , yxz JiJJ ˆ]ˆ,ˆ[  . 

 
We define new operators by 
 

yx JiJJ ˆˆˆ  , 

 

  JJJ z
ˆ]ˆ,ˆ[  , 

 

  JJJ z
ˆ]ˆ,ˆ[  , 

 

zJJJ ˆ2]ˆ,ˆ[  , 
 

0̂ˆˆˆˆˆ 22  JJJJJ zz  , 
 

0̂ˆˆˆˆˆ 22  JJJJJ zz  , 
 

)ˆˆˆˆ(
2

1ˆˆ 22
  JJJJJJ z . 

 
2. Mathematica 
 
Using Mathematica, we give the proof for various kinds of commutation relations for the angular 
momentum. We note the following. 
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zyx LLLL   ,  yx LiLL ˆˆˆ  . 

 
_______________________________________________________________________ 

Eq1:  zyx LiLL ˆ]ˆ,ˆ[  , 

 

Eq.2:  xzy LiLL ˆ]ˆ,ˆ[  ,  

 

Eq.3:  yxz LiLL ˆ]ˆ,ˆ[   

 

Eq.4:  )ˆˆˆˆ(]ˆ,ˆ[ 2
yxxyxz LLLLiLL    

 

Eq.5:  )ˆˆˆˆ(]ˆ,ˆ[ 2
yxxyyz LLLLiLL    

 

Eq.6  0]ˆ,ˆ[ 2 zz LL  
 

Eq.7  0̂]ˆ,ˆ[ 2 zLL , 
 

Eq.8  0̂]ˆ,ˆ[ LLz  
 

Eq.9  0̂]ˆ,ˆ[ LLz  
 

Eq.10  0̂ˆˆˆˆˆ 22  LLLL zz L  
 

Eq.11  0̂ˆˆˆˆˆ 22  LLLL zz L  
 

Eq.12  )ˆˆˆˆ(
2

1ˆˆ 22
  LLLLLzL  

 

Eq.13  Expression of 2L̂r  

 
((Mathematica)) 
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Clear"Global`";

Lz :
—


x D, y  y D, x &;

Lx :
—


y D, z  z D, y &;

Ly :
—


z D, x  x D, z &;

LLx : NestLx, , 2 &; LLy : NestLy, , 2 &;

LLz : NestLz, , 2 &;

LL : LLx  LLy  LLz &;

Lp : Lx   Ly &;

Lm : Lx   Ly &;

eq1 

LxLyx, y, z  LyLxx, y, z 
 — Lzx, y, z  Simplify

0

eq2 

LyLzx, y, z  LzLyx, y, z 
 — Lxx, y, z  Simplify

0

eq3 

LzLxx, y, z  LxLzx, y, z 
 — Lyx, y, z  Simplify

0
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eq41 

LzLLxx, y, z  LLxLzx, y, z 
FullSimplify;

eq42 

 — LxLyx, y, z  LyLxx, y, z 
Simplify; eq41  eq42  Simplify

0

eq51 

LzLLyx, y, z  LLyLzx, y, z 
FullSimplify;

eq52 

 —

LxLyx, y, z  LyLxx, y, z 
Simplify; eq51  eq52  Simplify

0
eq6 

LzLLzx, y, z  LLzLzx, y, z 
FullSimplify

0

eq7  LLLzx, y, z  LzLLx, y, z 
Simplify

0

eq8 

LzLpx, y, z  LpLzx, y, z 
— Lpx, y, z  Simplify

0

eq9 

LzLmx, y, z  LmLzx, y, z 
— Lmx, y, z  Simplify

0
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eq10 

LLx, y, z  LzLzx, y, z 
— Lzx, y, z  LpLmx, y, z 

Simplify

0

eq11 

LLx, y, z  LzLzx, y, z 
— Lzx, y, z  LmLpx, y, z 

Simplify

0

eq12 

LLx, y, z  LzLzx, y, z 
LpLmx, y, z

2


LmLpx, y, z
2


Simplify

0
eq13  LLx, y, z  FullSimplify

—2

2 z 0,0,1x, y, z  x2  y2 0,0,2x, y, z 
2 y 0,1,0x, y, z  2 y z 0,1,1x, y, z 
x2 0,2,0x, y, z  z2 0,2,0x, y, z 
2 x 1,0,0x, y, z  2 x z 1,0,1x, y, z 
2 x y 1,1,0x, y, z 
y2  z2 2,0,0x, y, z


