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Position and momentum operators for a given axis do not commute, whereas position and
momentum operators for different axes do commute,

[%, B, ]=id, [9.p, ]=ini, [2,p,]=in,

and

[2.%]=[2.9]=[%.9].

Using these commutators, we calculate the commutators of the component of the angular
momentum operator.

1. Definition of orbital angular momentum
The angular momentum is defined as

e, €, ¢
L=Ffxp=[% § 12|,
b, B, B
L, = 98, - 2B,
Ly = Zﬁx - )’iﬁz ’
L, = %p, - 9P,
2. Commutation relations
[L,,L,]=inL,,

or



[C.L,1=[98, - 2p,. 2D, — %,]
=[¥p,.2p,1+[2p,, Xp,]
=[P, 210, + py[Z, p,IX
:—T(—ypX +Xp, ) =inL,

or
[L,,L,1=1AL,,

Similarly,

L, L,1=iAL,, [L,, L ]=inL,.

L2 is defined by

=07 +L7+ L%
We have
" " "2 "2 ~2 0 "2 0 s~ 2 0
[L 7Lz]:[Lx +Ly +LZ ’Lz]:[Lx ’Lz]+[|—y 'Lz]
A, A Ag A
=—[LZ,LX]—[LZ,Ly]=0

using the relations

Similarly
[?,L]1=0, [(%L]1=0 [L3L,]=0.
In general, the same relations hold for the general angular momentum J.

[32,3,1=0, [32,3,1=0 [3%3,1=0,

with



[3.3,1=ind,, [3,3,1=ind,, [3,.3,1=ind,.

We define new operators by
J,=J,£id,
[jz ! j+] = hj+ !

[J,, 1=-nJ_,

[J.,3 1=243,,

2. Mathematica

Using Mathematica, we give the proof for various kinds of commutation relations for the angular
momentum. We note the following.

h, 0O 0
ZT(YE— ZE)W(V)

(rIC, |y} =(r[2p, - %.|w)

h, 0O 0
ZT(Z&— X&)W(")

(rIC.Jw)=(r[%B, - yblw)

h, O 0
:T(Xﬁ_y_ Y&)V/(r)



(r|C.CJw) = @jz(ya—az— z%)(zé—ax— (),
(rICLw) - (?T(yi— Ly,

I oz oy
=C2+L7+L7, L, =L, +iL,.
Eql: [L,,L,1=1AL,,

Eq.2: [L,, L,1=iAL,,

Eq.3: [L,,C,]=inL,

Eq.4: [L,,C2l=in(L, L, + L,L,)

Eq.5 [L,,C,%1=—in(L, L, +L,L,)

Eq.6 [L,,[,°]1=0

Eq.7 [2,L,]=0,

Eq.8 [L,,[,]=0

Eq.9 [L,,[]=0

Eq.10 L2-L2+nl, —LL =0

Eq.11 2-L2-nl,-LL =0

EqQ.12 (22 %m_ L0

Eq.13 Expression of <r|I:2|r//>
((Mathematica))



Clear["Global "] ;

Lz := — (x D[#, y]l -y D[#, X]) &;

Lx 1= 2 (y D1#, 2] -2 DL#, V1) &
1

Ly := E (z D[#, X] -x D[#, 2]) &;
1
LLX = Nest[Lx, #, 2] &; LLy = Nest[Ly, #, 2] &;
LLz := Nest[Lz, #, 2] &;
LL z= (LLx[#] + LLy[#] + LLz[#]) &;
Lp := (Lx[#] +1Ly[#]) &;
Lm = (Lx[#] -1 Ly[#]) &;
eql =

LX[Ly [¥[X, ¥, z]11] - LY [LX[¥[X, ¥, z]]] -
ialz[¥[X, Yy, z]] // Simplify

0]

eq2 =
Ly[Lz[¥[X, y, z]1] -Lz[Ly[¥[X, ¥y, Z]1] -
L1hALX[¢Y[X, Y, z]] // Simplify

0

eq3 =
LZ[LX[¥ X, ¥, z]1] - LX[LZ[¥ X, ¥y, Z]]] -
1haLy[¢[X, Y, z]] // Simplify



eg4l =
Lz [LLX[¥[X, y, z]]1] - LLX[Lz[¥[x, y, z]1] //
FullSimplify;
eq4z2 =
in (LX[Ly[¥[x, Yy, z]1] + LY [LX[¥ X, y, z]11]) //
Simplify; eqg4l - eq42 // Simplify

0]

eqgsl =
Lz[LLy[¥[X, Yy, z]1] - LLy[Lz[¥[X, y, z]1] //
FullSimplify;
eq52 =
-1h
(LX[LY[¥[x, Yy, 2111 + LY[LX[¥[X, Yy, z]11) //
Simplify; eq51 -eq52 // Simplify
0
eqgb6 =
Lz[LLz[¥[X, Yy, z]]] -LLz[Lz[¥[x, ¥, z]1]1 //
FullSimplify

0]

eq7 = LL[Lz[¥[X, Y, z]]] - Lz[LL[¥[x, Yy, z]1]1 //
Simplify
0

eqg8 =
Lz[Lp[¥[X, Y, z]1] -Lp[Lz[¥[X, ¥y, z]1] -
aLp[¥[x,y, z]] // Simplify

0

eq9 =
LZ[Lm[lll[Xs y1 Z]]] ‘Lm[LZ[W[X, y1 Z]]] +
aLm[y[X, Yy, z]] // Simplify



eqlo0 =
LLIY[X, y, z]1] -Lz[Lz[¥[X, ¥, Z]]1] +
Simplify
0

eqll =
LL[¥ X, y, z]] -Lz[Lz[¥[X, ¥, z]]] -
alLz[y[X,y, z]] -Lm[Lp[¥[X, y, z]]] //
Simplify
0
eql2 =

LL[w[X! Y, Z]] - LZ[LZ[W[Xi Y, Z]]] -
Lp(Lm[¥[X, y, z]11 LmlLp[¥[X,y, z]]]

//
2 2
Simplify
0
eql3 = LL[¥[X, Yy, z]] // FullSimplify
_hz
(2200 X, y, 2]« (F e y?) 0P X, y, 2] -
2yw°1° (X, Y, Z] - 2wa°ll (X, Y, Z] +
x2y @20 x y, 2] + 22y 020 [x, y, Z] -
2xy 00 x,y, 21 —2xzy 0 x, y, 2] -
2xyy 0 x,y, 2] +

(v*+2%) y®%9 x, y, z])



