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We determine the eigenstates of xŜ  and yŜ  for a spin-1 particle in terms of the eigenstates 

mj ,1  (m = 1, 0, -1) of zŜ  
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For simplicity, we use the unit of 1 . 
 

1. Eigenvalue and eigenkets of xŜ  
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where xÛ  is a unitary operator. 

 
Eigenvalue problem 
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For nontrivial solution, the determinant should be zero, 
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0)1)(1(   . 
 
Note that 
 

xxxS 1,11,1ˆ  , ( 1 ) 

 

xxxJ 0,100,1ˆ  , ( 0 ) 

 

xxxJ 1,11,1ˆ   , ( 1 ) 
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Finally we obtain the eigenket 
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Then we have 
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(c) 
xxxS 1,11,1ˆ    
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2. Eigenvalues and eigenkets of yŜ  
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where yÛ  is a unitary operator. Note that 
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





























 ii

U

U

U

y
. 

 
The unitary operator is obtained as 
 




















121

202

121

2

1ˆ iiU y , 

 






















121

202

121

2

1ˆ

i

i

U y , 

 



 

9 
 




















100

000

001
ˆˆˆ

yyy UJU . 

 
 

3. Rotation operator )(ˆ yR  

Here we discuss the matrix of the rotation operator with j = 1. The rotation operator is 
defined by 
 

)ˆexp()(ˆ  yy J
i

R


  

 





































y
i

i

y

y
ii

y

ii

y

yy

yy

U

e

e

U

UzzezzezzeU

yyeyyeyye

yyJ
i

yyJ
i

yyJ
i

yyyyyyJ
i

R

ˆ

00

010

00
ˆ

ˆ);1,1;1,1;0,1;0,1;1,1;1,1(ˆ

;1,1;1,1;0,1;0,1;1,1;1,1

;1,1;1,1)ˆexp(

;0,1;0,1)ˆexp(;1,1;1,1)ˆexp(

);1,1;1,1;0,1;0,1;1,1;1,1)(ˆexp()(ˆ

0

0





















 

 
or 
 








































































































2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

2

1

22

1
2

1
0

2

1
2

1

22

1

00

010

00

2

1

2

1

2

1
2

0
2

2

1

2

1

2

1

)(ˆ












i

i

e

e
ii

R
i

i

y
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4. The matrix of )(ˆ zR  
 



































i

i

ii

zz

e

e

zzezzezze

zzzzzzJ
i

R

00

010

00

;1,1;1,1;0,1;0,1;1,1;1,1

);1,1;1,1;0,1;0,1;1,1;1,1)(ˆexp()(ˆ

0



 

 

5. The matrix of )(ˆ)(ˆˆ  yz RRR   

 





























 







 









 







 


























































2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

00

010

00

)(ˆ)(ˆ),(























iii

iii

i

i

yz

eee

eee

e

e

RRR

 

 
______________________________________________________________________________ 
((Mathematica)) 
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Matrices j = 1

Clear"Global`"; j  1;

exp_  : exp . Complexre_, im_  Complexre, im;

Jxj_, n_, m_ :
—

2
j  m j  m  1 KroneckerDeltan, m  1 

—

2
j  m j  m  1 KroneckerDeltan, m  1;

Jyj_, n_, m_ : 
—

2
 j  m j  m  1 KroneckerDeltan, m  1 

—

2
 j  m j  m  1 KroneckerDeltan, m  1;

Jzj_, n_, m_ : — m KroneckerDeltan, m;

Jx  TableJxj, n, m, n, j, j, 1, m, j, j, 1;

Jy  TableJyj, n, m, n, j, j, 1, m, j, j, 1;

Jz  TableJzj, n, m, n, j, j, 1, m, j, j, 1;
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Jx  MatrixForm

0 —

2
0

—

2
0 —

2

0 —

2
0

Jy  MatrixForm

0   —

2
0

 —

2
0   —

2

0  —

2
0

Jz  MatrixForm

— 0 0
0 0 0
0 0 —

eq1  EigensystemJx
—, —, 0, 1,  2 , 1, 1, 2 , 1, 1, 0, 1
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1x  Normalizeeq12, 2; 1x  MatrixForm

1
2
1
2

1
2

2x  Normalizeeq12, 3; 2x  MatrixForm

1
2

0

 1
2

3x  Normalizeeq12, 1; 3x  MatrixForm

1
2

 1
2

1
2

UxT  1x, 2x, 3x; Ux  TransposeUxT; Ux  MatrixForm

1
2

1
2

1
2

1
2

0  1
2

1
2

 1
2

1
2
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UxH  UxT; UxH  MatrixForm

1
2

1
2

1
2

1
2

0  1
2

1
2

 1
2

1
2

UxH.Ux

1, 0, 0, 0, 1, 0, 0, 0, 1

eq2  EigensystemJy
—, —, 0, 1,  2 , 1, 1,  2 , 1, 1, 0, 1

1y  Normalizeeq22, 2; 1y  MatrixForm

1
2


2

 1
2
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UyH.Uy  Simplify

1, 0, 0, 0, 1, 0, 0, 0, 1

Ry  Uy.
Exp  0 0

0 1 0
0 0 Exp 

.UyH  ExpToTrig  FullSimplify;

Ry  MatrixForm

Cos 

2
2

 Sin
2

Sin 

2
2

Sin
2

Cos  Sin
2

Sin 

2
2 Sin

2
Cos 

2
2

Rz 
Exp  0 0

0 1 0
0 0 Exp 

;

R  Rz.Ry  Simplify; R  MatrixForm

  Cos 

2
2

   Sin
2

  Sin 

2
2

Sin
2

Cos  Sin
2

  Sin 

2
2   Sin

2
  Cos 

2
2
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____________________________________________________________________________ 
7. Useful formula for J = 1 

We note that these kets are the eigenket of nJ  ˆˆ
nJ , where n is the unit vector given by 

 
)cos,sinsin,cos(sin),,(  zyx nnnn , 

 
and 
 

























 















cos
2

sin
0

2

sin
0

2

sin

0
2

sin
cos

ˆˆˆˆˆ

ii

iiii

ii

zzyyxxn

e

ee

e

nJnJnJJ nJ . 

 
One can use S = 1 instead of J = 1. 
 

Direct calculation of the rotation matrix

R1  MatrixExp 
—

Jz .MatrixExp
—

Jy   TrigFactor;

R1  MatrixForm

  Cos 

2
2

   Sin
2

  Sin 

2
2

Sin
2

Cos  Sin
2

  Sin 

2
2   Sin

2
  Cos 

2
2

R1.1, 0, 0  MatrixForm

  Cos 

2
2

Sin
2

  Sin 

2
2

R1.0, 1, 0  MatrixForm

   Sin
2

Cos
  Sin

2
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The eigenvalue problem can be written as 
 

nnnJ ;1,1;1,1)ˆ( 
n

, 

 

0;0,1)ˆ(  nnJ , 

 

nnnJ ;1,1;1,1)ˆ(   . 

 
We calculation the rotation matrix with J = 1 without the use of Mathematica. First we consider 
the Taylor expansion: 
 


exp(

i


 ˆ J y)  1

1

1!
(

i


 ˆ J y ) 

1

2!
(

i


 ˆ J y)

2 
1

3!
(

i


 ˆ J y)

3 
1

4!
(

i


 ˆ J y )4  ..  

 
where 
 

i

JJ
J y 2

ˆˆ
ˆ   . 

 
Note that 
 

01,1ˆ J , 1,120,1ˆ J , 0,121,1ˆ J , 

 

0,121,1ˆ J , 1,120,1ˆ  J , 01,1ˆ J , 

 

0,1
2

1,1ˆ i
J y  , )1,11,1(

2
0,1ˆ 




i
J y , 0,1

2
1,1ˆ i

J y  . 

 
Using  the matrix 





























0
2

0

2
0

2

0
2

0

ˆ

i

ii

i

J y  , 






















101

020

101
ˆ 22

yJ  

 
we have 
 


ˆ J y

3  2 ˆ J y , 
ˆ J y

4  ˆ J y
3 ˆ J y  

2 ˆ J y
ˆ J y  

2 ˆ J y
2 , 

 


ˆ J y

5  ˆ J y
4 ˆ J y  

2 ˆ J y
2 ˆ J y  

2 ˆ J y
3  4 ˆ J y , 
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Therefore the Taylor expansion can be rewritten as 
 








































2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

)1(cos
ˆ

)sin(
ˆ

1̂

..])(
!4

1
)(

!2

1
[

ˆ

..])(
!5

1
)(

!3

1
)[(

ˆ
1̂)ˆexp(

2

2

42
2

2

53



















yy

y

y
y

J
i

J

ii
J

ii
J

J
i

 

 
 
For J = 1, we have the following formula 
 

2

2)ˆ(
)1(cos

ˆ
sin1̂)]ˆ(exp[



nJnJ
nJ





  i

i
. 

 
((Proof)) The proof for this formula is given in terms of Mathematica. 
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((Note)) For J = 1/2, we have similar formula 
 

)
2

sin()ˆ()
2

cos(1̂)]ˆ(
2

exp[
 nσnσ  i

i
. 

 

Matrix j = 1

Clear "Global` " ; j 1; I3 IdentityMatrix 3 ;

exp : exp . Complex re , im Complex re, im ;

Jx j , n , m :
2

j m j m 1 KroneckerDelta n, m 1

2
j m j m 1 KroneckerDelta n, m 1 ;

Jy j , n , m :
2

j m j m 1 KroneckerDelta n, m 1

2
j m j m 1 KroneckerDelta n, m 1 ;

Jz j , n , m : m KroneckerDelta n, m ;

Jx Table Jx j, n, m , n, j, j, 1 , m, j, j, 1 ;

Jy Table Jy j, n, m , n, j, j, 1 , m, j, j, 1 ;

Jz Table Jz j, n, m , n, j, j, 1 , m, j, j, 1 ;

Jn n1 Jx n2 Jy n3 Jz;

rule1 n32 1 n12 n22 ;

f1 MatrixExp
Jn

. rule1 FullSimplify;

f2 I3
Jn

Sin
Jn.Jn

2
Cos 1 . rule1 Simplify;

f1 f2 Simplify

0, 0, 0 , 0, 0, 0 , 0, 0, 0
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Matrix j = 1/2

Clear "Global` " ; j 1 2; I2 IdentityMatrix 2 ;

exp : exp . Complex re , im Complex re, im ;

x PauliMatrix 1 ; y PauliMatrix 2 ;

z PauliMatrix 3 ;

n n1 x n2 y n3 z;

rule1 n1 Sin Cos , n2 Sin Sin , n3 Cos ;

f1 MatrixExp
n

2
. rule1 FullSimplify;

f2 I2 Cos
2

n Sin
2

. rule1 FullSimplify;

f1 f2 Simplify

0, 0 , 0, 0


