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Laser: Light Amplification by Stimulated Emission of Radiation

Charles Hard Townes (born July 28, 1915) is an American Nobel Prize-winning
physicist and educator. Townes is known for his work on the theory and application of
the maser, on which he got the fundamental patent, and other work in quantum
electronics connected with both maser and laser devices. He shared the Nobel Prize in
Physics in 1964 with Nikolay Basov and Alexander Prokhorov. The Japanese FM Towns
computer and game console is named in his honor.

http://en.wikipedia.org/wiki/Charles Hard Townes

http://physics.aps.org/assets/ab8dcdddc4¢2309¢?1321836906

Nikolay Gennadiyevich Basov (Russian: Huxomnaii ['ennanueBnu bacos; 14 December
1922 — 1 July 2001) was a Soviet physicist and educator. For his fundamental work in the
field of quantum electronics that led to the development of laser and maser, Basov shared
the 1964 Nobel Prize in Physics with Alexander Prokhorov and Charles Hard Townes.



http://en.wikipedia.org/wiki/Nikolay Basov

Alexander Mikhaylovich Prokhorov (Russian: Anekcannp Muxainosuu [Ipoxopos)
(11 July 1916— 8 January 2002) was a Russian physicist known for his pioneering
research on lasers and masers for which he shared the Nobel Prize in Physics in 1964
with Charles Hard Townes and Nikolay Basov.

http://en.wikipedia.org/wiki/Alexander Prokhorov

Nobel prizes related to laser physics

1964
Charles H. Townes, Nikolai G. Basov, and Alexandr M. Prokhorov for developing
masers (1951-1952) and lasers.



1981
Nicolaas Bloembergen and Arthur L. Schawlow for developing laser spectroscopy
and Kai M. Siegbahn for developing high-resolution electron spectroscopy

(1958).
1989
Norman Ramsay for various techniques in atomic physics; and Hans Dehmelt and
Wolfgang Paul for the development of techniques for trapping single
charge particles.
1. Type of transition in atoms due to radiation

We consider the transitions between two energy states of an atom in the presence of
an electromagnetic field. There are three types of transitions, spontaneous emission,
stimulated emission , and absorption.

(i) Spontaneous emission

In the spontaneous emission, process, the atom is initially in the upper state of energy
E, and decays to the lower state of energy E; by the emission of a photon with the energy
ho,

ho=E,—E,.
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Spontaneous emission
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A: Spontaneous probability (completely independent of the incident beam). The light
produced by spontaneous emission (random orientation)

((Spontaneous emission))
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(ii) Absorption

An incident photon with the energy 7@, from an electromagnetic field applied to the
atom, stimulates the atom to make a transition of atom from the lower to the higher
energy state, the photon being absorbed by the atom.
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Absorption

BW : absorption probability

(iii)  Stimulated emission

An incident photon with the energy 7@ stimulate the atom to make a transition from
the higher to the lower energy state. The atom is left in this lower state at the emergence
of two photons of the same energy, the incident one and the emitted one.
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BW : Stimulated emission probability
(The emitted light the same properties as the incident beam.)

((Note)) Stimulate emission process
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2. Einstein A and B coefficient

Suppose that a gas of N identical atoms is placed in the interior of the cavity:



ho =E,—E,.

Suppose that two atomic levels are not degenerate. The level populations for the lower
level and th upper level are defined by N; and N».

ground state alom
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The radioactive process of interest involves the absorption and stimulated emissin
associated with the external source.

W (@) =W, (@) + W (@),
where

V_V(a)): cycle-average energy density of radiation at ®
VTT(a)): thermal part

W (@): contribution from some external source of electromagnetic radiation

((Note))
The unit of V_V(a)) is [Js/m’]
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Planck's law
The rate of change in N; and N, is given by

dN

dt

Stimulated emission

L= AN, - NlB1zW((0)+ N2521W(a))

= —N,B,,W (@) + N,[A,, + B,,W ()]

Ei



dN
dt

2=-AN, + NlBuW(a)) - N2821W(a))
= NlBIZW(w) —-[A, + N2821W(a))]N2
We consider the case of thermal equilibrium. There is no contribution from the external

source. We use the following notation,
Then we have

W () =W (@)
Since
we get

N,A,, — N,B,W, (@) + N,B, Wt (@) =0,

or

VTT(w)zNL.
WlBlz_le

The level populations N; and N, are related in thermal equilibrium by the Boltzmann’s
law

N1 e*ﬂEl
N =5E = o0he), (B=1/ksT)
2
Then we get
Wr () = —t—
Blze - Bz1

In the Black body problem, we show that the Planck’s law for the radiative energy
density is given by
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Then we have
Bl2 = le
=
A, _ho’
B, ~xc
or
_ A -
Wr(w)=—n,
BIZ

where the Bose-Einstein distribution function is given by

fo1
e’
or
S TR Y
B, Wr(w)

((Example)) Suppose that 7w =Kk,T
For T=300K, vr=6 x 10'> Hz = 6 THz.
For o « KgT, Ao « BZIWT (w) (v« vy)
For i » KgT, Ay » 821WT (w) (v>»vy)

For optical experiments that use electromagnetic radiation in the near-infrared, we have
visible, ultraviolet region of the spectrum (v » 5 THz).

Then we have



()  Au»B,Wr(a),

A;): spontaneous emission rate
B,i: rate of thermally stimulated emission

i) W(@) =W, (@)+W (@) =W (o).

Therefore the radioactive process of interest involve the absorption and stimulated
emission associated with the external source.

Absorption
Nz A EZ
Axi B12WEe B21WEe
Ny Y — E
Spontaneous emission Stimulated emission
((Note))
The unit of the Einstein A and B coefficients:
A: [1/s]
B [m*/Js’]
4. Determination of the Einstein A coefficient
dN dN —
dtl == dt2 =A,N, +(N,-N)B,W(w).

If the incident beam is now turned off, the excited atoms return to their ground state.

When V_V(a)) =0 (the beam energy density is zero),

dN, N
= — N =——2’
dt AuN, 7,

with
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or

N, = N, exp(-—),

T

where 7,, is called the fluorescent or radioactive life time of the transition. The

observation of the fluorescent emission is an experimental means of measuring the
Einstein A coefficient.
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Fig.  Plot of No(t)/N,” vs t. Exponential decay of the form exp(-t/7).

5. The time dependence of N; and N; for the two levels
The rate of change of N; and N, is given by

dN — —
d_t]: A, N, —N,B,W(w)+ N,B,,W (@)
= _NlBuW(a)) + N, [A, + 821W(a))]
dN, — —
dt =—-A, N, + N,B,W(w) - N,B, W (w)

= NlBuV—V(w) —-[A, + N2821W(a))]N2
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where

N,=N, N,=0 att=0 (initial condition),
and

N, +N, =N (= const).
The solution of these equations are given as follows.

o NBW  p[—(A+2BW )]+ LATEW)
A+2BW A+2BW

2

:—__{l—exp[—(A+ 2BW )t}

and

N, {1—exp[-(A+2BW )t]}

A I
1+—)+ —(A+2BW it
( BW) exp[—( ]
(i)  For (A+2BW)t<<1,

N, = NBW .

The atoms contain a constant amount of stored energy

_ NBWhw NWhew  NWho

- Vil = 3
A+2BW §+2W ho LW

N,7iw

2.3
°C

(ii)  For (A+2BW)t>>1
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_ NBW _N__A
> A+2BW N BW

When A>>BW , the most of atoms remain in their ground state.

_ NBW NBY W
A+2BW A

2

When % >>1, the dependence of N, on the beam intensity becomes nonlinear. This

nonlinear behavior is called saturation of the atomic transition.

In the steady state (t = o), we have

N _ N(A+BW) N = NBW
' A+2BW > A+2BW’
and
BW
Nl A
N, 1+BW'
A

We make a plot of N»/N as a function of % In the limit of % — 00, No/N becomes

1/2. Which means that the population inversion (N>>N;) does not occur in the two-level
system.
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Fig.  Plot of No/N vs %

6. Population inversion and negative temperature

In thermal equilibrium, N,<N,. If we have a means of inverting the normal population
of states so that N.>N; (negative temperature, population inversion). Then the emission
would exceed the absorption rate. This means that the applied radiation of the energy 7w
will be amplified in intensity by the interaction process.

7. Three-level laser (I)

To achieve non-equilibrium conditions, an indirect method of populating the excited
state must be used. To understand how this is done, we may use a slightly more realistic
model, that of a three-level laser. Again consider a group of N atoms, this time with each
atom able to exist in any of three energy states, levels 1, 2 and 3, with energies E;, E;,
and Ej3, and populations N;, N, and N3, respectively. Note that E; < E; < Ej; that is, the
energy of level 2 lies between that of the ground state and level 3. The population
inversion can be achieved for levels 1 and 2 by experiments that make use of the other
energy levels (level 3).

14



Ez = Y » 3 N3
A3 |Radiationless transition (fast]
E2 = - - =2 N
A31
Pump transition A1 B21W Laser transition (slow)
Eq - Y 4 Y 4 » 1 Nj

Fig. A transition in the three-level laser. The lasing transition takes the system from
the metastable state (E;) to the ground state (E;). The popolation inversion occurs
when A3;x>>An,; (OI‘ 01> 2'32)

We consider the rate of change in N;, N, and N3,

dN - _
d_tlz Bl3Wp(N3 =N+ AN, + AN, +B,W(N,-N))
dN —
dt2 :_A21N2 + B21W(N1 - N2)+ A32N3
dN —
dt3 = _(A32 + A31)N3 + Bl3Wp(N1 - Ns)
where
N,+N,+N,=N

We consider the case of the thermal equilibrium (dN;/dt = 0, dN,/dt = 0, and dNs/dt = 0).
The net rate at which atoms are promoted from state 1 (ground state) into state 3 by the
pump,

Nr =W B, (N, - N,) = N (A + Ag)(Ay +B,W)BW,
(2A; +2A,)B,W + (A, +2A,,+3B,W )Bl3wp +A (A +A)
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N1 _ A31 + A32 + Bl3v_vp Nr
(An + A32)Bl3wp

— (A31 + ASZ)BZI\/\_/+ (A32 + BZIV\_/)BI3\A_/p Nr
’ (A31 + A32)(A21 + BZIV\_/)BI3\A_ID

_ (Asz - AZI)BBV\_/p - A21(A31 + A32) Nr
(A + A, (A, +B,W)B W,

AN =N, —N,

The inversion population occurs when

&>1
Nl

or
+
Blsvvp S A(A+A) T3 Ty

A32 _A21 z—ﬂ(i_i)
T

2 Ty

where the relaxation times are related by the constant A for each transition,

In the limit of va—> oo, the difference AN (=N, - N) is given

_ (Asz_Aﬂ)N
2A, +A, +3B,W

The appropriate condition for AN >0 is that

Ty >Tx

16



In summary, atoms in the ground state (E;) are pumped to a higher state (E;) by some
external source of energy. The atom then decay quickly to the state (E,). A large number
of atoms can exist for a relatively long time at E,, where they just waiting for a photon to
come along and stimulate the transition to E;. In the normal operation many more atoms
will be in the excited (metastable state) than in the ground state: a population inversion,
which is the essential feature for the lasing.

((Potential difficulty))

There is a potential difficulty with the three-level system. What happens to an atom
after it has been returned to the ground state E; by the stimulated emission. The level 1
(E)) is the ground state. In thermal equilibrium, a large fraction of atoms is in the ground
state. Since N;>N; in thermal equilibrium, sufficiently strong power supply is needed for
the pumping, leading to the population inversion (N>>N;). This is a disadvantage for the
three-level laser.

8. Ruby laser

The first laser was built by Theiredore Maiman. It consists of small rod of ruby ( a
few cm) surrounded by a helical gaseous flashtube. The ends of ruby rod are flat and
perpendicular to the axis of the rod. Ruby is a transparent crystal of Al,O3; containing a
small amount of Cr. It appears red because of Cr".

flash lamp
High reflection \ Ruby rod
coating
\ partially
silvered (OC)

— High voltage

(capacitor bank)

Fig. The first laser invented (in 1960). Pump source: flash lamp. Classic 3-level laser.
Very low repetition rate ~1 pulse/min. Since its repetition rate is so slow, nobody
wants to use this type of laser these days. Laser wavelength 694.3 nm, pulse width
~ 10-8 sec.
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E3

Rapid decay

Metastable state
1.79 eV =)

Pump transition Slow decay

=
-

Laser transition
694.3 nm

4p, E1

Al 03 cr+

Fig.  Laser transition for Ruby laser. A= 694.3 nm.

When the mercury- or xenon-filled flashtube is fired, there is an intense burst of light
lasting a few ms. Absorption excites many of the Cr’" ions to the bands of energy levels
called pump levels. The excited Cr’" ions give up their energy to the crystal in
nonradiative transitions and drop down to a pair of metastable states labeled E,. These
metastable states are about 1.79 eV above the ground state. If the flash is intense enough,
more atoms will make the transition to the states E; than remain in the ground state. As a
result, the populations of the ground state and the metastable states become inverted.
When some of the atoms in the states E, decay to the ground state by spontaneous
emission, they emit photons of energy 1.79 eV and wavelength 694.3 nm. Some of these
photons then stimulate other excited atoms to emit photons of the same energy by the
stimulated emisison, and moving in the same direction with the same phase.

9. Three-level laser (II)
We consider another type of the three-level laser.
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Fy
B23Wp Laser transition (slow)
A23
E-I - L 4 ¥ > 1 N1
Pump transition A13 Radiationless transition (fast)
E3 L 4 F L 3 _ 3 N3

The rate of change in Ny, N, and N3;

dN i W

dt2 ==N,A =N, Ay —WB,, (N, = N;) +W B, (N; = N,)
dN Wi

d'[1 =N,A,, —=N,A; +WB, (N, -N,)

dN YR

dt3 =N,A; +NA; =W B, (N; = N,)

The net rate at which atoms are promoted into state 2 by the pump,

_ BZSN[A’23BZIW+ AIS(AZI + A23 + BZIV\_/):hﬁp
Az3821W + BZS(AZI + 3821W )Wp + A|3(Az1 + A23 + Bz1W + 2823Wp)

Nr :VVsz3(N3 - Nz)

Then we have

. (A, + B, W)N
(A ADBW +AL(A, +A,)

. (A + B, W)N
T (A ADBW +AL(A, + A,

19



AN =N, —N, = (As ;Az1)Nr
(A + A)B,W + Az (A + Ayy)

N, _(A,+B,W)
Nl - (AZI + BZIW)

For No>N; (the population inversion), the condition

A;>A, or Ty > 735
must be satisfied.

10. He-Ne laser

Raar e VRGN | |
e Front ranranca
Laser tube \-. _.\ laser beam
— —= R i = — - - = —
y
L |

Concave mirror:

Flat mirror: .
o . reflects 999,
99.9% reflective transmits 1%

Fig.  Schematic diagram of He-Ne laser. 4 =632.8 nm

The red He-Ne laser (4 = 632.8 nm) use transitions between energy levels in both He
and Ne. The applied voltage excites a He atom from its ground state to an excited levels
at 19.72 eV and 20.61 eV above the ground state. An excited He atom will occasionally
collide with a Ne atom and transfer its excess energy to the energy states of Ne atom
(19.83 eV and 20.66 eV) above the ground state. The population inversion is thus
achieved between the 2p55s1 level (metastable) (20.66 eV) and the 2p53s1 state (18.70
eV). The lasing process then proceeds, resulting in a coherent beam of red light. Emission
from the 19.83 eV to 18.70 eV level also produce laser output about 1100 nm.
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2 p5 5s1

21s 20.66 eV = £
20.61 eV
23s 5 1 ey Laser transition
19.72 eV 2pv4s (632.8 nm)
19.83 eV (1100 nm)
o 2 pd 3p]
18.70 eV
2 p9 3s1
2 p6
11s E3
He levels Ne levels

Fig.  Laser transition of He-Ne laser. 4= 632.8 nm.

11. Four-level laser
We consider the case of four-level laser. Nd*":YAG laser is one of typical example of
the four level laser system. We have E;, N; at the ground state. The pumping process

raise the atoms from E; to E4, pumping rate is B, 4VVp . Atoms at E4 have rapid decay to Ej,

decay time is 1/A43. Lasing transition occurs between E; and E,. Atoms at E, then decay
very fast to E;, the decay time is 1/A;;.
The energy diagram of the four level laser is simplified as follows.
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A43 | Rapid decay

E3 ry N3
B32W
Pump transition |B14Wp >
Laser transition
E2 y N2
A21 | Rapid decay
Eq N1

The rate of change in N;, N, N3, and N4 is given by

dN —
d_tlz Alez _WpBl4(Nl - N4)=
dN —

dtz =—A;N, +WB,,(N; - N,),
dN —

d P= AN, —WB;,(N;—N,),

t
dN —
dt4 =-A;N, +WpBl4(N1 -N,).

We consider the case of the thermal equilibrium (dN;/dt = 0, dN,/dt = 0, dN5/dt = 0,
dNy/dt = 0), where

N+N,+N,+N,=N

N = NA21(A43 + BI4V\_/p)B32W
1 2(A21 + A43)BI4B32WWp + A21A43(B32W + Bl4Wp)
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N. = NA43 B14 B32VVpVV
’ 2(A21 + A43)BI4B32WWp + A21A43(832W + Bl4Wp)

N = NAS (A + B,W)B,W, o
’ 2(A21 + A43)Bl4B32WWp + A21A43(B32W + Bl4Wp)

N = NAZIBI4V\_/pB32V\_/
Y 2(A,+A,)BBWW, +A A, (BW +BW,)

It is found that the population inversion (N3>N;) occurs in this system, since

AN =N, -N, = Nf”_A‘“B“WP _ >0,
2(A21 + A43)BI4B32WWp + A21A43(832W + Bl4Wp)
or
&=1+L1_>1
Nl B32W

In the limit of va —o0, we have

1im AN = NA Ay —
Wy = A21A43 + 2(A21 + A43)B32W

((Discussion))
For simplification, we assume the relaxation times

L1 1
YA Ay

short enough that the pumped atoms to E; immediately decay to E; and that atoms at E,
decay so fast.
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Bl4

AN B14Vv ~ B p _ By
N 2(A21 43)832W +1]Bl4W B 2W B Wp 1+ B V\L
AA, B,,W

The levels 2 and 3 are not the ground state. The population inversion (N3>N,) can occur
readily in comparison with the case of three-level laser, since the population of N3 and N4
are much smaller than that of the ground state.

12.  Amplification of laser
We consider the two levels where the population of atoms in the upper state is larger
than that in the lower state. The inversion population occurs in this system.

N,Alhw: the rate at which energy is scattered out of the beam by

spontaneous emission.

Bvl2 N7iw: the rate at which energy is taken out of beam by absorption

Bﬂ2 N,Zw: the rate at which energy is put back in the beam by stimulated

emission.
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-

F(w)

e ()
w wtdw

Here 7 is the index of refraction of the medium in a cavity. The rate of change of the
beam energy in the frequency (o - @+ dwis equal to

BVlZ(N2 — N)hoF (o)ho
n

where F(w) is the distribution of atomic transition frequencies.
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beam energy in the slice in the frequency range (@ - @ +dw)

WAdzdw ;

is the fractional number of atoms that are located in the

Adz
V

If V is the volume of cavity,

slice considered.

W

Adz

ho——

B

0

ot

(WdwAdz) =—(N, - N,)F(0)dw

\Y

7

or

ho
vn?

)F(w)BW

(VV) :_(N1 - Nz

9
ot
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jis . [(z+dz

I(2): energy crossing unit area in unit time.
[1(2)-1(z+dz)]Adw = —%dzAda)
Then we get
—%(VVAdzda)) = —g—lz_dzda)A,

or

Using the relation
cW =nl
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Substitution of the above relations into the origional equation yields

or
ol n-ho
—=—(N,—-N,)F(w)B—1
P (N, = N,)F (o) ¢ v
or
ol Bhw -
—=(N,-N)F(0)—I
5~ (N2~ NOF(C )an
((Note))
— 1 = 1
W =580772|E2, I =580C77|E|2
13.  Amplification for the two-level laser

We consider the case of the two-level laser, where no population inversion occurs.

N(A+ o) Yl
N =— 1L N, =—1_
B

1= —

A+ZBW

2 2

n n

and

==

T
% py2B" e

or
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L(1+ 2Bl )ﬂz—F(a)) NBZw
I Anc’ oz Vcy
For simplicity we put
1. 1.
= 1+T —=_K
I ( I )82
where
K = F(o) NBha)’ [ - Anc
Vcn 2B

I/Ic

Fig.  Plot of I(2)/I. as a function of Kz, where 1(z=0)/l. = 1. The intensity falls with
increasing the distance z.

14.  Amplification for the three-level laser
Next we discuss the z dependence of the intensity 1(z) for the three-level laser where a
population inversion occurs. From the above discussion, it is found that that

1 _ A13(A21+A23)[1+(A|3+A23)BZICVV]
N2_N1 (A13_A21)Nr CA|3(A21+A23)
_AA A T
(AB_AZL)Nr |c
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where

C_ANA A ©
T (A+A) B,

and

G= r(A; —Ay) NB, ok (o)
As(As+ Ay Ve

Then we have a nonlinear differential equation

l_(1+|—)ﬂ:G
I .~ oz

A light amplifier of the type described above is called three level laser. The laser can also

act as a self-sustaining oscillator, since even if no W is present initially, some radiation
at w can appear owing to Ay;.

We put
I

y= T Gz =x,
and

Y =VYo atx=0.
Then we get

l(1+ y)ﬂ =1.

y a(X)

The solution of this equation is obtained as

for x<<1

y=¢
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and
y=1+y,x  forx>>1

1000

100

10

0.1

0.01

100 1000

._
— I
S

0.1

I :
Fig. Plotof y= T vs X=Gz. Yy, =— att=0, is changed as a parameter between
C

C

0.001 and 0.01. The intensity increases with increasing the distance z.
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APPENDIX
A.1  Interaction with the classical radiation field (cgs units)
classical radiation field

= electric or magnetic field derivable from a classical radiation field as opposed to

quantized field
A €
H =Lf,2 —e¢(f)+ﬂA-f)
2m mc

(e >0) < We use g=-le| (le| > 0),
which is justified if
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V-A=0.
We work with a monochromatic field of the plane wave

A= 2|A0|8C0S(k ‘r— a)t)

k=—n, ek=0
c

M >

Ao
(€ and n are the (linear) polarization and propagation directions.)

or

A= |Ao|8[ei(k'r7“’t) + e*i(“'H’t)]

= I-A|:H0+I-A|1

H,: time dependent perturbation

|—A|1 miC|AO|8.ﬁ[ei(k'r—Wt) +e—i(k-r—a)t)]

and
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27re

7 m? |A°| ‘ P ‘elkrs p|‘/">‘ (Ef —Ei—ha))

i>f

(Fermi’s golden rule)

E;
ha,
E
(absorption)
Ei-E=lho
28 Stimulated emission and absorption (cgs units)
2 ikr_, A 2
i f ;- meC | O|2‘<¢f ‘ek £-p|§0i>‘ 5(Ef -E iha))

u= e |AO| (erg/cm’ )—>W(a))da)(erg—1j

cm’ s
S=Cu[ S3j—>|(a))da) (I(a))=CW(a))) Iz[erggs.ﬂ}z{erg 12}
m cm® s cm
w—22|A0|2 SW(w)do = 1 (w)do
7IC c

2
W, :%I%FS W(a))}da)‘ @, ‘e'k g p|(p,>‘ (Ef ~E —ha))

Since 5(Ef -E —ha))=%5(a)o +o)

1 .
Wiy = 4 Wafo e sl

absorption
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Similarly

W, = 4 W@ oi e b

stimulated emission

ho,

Ef
(stimulated emission)

A.3. Electric dipole approximation
ik-r -
e =1l+ik-r+---=1

4re? —

Wiaf hzmz 2W(a)0)‘ (of ‘elkrs p|¢|>‘
- W oml(p: o)
47T i W(wo)‘ s [F, >‘2 = Blzw(wo)
B,=B, = 47; ¢ ‘<(0f r, (/)|>‘2
- Ar’e?
= [f o)
(average)
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