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Rabi’s frequency:

The Rabi frequency is the frequency of oscillation for a given atomic transition in a
given light field. It is associated with the strength of the coupling between the light and
the transition. Rabi flopping between the levels of a 2-level system illuminated with
resonant light, will occur at the Rabi frequency. The Rabi frequency is a semi-classical
concept as it is based on a quantum atomic transition and a classical light field. In the
context of a nuclear magnetic resonance experiment, the Rabi frequency is the nutation
frequency of a sample's net nuclear magnetization vector about a radiofrequency field.
(Note that this is distinct from the Larmor frequency, which characterizes the precession
of a transverse nuclear magnetization about a static magnetic field.)

http://en.wikipedia.org/wiki/Rabi_frequency

1. Proton magnetic moment
Proton magnetic moment is given by
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where | is a total angular momentum, gy (= 2) is the nuclear g factor, and and y is the
gyromagnetic ratio,

y= I _ 5 67522 x 10* [1/(s Oe)].

M, s the nuclear magnetic moment,
Hp = 2.79270 py = 1.410606633 x10-23 emu,

where [y is the nuclear magneton:

eh

M=o =5.05951 x 10-24 emu.

pC
Here we use the notation for the magnetic moment of the proton as
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H=y—0o=pu0o,

with

n
=77

2. Theory of NMR

The Hamiltonian with B =B e,

A
A

h
Ho=-u,B, =_7/EBOO-

79

A

A f+2) =72 B6[+2) =7 B|+2).

0
E —E, =B, =ta,,

fo (MHz)= ay/2n = 4.258 By (kOe),

where yis a gyromagnetic ratio; y = e h’u z
“o,
Suppose that
B =2Bj cos(at) ey (linearly polarized)

is given by the superposition of counter-clockwise and clock-wise rotating magnetic
fields,

B, =[B, cos(at)e, + B, sin(awt)e, ]+[B, cos(awt)e, — B, sin(at)e, | .



CCW rotating magnetic field

CW rotating magnetic field

Here we pick up the clock-wise rotating magnetic field,
B, =B, cos(at)e, — B, sin(at)e,,

since the proton magnetic moment rotates around the z axis in a clockwise. The torque
on the nuclear magnetic moment is given in the form such that

uxB;.



Fig. Larmor precession of the proton magnetic moment in the presence of an external
magnetic field By along the z axis. The Larmor precession is done in the
clockwise direction.

Then Hamiltonian H is given by

H=—4i-B
noo
——y—(B-6
72( )

= —y%[Boé'z + B, cos(at)s, — B sin(at)o, ]

or
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H=-y— ?iwt 1 >
2\ Be -B,

where an external static magnetic field By along the z axis and the rotating magnetic field
(B, cos(at),—B, sin(at),0). Note that the Hamiltonian is dependent on the time t. We

assume the wave function:

(a®)) _
lw(t)) = (az(t)] =a,t)|+2)+a,(t)-2).

We use the notations

o, =18, o, =B,

o il o we'™
2 a)le—lwt -, ’

under the basis of {|+ Z> ,

- Z> }. The state |+ Z> has energy —%ha)o , and the state |— Z>

1
has energy Eha)o. We therefore have a two-level system, the two Zeeman levels of a

spin 1/2 in a magnetic field, with the energy difference of the levels being %, .

y |-z>

hwy

|+z>
Bo*0

Fig. Zeeman splitting of the energy level with degenerate states (up and down spin
states) in the presence of an external magnetic field.

The Schrodinger equation is given by



cop o g |_(@a®)__ (B Be")a®
ol ©)=in da, _H(az(t)} ! 2(Ble‘i“‘ -B, J(az(t)}

or

Then we have

it _lapt

a(h=e’a(0), a)=e *a0).
For w, #0, we assume that

iyt it

a(t=e2b(t), a,(t)=e b,

where b, (t) and b, (t) are almost constant in the limit of @, — 0, and equal to

or

b, (t) ~a,(0), b, () ~a,(0).

((Definition of the new wave function)) Physical meaning
In order to solve the above differential equations, here we newly assume that
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a,(t) = e_iwt/zbz ®.
where we change @, - @ in the above expressions.

((Laboratory frame and rotating reference frame))
We consider the rotation operator

)= lv')=Riy).

where |l//> is the state vector in the laboratory frame and |l//'> is the state vector in the

rotating reference frame. R is the rotation operator related to the geometrical rotation
around the 7 axis in a counter clock wise, where

|r'>=|iRr>:|Q|r> for r > r'=Rr.

For the rotation around the z axis by an angle ¢ (in counter clock-wise), we have
A I 2 .
R= eXp(_EJ z¢) = exp(_Eo-z¢) >

Z

D

with
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where o is the angular frequency. Here we define the unitary operator (rotation operator)
as

. —aot
U@t)=R =eXp(—|§a)tc§Z)= e’ ?t ,
0 e
and
. %a}t
im=% 0
0 e?
Note that

U+ 2) = R+ 7) = exp(—s atd, )|+ 7 =e 2|+ 2).

U(t)-2)=Ri-2) =exp(— a6, ) 2) =] 7).

We now consider the Schrédinger equation for |y/'(t)> =L](t)|z//(t)> (which is the state

vector in the rotating reference frame),

') =U Oy ®)
=a,(HU 1)+ 2) +a, (U (1) - 2)

—a, (t)eféwt|+ z)+a, (t)e%wt|— z)
=b,(t)|+2)+b,(t)-2)

_(b®
b
and
(tw)j: > o (al(t)j
b)) | o % \a®)

or



a O = eiw”zbl ®,
az (t) — efi(ut/sz (t) )

Note that b, (t) and b,(t) are the components of the rotating reference frame, while a,(t)
and a,(t) are the components of the laboratory frame.

Then we get
da,(t) l db, (t)
a2 liab®+250 dt I
da,(t) 1 —a db, (t)
—dt 2e [—iab, (1) +2——= ot —],
and

if o oeYa®)_if o o b (1)
2 (t)le_ia)t (O az(t) 2 a)le_i”’t —, e—i?)tbz(t)

%e;ﬂ [w,b, (1) + @b, (1)]

—e_%wt[a)lbl (t) — @b, ()]

Thus we have

d i i
1 Lo —o|\BS
dt 2(01 2(500 o)
3. Solving differential equation

For simplicity we put
Ao=w,-w.

The Schrodinger equation can be rewritten as



db,

i dt _hfoy-o -, b,
do, | 2\ —w0, —(w,-@))\b,)

dt
or
H d 1 A' 1
Ihalt// ) =H'|w'(®)),
where
I:|'=E Ao -o, ’
2\~w, —-Aw
and

b, (t
|z//'(t>>=( : )],

b, (t)

under the basis of {|+ Z>,

- Z> }. The solution of this equation is given by

') =exp(— A Yyt = 0)),
f

where H' is independent of time t.

4. Eigenvalue problem
We can also solve the eigenvaule problem as follows. The Hamiltonian is given by

1

i Ao —o
2

J:E(Aa)&z -w,0,).
-0, —-Aw) 2

This Hamiltonian indicates the Zeeman energy of spin in the presence of an effective
magnetic field, which is expressed by

By = (B, — e, +(-Be, =2 —%e +(-Dye, ,
V4 V4

in the rotating reference frame.
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Fig.

or

or

where

or

Effective magnetic field in the rotating reference frame.

H ':g(Aa)&z -w,0,)

h -Aw 1)
——J(Aw) + o} ( G, + 1 5
2 1 \/ (Aw) + o} \/ (Aw) + o}

H'= —gq/(Aa))z +@ (6-n),

(6'-n)|in>:i|in>,
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\/(Aa))2 + @ (6 n)|4_r n>

(Aa))2 + o) |i n>

1
+l

Lty
2
with
Q=.(Aw) +a? ,
0 . 0
|+ n>=c0s5|+ z>+sm5|—z>,
. 0 0
|—n>:—sm§|+ z>+cosg|—z>,
where
cos<9=i, sin@=——2
(Aw) + o} (Aw) + o}
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Fig. Red arrow (the nuclear magnetization). Blue arrow (rf magnetic field). Black
arrow (the effective magnetic field along the z axis). Green arrow (the resultant
effective magnetic field). The purple arrow (the torque).

o) Rabi’s formula
We assume that the initial condition is given by
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|1//'(t = O)> = | w(t= 0)> = | + Z> , (initial condition)

exp(—%) = exp(—%)q + n><+ n| + | - n><— n |)
= exp(— )+ exp(- b ) -

= exp(IQTt)| + n><+ n| + exp(—IQTI)| — n><— n|

) = exp(- )+ 2)

= exp( 0] ) n+2) + exp(— 20| m)-n]+2)

=exp(i %t) cos(§)| + n> - sin(g) exp(—i %t)| - n>
or
<— Z|l//'(t)> =exp(i %t) cos(?)(— Z|+ n> — sin(g) exp(—i %t)(— z | - n>
= cos(g) sin(g)[exp(i %t) —exp(—i %t)]
.. . Q
=1sin Qsm(?t)

=i sim9sin(%1/(Aco)2 +a))

<+ Z|l//'(t)> =exp(i %t)cos(§)<+ z | + n> — sin(g) exp(—i %t)<+ z | - n>
2 Oy exni 2 42y ex i 2
=Cos (2)exp(| 5 t) +sin (2)exp( I 5 )]
Q . . Q
= cos(?t) +1 cosHsm(?t)

= icos@sin(éw/(Aa))2 +)

Then we have
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v ®) =|+ 2)(+ 2]y ©) +[=2)(- 2]y ®)

= [cos(%t) +icos@ sin(%t)]| + z> +isin@ sin(%t)| - z> ’

and

() =U"y' (1))

i Q . Q
> —t)+icos@sin(—t
ezwt 0 cos(2 )+1icos sm(2 )

0o e isianin(%t)

g2 [cos(%t) +icosd sin(%t)]

e 2“ising sin(9 t)
2
The Rabi’s formula:
P_(t) is the probability for finding the spin in the state |— Z> .

P_(t) is the probability for finding the spin in the state |+ z>.

P.(t) =[(~ 2w )] =|(-2]w'®)

=sin” @sin’ (ﬂ)
2
=sin” @sin’ (lql(Aa))z +a))
— 5 Sin ( w/ Aa) +a)1 )

(Aa)) + )

P.(t)=[(~zly ) =[(~ 2|’ ®) =cos’ (%t) + cos? Hsinz(%t)],

with
P.(t)+P.(t)=1.

((Note))
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G+2)=e[+2),  Urm+2)=e|+2),

G-2)=e|-2), U m-)=e"|-2).
Then we have

(valy)=(s 210y =e (v 2ly),

(~2l0lw)=e*"(~2ly).

(-2

or
i 2
2 - 2
2y =l = 2ly) =K+ 2w
i 2
2 - 2
(=2l =" (2w}l =~z -
6. Derivation of the Rabi formula using the Mathematica

We calculate exp(—lHTt)|l//'(t = O)> , by using the Mathematica. This method is much

simpler than the above method.

((Mathematica))

Clear["Global "%"]; exp_* = exp /. {Complex[re_, im_] =» Complex[re, -im]};

h -
Hl:_(Aw wl

. -1 o
5 | -w1 _A,,,)- M1=MatrleXp[; Hlt] // FullSimplify;

rule1={ -Aw? - wl? 510, ;—)i};

\ -2w? - wl?
M2 =M1 /. rulel // Simplify
to) iowsin[t2]  iwlsin[t?] iwlsin[t?] to
(fcos[t2] LSl asin()) sunsin() o ieo) s

P11: Probabilityof finding in the state |+z >
P21: Probability of finding in the state |-z>
with

Vaw? +wl? = @

16
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P1= {1, 0}.M2.{1, 0} // Simplify; P11 =P1*P1 // Simplify

AwZSin[%?]z

Cos[%]2+ 3

Q
P2 = {0, 1}.M2.{1, 0} // Simplify; P21 =P2*P2 // Simplify
2 ;s toi2
wl Sln[f}
QZ
6. Summary

We use the Mathematica (see the Appendix) to solve the above problem. The results
are as follows.

Q=(Aw)’ +o’ ,

Ao=w,-w,

, b, (t) iH't
v <t)>=(b2 (tJ = exp(— |y (t=0).

where

Qcos(gt) - iAa)sin(gt) w 0
L 2 2 i —Lgin(="t)
LI Q Q2
exp( t) )
7 Q . . Q
Qcos(—t) +1Awsin(—t)
L . Q 2 2
I—sin(—t)
Q 2 Q

We assume that

pe=0)=J+2)=[ ).

() A
o) =( e

w; sinz(gt)
P =, =——2—
- | 2 QZ
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P+-

Lot W w=10.0
0.8 w(=9.8
0.6 - =
0.4Ff
0.2
t
2 4 6 8 10 12 14

Fig. P.=P.vst. o =0.5. = 10. ay is changed as a parameter.

o} sinz(gt)
P =) =1- 2

QZ

Fig. Pivst @ =0.5. = 10. ay is changed as a parameter.

The state vector is given by

p(0)=U" exp(- ]yt =0)

1.
—i(0-Q)t
e2

= 2Q

[Q+Aw+e"(Q-Aw) |’

i 4o gint2
Q 2

7. Expectation values

18



The expectation value

(1) =5 w6/ v )

=E[(Aa)) + Q' — 0"+ (—(Aw) + Q% + o) cos(Q)]

w=10.0
0.4+
0.2+
Il Il Il Il Il Il Il \ t

—0.2r

—04}

Fig. <l>vst @ =0.5. ®=10. ay is changed as a parameter.
1 R
(L)=Z ol fv®)
. (@ | .
= %[—Aa} cos(wt) sin’ (?tj + Qsin(wt)sin(Qt)]

Ix

0.4+

0.

N
—»
—
—
—_—
—
—————

—0.

—— i
A =
e — |
—————— e e —
i ——

l\)
—_
\‘\——\

—04}

Fig. <lI>vst @ =0.5. @=10. ay is changed as a parameter.



<Iy> < (t)|0'y|l//(t)> [Aa)sm(a)t)sm (%tj + %Qa)1 cos(at)sin(Qt)].

ly

! il A,MH il
b

Fig. <Iy>vst. @ =0.5. ®=10. ay is changed as a parameter.

8. The notation used by Townsend (in the textbook)
In Townsend book, the magnetic field is given by

B’=Bj’cos(at) ey, (linearly polarized),
leading to
w'=7B".

In the present case we assume that

B =2 B cos(at) ey, (linearly polarized)
leading to

o, =)B,.
Since

B,'=2B,,

the relation between @," and @, is given by

20



Therefore the Rabi frequency can be expressed by

12
Q:J(Aa))%%,

Aov=0-0,.

where

The probability is

" /4

P (D)=
AV

sinz(é\/(Aa))2 +@,"/4).

(Rabi1’s formula in Townsend book). The amplitude of P,_, (t) is equal to

1
4
A=—7F—.
(Aw)

12

—+

B

o

We make a plot of A as a function of X=Aw/a,'.

A

9. Example-1 ((Mathematica))
All the procedures described above, can be done directly by using the Mathematica.
We can get the results shown in Section 7 described above.

((Mathematica))
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Clear["Global %"]; SuperStar;

*

expr_* = expr /. Complex[a , b ] = Complex[a, -b]; Xa= {al[t], a2[t]};
h i 0 1y. 0O -1i\.
H1=_2 {{AO), —wl}, {—0)1, —Aw}}, oX = (1 0)1°y= (j. 0 )’

oz = (é _01); rulel:{\/ -Aw? -wl? s, ﬁ _)_i_i};

rule2 = {Q—)'\/Aw2+w12 , Aw - (w-w0), wl 0.5, w—>10};

i i
Al = MatrixExp[—2 wtcz] .MatrixExp[—— H1 t] /- rulel // FullSimplify;
h

¥l =A1.{1, 0} // ComplexExpand // FullSimplify

1.
¢ 2" (@Cos[T2] - iswSin[L2]) ie2 lt“wlsin[t—zﬁ]

{ - , - )

-

1
Ix = —2 yl* _ox.yl // ComplexExpand // FullSimplify

wl (-2 AwCos[tw] Sin[t—zQ]2 1 0Sin[tw] SIin[tQ]

202

1
ly = —2 ¥1* _oy .yl // FullSimplify

Awwl Sin[tw] Sin[t—;]2+% Qwl Cos[tw] SIN[tQ]

Q2
1
Iz = —2 yl* .oz .yl // ComplexExpand // FullSimplify

(AW - wl) (Aw +wl) Sin L1072
Cos[%?]2+ [2]

N =

02
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1z1 =1z //. rule2;

k1l = Plot[Evaluate[Table[lz1, {0, 9.6, 10, 0.2}]1], {t, O, 15},
PlotStyle -» Table[{Thick, Hue[0.3 1]}, {i, O, 20}],
Background -» LightGray, AxesLabel -» {"t", "1z1"}, PlotRange -» All];

k2 = Graphics[{Text[Style["wo=10", Black, 12], {6, -0.45}],
Text[Style["wo=9.8", Black, 12], {6, -0.30}],
Text[Style["wo=9.6", Black, 12], {6, -0.1}],
Text[Style["w=10.0", Black, 12], {6, 0.5}]1}1;

Show[kl, k2]

1z1
0.4]

0.2}

-0.2F

—0.4}

lyl=1y//. rule2;

pl = Plot[Evaluate[Table[lyl, {wO, 9.6, 10, 0.2}1], {t, O, 15},
PlotStyle » Table[{Thick, Hue[0.3 1]}, {i, O, 20}],
Background - LightGray, AxesLabel -» {"'t, "ly"}, PlotRange -» All]

Iy

ﬂ
| % l,ll i | i it
| “‘ + W Hl\
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Ix1=1Ix//. rule2;

p2 = Plot[Evaluate[Table[IXx1, {w0, 9.6, 10, 0.2}1], {t, O, 15},
PlotStyle » Table[{Thick, Hue[0.3 1]}, {i, O, 20}],
Background -» LightGray, AxesLabel -» {"t', "I1x"}, PlotRange -» All]

Ix

Z\M Jll
L

—04f

— ]
-
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i
Bl = MatrixExp[—— H1 t] /. rulel // FullSimplify; P1 = {0, 1}.B1.{1, 0};
h

P11 = Abs[P1]%;
P12 = P11 //. rule2;

hl = Plot[Evaluate[Table[P12, {w0O, 9.6, 10, 0.2}]1], {t, 0, 15},
PlotStyle » Table[{Thick, Hue[0.3 1]}, {i, 0, 20}],
Background - LightGray, AxesLabel - {"'t", "P+-""}, PlotRange -» All];
h2 = Graphics[{Text[Style["wp=10", Black, 12], {6, 1}],
Text[Style["wp=9.8", Black, 12], {6, 0.8}],
Text[Style["wp=9.6", Black, 12], {5, 0.6}],
Text[Style["w=10.0", Black, 12], {12, 1}1}1;
Show[h1l, h2]
P+—
Lot

0.8
0.6
04/

0.2
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h3 = Plot[Evaluate[Table[1 - P12, {wO, 9.6, 10, 0.2}]1], {t, O, 15},
PlotStyle » Table[{Thick, Hue[0.3 1]}, {i, 0, 20}],
Background - LightGray, AxesLabel - {"t", "P-+"}, PlotRange - All];
h4 = Graphics[{Text[Style["wo=10", Black, 12], {6, 0}1],
Text[Style["wp=9.8", Black, 12], {6, 0.2}],
Text[Style["wp=9.6", Black, 12], {6, 0.4}],
Text[Style["w=10.0", Black, 121, {10, 0.-2}1}1;
Show[h3, h4]

P—+
1.0 i
0.8}
0.6}
0.4}

0.2+

10. Example-2 ((Mathematica))
All the procedures described above, can be done directly by using another
Mathematica program.
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eq3 =eql-eq2 // Simplify

itw
{—; e 2 (i (w-w0)bl[t]-iwlb2[t]+2bl'[t]),
1 l‘]ita)
-Ejez (wlbl[t] + (w-w0) b2[t] +2 1 b2'[t])}

Solve[eq3[[1]] =0, b1"[t]] // Simplify

{{b1 1] »—; i ((-w+w0) bl[t] +wlb2[t])}}

Solve[eq3[[2]] =0, b2"[t]] // Simplify

{{p2'[t] »;; i (w1bl[t]+ (w-wl)b2[t])}}

New matrix

NM={{i2L i(wO—w),—; iwl}, {izLiwl, izLi(w—wO) }},

We have now the equation of motion for the new state vector

rule2={\/—wz+2wwo—woz—wl2 »>10Q, ! _,_]'1—1};

'\/—w2+2ww0—w02—w12 ¢

27



EE = MatrixExp[NM t] /. rule2 // ExpToTrig // Simplify

QCos[t—zQ] -1 (0-w0) Sin[£2] iwlSin[t?]

Q ? 0 }’
1wl Sin[t—zﬂ QCos[t—zQ} +1i (w-wO0) Sin[t—zﬁ]

5 : 5 )

¥l =EE.{1, 0} // Simplify

QCos[%Q] i (w-w0) Sin[ L8] iwlSin|[tY]

{ - 2

Cl=yl[[1]]

QCOS[LZQ] - i (w-w0) Sin{t—;]

Q

C2=yl[[2]]

iwlSin[t:]

Q
rule3 = {w2—2ww0+w02 —>Q‘2—w12};

P1 =C1*C1l // ExpToTrig // Simplify /. rule3

w? + 9% - 2w w0 + w0? - (w? - Q% - 2w w0 + wO?) Cos [t Q]
2 Q2
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P2 = C2* C2 // ExpToTrig // Simplify

wi? sin[t¥]?

02
P1+P2 //. rule3d // Simplify
1
The Final result is as follows.

wl? sin[L2]?
P2 - 2

and P1 =1-P2x)
o2

rUIe5={Q*\/wz—waO+w02+w12};

P21 = P2 /. rule5;
rule6 = {wl > 0.5, w-> 10};
P22 = P21 /. rule6;

Plot[Evaluate[Table[P22, {w0O, 9, 11, 0.1}]], {t, O, 30},
PlotStyle » Table[{Thick, Hue[0.07 i1}, {i, O, 10}],
Background - LightGray, Frame - True]

LOF"
0.8:—
0.6:—
0.4}

0.2+

0.0« .

11. Nuclear magnetic resonance based on the Dirac picture
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11.1  Solving the problem in the Dirac picture
The Hamiltonian is given by

H=H,+V(),

where |:|0 is independent of t. The wavefunctions in the Schrodinger picture and in the
Dirac picture are related by

. ®)=e |y, ).

or

vi®)=e""p, ).
The Schrodinger equation is given by

ih%h,/, (t) = ih%e;‘ﬁ‘ﬂws () = —Hoeéﬁﬂws (t)+ e;ﬂotihgws ().
Since

ih Sy, 0) =[F, +V Ol )

then we get

ih§|'//| ) =-He" " u ) e [H, +V Oy, 1),

or

ot

Vi (t)> :\7| (t)|'//| (t)> >

.8 IV

|ha|l/ll(t)>—e V(b
or

.. 0 f

RACRACIAE
where
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\7, = egHOt\i (t)e_gHOt (Heisenberg-like)

11.2  The form of V, (t)
The Hamiltonian H is given by

H=—u-B(t)

hoo.
=—y—(B-
72( o)

= —7/%[806'Z + B, cos(at)o, — B, sin(at)g, |

or

ﬁ B _E 780 }’Bleimt B _E a)o a)leia)t
2 7Ble—ia)t _780 2 a)le—ia)t ~w, >

where
@, = 1By, o, =B,.

Then the Hamiltonian is rewritten as

~ 1 0 ot A A
A=-"o, M I T U YA
20 —1) 2% e o

where

A n (1 0 hoo. ~ h 0
H =—o =——w,0,, V=-w| .
0 2 O(O _lj 2 0~z 2 1[e—|{ut

Under the basis of {|+ Z> and |— z), we have
n 1 A 1
Ho|+ z>=—5ha)0|+ z), H0|—z>:5ha)0|—z>,

and
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ot

Vity=e" "Vite "

— lh gt/ 0 0 piet ) glent/2 0

Y @, 0 giont/2 || g-iet 0 et
1 0 ei(w—a)o)t

= —Ehwl(e_i(w—wo)t 0 }

We assume the wave function:

a,(t)

t
Vo) :[""l( )] _ a0+ 2)+ 8y 0] 7),

where

e'é”’“al ®=b1), e at)=b),

a®=e""0m, e an=b.

We now solve the differential equation

f50)- a2, 20).
bt) 2 e 0 Aby(t)
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bl(t) _lla) 0 ei(a)—wo)t bl(t) _lla) ei(ru—wo)tbz(t)
b)) 2 e o fb®) 2 (e )

We solve this differential equations by using the Mathematica.

A=w-w,, Q=o' +A.

We assume the initial condition; b,(0)=1, b,(0)=0

b, (t) = éem[g cos(%) —iA sin(%)],

b, (t) = %e‘“/z sin(%)] .

The probability:

RM) =) = —%sm%—n,

Pt =, = %sin%—)] .

((Mathematica))
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Clear["Global "] ; SuperStar;

*

expr_* -=expr /. Complex[a_, b_] » Complex[a, -b];
A=w - w0, AJwl?2+n2 = Q,

eql = D[bl[t], t] = %wl Exp[iAt] b2[t];

eq2 = D[b2[t], t] = %wl Exp[-i A t] bl[t];

sl1l1 = DSolve[{eql, eg2, b1[0] == 1, b2[0] == 0},
{bl[t], b2[t]}, t] // Simplify[#, {A>0, wl>0}] &;

s12 =s11 /. {'\/wlz +A%2 5 0, ;2 > %} /7 Simplify;

wl? + A

bl[t 1 =Dbl[t] /.s12[[1]] // ComplexExpand //
FullSimplify

3 (aCos[t2] - iasin[te])

Q
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b2[t ] = b2[t] /. s12[[1]] // ComplexExpand //
FullSimplify

ie st u1sin[te]

Q

Pl1=Dbl[t]* bl[t] // ComplexExpand // FullSimplify

2 AZSin[%ﬂz

Cos [

to
2 02
P11=P1/. {Q—) wl1? + A% }// Simplify

272 4 12 + w12 cOs[t\/AZ + w12 ]

2 <A2 + a)12>

P2 = b2[t]* b2[t] // TrigFactor
_ 2
w1?Sin| £2]

QZ
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P21=P2 /. {Q—>'\/w12 + A2 } /7 Simplify

wlZSin{%t 22 4 12 }2

A%+ 012
P11+ P21 // Simplify
1

gall=P11//. {A>»w- w0, wO-> 10, wl > 0.5}

0.25+2 (—1O+a))2+0-25COS[t\/O-25 + (-10 + w)?
2 (0.25+ (-10 + w)?)

Tl =Plot[Evaluate[Table[gall, {», 9, 10, 0.2}1],
{t, 0, 15},
PlotStyle » Table[{Thick, Hue[0.151]}, {1, O, 5}1,
AxesLabel -» {""t", "Ps"}];

T2 = Graphics[{Text[Style["wy=10", Black, 12], {6, 1}],
Text[Style["w=10"", Black, 121, {3, 1}1,
Text[Style["w=9.8", Black, 12], {2.8, 0.92}],
Text[Style["w=9.6", Black, 12], {2.8, 0.85}],
Text[Style["w=9.4", Black, 12], {2.8, 0.72}],
Text[Style["w=9.2", Black, 12], {2.6, 0.6}],
Text[Style["w=9.0", Black, 12], {2.6, 0.5}1}1;

Show[f1l, T2]
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Ps

2 4 6 8 10 12 14

Tl =Plot[Evaluate[Table[l - gall, {w, 9, 10, 0.2}11,
{t, 0, 15},
PlotStyle » Table[{Thick, Hue[0.151]}, {1, O, 5}1,
AxesLabel -» {""t", "Pa""}];

T2 = Graphics[{Text[Style["wy=10", Black, 121, {2, 1}1,
Text[Style["w=10"", Black, 121, {3, 0}1,
Text[Style["w=9.8", Black, 12], {2.8, 0.05}],
Text[Style["w=9.6", Black, 12], {2.8, 0.15}],
Text[Style["w=9.4", Black, 12], {2.8, 0.3}1,
Text[Style["w=9.2", Black, 12], {2.6, 0.45}],
Text[Style["w=9.0", Black, 12], {2.6, 0.6}]1}1;

Show[fl, 2]
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1.0~ Wp= 10
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0.6~
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_ a ¢ - . t
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APPENDIX
I found a very interesting simulation of nuclear magnetic resonance. These youtubes
may be useful for your understanding the physics

Youtube:
1. Simple demonstration of magnetic resonance as used in NMR and MRI
http://www.youtube.com/watch?v=10rPCNVSA40

2. Part 1: Introduction to the Bloch Simulator made for basic MRI and NMR
education

http://www.youtube.com/watch?v=6aWBZtypU7w
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Part 2, NMR/MRI-education: Simple spin dynamics explored using the Bloch
Simulator

http://www.youtube.com/watch?v=0QaugiVcQOOE

Part 3, NMR/MRI-education: Spin-echoes explored using the Bloch Simulator

http://www.youtube.com/watch?v=FxyiH2TjQvl
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