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1. Exchange interaction 

We solve the eigenvalue problem for the exchange interaction between two spins 
(electron and proton) using the KroneckerProduct in Mathematica. Note that both 
electron and proton are spin 1/2 particles. 
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The exchange interaction between the electron and the proton is given by 
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which is 4 x 4 matrix. We solve the eigenvalue problem, by using Mathematica 
(KroneckerProduct and Eigensystem). 
 

Eigensystem[ Ĵ ]: 
 
Eigenvalues and eigenkets 
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(i) Triplet state (symmetric state) 
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(ii) Singlet state (anti-symmetric state): 
 

E4=-3  )(
2

1

0

1

1

0

2

1
324  




















  

 
The unitary operator is defined by 
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and is expressed by 
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We also have 
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((Mathematica)) 
 

 

 

Clear"Global`";

exp_  : exp . Complexre_, im_  Complexre, im; 1   1
0
; 1   1

0
;

1   1
0
; 2   0

1
; x   0 1

1 0
; y   0  

 0
; z   1 0

0 1
;

I2  IdentityMatrix2;

1  KroneckerProduct1, 1; 2  KroneckerProduct1, 2;

3  KroneckerProduct2, 1;

4  KroneckerProduct2, 2;

J1  KroneckerProductx, x  KroneckerProducty, y
 KroneckerProductz, z;

J1  MatrixForm

1 0 0 0
0 1 2 0
0 2 1 0
0 0 0 1

eq1  EigensystemJ1
3, 1, 1, 1, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0

1  Normalizeeq12, 4
1, 0, 0, 0

2  Normalizeeq12, 3
0,

1

2
,

1

2
, 0

3  Normalizeeq12, 2
0, 0, 0, 1

4  Normalizeeq12, 1
0,

1

2
, 

1

2
, 0
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2. Dirac spin exchange operator 
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44 3ˆ  J , )33)(ˆ
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Then we have 
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UT  1, 2, 3, 4; U  TransposeUT; UH  UT;

U  MatrixForm
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UH  MatrixForm
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UH.U  Simplify

1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1

eq2  UH.J1.U  FullSimplify; eq2  MatrixForm

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 3
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In other words, we can define the Dirac spin exchange operator 
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where for example, 
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3. Total spin angular momentum 
 
The total spin angular momentum: 
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Ĵ
2

1̂
2

3

)ˆˆ2ˆˆ(
4

)ˆˆ(
4

ˆ

22

11
2

2
2

1

2

2
21

2
2













σσσσ

σσS

 

 
and 
 

)ˆ1̂1̂ˆ(
2

)ˆˆ(
2

ˆ
212121 zzzzzS  


 

 
We get 
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and the commutation relation 
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In summary 
 

1,11  ml ,  0,12  ml , 1,13  ml  

 
0,04  ml  

 
((Mathematica-2)) 

Simultaneous eigenkets of 2Ŝ  and zŜ . The Mathematica program-2 is the sequence 
of the Mmathematica program-1. 
 

 

Sz 
—

2
KroneckerProductz, I2  KroneckerProductI2, z;

ST 
3 —2

2
KroneckerProductI2, I2  —2

2
J1;

Sz  MatrixForm

— 0 0 0
0 0 0 0
0 0 0 0
0 0 0 —

ST  MatrixForm

2 —2 0 0 0

0 —2 —2 0

0 —2 —2 0

0 0 0 2 —2
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4. Zeeman energy 

We consider the Hamiltonian consists of the exchange interaction and the Zeeman 
energy is given by 
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This Hamiltonian can be described by the 4x4 matrix given by 
 

Sz.ST  ST.Sz  Simplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

Sz.1  — 1

0, 0, 0, 0

Sz.2

0, 0, 0, 0

Sz.3  — 3

0, 0, 0, 0

Sz.4

0, 0, 0, 0

ST.1  2 —2 1

0, 0, 0, 0
ST.2  2 —2 2

0, 0, 0, 0

ST.3  2 —2 3

0, 0, 0, 0

ST.4

0, 0, 0, 0
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So we can solve the eigenvalue problems. There are four eigenvalues and four eigenkets. 
 
(i) Energy eigenvalue  Eigenket 
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(ii)  Energy eigenvalue  Eigenket 
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(iii) Energy eigenvalue  Eigenket 
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(iv) Energy eigenvalue  Eigenket 
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Note that the eigenkets are not normalized. 
 
((Mthaemtica)) 
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Clear"Global`";

exp_  : exp . Complexre_, im_  Complexre, im; 1   1
0
; 1   1

0
;

1   1
0
; 2   0

1
; x   0 1

1 0
; y   0  

 0
; z   1 0

0 1
;

I2  IdentityMatrix2;

1  KroneckerProduct1, 1; 2  KroneckerProduct1, 2;

3  KroneckerProduct2, 1;

4  KroneckerProduct2, 2;

K1  J KroneckerProductx, x  KroneckerProducty, y
 KroneckerProductz, z;

K2  1 B KroneckerProductz, I2  2 B KroneckerProductI2, z;
H1  K1  K2; H1  MatrixForm

J  B 1  B 2 0 0 0
0 J  B 1  B 2 2 J 0
0 2 J J  B 1  B 2 0
0 0 0 J  B 1  B 2

eq1  EigensystemH1  Simplify

J  B 1  2, J  B 1  2, J  4 J2  B2 1  22 , J  4 J2  B2 1  22 ,

1, 0, 0, 0, 0, 0, 0, 1, 0,
 4 J2  B2 1  22  B 1  2

2 J
, 1, 0,

0,
4 J2  B2 1  22  B 1  2

2 J
, 1, 0


