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The differential operator is one of the most important programs in Mathematica. The
use of such techniques makes one so easy to solve the Schrodinger equation, and treat the
commutation relations of angular momentum and linear momentum. Here we discuss the
differential operators in the spherical coordinates with the use of Mathematica.
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Fig.  Spherical coordinates.

1. Vector analysis in spherical coordinates
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The radial linear momentum
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Here we use the following notations in the Mathematica program for the spherical
coordinates.

ux —>e =e, sinfcosg+e,cosfcosg—e,sing
u, >e, =e.sinfdsing+e,cosdsing+e,cosg
uz —>e_=e, cosd—e,sinf

u, —>e,

xX—e_-re,

y—>e, re,

z—>e_-re,

Lap - V°

Gra — grad, V

Diva — div
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L —e L
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Peqg—>p’=p’+p’+p’.

prq = p, (radial linear momentum).

pq —> EGE r (radial linear momentum, simplified form).
ir Or

r—re

x—>e_ -re, =rsindcosg.
y—>e, re =rsinfsing.
z—>re e, =rcosd.

Clear["Global "];

ux = {Sin[e] Cos[¢], Cos[e] Cos[p], -Sin[¢]};
uy = {Sin[e] Sin[¢], Cos[6] Sin[¢], Cos[4]};
uz = {Cos[©], -Sin[e], 0};

ur = {1, 6, 0};

X

rur.ux;
Yy = rur.uy;

Z=rur.uz;

Lap := Laplacian[#, {r, &, ¢}, "Spherical™] &;
Gra := Grad[#, {r, ©, ¢}, "Spherical™] &;

Diva :=Div[#, {r, 8, ¢}, "Spherical™] &;

Curla := Curl[#, {r, 8, ¢}, "Spherical™] &;

L:= (-1h (Cross[(ur r), Gra[#]]) &) // Simplify;

Lx := (ux.L[#] &) // Simplify;
Ly := (uy.L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;
LP := (Lx[#] +iLy[#]) & // Simplify;

LM = (Lx[#] -4 Ly[#]) & // Simplify;
Leq := (Nest[Lx, #, 2] + Nest[Ly, #, 2] + Nest[Lz, #, 2]) &;
p:=(-1h Gra[#]) &;

px := (ux.p[#]) &;
py := (uy.p[#]) &;
pz := (uz.p[#]) &;

Peq := (Nest[px, #, 2] + Nest[py, #, 2] + Nest[pz, #, 2]) &;

-1 h -1 h
prq := [— ur .Gra[#] +
2

Diva[.trur']) &;

h
pq := — D[r #, r] &;
r



Grad, Laplacian, Div, Curl
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eql = Gra[¥[r, 6, ¢]] // Simplify

Ly't®® e, 8, 0],

k]

iIII.J,iE?I,l_.Eif- '_r'_, 5, Cb_l CSC'_BJ -;,-Lr'ja’a’lj' '_r*, &, C'JJ}
r r

eq2 = Lap[y[r, &, ¢]] // Simplify

.18,8,2)
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p2
COt'_SJ _iria,i,af' r, 5, 0] + _1.‘{],[8,2,8:- r, 8, 0] -
2p L8 (5 ] <t 200 (5 )

eq3 = Diva[{Vr[r, &, ¢], Ve[r, e, ¢], Vo[r, 6, &1 }] //
Simplify

1,

- |2VP._F." = d’"J -

r'l \
Cot[s] Ve(r, 5, 0] ~Csc[8] Vo'%*Y [r, 5, 9] +
ve' ®% [r, 8, 0] +rvr 0% (r, 5, ¢])

eq4 = Curla[{Vr([r, &, ¢], VO[r, 6, ¢]1, Vé[r, 8, ¢] }] //
Simplify
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Angular momentum
In quantum mechanics, the angular momentum is defined as folloews.
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The Ladder operator:
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5 00 o9
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eq@ = L[y[r, & ¢1] // Simplify

L

2 ,19,8,1) = - ,19,1,0
9, LECSC[@JL‘,UBGILF‘,U,QDJ,—_IIW [P,@,(DJ}

eql = Lx[¥[r, &, ¢]] // Simplify

in (Cos[¢] Cot[o] ¢¥'®®[r, 6, 0] +

(0,1,

Sin[¢] ¥ [r, 6, ¢])

eq2 = Ly[¥[r, &, ¢]] // Simplify

in (Cot[e] Sin[¢] ¥ %V [r, 8, ¢] -

. (0,1,0)

Cos (o] ¥ [r, ©, ¢])

eq3 = Lz[y[r, &, ¢]] // Simplify

.(0,0,1)

-ihy [r, &, ¢]

eq4 = LP[y[r, 6, ¢]] // Simplify

h (Cos[¢] +1iSin[¢])
E:cot[@] w‘a,a,ls [r.’ 6, CDJ +w!_3..1.|9.' [r.., 6, @J‘,

eq5 = LM[y[r, &, ¢]] // Simplify

h (iCos[¢] +Sin[o])

. (0,0,1)

(Cot[o] ¥ ,(0,1,0)

[r, 6, @] +1 ¥ (r, 8, ¢])

eq6 = Leq[y[r, &, ¢]] // Simplify

-h? (csc[0]? ¢ ®*? [r, 6, 0] +

Cot[6] y(@:1,0) (r, e, ¢] 4y (0:2,0) (r, o, ¢1)

4. Radial linear momentum
The radial linear momentum in the quantum mechanics is defined by
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Commutation relation

h
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Radial linear momentum

pra[y(r, e, ¢]

ih {*"rhr.J S, ¢ +r\¥;{llja

1 // Simplify

2 (r, 8, 0])

r\

Commutation relation: prq r - r prg=-ih

prq[ry[r, 6, ¢]1] -rprq[¥[r, 6, ¢]] // Simplify

-ihy[r, 6, 9]

5. Relation between p and L
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eql = Peq[y[r, &, ¢]] // Simplify

2, (0,0,2)
|

1 f
-=n’ (Csc (8]

r, 8, ¢] +
PZ J 2

Y

Cot[ej w!.a,i,a' [r.’ s’ d:’] - w[a;z:a'

2ry't®® (p, 0, 0] + P2y

[r: S, Gj_l +

(2,0,0) [r’ 6_, CDJ}

eq2 = Nest[prq, ¥ [r, ©, ¢1, 2] // Simplify

hz (2 w"l,a,aﬁ [r.’ s, G)] i rwinaJa‘ [r.-' 6, @,] ]

r
1
eq3 = = Leq[¥[r, &, ¢]] // FullSimplify
ri
1 ] [ )
—?hz (Csc[o]? 4 *%3[r, 6, 9] =
cot[o] ¥'®**® [r, 5, ¢] + ¥ ®2? [r, 6, ¢])
eq23 = eq2 + eq3 // Simplify
—%ﬁz (CSC[@JZ W{GJGJZ:I [r': S, ¢'J L
7 |
cot(o] ¥ ®*? [r, 6, 0] +¥®>¥ [r, 6, 9] +
2 r wll,@,@ I_r', s’ d)J % r,?. w'z,e:e] [r‘, 6, CD])

eql - eq23 // Simplify
%)

Commutation relation



[L,x,]1=ih) &,x,
k

[L,,L=ihL,[L,,L.]=ihL [L L ]=ihL,

[L?,L]=0, [L,L,]=0, [L?,L.]1=0
[12,L,]=0, [L,,L ]=2hL_,
[L.,L ]=HhL, [L.,L ]=-hL

[L,,L ]=2hL,
L’ = %(L+L +L L)+L’

((Levi-Civita symbol))

g, 1s the Levi Civita symbol. ¢, =&, =8&,,=1 (even permutation).

ik

&) = &3, = &3 =—1 (0dd permutation). ¢, ==0 ifi=j, orj =k, or k=1i.

((Mathematica))
The commutation relations can be easily proved through Mathematica



Lx[yv([r, 6, ¢]] -y Lx[¥[r, 6, ¢]1] -
ihzy[r, 8, ¢] // FullSimplify

LY[I"J[’[F: 8, ‘35]] _ILY['!#[PJ B, ‘35]] -
ihxy[r, 8, ¢] // FullSimplify

Lz[xy[r, 8, ¢]] -xLz[y[r, &, ¢]] -
ihyy[r, 6, ¢] // FullSimplify

Lx[Ly [¥[r, &, ¢]]] -Ly[Lx[¥[r, 8, ¢]]] -
ihLz [y[r, &, ¢]] // FullSimplify

e

Ly[Lz [¥[r, &, ¢]1]1] -Lz[Ly[ ¥ [r, &, ¢]1]] -
ihLx [y[r, 8, ¢]1] // FullSimplify

e

Lz[Lx [y[r, 6, ¢]]1] -Lx[Lz[¥[r, 6, ¢]]] -
ihlLy [¢[r, 8, ¢]] // FullSimplify



Leq[Ly [¥[r, &, ¢]]] -Ly[Leq[ ¥ [r, &, ¢11] //
FullSimplify

<

LP[LM [y [r, 6, ¢]]] -LM[LP[ ¥ [r, &6, ¢]]] -
2alz[y[r, 6, ¢]1] // FullSimplify

Leq[Lz [¥[r, 6, ¢]]1] -Lz[Leq[ ¥[r, 6, ¢]1]] //
FullSimplify

e
Leq[LP [¥[r, &, #]1]] - LP[Leq[ ¥ [r, &6, ¢]]1] //

FullSimplify // FullSimplify

Leq[LM [¥[r, &, ¢]]1] - LM[Leq[ ¥ [r, &, ¢]]1] //
FullSimplify // FullSimplify

Lz[LP [¥[r, &5 ¢]]1]1 -LP[Lz[ ¥ [r, &6, ¢]1]] -
ALP[y[r, &, ¢]] // FullSimplify

Lz[LM [¥[r, &, ¢]]] -LM[Lz[ ¥ [r, &, ¢]1]1] +
ALM[ ¥ [r, &, ¢]] // FullSimplify



eql = (LP[LM [¥[r, 8, ¢]]1] + LM[LP[ ¥ [r, &6, #]]]) /
2 // FullSimplify;

eq2 = Lx[Lx [¥[r, 6, ¢]1]] +Ly[Ly[¥[r, 8, ¢]1]1] //
FullSimplify;

(eql - eq2) // Simplify
e

7. Relations

[, x,]1=(=ih)) &, (Lx,+x,L)
ij

We show that

[, x]= (=in)(L,z+zL,—L.y—yL,)

= 2rh” (cos ¢sin 6 +sin gcsc Hi —cos@cos Hi)
o¢ 00

[, y] = (—ih)(L.x+xL, — L z - zL)

= 2rh’ (sin ¢sin @ —cos gcsc Hi —sing@cos Hi)
o¢ 00

L%, z]= (=i)(L,y+yL, —L,x—xL,)

=2rh*(cos @ +sin Hi)
00

through Mathematica.
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eql = Leq[x ¥ [r, &, ¢]] -XLeq[¥[r, 6, ¢]1] //
FullSimplify

2rn® (Cos[o] Sin[8] ¥[r, 6, ¢] +
Csc[s] Sin[o] ¢¥'®® [r, 5, 0] -
Cos[o] Cos[¢] y(@:1,8) r, 6, ¢]

eqll =
(-1 h) (Ly[z¥[r, &, ¢]] +ZLy[¥[r, &, ¢]] -
Lz[y¥[r, 6, ¢]] -yLz[w[r, 8, ¢]]) // Simplify

2rh® (Cos[¢] Sin[8] ¥[r, 6, ¢] +
Csc[s] Sin[o] ¢'®%Y [r, 8, 0] -
Cos[&] Cos[o] ¢'1% [pr, 5, 0]

eql - eqll // Simplify
0



8.

eq2 = Leq[y ¥ [r, 6, ¢]1] -ylLeq[¥[r, &, ¢]] // Simplify

rn’ (2S8in[&)] Sin[o] v([r, &, @] -

2 (Cos[o] Csc[o] ¢'*%Y [r, 8, 0] +

Cos[&] Sin[o¢] ¢'%1¥

(r, 8, ¢]))
eq2l =
(-1 h) (Lz[xy[r, 6, ¢]]+xLz[y[r, 6, ¢]] -
Lx[zy[r, &, ¢]1] -zLx[¥[r, &, ¢]1]) // Simplify

~2rhn* (-Sin[s] Sin[¢] ¥([r, 5, ¢] +

Cos[¢] Csc[o] ¢'%1

v ._r'.! '5‘.1 ':t'J_
Cos[5] Sin[o] '

B_-j-_-a:' _r‘_, a-’ l,_.":'_l.:'J I::I

eq2 - eq2l // Simplify
e

eq3 = Leq[z Y [r, &, ¢]] -zLeq[ ¥ [r, 6, &]] //
FullSimplify

(8,1,8)

2 rh? [Cos (8]l w[r, 8, ¢] +Sin[B] ¥' (r, 8, ¢]

eq3l =
(_iﬁ) (LX[Y!I’[P: e, ¢]] +yLX[ ylr, 8, ¢]] -
Ly[ xw([r, &, ¢]] -xLy[¥[r, 6, ¢]1]) // Simplify

(8,1,8)

2 r 1 [Cos (el v[r, 8, ¢] +Sin[o] ¥' r, 6, o]

eq3 - eq31 // Simplify
e

Formula



We show that
[L7,[L,x]] = 27" (xL’ + L’x)

((Proof))
((Mathematica))

eql =
Leq[Leq[x ¥ [r, 6, ¢]]] -Leq[xLeq[¥[r, 6, ¢]]] -
Leq[x Leq[¥[r, 6, ¢]]] +xLeq[ Leq[¥[r, 8, ¢]]] //

FullSimplify
2rn* (2Csc(o] sin(o] ¢'@%Y [r, 5, 9] -2Cos[o]
sin[e] (-y[r, 8, 9] +Csc[8]*y'**? [r, 5, 0] +

2Cot[0] ' [r, 8, 0] ¥ ®>% [r, 6, 0]))

eq2 = 2h” (xLeq[¥[r, &, ¢1] + Leq[ xu[r, &, ¢11) //
FullSimplify
2rn* (2Csc[o] sin(o] ¢'%%Y [r, 5, ¢] -2Cos[0]
Sin(e] (-v[r, &, ¢] +Csc[8]” 4% [r, 5, ¢] +

2Cot (0] ¢'*1¥ [r, 8, 0] +u®2¥ [, 0, 0]))

eql - eq2
e

9. Commutation relations for the radial momentum

[r, p,)=ih

[, p,*]1=i27p,
[, p,’1=i30p,”
[r,p,"1=inhp,""

[p,,r]=—ih
[p,.r’]=—i2hr.



[p,,r’]=-i3hr".

[p,,r"]=—inhr"".

1. ih
[pra_]z_z'
r r
1 2ih
[Pr,r—2]=7-
()= -2 2
Pr N r or
1 1
[p”.=1=-1=,p]
r r
1
=2[p,.—1p,
r
P,
_wt o
r* or

((Mathematica))



Commutation relations of quantum mechanical radial angular momentum and power of r

Clear["Global +"]3 Pr = D[r#, r] &;

Sl
| =

B

Pr[Pr[y[r, &, ¢]1]1] // Simplify

»2 [-2 y!1:8.8) r, 8, 0] +r y(2:0,0) r, 8, ¢] -

r

Priry[r, e, ¢]]1 -rPriy[r, &, ¢1] // Simplify

_if—l"-.":"._r: 6.1 CDJ

Pr[r’y[r, &, ¢]] -r’Pry[r, 6, ¢]] // Simplify
—Zir‘ﬁ;-lr'_r‘_, 6; d’"J

Pr(r"y[r, 6, ¢11 -r"Pr[y[r, 6, ¢]] // Simplify

-in P_1+n h "-.":r-_r‘: a_, d)_l

r Nest[Pr, y[r, &, ¢], 2] - Nest[Pr, ry[r, 6, ¢], 2] -
21 APr[y[r, 8, ¢]] // Simplify

r Nest[Pr, ¥ [r, &, ¢], 3] - Nest[Pr, ry[r, &, ¢]1, 3] -
31 s Nest[Pr, y[r, &, ¢], 2] // Simplify



1 1
Pr[— wr, e, q&]] — = Pr[¥[r, 6, $]] // Simplify
r r

iny(r, 8, 9]

r.2

1 1
Pr[= wirs &, ¢1] - < Privir, e, ¢]] // Simplify
r r

2iny(r, 9, ]

r.3

1 1
Nest[Pr, — y[r, ©, $], 2| - — Nest[Pr, y[r, &, $], 2] //
r

2

r
Simplify
2n* (y[r, 8, 0] -2ry' ™20 (r, 5, 0]
_ S
1 1
Nest[Pr, = y[r, o, ¢], 2| - = Nest[Pr, y[r, &, $], 2] //
r r

Simplify

Example (Townsend)
We show that

L’ =r’p’ —(r-p)’ +ih(r-p)

2 2
L’ = -71%( .12 aT+cot6’i+ 62)
sin” @ 0°¢ 060 00
2 2 2
p’=-h( LG +cot0i+a DS N

sin> 0 04> 00 00> o o



o 0*
—(r. . — h2 — 4+ y—
(r-p)r-p)=r (ar e

ih(r-p) = hzrﬁ
or

Thus, we have

1@ o & .0 L&
r’p’ —(r-p)’ +ih(r-p)= -’ (———=5+cot O — +——+2r — +r° —
P p) i p) = S O St e T S T 5
o &
P Q2r—+r —
( r@r : 8r2)
2 2
Y A M
sin“ 8 0¢ 00 06
=172

((Mathematica))

eqd = Leq[¥[r, &, ¢]] // FullSimplify

8,8,2)

-n? (Csc[8]? y' r, 8, 0] +

Cot(s] ¢'*¥ [r, 6, 0] +¢'**% [r, 5, 0]

eql = r’ Peq[y [r, 6, ¢]1] // Simplify

-n* (Csc[8]? ¢'®®? [r, B, 0] +
Cot[o] ¢v'®*® [r, 5, 0] +¢'®%¥ [r, 5, ¢] -
2 r :.J,:l.-'j-.!a.!a' -r-.-’ '5_1 'i:'_l N r_2 :'I'I !:E;E;E:' -r.-' EJ_, (:'_l,:'J ':

eq2 = - (rur).p[(rur).p[¥[r, 6, ¢]1] // Simplify

(1,8,8)

rh? (g r, 8, 0] +ry'2®®r, 5, 0])



eq3 =14 (rur).p[Y[r, 6, ¢1]1 // Simplify

rn® g% r, 8, 9]

eql23 = eql + eq2 + eq3 // Simplify

-n? (Csc[8]?¢'®® [r, 8, 0] +
Cot[o] ¥'*"? [r, 8, 0] +y'>* [P, 5, ¢])
eq@ - eq123 // Simplify
e
11. Runge-Lenz operator in spherical coordinates (Sakurai and Napolitano)

The detail of the Runge-Lenz method will be discussed elsewhere. Here we show that the
commutation relations associated with the Runge-Lenz operator:

1 ze
M=—(pxL-Lxp)--r.
2u r
can be proved using the differential operators in the spherical coordinates (just one of the
exercises). We note that
1 zZe’

MX :Z(pyLZ _pZLy _LypZ +L2py)_7x *

The Hamiltonian is defined by

T
2u r

where 4 is the reduced mass. We show that

(a)

[M,H]=0,



(b)

L-M=0=M-L,

(©)

M? =3H(L2 +h*)+ 2%
y7;

((Mathematica))

Clear["Global "];

ux = {Sin[#&] Cos[¢], Cos[e] Cos[d], -Sin[4]};
uy = {Sin[e] Sin[¢], Cos[e] Sin[¢], Cos[¢]};
uz = {Cos[©], -Sin[&], ©};

ur = {1, 9, 0};

X = P ur.ux;

y
z

rur.uy;

rur.uz;

Lap := Laplacian[#, {r, &, ¢}, "Spherical™] &;
Gra :=Grad[#, {r, 8, ¢}, "Spherical"] &;

Diva := Div[#, {r, &, ¢}, "Spherical"] &;

Curla :=Curl[#, {r, 6, ¢}, "Spherical™] &;
L:=(-ih (Cross[(ur r), Gra[#]]) &) // Simplify;

Lx := (ux.L[#] &) // Simplify;
Ly := (uy.L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;

LP := (Lx[#] +aLy[#]) & // Simplify;
LM = (Lx[#] - Ly[#]) & // Simplify;
Leq := (Nest[Lx, #, 2] + Nest[Ly, #, 2] + Nest[Lz, #, 2]) &;



p:=(-1h Gra[#]) &;

px := (ux.p[#]) &;
py := (uy.p[#]) &;
Pz := (uz.p[#]) &;

Peq := (Nest[px, #, 2] + Nest[py, #, 2] + Nest[pz, #, 2]) &;

-1 h -1 h
prq := [ 5 ur .Gra[#] + Diva[rrur*]]&;
h
pPq := — D[r #, r] &;
ir
M}«::i (pyLz - pzLy - Lypz + Lzpy) - zfz X
-1 .2 Ze?
H_E;ﬂ- p B f
1
Mx := | — (py[Lz[#]] -pz[LYy[#]]
2 u
Ze?
-Ly[pz[#]] +Lz[py[#]]) - — x#| & // FullSimplify;

r



1
My := [— (Pz[Lx[#]] - px[Lz[#]]

2
Ze?
-Lz[px[#]] +Lx[pz[#]]) - — y.ﬂ'] & // FullSimplify;
r'l
1
Mz := [_ (Px[Ly[#]] -py[Lx[#]]
2
Z e?
- Lx[py[#]] +Ly[px[#]]) - — 2 .rr] & // FullSimplify;
r
1 Ze?
H1 = [— Peq[#] - — #z| &;
2u r
Proof of

[Mx,H]=0, [My,H]=0, [Mz,H]=0



Mx[H1[¥[r, 6, 6]]1] -HL[Mx[¥[r, 6, ¢]]1] // FullSimplify
e

My [H1[¥[r, &, ¢]]] -HL[My[¥[r, &, ¢]]] // FullSimplify
o

Mz[H1[y[r, &, ¢]1]] -H1[Mz[y[r, &, ¢]1]] // FullSimplify
e

M?=Mx?+My?+Mz’

M2=i(H [2+R?H)+Z2e*

eql = Mx[Mx[y [r, 6, ¢]1]] + My[My[¥[r, 6, ¢]]] +
Mz [Mz [y [r, &, ¢]1]1] // FullSimplify;

s11 = n® H1[y[r, 6, ¢]] // FullSimplify;

s12 = Hi[Leq[¥[r, 6, ¢]]] // FullSimplify;
2

s13 = — (s11+s12) +Z2 e’ y[r, 6, ¢]3
7]

eql - s13 // FullSimplify

=

LxMx+LyMy+LzMz=0



Lx[Mx[y[r, &, ¢11] +Ly[My[¥([r, 6, ¢]]1] + Lz[Mz[¥[r, 6, ¢]]] //
FullSimplify

Z

MxLx + MyLy + MzLz =0

e

Mx[Lx[v[r, &, ¢]]] +My[Ly[¥[r, &6, ¢]]] +Mz[Lz[¥[r, &, ¢]]] //
FullSimplify

e

MxLy - LyMx - iAMz=0

Mx[Ly[¥[r, &, ¢]]1] -Ly[Mx[¥[r, 6, ¢]]] -2 AMz[y[r, 6, ¢]] //
Simplify

(5]
MxMy — MyMx + ”;—fH Lz=0

Mx[My[v([r, 6, ¢]1]] -My[Mx[¥[r, &, ¢]]1] +

2h
i — Hl[Lz[¥[r, &, ¢]]] // Simplify
7

12.  Conclusion
Using the above formula, one can derive the Schrédinger equation of hydrogen in the
spherical coordinates. We will discuss this problem later.
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