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Here we discuss the differential operators for the Cartesian coordinates with the use of
Mathematica. To this end. we use the problems of Goswami (quantum mechanics) and Binney
and Skipper (quantum mechanics).

1. Cartesian coordinates (Mathematica))
Here we use the following notations in the Mathematica program for the spherical
coordinates.
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Diva — div
Curla > curl or rot
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((Mathematica)) Differential operators in Cartesian coordinates

Clear ["Global "];

ux = {1, @, 8};

uy = {@, 1, @};

uz = {@, @, 1};

r={x, ¥, Z};

R=4f(r.r);

L:= (-1 A (Cross|[r, Grad[#, {x, v, 2}, "Cartesian"]]) &) // Simplify;
p= (-1 AGrad[#, {x, v, 2}, "Cartesian"] &) // Simplify;
Lx := (ux.L[#]) &;

Ly := (uy.L[#]) &;

Lz := (uz.L[#]) &;

px := (ux.p[#]) &;

py := (uy.p[#]) &;

pz := (uz.p[#]) &;

Lap := Laplacian[#, { %, v, 2}, "Cartesian"] &;

Gra :=Grad[ &, { %, v, 2}, "Cartesian"] &;

Cur :=Curl[#, {x, v, 2}, "Cartesian"] &;
Diva :=Div[#, {%, v, z}, "Cartesian"] &;

prq := (-1 h) % (E.Gra[#] + Diva[%#]) &;

Lsq := (Nest[Lx, #, 2] + Nest[Ly, &, 2] + Nest[Lz, #, 2]) &;

2 Commutation relation @
Show that
[ii , X j] = ihz &5, (formula)
k,

((Proof))



|:Li’xj:| = Zgikl [xkpl’x_/}

kil
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ki

= _lhzgiklxké}/

kil

= ’hzgﬂkxk@/
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where ¢, is the Levi-Civita coefficient; &y =

[ [,x_/] = lhzgfkak
.

Using this relation, we get

X [=0, LY | =ihz,
i y,fc_:—ihé, i y,j/_:O,
L% |=inz, L5 ]=-int,
((Mathematica))

We show that the differential operators satisty
[Lx,x]zo, [Lx,y]zihz,

Using Mathematica.

—&,, - Thus, we have

2 |= =iy
L,,z|=ins
L.,2|=0
[L,.z]=—iny



eql = Lx[xy[x, v, z]] - xLx[¥[x, v, 2]] // Simplify
0

eq = Lx[y¥[x, vy, z]] -y Lx [¥[x, ¥y, 2]] -
1h z ¥[x,y, z] // FullSimplify

eq3 =
Lx[z¢[x, ¥y, 2]] —zLx[¥[x, ¥, 2]] +
iyhy[x, vy, z] // Simplify

3 Commutation relation an
[L xk}— lhz jk(i fci (formula)
((Proof))
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Then we get

or

| D5, |=—inY e, (L3, +%,L)

ij
We have the following relations with differential operators.

[Lz , x} =—ihe,, (Lyx; + x,L,) —ihey, (Lyx, +x,L,)
=—ih(L,z+zL,)+ih(Ly+ yL.)

| L'y |==ih(Lx+xL.)+ih(Lz+zL,)
[L.2]=~if(L,y+yL) +il(L x+ xL,)

((Mathematica))



eql = Lsq[x¥[x, y, z]] -xLsq[ ¥ [x, ¥, z]] +
1h (Ly[z¥[x, ¥, zZ]] +ZLy[¥[X, ¥, 2]]) -
ih (Lz[yy[x, ¥y, z]] +yLz[w[x, v, z]]) // FullSimplify

eq2 = Lsq[y ¥ [X, ¥, z]] -y Lsq[y[x, ¥y, Z]] +
1h (Lz[xy[x, ¥, Z]] +xLz[¥[x, ¥, Z2]]) -
ih (Lx[z¥[X, ¥, Z]] +ZLX[¥[X, ¥, Z]1]) // FullSimplify

eq3 = Lsq[z ¥ [x, ¥y, z]] -zLlsq[ ¥ [x, ¥y, z]] +
1h (LX[yuw[x, ¥, Z]] +yLx[¥[x, ¥, Z]]) -
ih (Ly[xu[x, ¥y, z]1] +xLy[¥[x, vy, 2]]) //

FullSimplify
2
4. Commutation relation (I1D)
[iz,[iz,fck} =212 (E2%, + %, 1) (formula)

((Proof))
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Using the above relations, we get
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Using the formula for the Levi-Civita
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So we need to show that
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((Mathematica))
We have the following relations with differential operators.

(L] x| =21°(Dx +xL)

eql = Lsq[Lsq[x ¥ [x, ¥, z]]] -Lsq[xLsq[¥[x, ¥, z]]] -
Lsq[x Lsq[ ¥ [x, ¥, Z]]] +xLsq[ Lsq[ur[x, ¥, 2]]] //
FullSimplify
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eq2=2;ﬁ2 (xLsq[ Wr[x, ¥, Z]] +Lsq[xur[x, ¥, 21]) //

FullSimplify
4 n*
(Xy[X, ¥y, z] +3xzy' @Y (x,y, 2] - ¢'®%% [x, y, z] -
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. 2y, 12,8,8) Y
x (y?+2%) ¥ X, ¥, 2]

eql - eq2 // Simplify

e

S. Commutators
We calculate the differential operators in the Cartesian coordinates

[L..r*]=0,

[L.p*]=0,

[L,p’]1=0
Using Mathematica.

((Mathematica))



eql =
Lz[ (x* +y*+2?) w[x, ¥, 2]] -
(x* +y*+2°) Lz[ ¥ [x, y, z]] // Simplify

e

eq2 = Lz[Peq[¥[%, V¥, z]]] -Peq[ Lz[ ¥([Xx, ¥, 2]]] //
Simplify

©

eq3 =
Leq[Peq[v[x, ¥y, z]]] -Peq[ Leq[ ¥[x, ¥, Z]]] //
Simplify

REFERENCES
A. Goswami, Quantum Mechanics, 2™ edition (Wm. C. Brown Publishers, 1997).
J. Binney and D. Skinner, The Physics of Quantum Mechanics (Oxford, 2014).

APPENDIX



Clear["Global™ "];

ux = {1, @, @};

uy = {6, 1, @};

uz = {8, @, 1};

r={x,y, z};

R=(r.r);

L:= (-1 h (Cross[r, Grad[#, {x, v, 2}, "Cartesian"]]) &) // Simplify;
p= (- hGrad[#, {x, v, 2}, "Cartesian"] &) // Simplify;
Lx := (ux.L[#]) &;

Ly := (uy.L[#]) &;

Lz := (uz.L[#]) &;

px := (ux.p[#]) &;

py := (uy.p[#]) &;

pz := (uz.p[#]) &;

Lap := Laplacian[#, { x, v, 2z}, "Cartesian"] &;

Gra :=Grad[#, { x, vy, 2}, "Cartesian"] &;

Cur :=Curl[#, {x,y, 2z}, "Cartesian"] &;

Diva :=Div[#, {x, v, z}, "Cartesian"] &;

prq := (-ih) % ( E.Gra[ﬁ] + D:i.va[% ir]] &;



Lsq := (Nest[Lx, #, 2] + Nest[Ly, #, 2] + Nest[Lz, #, 2]) &;

Goswami Quantum mechanics
Problem A-1

sll = Lsq[x¥[x, vy, z]] -xLsq[ ¥ [x, v, 2]] // Simplify

22 T L 8,8,1)
2h |._K‘I'I"r ¥, Z] 'Kzuﬂr'JJJ Xy ¥y I] '
a8, 1,8 2 . 01,8,8) 2 ,01,8,8)
o

Xy (X, ¥, Z] ~y U (X, ¥, Z] -Z° U

s12 = Lsq[y ¥ ([x, vy, z]] -yLsq[¥[x, y, z]] // Simplify

(0,8,1)
et K, }Ir, Z‘l

2 @12

20° \yUix,y, z] +yzy
2, 8,1,8) g 11,8,8)
L7}

X -K: ¥ Z] Z -K: Vs Z] FHY U

sl3=Lsq[z¥[x, vy, z]] -zLlsq[ ¥[x, v, 2]] // Simplify
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2}'12 [:Z\';'.I-'-K, Y, 2] |K t Y | ¥ -K: Y Z] !

(oo 18,1,8) (1,8,8) 1
z “Il'r*'*'-'r S X, ¥, Z] EXw T : X, ¥, z-ll.'l.'

-K, }'Ir, z‘l I

-K: ¥ Z] |



Lsq := (Nest[Lx, #, 2] + Nest[Ly, #, 2] + Nest[Lz, #, 2]) &;

Goswami Quantum mechanics
Problem A-1

sll =Lsq[x¥[x, vy, z]] -xLsq[ ¥ [x, v, 2]] // Simplify

=3 Cor L 1a,8,1) -
2h° (x¥([x,y,z] +xzd 777 [x,y, z] ¢

. (8,1,8) 2 ,(1,8,8) 2 ,(1,8,8)
Y

K}f -K, }'Ir, I‘l }f o -K, }'Ir, I‘l z kL -K, }f’ I]::I

s12 = Lsq[y ¥ [x, v, z]] -yLlsq[ ¥ [x, v, 2]] // Simplify

Lo (8,81
207 (yUoix, y, 2] ryz ¥ X ¥, Z]

2 . 08,1,8) 2, 08,1,8) ) (1,8,8) |
XTIy, z] 2T T Gy, 2] e xy X Y, 2]

s13=Lsq[z¥([x, vy, z]] -zlsq[ ¥ [x, v, 2]] // Simplify

- T P2 2y L, (0,8,1)
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Goswami Quantum mechanics
Problem A -2

s21 = Lx[¥[x, ¥, z]] - (ypz[¥[x, vy, z]] - zpy[¥[x, ¥, 2]]) // Simplify
@
s22 = Ly[¥[x, ¥, z]] - (zpx[¥ [x, ¥, z]] -xpz[¥[x, ¥, z]]) // Simplify
@
s23 =Lz[¥[x, ¥, z]1] = (xpy[¥[x, v, z]] -y px[¥[x, ¥, z]]) // Simplify

0



Goswami Quantum mechanics
Problem A-3

s31 = Lsq[x¥[x, ¥y, z]] -xLsq[ ¥ [x, ¥y, z]] // Simplify

w2 T l@,e,1)
2h |,K'u"r Xy ¥, Z] cXzw ' Xy ¥ Z] t
2 .01,8,8) 2 il,e,8)

R = - r r !
A X, ¥, Z] ¥y ou X ¥ Z] Z Y X ¥ Z-ll.'

Xy U

s32 =
-ih (Ly[z¢[x, vy, 2z]] +zLy[¥[x, ¥, 2]]) +
ih (Lz[y¥([x,y, z]] +ylz [¥[x,y, z]]) // Simplify
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s32 - s31 // Simplify
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Goswami Quantum mechanics
Problem A -4

s4l = Lsq[Lsq[x ¥ [x, ¥, 2]]] - Lsq[xLsq[¥[x, ¥, 2]]] - Lsq[xLsq[ ¥ [x, y, z]]] +
xLlsq[ Lsq[¥[x, v, 2]1]] // FullSimplify
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s42 = 2 h? (xLsq[ ¥ [x, v, 2]] +Lsq[x ¥ [x, v, z]]) // FullSimplify
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s42 - s41 // Simplify
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Show that sh1+s52+s53+554+555==0

s51 =
—i B (-Ly[z¥[x, ¥, z]] +zLy[ ¥ [x, v, 2]] +Lz[y¥[x, v, z]] -
v0iz[ ¥[%, vy, 2]]1) // Simplify

2xn? ix, v, Z]

52 = -h” (Lx[Lx[x¥[X, ¥, 2] 1] + Ly [Lx[y ¥ [x, y, 2]]] + Lz[Lx[z ¥ [x, ¥, 2]1]) //
FullSimplify

n* (2xu[x,y,2z] +xz ¥’ "ix, vy, z]

5 18,1,8)
U

Xy -KJ ¥, Z] |}-' +Z :' g :; -XJ ¥ Z] :'

$53 = -h% (Lx[xLx[¥[x, ¥, 2] 1] +Ly[yLx [¥[x, ¥, 2]]] + Lz[zLx[ ¥ [x, ¥, 2]]]) //
FullSimplify

0

s54 = -h” (Lx[xLx[¥[x, ¥, 2] 1] + Lx[y Ly [¥[x, ¥, 2]]] + Lx[zLz[ ¥ [x, ¥, 2]]]) //
FullSimplify

0

s54 = -h® (Lx[xLx[¥[x, ¥y, z2]1] + Lx[y Ly [¥[x, v, 2] 1] + Lx[zLz[ ¥ [x, ¥, 2]1]) //
FullSimplify

@

s55 = -h” (xLx[Lx[¥[x, vy, 2]1] +yLx[ Ly [¥[x, ¥, 2] 1] + zLx[Lz[ ¥ [x, ¥, 2]1]) //
FullSimplify

4

— i 18,8,1)
fal |I xl‘zw,.rr.

: . 18,1,8) ; [ .2 2y ,11,8,8) - \
X, ¥, Z] vy T X, Y, Z-|,-' N |:'5"' vELo v X, Y, Z-ll.'

s51 + s52 + 553 + s54 + s55 // FullSimplify

4]

s52 + s55 // Simplify

2xkt u (%, ¥, Z]

Lx[xd[x, v, 2]] - xLx[ ¥ [x, v, 2]] // Simplify

@



