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Here we discuss the differential operators for the Cartesian coordinates with the use of 

Mathematica. To this end. we  use the problems of Goswami (quantum mechanics) and Binney 

and Skipper (quantum mechanics).  

 

1. Cartesian coordinates (Mathematica)) 

Here we use the following notations in the Mathematica program for the spherical 

coordinates. 

 
2Lap   

Gra ,   grad    

Diva div   

Curla     or    curl rot  

L  L r p   

x xL  e L   

y y
L  e L  

z zL  e L  

x y
LP L iL    

x y
LM L iL   

2 2 2 2

x y zLeq L L L   L   

p
i

  p
ℏ

  

x x xp
i

   e p e
ℏ

  

y y yp
i

   e p e
ℏ

. 

z z zp
i

   e p e
ℏ

. 

2 2 2 2

x y zPeq p p p   p . 

1
( )

2
rp

r r
   

r r
p p   

x y zx y z  r e e e  



2 2 2
R x y z   . 

 

((Mathematica)) Differential operators in Cartesian coordinates 
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2. Commutation relation (I) 

Show that 
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where ijk  is the Levi-Civita coefficient; ikj ilk   . Thus, we have 

 

,

ˆ ˆ ˆ,i j ijk k

k

L x i x    ℏ  

 

Using this relation, we get 

 

ˆ ˆ, 0xL x    ,  ˆ ˆ ˆ,xL y i z    ℏ ,  ˆ ˆˆ,xL z i y     ℏ  

 

ˆ ˆ ˆ,yL x i z     ℏ , ˆ ˆ, 0yL y    ,  ˆ ˆˆ,yL z i x    ℏ  

 

ˆ ˆ ˆ,zL x i z    ℏ ,  ˆ ˆ ˆ,zL y i x     ℏ , ˆ ˆ, 0zL z     

 

((Mathematica)) 

We show that the differential operators satisfy 

 

 , 0xL x  ,   ,xL y i z ℏ ,   ,xL z i y  ℏ  

 

Using Mathematica. 



 
 

3 Commutation relation (II) 
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((Proof)) 
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Then we get 
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or 
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x i L x x L      L ℏ  

 

We have the following relations with differential operators. 
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, ( ) ( )z z x xy i L x xL i L z zL        ℏ ℏL  

 
2
, ( ) ( )x x y yz i L y yL i L x xL        ℏ ℏL  

 

((Mathematica)) 



 
 

 

4. Commutation relation (III) 
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((Proof)) 

 

2 2 2

,

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ[ , , [ , ( )]k ijk i j j i

i j

x i L x x L      L L Lℏ  

 

with 

 
2 2 2

2 2

2

,

,

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ[ , ]

ˆ ˆ ˆ ˆˆ ˆ

ˆ ˆ ˆ[ , ]

ˆ ˆ ˆˆ ˆ( ) ( )

ˆ ˆ ˆ ˆˆ ˆ( ) ( )

i j i j i j

i j i j

i j

i lmj l m m l

l m

lmj i l m i m l

l m

L x L x L x

L x L x

L x

i L L x x L

i L L x L x L





 

 



  

  





L L L

L L

L

ℏ

ℏ

  



 

and 

 
2 2 2

2 2

2

,

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ[ , ]

ˆ ˆ ˆ ˆˆ ˆ

ˆ ˆˆ[ , ]

ˆ ˆ ˆ ˆˆ ˆ( ) ( )

j i j i j i

j i j i

j i

lmj l m i m l i

l m

x L x L x L

x L x L

x L

i L x L x L L

 

 



  

L L L

L L

L

ℏ

  

 

Using the above relations, we get 
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with 

 

ijk lmj jik jlm      

 

Using the formula for the Levi-Civita 
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we have 
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(a) 
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(d) 
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(d) 
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So we need to show that 
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((Proof)) 
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((Mathematica)) 

We have the following relations with differential operators. 
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[ , , 2 ( )x x x     ℏL L L L  

 

 



 
 

5. Commutators 

We calculate the differential operators in the Cartesian coordinates 

 
2[ , ] 0zL r  , 

 
2[ , ] 0zL p , 

 
2 2

[ , ] 0L p   

 

Using Mathematica. 

 

((Mathematica)) 
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