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For the addition of angular momentum for many spin systems, conventionally, we use the
Clebsch-Gordan coefficients. Hereas an alternative method (using Mathematica), we present a
different method with the use of the KroneckerProduct. Using this method we will discuss the
addition of angular-momentum of » spins (spin 1/2) with n = 2, 3, 4, and 5. This method consists of
two steps. The z component of the total angular momentum (M), and the magnitude of the total
angular momentum (Mtot)2 are expressed in terms of the KroneckerProduct of for n spins (n = 2, 3, 4,
and 5). These are expressed by matrices. The eigenvalues and the eigenkets of these matrices can be
determined using the Mathematica with the use of Eigensystem. Our results will be compared with
those reported previously in the published books including Schiff’s book, Tomonaga’s book, and
Mizushima’s book, and so on.

It should be noted that the KroneckerProduct is non-commutative mathematically;,

AQB#B®A. In the present case, both (M), and (th)2 always have the operators with the
symmetric form of A® 4 and (2®E+é®ﬁ) or a special form of A®] or +1® A, which are

commutable under the exchange of the position sites. Thus the non-commutative nature for the
KroneckerProduct is irrelevant in solving the eigenvalue problems of (M), and (Mmt)2 .
Note that we use the word, KroneckerProduct since we use the Mathematica. It is conventionally

called as Kronecker product or direct product, or tensor product. The KroneckerProduct is widely
used in the field of density operator, quantum entanglement, and quantum computer, and quantum
teleportation.

1. Clebsch-Gordan coefficients for the addition of the angular momenta

We consider the addition of the angular momenta (J ,and J , ) in quantum mechanics. These two

angular momenta coupled together form a total angular momentum J given by

Py

JA:JI+JA2

where J ,and J , are characterized by the quantum numbers j1, m1, and j2, m2,

A

j12|jlam1>:h2j1(j1+1)|j1=m1>= J.

jpm1>:hm1|jlam1>

and

A

‘j22|jzam2>:h2j2(jz+1)|j2,m2>a Js.

jzam2>:hm2|j2’m2>



Note that the uncoupled-basis | jl,m1> is the simultaneous eigenket of J,* and J,. with the
eigenvlaues j; amd m; (=i, /1 - 1, ..., - j1), and that the uncoupled-basis| jz,m2> is the simultaneous

eigenket of j22 and sz with the eigenvlaues j, amd m; (=2, j> - 1, ..., - j2), where j; and j, are
either positive integers (including 0) or positive half integers. The coupled-basis eigenket of the total

angular momentum is given by

j,m> and is expressed as

Jomy= > "(jisjusmysmy | i, jys jom) jiom, ) ®| jyomy)

ml,m?2
using the Clebsch-Gordan coefficient < Jis Josmy,m, | JisJas j,m> , where ,m = m, + m,and
m :jaj'laj'za [ERD) -j+1, ']

Note that the Kronecker product | jl,m1>®| jz,m2> is the two-particle state which is combined

together with the individual ket vector | jl,m1> and | jz,m2>. The symbol ® is also called as a direct

product or tensor product. We use the name of Kronecker product. The value of j is related to j; and
J2 as

j=j1+j25 j1+j2_1, j1+j2_2, ....... ’

|j1 —j2|§j§jl +j2

which is known as the triangle inequality, reminiscent of ordinary vector addition. For each value of
J, m takes the (2j+1) values; m =J, j-1,j - 2,... -j. In the notation of group theory, this can be
symbolically written as

D, xD, =D, +D

. o + .
JitJ2 Jitj2-1 [/1=J2l

Note that we use D, instead of conventional form DY . The dimensionality of the space spanned by

| jl,m1> ®| jz,m2> is the same as that of the space spanned by j,m> ;
N =2/ +D2j,+1)
2. KroneckerProduct for the addition of angular momentum



The concept of the Kronecker product have been extensively used for the description of quantum
mechanics. The advance of computational physics through mathemnatics makes it easy for one to
study the quantum mechanics. The Kronecker product is extensively used in the important topics of
quantum mechanics, such as addition of angular momentum, Clebsch-Gordan coefficient, quantum
entanglements, quantum information, even quantum teleportation. We make use of the Mathematica
programs to solve the eigenvalue problems.

Here we discuss the addition of the angular momentum without the use of Clebsh-Gordan
coefficient. We show how to construct the wave functions of many particles (with the angular spin
momentum S) with the number of particles (n = 2, 3, 4, 5, ...) which are simultaneous eigenkets of
the square of the total angular momentum vector and the z component of the total angular
momentum. Theese operators can be described by the Kronecker products.

M?=(S,+S,+S,+..+S,)*,

M =85+S,+5+..+S,,

Next we use the mathematica (KroneckerProduct) to get the matrices of |\7|m,2 and M _. The size of
matrices increases with increasing the number (N) of spins. In the case of spin 1/2, the size of matrix
is 2. We solve the eigenvalue problem for M th and M . by using the Mathematica (Eigensystem
program). Because of the commutable nature of these operators, we will get the the simultaneous

eigenkets of of M,,> and M. To this end, we need to get the appropriate expressions of M,,” and

M_ in terms of the KroneckerProduct.

Two spins with spin 1/2

Three spins with spin 1/2

Four spins with spin 1/2

Five spins with spin 1/2

Two particles with spin 1

Three particles with spin 1

Two particles with spin 1 and spin 1/2
Two particles with spin 3/2 and 1/2

XN kD=

where S = 1/2. The spin operators (with spin 1/2) is defined by
A A o 1 0
szgé'x, Syng),, Szzgé'z, 12:( j

where the Pauli matrices are given by



R 0 1 R 0 —i R I 0
O-X: , O-,: . , O'z:
1 0 Yli0 0 -1

5 Permutation matrix
We define the matrix defined by

A= iEij@Eﬂ

i=1,j=1

= Ell ®Ell +E12 ®EZI +E21 ®EVIZ +E22 ®E‘22
1 0 1 0 0 1 0 0
= ® + ®
0 0 00 0 0 1 0
0 0 0 1 0 0 0 0
+ ® + ®
1 0 0 0 0 1 0 1

S o o =
S = O O
S O = O
—_ o O O

where

1 0 0 1 00 0 0
Ei=ly o) Ea=ly o) Ea=ly o) Ex=ly

This matrix is known as a permutation matrix. This is the same as the Dirac spin operator as shown
below.

4. Dirac spin exchange operator
The Dirac spin exchange operator is defined by

=)

[ R



This matrix is exactly the same as the permutation matrix. We note that

A 1 0
12:( 1J=E11+E22’

0
R 0 1
x = 1 0 =E,+E,

—i
=—iF , +iE
Oj 12 21

iz ®i2 :(En +E22)®(E11 +Ezz)
:En ®E11 +E11 ®E22 +E22 ®E11 +E22 ®E22

OA_x ® OA_x = (Elz + E21) ® (E12 + E21)
=E, ®E12 +E), ®Ezl +E, ®E12 +E, ®E21

6,806, =—(-E, +E,)®(-E,+E,)
= _Elz ®E12 +E12 ®E21 + E21 ®E12 _Ezl ®E21

OA_Z ®6_z = (Ell _E22)®(E11 _Ezz)
= En ®E11 _En ®E22 _Ezz ®Ell +Ezz ®E22

Then we get
P=E,®E, +E,®E, +E, QF,+E, QF,,

5. Dirac spin exchange operator
The Dirac spin exchange operator is defined by



A~ 1 A A . . . . . .
P=5[12®12+0x®0x+o—y®0y+0'2®0'2]

S O O =
S = O O
S O = O
- o O O

The eigenket for spin 1/2 is defined as

ol e

There are four state vectors defined by

1
0

E=a®a=aa= ol SL=a®p=af =
0
0
0

&=B®a=fa=
0

We note that

PE=¢&,  P&E=E, PE=E, P& =¢,

Si=pOf=pp=

S O = O

- o O O

This matrix is exactly the same as the permutation matrix. We already know that & and & are the

eigenket of P with the eigenvalues 1 and -1. Nevertheless, we solve the eigenvalue problem for the

matrix P using the Mathematica with KroneckerProduct and Eigensystem.

Eigenvalue (+1);



1 0 0
0 1|1 0
D)= , D, )=— , D)= symmetric
0=, @)=l @)=, (symmetric)
0 0 1
Eigenvalue (-1);
0
|<I> >—L : (antisymmetric)
4 \/5 1 y
0
The unitary matrix is given by
1 0 0
0 1 1 1 0 0 O
X 2 2 ~ian 001 0 0
U= \/15 \/g , U'PU =
0 — 0 ——— 001 O
V2 V2 0 00 -1
0 0 1 0

6. Spin state of two particles with spin 1/2
(@) Method using the Clebsch-Gordan coefficient

Conventionbally, we can find the eigenkets of the two paticles with spin 1/2 by using the
Clebsch-Gordan co-efficients. To this end, we use the Mathematica. The results are as follows.

|j:1,m:1>:aa

|j=1 m:0>:M

V2
j=lm=-1)= 8
Ome =aﬂ—ﬂa
|/ =0.m=0) N3

((Mathematica))



Clear["Global *"];
CCCG[{J1 _, ml_}, {J2_, m2_}, {J_, m_}] ==
Module[ {sl},
sl =I1Ff[Abs[ml] < J1 & & Abs[m2] < J2 &&
Abs[m] < J, ClebschGordan[{j1, ml1},
{(J2, m2}, {J, m}1, 0]1;
CG[j ., m , j1 ,j21]:=
Sum[CCGG[{j1, ml}, {J2, m-ml},
{J, mylafjl, mi] b[j2, m-mi],
{ml, -j1, j1}];
1 1 1 1
rulel = {a[z, 2] -»al, a[z, —2] -» A1,
1 1 1 1
b[z, 2] >a2, b[z, -2] ->/32},
i1=1/2;j2=1/2; ji=1
Jl1=1/2;32=1/2;j=1;
Table[{J, m, CG[j, m, J1, 21}, {m, -3, §, 1}] /-
rulel // Simplify // TableForm

1 -1 Rl 32
o2 Bl+o(l [32
1 0 Y
1 1 al o2
ji1=1/2;j2 = 1/2; j=0

Jl1=1/2;32=1/2; j=0;
Table[{j, m, CG[j, m, J1, J2]1}, {m, -3, §, 1}1 /-
rulel // Simplify // TableForm

—a2 Bl+ol B2
V2

(b)  The use of Kronecker product
For two particles with spin 1/2, there are four states. In group theory, we have

Dy, xD,), =D, +D,,

which leadstoj=1(m=1,0, -1), and j = 0 (m = 0). Suppose that & and S are the eigenkets of one
particle with spin 1/2,



el o]

The eigenkets of two particles with spin 1/2 can be expressed in terms of linear combination of the
combined two spin spates &1, &, &, and &, defined by

1 0
E=a®a=aa= 0 , SL=a®p=af = :
0 0
0 0
0 0
0 0
G=p®a=pa= =B =pp= 0
0 1

The magnitude of the total angular momentum and the z-component of the total angular momentum,
can be expressed by using the Kronecker product,

M?=2(S,®S,+5,®S,+5.05.)

L2S(SHD)L®L BT,
200 0
01 10
o110
000 2

We solve the eigenvalue problem by using Mathematica. The simultaneous eigenkets for both M?

and M _ can be obtained as



— o O O

@.)=]j=0m=0)=U¢ =7| * |- (@}~ )

The unitary operator U is given by

1 0 0 O
1 1
0 —= 0 —
I RN
o Loy L
N
0 0 1 0

Then the matrices S,,> and S,,,” can be diagonalized with the use of the unitary operator as

tot

H U+StotalZU =

U*s, U=

S O O N
S O b O
S b O O
S o o O
S O o =
S O o O
S o o O

10



These matrices can be written as block-diagonal form. It is formed of (3x3) matrix denoted by the
irreducible representation D; (for j = 1) and (1x1) matrix denoted by the irreducible representation
Dy (for j = 0). In fact, the Clebsh-Gordan coefficients define a unitary operator that allows one to
decompose into a direct sum of irreducible representation of the angular momentum.

7. Mathematica for the two particles with spin 1/2
We show a Mathematica program which is used to obtain the simultaneous eigenkets of M?* and
M _ for the two particles with spin 1/2. The detail is as follows..

((Mathematica))

Clear["Global "%"]; A=1;S=1/2;

*

exp_

2= exp /. {Complex[re_, im_] :» Complex[re, -im]}; a= ((l))

B h A
B = (2) SX = > Paul iMatrix[1]; Sy = > PauliMatrix[2]; Sz = > PauliMatrix[3];

12 = ldentityMatrix[2];

&1 = KroneckerProduct[a, a]; §2 = KroneckerProduct[a, B];
&3 = KroneckerProduct[B, a];
&4 = KroneckerProduct[B, B];

Squres of the magnitude of the total spin

MT = 2 (KroneckerProduct[Sx, Sx] + KroneckerProduct[Sy, Sy]
+ KroneckerProduct[Sz, Sz]) +2S (S + 1) KroneckerProduct[12, 12];

11



The z component of the total spin

Mz = (KroneckerProduct[Sz, 12] + KroneckerProduct[12, Sz]) ;

Mz // MatrixForm

z//
10
00
00
00

O O oo
o OO

Eigenvalue problem

eql = Eigensystem [MT] // Simplify
{{2, 2, 21 0}, {{0! O, O’ 1}! {O’ 1, 11 0}, {11 0, O, 0}1 {O, _l, 1’ O}}}

xl=eql[[2, 3]]; x2=eql[[2, 2]]; x3=¢eql[[2, 1]1]; x4=eql[[2, 4]];
eq2 = Orthogonalize[{x1, x2, x3, x4}]

. 10,0,0,1}, [0, -—=, ==, 0}}

{{1,0,0,0},{0 VRN

1 1

8l =eq2[[1]]; 22=eQ2[[2]]; @3 =eQ2[[3]]; @4 =-eq2[[4]];

12



Confiming that the eigenkets of MT are also the eigenkets of Mz (simultaneous eigenkets)

Mz.gl - &1
{0, 0, 0, 0}

Mz . &2
{0, 0, 0, 0}

Mz .83 + &3
{0, 0, 0, 0}

Mz .24
{0, 0, 0, 0}

&1 // MatrixForm
1

0
0
0

13



82 // MatrixForm

o il ©

83 // MatrixForm

o

= OO

84 // MatrixForm

® Ff Sl 2

&1 // MatrixForm
1

0
0
0

14



&2 // MatrixForm
0

1
0
0

&£3 // MatrixForm
0

0
1
0
&4 // MatrixForm

0]
0
0]
1

Kl1=81;K2=82;K3=83;K4=84; F1=pLl&l +p2&2 + p3E3 +p4 &4;
gl=p1Inl +p2n2 + p3n3 +pdnd;
rulel = {nl » aa, N2 » af, n3 » Ba, n4 - BB};

15



seql = Solve[K1l == f1, {pl, p2, p3, p4}] // Flatten;
gl/.seql/. rulel

aax

seg2 = Solve[K2 == f1, {pl, p2, p3, p4}] // Flatten;
gl /.seq2 /. rulel// Simplify

o3 + Ba
V2

seq3 = Solve[K3 = f1, {pl, p2, p3, p4}] // Flatten;
gl /.seq3 /. rulel// Simplify

BB

seqg4 = Solve[K4 = f1, {pl, p2, p3, p4}] // Flatten;
gl /.seqd /. rulel // Simplify
a3 - o

V2

Unitary operator U
UH is the hermite conjugate of U

16



UT1 = {K1, K2, K3, K4}; U=Transpose[UT1]; UH = UT1*;
U // MatrixForm

1 0 0O O
1 1
0 77 0 7F
1 g .1
0 %F 0 -7
O 0O 1 o

U.€1 // MatrixForm

O O OoOFpR

U.§2 // MatrixForm
0

1
V2
1
V2
0

U.£3 // MatrixForm

O OO

17



U.&4 // MatrixForm
0]
1
V2
_1
N2
0]

UH.MT.U // MatrixForm
2000

0
0
0

OOoON
oN O
oNeoNe)

UH.Mz.U // MatrixForm

10 0 O
0]
-1

oNeoNe)
O OO
o OO

8. Spin state of three particles with spin 1/2
Q) The use of KroneckerProduct

Dy, xD,,, xD, , =(D,+Dy)xD,,,
= D3/2 + 2Dl/z

There are 8 states which are linear combination of &, &, &, &, &, &, &, &, where

f=a®a®a=aaa, &=aaf, E=afa & =afp.
&=Paa, E=paP, &=pBa  &=fBB,

18



M2 =2(S,®5, ®L,+5,®S,®L,+5. 05, ®I,
+S,®L,®S,+5,®,®S,+5.®,®S.
+1,®8,®S, +1,8S,®S,+1,®S5.®5.)
+3S(S+1),®1,®1,

154 0 0 0 0 0 0 0
o 7/4 1 0 1 0 0 0
o 1 7/4 0 1 0 0 0
o 0 0 7/4 0 1 1 0
o 1 1 0 7/4 0 0 0
o 0 0 1 7/4 1 0
o 0 0 1 0 1 7/4 0
o 0 0 0 0 0 0 15/4

M.=S.®0L®L+1,9S8.®0L,+1,91,®5,

320 0 0 0 0 0 0
o 1/2 0 0 0 0 0 0
o 0 1/2 0 0 0 0 0
o 0 0 -1/2 0 0 0 0
o 0 0 0 1/2 0 0 0
o 0 0 0 0 -1/2 0 0
o 0 0 0 0 0 -1/2 0
o 0 0 0 0 0 0 =32

where we use the Mathematica (KroneckerProduct and Eigensystem) to solve the eigenvalue
problem.

|j=3/2,m=3/2)=U¢ =aaa

|j=3/2,m =1/2>=U§2 =L(aaﬂ+ afa + Poo+)

NE

|j=3/znr=—uz>=cf3=:%4a@5+ﬁuﬁ+ﬁwa)

|j=3/2,m=-3/2)=U¢, = BBB

19



|j=1/2,m=1/2)=U¢& :%(aaﬂ—ﬂaa)

|j=1/2,m=-1/2)=U¢ =%(aﬂ/3—ﬂ,3a)

|j=1/2,m=1/2>=U§7 =%(0{aﬂ—2aﬂa + fac)

|j=1/2,m=-1/2) =U¢ :%(aﬂﬁ—2ﬂaﬂ+ﬂﬁa)

The unitary operator is given by

0:
0 0 0
1 1
NEY 7z 9
0\%000 0
1 1
0 = 0 0 -2 0
00\%00 0
00\%00_%
0 0 0 1 0 0

UM =

sl o

(SRS

Dooﬁ‘l—lo

20

[a»] é}‘l—‘ [a»]
[SVR S

o S




[
o

o O O O o Oslp O
o o o o o=« o o
o o o o=l o o o

o o o o

o O R O o O ] o

o o o o o o O &~

o = O W
O W O o (& < O o
= O (] < o [ O o

o o o o (@] o O bW
(@]

[e] (]

0o T o (@]

o (@] o o (@]

(@] [a] [a] (a>] [a] [a] (a>]

O O O M= O O O O
o e O o =) e} e} =)

o o o o (@] (@R L
[wn] [a] [a] [wn] (]
o o o o

B =

These matrices can be written as block-diagonal form. It is formed of (4x4) matrix denoted by the
irreducible representation Ds;, (for j = 3/2) and two (2x2) matrices denoted by the irreducible
representation Dy, (for j = 1/2).

(i)  The use of Clebsch-Gordan co-efficient

21



Clear["Global "+"]; CCGG[{jJ1 , m1 }, {J2 , m2 3}, {J_, m }] ==
Module[{s1},
sl =I1F[Abs[ml] < J1&& Abs[m2] < jJ2 & & Abs[m] <],
ClebschGordan[{j1, m1}, {j2, m2}, {j, m}], O11;
CG2[j1 , 32 , 3 ,al ,a2 ] :=
Table[Sum[CCGG[{j1, k1}, {J2, K2}, {J, kl +k2}1al[jl, k1] a2[}j2, k2]
KroneckerDelta[kl + k2, m], {k1, -j1, jJ1}, {k2, -j2, j2}1, {m, -§, J}1;:

rulel = {bl[g, %] sad, bl[%, -%] 5pl, bz[%, g] a2, bz[%, -%] > B2,
1 1 1 1
b3[5, E]—)a3, b3[§, —E]—)BS};
j2=1/2 j=3/2

Jl=1;3J2=1/2;3=3/2;
Table]
{m, Sum[b1l[j2, k2] CCGG[{J1, k1}, {J2, k2}, {J, k1l +k2}]
CcG2[1/2,1/2, 31, b2, b3][[k1+ jl+1]] KroneckerDelta[kl + k2, m],
{(k1, -31, 31}, {k2, -32, 32}1}, {m, 3, -3, -1}]1 /. rulel // Simplify //
TableForm

g ol o2 o3
1 o2 o3 Bl+ol o8 F2+al o2 33
’ V3
1 a3 Bl B2+02 Bl B3+ald 32 33
’ 3
—g 51 32 33
j2=1/2 =12

J1=1;32=1/2;3=1/2;
Table]
{m, Sum[bl[j2, k2] CCGG[{J1, k1}, {J2, k2}, {J, k1l + k2}]
CcG2[1/72,1/2, 31, b2, b3]1[[k1+ jl1l+1]] KroneckerDelta[kl + k2, m],
{k1, -31, 31}, {(k2, -32, §2}1}, {m, §, -3, -1}] /. rulel // Simplify //
TableForm

1 202 o3 Bl-ol o3 f2-0l o2 53

2 V6

1 03 Bl p2+02 Bl B3-2 ol B2 A3
2 V6

22



i1=0, j2=1/2 j=1/2

J1=0;3J2=1/2;3=1/2;
Table]
{m, Sum[bl[j2, k2] CCGG[{j1, k1}, {J2, k2}, {J, k1 +k2}]
cG2[1/2,1/2, 31, b2, b3][[kl+Jjl1l+1]] KroneckerDelta[kl + k2, m],
{k1, -31, j1}, {k2, -32, 3j2}1}, {m, §, -4, -1}] /- rulel // Simplify //

TableForm
1 ol (-8 B2+ B3)
2 V2
1 BL (-8 2+02 £3)
2 V2

We show that the eigenkets obtained from the method of the Clebsch-Gordan co-efficient are the
same as those obtained from the method of the KroneckerProduct.

We have the eigenkets from the Clebsh-Gordan, in the order of 1 -2 — 3 (1, 2, and 3 denote the
names of particles).

|j=3/2,m=3/2)=aaa
|j=3/2,m=1/2>=%(ﬂaa+aﬂa+aaﬂ)

|j=3/2,m=-1/2) =%(aﬂ,8+,6’a,8+,8ﬂa)

|j=3/2,m=-3/2)= BB

|j=1/2,m:1/2>:%(aaﬂ—aﬂa)

|j=1/2, 1/2) ﬁ(ﬂaﬂ BBa)

|j=1/2,m=1/2>=L(aaﬁ—2ﬂaa+aﬂa)

J6
j=1/2,m=-1/2) =%(ﬂaﬂ—2aﬂﬂ+ﬂﬁa)

Here we redefine the notation such that

23



a,pa, = B, = paa, (Interchange between 1 and 2)

in the order of 2 —-1— 3, instead of the order 1 > 2 — 3. Then we have

|j=3/2,m=3/2)=aaa
|j=3/2,m=1/2>=%(ﬂaa+aﬂa+aaﬂ)

|j=3/2,m=-1/2) =%(aﬂﬁ+ﬁaﬁ+ﬁﬂa)

|j=3/2,m=-3/2)= BB

|j:1/2,m=1/2>=%(aaﬂ—ﬂaa)

|j:1/2,m:—1/2>=%(a,8ﬂ—ﬂ,8a)

|j:1/2,m:1/2>:%(aa,6’—2aﬂa + o)

|j=1/2,m :—1/2>=%(aﬂﬂ—2ﬂaﬂ+ﬂﬂa)

which are the same as those derived from the use of KroneckerProduct.

9. Comparison of our results (3 spins) of the eigenkets with those from other sources
(a) Schiff L.I.

In Schiff’s book, the eigenkets are given as follows. When the notations of eigenkets are changed
from the order of 1 — 2 — 3 to the order of 2 —>1— 3 (interchange between 1 and 2), the eigenkets
shown in Schiff’s book are the same as those obtained by the KroneckerProduct, except for the sign
for some eigenkets

j=3/2,m=3/ 2> = aaa —aoa (Interchange between land 2)

24



|j =3/2,m :1/2>:%(aaﬁ+aﬂa + faa)

- %(aaﬂ + faa + afa) (interchange between 1 and 2)

j:3/2,m=—1/2>:%(ﬂaﬂ+ﬂﬁa+aﬂﬂ)

— %(aﬂﬁ + BPo + Pof) (interchange between 1 and 2)
| j=3/2,m=-3/ 2> = ppp — PPP (Interchange between land 2)

|j=1/2,m=1/2>=%(aa,6’—aﬂa)

- %(aaﬂ - paa) (interchange between 1 and 2)

|j:1/2,m:—1/2>:%(ﬂaﬂ—ﬂﬂa)

- %(aﬂﬂ — ppex) (interchange between 1 and 2)

j=12,m=1/2) :%(2ﬂaa—aaﬂ—aﬂa)

- —%(aaﬁ —2afa + faa) (interchange between 1 and 2)

|j:1/2,m:—1/2>:%(ﬂaﬂ+ﬂﬂa —2a0)

— %(aﬂﬂ + Bfa -2 paf) (interchange between 1 and 2)

(b) Tomonaga S., Harrison J.F.

In Tomonaga’s book, the eigenkets are given as follows. When the notations of eigenkets are
changed from the order of 1 — 2 — 3 to the order of 1 - 3 — 2, the eigenkets shown in Tomaoaga’s
book are the same as those obtained by the KroneckerProduct, except for the sign for some eigenkets
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|j=3/2,m=3/2)=aaa —aaa

|j=3/2,m=1/2) :%(aaﬂ+aﬂa + faa)

—

|j=3/2,m=—1/2>=%(ﬂaﬂ+ﬂﬂa+a,8/3)

—

|j=3/2,m=-3/2)=pBp _>-

|j:1/2,m:1/2>:%(aﬁa—ﬂaa)

—

|j=1/2,m=—1/2>=%(ﬂaﬂ—aﬂﬂ)

—

j=1/2,m=1/2) =%(aﬁa + faa - 2aaf)

—

|j=1/2,m:—1/2>=%(ﬂaﬁ+aﬁﬂ—2ﬂﬁa)

—

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(Interchange between 2 and 3)

(©)

Mizushima M.

[\ I
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In Schiff’s book, the eigenkets are the same as those given by Schiff.

|j=3/2,m=3/2)=aca
|j=1/2,m:1/2>:%(aa,b’—aﬂa)

|j=1/2,m=1/2>=L(aaﬂ+aﬁa—2ﬂaa)

J6

M. Mizushima, Quantum Mechanics of Atomic Spectra and Atomic Structure (W.A. Benjamin,
1970)

10.  Spin states of four particles with S = 1/2
Dy, xD,;, XD, , x D, , =(Ds;, +2D,,) x D, ,
=D, +D,+2(D,+D,)
=D, +3D,+2D,

There are 16 (= 2% states.
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S =a®a®a®a=aaaa =

& =aaaf
& =aofa

Sy =aoff

& =afaa

S6 = appaf
¢, = appa
s = appp

&, = Paaa
S0 = Paaf
i = papa
i = papp
Sis = fpac
Siu = ppap
Sis = Pppa
Sis = PP

S O O O O O O O O O o o o o o -
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These matrices can be written as block-diagonal form. It is formed of one (5x5) matrix denoted by

2), three (3x3) matrices denoted by the irreducible

representation D; (for j = 1), and two (1x1) matrices denoted by the irreducible representation Dy

(forj

the irreducible representation D, (for j

= 0).

2,m= 2> =U¢ =aaaa

/=

31



|j =2,m= 1> =U¢, :%(aaaﬁ +aafa + afaa + Paaa)
|j =2,m= 0> =U¢&, = %(aaﬂﬁ +apaf + affa + Paaf + Pafa + o)

|j=2,m=~1)=U¢, =%(dﬂﬁﬂ + papp + ppap + pppa)

|j=2,m=-2)=U¢ = A

|j=1,m=l>:U§6 :%(aaaﬂ—ﬂaaa)
|j=l,m=0>=U§7=%(aaﬂﬁ—ﬁﬂaa)

|j=1,m=—1>=U§8=%(aﬂﬁﬂ—ﬂﬂﬂa)

|j =l,m= 1> =U¢, :%(aaaﬂ —2afaa + faaa)
i =1m=0)=US, = (@pefp - pop)

|j=Lm=-1)=U¢, =%(aﬁﬂﬂ —2ppap + pBper)

|j =l,m= 1> =U¢, = %(aaaﬁ -3aafa + afaa + faaa)
j=Lm=0)=U&, == (@ - aap)

e Lme1)=UE, = _
|j=1lm=~1)=U¢, 5 ﬁ(aﬂﬂﬂ 3papp + ppaf + pppa)
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[=0.m=0) =, = (aafi - afffa ~ e + fac)

|j =0,m= 0> =U&, = %(aaﬂ,b’ —2afaf + affa + Paaf -2 Pafa + BBac)

11.  Comparison our results with those obtained by Harrisson and Mizushima
(a) J.F. Harrison

aaaa (any interchange is OK)

1
ﬁ(aﬁaa - faaa)

- %(aaaﬂ - paaa) (Interchange of 2 and 4)

L( Paaa + afaa —2aafa)

J6

(Paaa+ aaaff -2afa) (Interchange of 2 and 4)

1
9_
J6

%(aﬁ—ﬂa)(aﬂ—ﬂa)=%(aﬁaﬂ—aﬁﬂa—ﬂaaﬂ+ﬂaﬂa)

- %(aaﬂﬂ —affa — Paaf + fPac) (Interchange of 2 and 3)
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1
Epaaﬂﬂ +2pPaa — afaf — Pafa — affa — Paaf)

N %[2@8@5[8 + 2 fafa — aaff — fPaa — afffo — Pacfl) (Interchange of 2 and 3)

(b) Mizushima

In Mizushima’s book, the eigenkets are given as follows. When the notations of eigenkets are
changed from the order of 1 -2 — 3 — 4 to the order of 1 -3 — 2 — 4 (the interchange between 2
and 3), the resulting eigenkets coincide with our eigenkets.

|j =0,m= O> = %(aﬂaﬂ —2aapp + affa + Paaf -2 fPaa + Pafa)

5 % (aafif - 2epap + affa + facf -2 fefa + ffaa)

(Interchange between 2 and 3).

which is the same as our result from KroneckerProduct method;

Ref. M. Mizushima, Quantum Mechanics of Atomic Spectra and Atomic Structure (W.A.
Benjamin, 1970). p.395

12.  Spin states of five particles with spin 1/2

D,y %Dy, XDy, x Dy, x D,y =(D, +3D, +2Dy)x D, ),
=D/, + D), +3(D5), + D, ) +2D,),
=D;), +4D3/2 +5D,,

E=a®a®a®a®a=aaaaa
& =aaaaf

& =aaafa
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&, =aaaff
& =aafaa
6 = aafof
&, = aaffa
s = aafpp
& =afaoa
o = apaap
S = apaaf
S, = afapa
i3 = afffaa
14 = afipap
Sis = apppa
Si6 = apppp
&, = Pacoa
&g = Paaaf
& = Paafa
Sy = Paapp
&, = Pofaa
$n = Papof
S = Pofipa
24 = Pofipp
&5 = fPaca
S = PPaaf
Sy = Ppopa
S = PPapp
Sy = PPPaa
S0 = PPPof
S = PPppa
S = PPPPP

|j=5/2,m=5/2)=U¢

=aaooca



|j=5/2,m=3/2)=U¢,

= % (aaaaf + aaafo + aafoa + affaaa + Pacaa)

j=5/2,m=1/2)=U¢
1
= ﬁ (aaafp + aafaf + aaffa + afaaf + affofa
+affaa + Paaaf + Paafa + Pafaa + PPaca)
j=5/2,m=-1/2)=U¢,
= % (aafpp + afapp + affaf + apppa + pacfp
+ papop + pafpa + ppaaf + fafa + ppfac)
|j=5/2,m=-3/2)=U¢,

_ % (BBBB + BB + Bapp + BBBap + BB )

|j=5/2,m=-5/2)=U¢& = fAAAS

|j=3/2,m=3/2)=U¢,

1
= E[aaaaﬂ - Pocaa]

|j=3/2,m=3/2)=U¢

= % (aaaof -2afaca + Pacaa)

j=3/2,m=3/2)=U¢

1
=——(aaaaf -3aafaa + afaca + Pacaa
5 ﬁ( p 3 7z B )
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|j=3/2,m=3/2)=U¢&,

= 1 (aaaaf—-4aaafa+ aafoc+ afaaa+ foaaaa)

2.5

j=3/2,m=1/2)

1
Ué, = m(Zaaaﬂﬂ + 2aafof + 2aaffa —afaaf —afafa
—affoac -3pfaaa)

1
g, = m[@maﬂﬂ —2aafof -2aaffo + Safaaf + Safafa
-3apffaa -8 pafac — floaaa ]

1
Ué, = m[aaaﬂﬁ —Saapfapf +2aaffa —Safacf + 2afofa
—4affac +7Pacfa + Pafac + fPoaca ]

1
Ué, = W[aaaﬂﬂ +aafaf —4aaffa + afaaf —Aafofo
—4affaa + 6 facaf + Paafa + Pafaa + oo |

|j=3/2,m=-1/2)

1
Ugis = e (aafipp + afafp —affaf —affpo
+2paacfff -2 ppPac)

1
Ugis = ENG} (aafiff — apafif + apfoff — oo
+2pafaf -2 ppopa)

Ug,, = % Qaappp +apapp +apffap +2apppe — pacff — Papef -2 fpacp
— Bpapa - pppac)
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1
Uy = W(aaﬂﬂﬂ —4apapp —appop + apppfa + paafp
+ papaf + 6 faffa —4LLaaf + pPafa + PPLac)

|j=3/2,m=-3/2)

U, = % (BBBP — BBpe)
Ue, = % (aBPBp —2f385ep + BEBe)
Ue, = % (aBBBS —3PPefi + BPep + fEPe)

U, = % (aPBBS —APepBp + BPapp + BBPap + BBRP)

j=1/2,m=1/2)
Ué), = %(aaaﬂﬂ +aapaf —aoffa —afaaf — Pacaf + fPaca)
Uué,, = % (aaafiff —aafof —aaffa + afaaf — Paaaf +2Pafaa — fPaaa)

1
Ué,, = m QBaaappf -3aafopf +2aaffa - 2afaaf + 2 facaf
—Spacfa + Pafaa +2pfaaca)

Ué, = %(aaaﬁﬂ —aafof -2aaffa - 2afacf +daffaa +2 pacaf
+ paafa - faPaa -2 fRaca)
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Ué, = ﬁ (aaafff —aapapf + aoffa + afaaf —3afafa + affoac
— pacaf + Pacfa — Pafoa + fPaca)

|j=1/2,m=-1/2)

Ué, = % (acfifp + afaff - affap - apfife - faafp + fifac)
Ué, = ﬁ (aaPiBp — apap +affep - afffe - facpp +2pfapa - fifac)

Uy, = ﬁ@aaﬂﬂﬁ —2afafiff —3affaf +3apfpa -2 paafp
+5ppaaf — fpapfa —2 o)

Ugy = %(Maﬂﬂﬂ —2afafip —affof +affifa +2facfp
—4pafpa — ppaaf + ppopa +2ppac)

Ucy, = %((wﬂﬁﬂ —afapp +apfopf —apppa + facfp
—3papap + paffo + ppaaf - ppafa + pppaa )
13.  Comparison

(@) J.F. Harrison
The results (denoted by yellow) reported by Harrison are given as follows.

j=5/2

aaaaa
j=3/2

L (afaca— pacac)

NG
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\/_ (aaaaf — pacaa) (Interchange between 2 and 5)

which is the same as our result

(Paaaa+ afaaa —2aafan)

ﬁ

J_ (faaaa + aaaaf - 2afaan) (Interchange between 2 and 3)

which is the same as our result

%( Paaaa+ afaca+ aafac —3aaapa)

\/_ (Pacaa + afaca + aaafa -3aafac) (Interchange between 3 and 4)

\/_ (facao + afaaa + aaaaf —3aafac) (Interchange between 4 and 5)

which is the same as our result

(Paaaa + affaaa+ aafaa + aaafa —4aaaaf)

1
V20

J_ (faaaa + afaca + aafaa + aaaaf —4aaafa) (Interchange between 4 and 5)
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which is the same as our result

j=1/2

%(aﬂaﬂa —affaa - pacfa + Pafaa)
%(2&0{,8,80{ +2pfaca —afofo — Pafaa —affac — Paafa)
%(aﬂﬂaa +afafa -2apfaaf — fofaa - Pacfa +2Lacaf))

%(aaaﬂﬁ +aafof + pfPaca — afaaf — Paaof — aafPa)

which is the same as

%(Zaaﬂaﬁ —2aaoff + afefa + faofa — affaa — fafac)

(b) Mizushima M.
We find the table of the eigenkets for five S= 1/2 spins in the Mizushima’s book. Here we
compare our results with those reported by Mizushima. The agreement of these result with our

results is not always good.
j=5/2

aooox
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j=3n
%(aaaaﬁ— caafa+aafaa - afaad)
%(aaaaﬁ — aaafa - aafaa+ afaad)
%(aaaam e - aafac - afaac)
ﬁ(aaaaﬂ + aaafa + aapac + afaca - 4 pacad)
=12
%(dﬂﬁaa + aaffa + acaff + afaaf—2apape - 2acpap)

%(aﬁﬂaa —aaffa + aaoff - afaafl)

L( Paaaf — pPaca — Pafaa + Pacfa + affaa — aaafl)

=

L( paaaf + pPaca - Pafaa — Paafa + aaffo — afaaf)

=

%( Paaaf - ppaca + Pafac — Paafa + afafa — aafaf)

Ref. M. Mizushima, Quantum Mechanics of Atomic Spectra and Atomic Structure (W.A.
Benjamin, 1970) p.395

7. Two particles wth the angular momentum L =7.

One particle state for the angular momentum 7,
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I=lm=1)=a=|0|,

1

0

The wave function of two particles with the angular momentum #.

S=a®a=aa
G=a®p=af
G=aQy=ay
& =P®a=pa
S=pOp=pp
S =By =py
& =y®a=pa
G=yr®p=pp
S =y ®y=py

We now consider the state of two particles with the angular momentum 7.

(@)

D/ xD, =D, +D,+D,

The use of Clebsch-Gordan coefficient
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Clear["Global "+"]; CCGG[{J1 _, m1 }, J2 , m2 }, {J_, m }] :=
Module[{s1},
sl = I1F[Abs[ml] < jJ1&& Abs[m2] < J2 & Abs[m] <],
ClebschGordan[{j1, m1}, {J2, m2}, {J, m}]1, O11;
CG[J_, M , J1 , j2 1 := Sum[CCGG[{j1, m1}, {j2, m-ml},
{J, m}la[j1, ml] b[j2, m-mi], {ml, -j1, j1}];
rulel = {a[l, 1] »al, a[1, 0] »B1, a[l, -1] »¥1, b[1, 1] » a2, b[1, O] » B2,
b[1l, -1] - ¥2};
jl=1landj2=1;j=2

TableForm
2 2 ol o2
o2 Bl+od B2
2 1 Y
2 81 B2+02 y1+od ¥2
2 0 Ve
B2 ¥1+81 y2
2 -1 =7
2 -2 vyl vy2

jl=1andj2=1;j=1

Table[{j, m, CG[§, m, §1, §2]}, {m, J, -§, -1}] /. rulel // Simplify //

TableForm
—a2 Bl+al 32
1 1 RV
—a2 yl+al y2
1 0 v
_ -B2 ¥1+p1 2
1 1 s

jl=1andj2=1;j=0
Jl=1;3J2=1; j=0; Table[{j, m, CCG[J, m, J1, §J21}, {m, §, -§, 1}] /- rulel//
TableForm

132 a2 y1 ol y2
0 0 _B + +
V3 V3 V3

(b)  The use of Kronecker product

M?>=2(L, ®L +L,®L +L ®L)
+2L(L+1)1, ® 1,
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6 0O 0O 000 0 O0O0
04 0 2 00 O0O0O0
0O 0 2 02 0000

02 04 00000
O 02 040 2 00

O 0000 40 20
O 00020200

O 00002 040

O 0 0 0O 0O 0 0 0 6

L®L+I,®L.

=L ®L, =

M.

0
0
0
0
0
0
0
0
0

0
0
0
0
0
-1
0
0
0

2 0 0 0 O
O 1 0 0 O
O 0 0 0 O
0O 0 0 1 0
O 0 O 0 O
O 0 0 0 O
O 0 0 0 O
O 0 0 0 0
0O 0 0 0 O

1.

with L =1 and /; is the identity matrix (3x3),where %

The unitary operator U is
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0
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These matrices can be written as block-diagonal form. It is formed of one (5x5) matrix denoted by
the irreducible representation D, (for j = 2), one (3x3) matrix denoted by the irreducible

representation D; (for j = 1), and one (1x1) matrices denoted by the irreducible representation Dy
(forj = 0).

|j=2,m=2)=U¢& =aa
|j=2,m=1>=U§2=%(aﬂ+ﬂa)
|j=2,m=0>=U§3=%(a7+2ﬂﬂ+m)

|j=2,m=—l>=U§4=%(ﬂy+7ﬂ)

|j=2.m==2)=U& =y

|j=1,m=1>=U§6=%(aﬂ—ﬁa)

|j=1,m=0>=U§7=%(a7—m)

|j=1,m=—1>=U58=%<ﬂy—7ﬂ>

|j=0,m=0)=UE, :%w—ﬂﬂw)

2. Three particles wth the angular momentum L=#.
The wave function of three particles with the angular momentum #.

S=a®a®a=aaa
E=a®a® p=aaf
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S =a®a®y=aay
& =a® ®a=afa
& =a®pRp=app
S=a®p®y=afy
E=a®yQa=aya

&G=a®y®p=ayp

S =a®y®y=ayy

Eo=PR®a®a=pfaa
S =p®a®f = paf
S, =P®a®y = pay
$,=p®p®a=ffa
Su=pOBR[=[Hp
Ss=POL®y =[Py
Ee=P®yRa=aya
S =B®yd[=ayp
Ss=P®yy=ayy

So=7Q®a®a=yaa
$n=7®a®p=yaf
S =r®a®y=yay
En=r®p®a=ypfa
Sn=y®pLOL=yBp
Su=r®pL®y=ypyr
Es=yQy®a=yra

S =r QYL =y1p
Ss=r®y®y=yyy

We now consider the state of two particles with the angular momentum #.

D, xD,xD,=(D,+D,+Dy)xD, =D,+2D,+3D, + D,
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X X
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with L =1 and /5 is the identity matrix (3x3),where 71 =1.

\S)

U+Slot
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3,m :3>:U§1 =aaa

7=

(aaf+ afa+ Paa)

2,m=2)=U¢, =%

/=

(aay +2app + aya+2paf +2 [Pa + yaa)

1
N

3m=1)=U¢ =

=

(afy +ayB+ Pay +2BBB + Pra + yaff + yPa)

1
Ve =0

3,m=0)=

=

(ayy +28By +28yB + yay +2yBB + yya)

1
RN

3m=

j=

(Byy + By +vvB)

3,m=-2)=U& =%

/=
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|j=3,m==-3)=U& =py

R I O _
|]—2,m—2>—U§8—\/g(aaﬂ 2afa + paa)

|j=2,m=2)=U¢, =%(aaﬁ—ﬂaa}

|j=2,m=1)=U¢&, :%(2aa7+aﬁﬂ—a7a+ﬂaﬁ—2ﬂﬁa—yaa)
[ =2m=1)=U&, = (apf +aya - faf - yaa)
[j=2m=0)=US, =ty + 2y~ fay + Py -2y~ )
= 2m=0)=Ué, = (apy + Pay - fra - 1)
|j=2,m=-1)=U&, =%(2a77+ﬁﬂ7+ﬂ7ﬂ—7a7—27ﬂﬁ—77a)
[ =2m==1)=Ués =~ (B — B + ray ~ )
|j=2m=-2)=UE, =%(ﬂ77—27ﬁ7+77ﬂ)

|j=2,m=-2)=U¢, =%(ﬂw—wﬁ)

N _ 1 B _
J—l,m—1> Uéq —25(05057/ 3apff +6aya+2Laf -3 L0a + yaa)
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j=Lm=1)=U&, =%(aa7/—a,8,8+,8,3a —yaa

|j=Lm=1)=U&, =%(aay—ﬂa,b’+7aa)

[ =1m=0) = U, = @y + o ~4ficy + 2586 ~4 e+ + 1)
j=1m=0)=Ué, =ﬁ(oxﬂy—mﬂﬂﬂﬂﬂ—3mﬁ+7ﬂa)

[ =1m=0) = U, =1ty ~ 3P + 1)

= Lom=1) =Ubs, = (=38 + 21 + 672y =378+ )

[ =om ==1)=Ukss = ey = By + 19 = 70

|j=Lm=-1)=U&y =%(aw—ﬂ7ﬂ+ym)

|j=0,m=0)=U&, =%(aﬂ%ayﬂ—ﬂaﬂﬂm+7aﬂ—7ﬂa)

COCLUSION

The eigenvalue problems for spin states with n spin systems (typically, n =2, 3, 4, 5, 6, 7,...) can
be solved with the use of the KroneckerProduct and Eigensystem of the Mathematica. This method
provides the most reliable results, although we need to use Mathematica. The dimensions of the
matrices for n spin systems is (2" x 2") for spin 1/2 and (3" x 3") for spin 1. For n = 5, for example,
we need to solve the eigenvalue problems of matrix (S = 1/2) with 32 x 32. Here we only discuss the
spin with 1/2 and 1. We can also discuss the case for many spin systems with higher spins. The
method of the Clebsch-Gordan coefficient is useful for two spins with the same or different spins.
However, it seems that this method becomes much more complicated as the number of spins
increases.

54



REFERENCES

A. Graham, Kronecker Products and Matrix Calculus; with Applications (Ellis Horwood Ltd., 1981).

S. Tomonaga Quantum Mechanics II (Johm Wiley & Sons, New York, 1966).

L.I. Schiff, Quantum Mechanics (McGraw-Hill Book Company, Inc, New York, 1955).

M. Mizushima, Quantum Mechanics of Atomic Spectra and Atomic Structure (W.A. Benjamin,
1970).

Z.S. Sazonova and R. Singh, Kronecker product/Direct product/Tensor product in Quantum Theory,
arXiv:quant-ph/0104019

J.F. Harrison, Spin and many-electron wavefunctions (2008)
http://www.cem.msu.edu/~cem883/topics_pdf 2008/spin.pdf

APPENDIX-I Matrix representation of KroneckerProduct: Mathematica programs

(a) Three spins
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Clear["Global %"];S=1/2;a=1;

*

exp_* =exp /. {Complex[re_, im_] = Complex[re, —-im]};
1
n={g):
0
2= ()
A (0 1)\._
SX=3 (1 o)'
A (0 -1i
=3 (1'1 0 )
A (1 0.

S2=3 (0 -1)’

12 = IdentityMatrix[2] ;

18 = IdentityMatrix[8]

{{1, 0,0, o0,o0,o0,o0,0}, {0,1,0,0,0,0,0, 0},
{0, o, 1,0,o0,0,0,0}, {O0,0,0,1, 0,0, 0, O},
{0, o, o,o0,1,0,0,0}, {0,0,0,0,0, 1,0, O},
{0, o0,o0,0,0,0,1,0}, {0,0,0,0,0,0,0, 1}}

ST1 =

2 (KroneckerProduct[Sx, Sx, 12] +
KroneckerProduct[Sy, Sy, 12]
+ KroneckerProduct[Sz, Sz, 12] +
KroneckerProduct[12, Sx, Sx] +
KroneckerProduct[12, Sy, Sy]
+ KroneckerProduct[12, Sz, Sz] +
KroneckerProduct[Sx, 12, Sx] +
KroneckerProduct[Sy, 12, Sy]
+ KroneckerProduct[Sz, 12, Sz]) +
3S (S+1) KroneckerProduct[l12, 12, 12];
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ST1 // MatrixForm

O O O O O o o =»g
O O O r O R &~ O
O O O Fr O&I~N P O
O P P ORI~ O O O

O O O o o o o

o O O~ O +» +» O
O kR »~N O B O O O
O &~ B O B O O O

> &

eql = Eigensystem[ST1] // Simplify

47 47 47 4747 44 4
{{O’ 0’ O’ O’ O’ O’ O’ 1}’ {o’ O’ O’ 1’ 0’1 1
0,1,0,0,0}, {1,0,0,0,0,0,0,0

{{E 15 15 15 3 3 3 3}’

{01 1, 1’ L] L] ] ’
{01 01 01 _11 Os O’ 11 0}1 {01 01 0) _1, Os 1, 01 0}1
{0,-1,0,0,1,0,0,0}, {0,-1,1,0,0,0, 0, 0}}}

(b) Four spins
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Clear["Global " *"]; A=1;S=1/2;
exp_* =exp /. {Complex[re_, im_] :» Complex[re, -im]};

< 01
(e} —(1 o)’

(0 -4
O'y—(].l 0)1
- 1 0.

° ‘(0-1)’

h h
Sx=§ox, Sy=§oy,
Sz=goz;

1) .
1= (o)

0).
v2= (1)

12 = IdentityMatrix[2];
STl =

2 (KroneckerProduct[Sx, Sx, 12, 12] +
KroneckerProduct[Sy, Sy, 12, 12]
+ KroneckerProduct[Sz, Sz, 12, 12] +
KroneckerProduct[Sx, 12, Sx, 12] +
KroneckerProduct[Sy, 12, Sy, 12] +
KroneckerProduct[Sz, 12, Sz, 12] +
KroneckerProduct[Sx, 12, 12, SX] +
KroneckerProduct[Sy, 12, 12, Sy] +
KroneckerProduct[Sz, 12, 12, Sz] +
KroneckerProduct[12, Sx, Sx, 12] +
KroneckerProduct[12, Sy, Sy, 12] +
KroneckerProduct[12, Sz, Sz, 12] +
KroneckerProduct[12, 12, Sx, SX] +
KroneckerProduct[12, 12, Sy, Sy] +
KroneckerProduct[12, 12, Sz, Sz] +
KroneckerProduct[12, Sx, 12, Sx] +
KroneckerProduct[ 12, Sy, 12, Sy] +
KroneckerProduct[12, Sz, 12, Sz]) +

4 S (S +1) KroneckerProduct[12, 12, 12, 12];
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ST1 // MatrixForm

6 00000000O0OO0OO0OCOOO

03101000100000O00O0
01301000100000O00O0
0002011001100000
01103000100000O00O0
0001021001001000
0001012000101000
00000O0O0O300010110

01101000300000O00O0
0001010002101 000

0001001001201000

000000010003 0110

000001100112 02000

000000010001 0310

000000O0O0O100O0O10130

0O0O0O0OO0O0ODODOOODODOOOOOTG®G

imp
{{6,6,6,6,6,2,2,2,2,2,2,2,2,2,0, 0},

tem[ST1] // S

igensys

=E

eql

{{O’ O, 0’ O’ O’ O’ 0’ O’ O’ O, O, O’ 0’ O, O, 1},

{0,0,0,0,0,0,0,1,0,0,0,1,0, 1,1, 0},

{0,0,0,1,0,1,1,0,0,1,1,0,1, 0,0, 0},

{0,1,1,0,1,0,0,0,1,0,0,0,0, 0,0, 0},
{1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0},
{O, O’ 0’ O’ O’ O’ O’ _l’ O’ O’ O’ O’ O’ O’ l’ O}’

{O’ 0’ O’ O’ O, 0’ O’ _l’ O’ O’ O’ O’ O’ 1, O’ O},

{0,0,0,-1,0,0,0,0,0,0,0,0, 1,0, 0, 0},

{0,0,0,0,0,0,0, -1,0,0,0,1, 0,0, 0, 0},

{0,0,0,0,0,-1,0,0,0,0,1, 0,0, 0,0, 0},

{O, 0’ O’ O’ o, O’ _1’ O’ O’ 1’ O, O’ O, O’ O’ O}’

{O, _1’ O, O’ O’ O, O, O’ 1’ O’ O, O’ O’ o’ O’ O},

{O, _1’ O, O’ l’ O, O, O’ O’ O’ O, O’ O’ o’ O’ O},
{0,-1,1,0,0,0,0,0,0,0,0,0,0,0,0, 0},

{09 01 01 11 09 01 _11 01 o’ _19 Os 0’ 11 09 01 O},

{09 01 01 01 09 11 _11 01 o’ _19 1, 0’ Os O’ 01 O}}}
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(e) Five spins

Clear["Global "%"];S=1/2;ha=1;

exp_* :=exp /. {Complex[re_, im_] =» Complex[re, -im]};
Sx—f—] 01).
2 (l O)’
A (0 -4\
Sy:i(i 0 )
A (1 0.
SZ:E(O _1)'
12 = IdentityMatrix[2] ;
1)
zpl:(o),
0).
v2= (1)

D1/2 x D1/2 x D1/2 x D1/2 x D1/2=D5/2 +4 D3/2 +5 D1/2

6 +16 +10=32

ST1 = 2 (KroneckerProduct[Sx, Sx, 12, 12, 12] + KroneckerProduct[Sy, Sy, 12, 12, 12] +
KroneckerProduct[Sz, Sz, 12, 12, 12] + KroneckerProduct[Sx, 12, Sx, 12, 12] +
KroneckerProduct[Sy, 12, Sy, 12, 12] + KroneckerProduct[Sz, 12, Sz, 12, 12] +
KroneckerProduct[Sx, 12, 12, Sx, 12] + KroneckerProduct([Sy, 12, 12, Sy, 12] +
KroneckerProduct[Sz, 12, 12, Sz, 12] + KroneckerProduct[Sx, 12, 12, 12, Sx] +
KroneckerProduct[Sy, 12, 12, 12, Sy] +
KroneckerProduct[Sz, 12, 12, 12, Sz] + KroneckerProduct[I12, Sx, Sx, 12, 12] +
KroneckerProduct[12, Sy, Sy, 12, 12] + KroneckerProduct[12, Sz, Sz, 12, 12] +
KroneckerProduct[12, Sx, 12, Sx, 12] + KroneckerProduct[ 12, Sy, 12, Sy, 12] +
KroneckerProduct[12, Sz, 12, Sz, 12] +
KroneckerProduct[12, Sx, 12, 12, Sx] +
KroneckerProduct[12, Sy, 12, 12, Sy] +
KroneckerProduct[12, Sz, 12, 12, Sz] + KroneckerProduct[12, 12, Sx, Sx, 12] +
KroneckerProduct[12, 12, Sy, Sy, 12] + KroneckerProduct[I12, 12, Sz, Sz, 12] +
KroneckerProduct[12, 12, Sx, 12, Sx] + KroneckerProduct[12, 12, Sy, 12, Sy] +
KroneckerProduct[12, 12, Sz, 12, Sz] + KroneckerProduct[12, 12, 12, Sx, Sx] +
KroneckerProduct[12, 12, 12, Sy, Sy] + KroneckerProduct[12, 12, 12, Sz, Sz]) +

5S (S+1) KroneckerProduct[l12, 12, 12, 12, 12];
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ST1 // MatrixForm

10 0 0 OO OO O OO OOTO OTUOTDO
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11 0 0 0 0 0 O OO 0 O 0 o0 O

11 0 0 0 0O O o

1 1 0 O

0
19
4

10 0 0 OOOO O O O OO0 O0 o0 o0

0001 0O0TO0UO0TUO0TU OO0
% 0 o0 0 0 0 O

1 1 0
0O 0 0 1

0O 0 0 0O 0OOO 0O O 0 O

1

1 0 O

1 1 0 0 1
11
4

0

0 o 01 01 0 0 O OO11 0100 O0O0OO0OO0OUO0OTUO0OTGO0UDO0OTOo

11
4

1

0O 0 0 1 O
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