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1. Vector operators

The operators corresponding to various physical quantities will be characterized by their
behavior under rotation as scalars, vectors, and tensors.

Vi > 2 RV,
J

We assume that the state vector changes from the old state |) to the new state |y').

or

A vector operator V for the system is defined as an operator whose expectation is a
vector that rotates together with the physical system.

(wNily') = g‘ﬁu (wNilw)

or
or

We now consider a special case, infinitesimal rotation.

R=1-—&J-n
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R'=1+—-&J-n

a +%gj WV, —%gj =2 %Y,
j

]

\7i _I;g[\ii:j ‘n]= zmijvj

Forn=e,,
1 —-¢
R,(e)=]l¢ 1 0
0O 0 1

or
Nl)jz]:_ihv\za NQ&jz]:ih\ila N3ajz]:0
For n = ey,
1 0 O
R ()=|0 1 —¢
0 ¢ 1



or
N1ajx]=03 [\izajx]z_ih\ip Nz,ajx]:ih\i2

For For n = ey,

1 0 ¢
iRy(g): 0 1 0
-¢ 0 1

or
IV, d,]1=inV,, V,,d,1=0, [V,,J,]1=-inV,
Using the Levi-Civita symbol, we have
Nia jj] = ihgijk\ik
We can use this expression as the defining property of a vector operator.
Levi-Civita symbol: g;ik
1237317831271
E132=813=831=-1
all other gy =0.

((Example))



When V = j,
[3.,3,1=ineyd,

When V =F and A =7,

2. Cartesian tensor operators

The standard definition of a Cartesian tensor is that each of its suffix transforms under the
rotation as do the components of an ordinary 3D vector,
The Cartesian tensor operator is defined by

<‘/"|fij|‘/"> = %:SRikiRj,Q//[Tk,h//)

under the rotation specified by the 3x3 orthogonal matrix R .

The simplest example of a Cartesian tensor of rank 2 is a dyadic formed out of two
vectors U and V.

A A

T, =0V,

where U, and V, are the components of ordinary 3D vector operators. There are nine

components: 1+3+5 = 9. This Cartesian tensor is reducible. It can be decomposed into the
three parts.

.. 0. uv,-uy, V.o Q.
UiVj _ U V§ij+ 17 J |+( i"] ] 5“)
3 2 2 3

The first term on the right-hand side, U-V is a scalar product invariant under the
rotation. The second is an anti-symmetric tensor which can be written as



gijk(o X\A/)k

There are 3 independent components.

The third term is a 3x3 symmetric traceless tensor with 5 independent components (=6-1,
where 1 comes from the traceless condition.

al 1 al 2 a] 3
al 2 a‘22 a23
a'l 3 a23 a33

with a, +a,, +a,; =0
In conculsion, the tensor 'Icij = Ui\ij can be decomposed into spherical tensors of rank
0,1, and 2.

3. Spherical tensor
Notice the numbers of elements of these irreducible subgroups: 1, 3, and 5. These are
exactly the numbers of elements of angular momentum representations for j = 0, 1, and 2!

The first term is trivial: the scalar by definition is not affected by rotation, and neither is
an j = 0 state.

To deal with the second and third terms, we introduce tensor operators having three
and five components, such that under rotation these sets of components transform among
themselves just as do the sets of eigenkets of angular momentum in the j =1 and j = 2
representation, respectively.

Suppose we take a spherical harmonics Y,"(8,¢) =Y,"(n), where the orientation of

the unit vector n is characterized by #and ¢. We now replace n by some vector V. Then
we have a spherical tensor of rank k (in place of |) with magnetic quantum number (in
place of m).

T =YY

The quantity



Pl,m(xﬁ ya Z) = rIYIm(89¢)

is a homogeneous polynomial of order I.

The quantity P ,(X,y,2) = 1/4T7rrqu (6,9) is a first order homogeneous polynomial in X, Y,

and z.
(1)
P (Y.2) = | 2y, (0.4) = - X
LI\ Yo 3 1 5 \/E
T _ _VX +1V,
1 2
(i1)
47 o
PI,O(Xa Y, Z) = TrYl (9’¢) =1z
T =W
(iif)
P(6Y.2) = | Y Z Y 0,4y = XV
1,-1 s ) 3 1 ) ,\/5
o V-V,

V=7

The above example is the simplest nontrivial example to illustrate the reduction of a
Cartesian tensor into irreducible spherical tensors.

T =YT(V)




R*|L,m)=>"[L,m){l,m'[R*[I,m)

(n'[1,m)=(n|R*|L,m)=">"(n]l,m’)}{1,m'|R*[1,m)
or

Y=Y, (), m[R|l,m)’

DY (R)=(I,m|R

l,m’)
If there is an operator that acts like Y," (V), it is then reasonable to expect

RY,"(V)R = >Y,™ (V)(I,m|R

Lm) =3V (VDD (R)

We define a spherical tensor operator of rank K as a set of 2k+1, fq(k) , =Kk k-1,..., -k

such that under rotation they transform like a set of angular momentum eigenkets,
A A (k) A k (k)* A A (k)
R'T“R = Zquq, (RT, (1)
9=

where
T =Y,19(V)

DY (R) = (k.q|R

q

k.q')

or

A

DX (R) = (k,a|R[k,q) = (k,q'|R"|k,q)

with q =Kk, k-1,..., -k. This can be rewritten as

[
P o
RTMR= Y DY (RHTE

q'=-k

The switching of R — R" leads to another expression



k
RTOR" = > DU(R)TL

q'=-k

Considering the infinitesimal form of the expression (1), we have

i+ isd - n)T“‘)(l )_ ZT“(k q|1+|gJ n >
d——k
or
T<k>+ [J n,TH]= T<k>+ STk, ,q)
d—k
or

[3-nT0]= zk:f;,k)( .q'

gk

.0)

In general, we have

k
[j’Tq(k)]z zfq(‘k)< TRULS >
q'=—k

Using the Wigner-Eckart theorem, this can be rewritten as

)

K.k, q) <k ||J [k >

[ju’Tq(k)]: Zk:fq('k)< g

gk

k
= YTk

q'=—k

KK, q+ ) <K || J [k >TY),
>T(k)

q+u

= <k919q7:u

= Jk(k +1)(

This can be also described as

2T M bt ]

[
[J,.T87= (=D " Jk(k +1)(2k + 1)(‘21

using the Wigner 3j symbol.

Forn=ey, ey, e,

]f
-(q+ )

2)



K
[jz’Tq(k)] = qu('k)<k’q'|jz

4=k

k,q) =hgT" (3)

k
[J,.TO1= Y Tk, qd,[k.q)
q'=—k
k
[‘jy’Tq(k)] - qu('k)<k’qv|jy k’q>
q'=—k
k
[3,.,7971= YTk, a'|d.]k,q) = af(kF o)k £+ DTE 4)

q'=—k

These two commutation relations can also be taken as a definition of a spherical tensor of
rank K.

We now consider

k
ST (OR+ — & BT K
RT,“R" = Zqu,q(R)Tq,
q'=-

This equation is rewritten as
500 _ N k(BT OR
RT = Zqu,q(R)Tq, R
q'=-

Then have

k

)= ¥ DRTNY.

a=—

52 k)
RT,

Jom)(j,mR

j.m)

k A i A2 -
= 2. 2D (R)Dyn (AT 5. m)

q=—k m'

(@) Spherical tensor operator of rank 1
The spherical tensor operator of rank 1 is related to the vector operator by the
relation,

The vector operator V satisfies the commutation relation.



A A A

[V, J;]1=lneV,

Using this relation, we can show that

5,70 = 18,V L 5= iy, -, = AT
[ 7o ]_[ zv_—2]__2[\/x+| y? z]_ﬁ(_l y_ X)_ 1
3 T01=13 vx_i\iy]:_i[\i —iV j]=—i(—ih\7 +1V) =AT
z2 ' -1 z° \/5 \/5 X y> Yz \/5 y X -1
[J,.T"1=[J,.V,1=0

where
V., 1=ihe, N, ==itV,, [V,,d,]1=ihe,V, =iV,
(b)  Spherical tensor operator of rank 2

Spherical tensor of rank 2

(272 - XHWNX=lY)  (X=y)(X+1y),

P _ / 5 / 15
2,0( y ) 2 ( ¢) 1 ( ) __ 2

2 (1)L A 1)2 A A
15 10T 4 2f, " 47 O

81 JE

F(2) _
1,7 =

. 15 xziy
P,..(X,V,2)=rY?0,¢)=,|— 2
202 (%, Y, 7) > (0.9) 167[( ﬁ)

.I:ﬂ(z) = \/g(fﬂ(l))z

YD =Y 0.0 = Z(X_iygfzx ~iy)z

fo :\/E-fo(l)-f_lm +-|¢_1<1)-|¢0<1)
- 87 \/E

10



P (Y. 2) =1, (0,¢) = —\/g e Iygfzx +iy)z

FFD  FOFO
I5 T, T, +T, T,

87 V2

F(2) _
17 =

5. Construction of new tensors: product of tensors

((Theorem))

Let )Zét(]) and 2;':2) be irreducible spherical tensors of rank k; and ks, respectively. Then

-I’-‘q(k) _ z<k1’ k,;0,,0, | K, K,;K, q>)2;lkl)ZAéi<z)

9,02

is a spherical (irreducible) tensor of rank k. <kl,k2;ql,q2|kl,k2;k,q> is the Clebsch-

Gordan coefficient.

((Proof))

RTOR™ = > (K,.K,50,,0, [k, Ky sk, )(RX VR )(RZRY)

91,02

= > (k. Ky 0,0, |k koK, g)D) (RIX VDS (R)ZE

0;,02,0; 50"

k)i )i s QDL (ROX 24

9;,92,0;.9,'

k".q"q'

_ ! ' A A\ KD Py Y (k) D (k)

= D S Bqq (KiKas 0,0, 'Ky koK, ) D (R)X V2
a'.q

q,".0,"
Kt

= D (kp.ky: 0,0, Ky kK 0 X P ZEOD I (R)

q'.9,',9,"

=Y DI (R)TY
=
where

IR

Sy (kDpR+ _ k) rByY ki)
RX{R* = D (R)X
q'

537 (k) p+ _ (ky) (BY7 (ka)
RZQZ R _ZDQZ'QZ(R)ZQZ'
a4’

and the Clebsch-Gordan series given by

11



Dy (RIDG (R = D (Ko ko0, 0, ks kas k™, (ks Koz, 0 [ ko3 K, 0 DGER(R)

Ko
where

DO (R)=(I,m|R

,m’)
Dkl X Dk2 = Dk1+k2 + Dk1+k2_1 +...+ D‘kﬁkz‘
(The proof of this series will be given in the APPENDIX.
((Example))
We now consider the case,
D, xD, =D, +D, + D,
or
k=2,1,and 1.

Tensor of rank 2

k=2,

a1 = 130:'19 and g2 = 1,0,-1, and
Oz
F Y

1,17 0,13 (1.1

-1,0 0,0 1,III]|.‘

12



A . L N N SIS
TO=X0z® =0V, =W, +iU )V, +iV))

o _ XPOZM 4 Xz _ UV, +UyV, _ _LUZ\ix +Ux\72J_i[Uy\7z +UZ\7V]
1
2 2

7 N5

fo _ X2 +2XPZP + XGZ0 UV, +20V, +0Y, (vaﬁuyvy-zuz J
@ _ _ -

J6

(o)}

e
-1

1 +Y
V2 V2

T2 = —(R+i9)(X+1iy) = %(22 — 9y +ixy
T = -2 -iy?
o _( R4 97— 222j
V6
T =82 -iy2
. 1

T = DR+ = (8 - §7) - i%9

2

Therefore we have the following relations.

13



O O

- (2) - (2)
Tz _sz

Xy = _
21
i - T‘lm +-f_<12)
—2i
05— Tl(z> _T flz>

-2

(M __fo_
%)

Tensor of rank 1

0z
F

i-1,13 013

1.0 0.0 I{“I,Eljlh a

=1

0-13 1-11

=1 =0

Xz =xiPzmH _UV, -UWV,

TO =
| V2 2
T _ x1<l)zfll) _ Xfll)zl(l) _ UIV_I _ U_1V1
° V2 72
oL XPZY-XYZP UYL U,

V2 V2

Tensor of rank 0

14



Oz
111

(0,0

- 4

{1-1

X"z - X280+ X970 UV, -UY, +UY,

V3 NE)

0) _
T, =

Tensor of rank 2

T2(2) — Xl(l)zl(l) :U1V1
XOZM+XPZO UV, +UY,

TO =
2 N
T 2 XZE42XP20 + XGZ UV, +2U 0V, +U LV,
’ 7
6 Js
TO Xél)zill) + Xill)zél) B UV, +U_V,
_1 - \/— —
2 2
szz) =U_V,
((Mathematica))
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Clear["Global "+"]; CCGG[{j1 , m1 }, (J2 , m2 }, {J_, m }] ==
Module[{sl1},
sl = IFf[Abs[ml] < j1&& Abs[m2] < j2 && Abs[m] < j,
ClebschGordan[{j1, m1}, {j2, m2}, {J, m}], O]1;
Cel1l_, 32 ,3_] :=
Table [Sum[CCGG[{j1, k1}, {i2, k2}, {i, k1 +k2}1 X[j1, k1] Z[§2, k2]
KroneckerDelta [kl + k2, m], {ki1, -j1, j1}, {k2, -j2, j2}1, {m, =i, 3}]1;
CG[1, 1, 2]

(X(1. -1)Z[1, -1]. X[1, 0] Z[1, -1] X[1, -1] £[1, O] ’

A\ 2 A2
X[1, 1] Z[1, -1] 2 X[1, -1] Z[1, 1]
+ | — X[1,071Z[1, O] + .
NS W3 M PTelE NG

X[1, 1] Z[1, 0] X[1, 0] Z[1, 1]

JZ ' JZ

, X[1, 1] Z[1, 1]}

CG[1, 1, 1]

{X[l, 0] Z[1, -1] X[1, -1]Z[1, 0]
V2 2 ’

X[1,1]2[1, -1] X[1, -1]2[1, 1] X[1, 1]Z[1, 0] X[1, 0] Z[1, 1] |

V2 2 ’ 2 2

CG[1, 1, 0]

{X[l, 1]z(1, -1] X[1, 0] Z[1, O] N X[1, -1] Z[1, 1] }
V3 V3 \3

6. Tensor of rank zero (scalar)

We now construct the tensor of rank zero (scalar) by the product of two tensors of
rank 1.

T\q(l(O:O) = z<k1 = k>k2 = k;q17q2|k1 = k>k2 = kak :an :0>>2(§1k]=1)z’\$2=1)

41,92

=>"(k, =k.k, =k;q,,—q, [k, =k.k, =k;k =0,g=0)X 7%
q,

=0,
Here we note that
<k1 :k:kz :k;q1:q2|k1 :kakz =k;k :O’q:0>¢0 Only if G +0 =0

and

-1 G
<k1 =K.k, :k;q‘l,_ql|k1 =k,k, =k;k =0,q =0>:_\§ﬁ

16



Then we have

Foeo 1 £ (07 (0
—q

a0 2 (DX
2k +14%

which is the tensor of rank zero (a scalar).

((Mathematica))

Clear["Global "%"]; CCGG[{j1_, m1 }, {J2 , m2 }, {J_, m }] ==
Module[{sl1},
sl = If[Abs[ml] < j1&& Abs[m2] < j2 & & Abs[m] <],
ClebschGordan[{j1, m1}, {§j2, m2}, {J, m}], Nulll];
CG[k_] := Table[{{k, g}, CCGG[{k, g}, {k, -q}, {0, O}1}, {q, -k, k, 1}];

CG[1]

({1, -13, v—%}, {11, 0}, —%}, [, 1, %}}

CG[2]

({12, -2, v—%}, (2. 1. =] (20 o) 201, o) (2.2 2 )
CG[3]

({13, -3}, %}, ({3, -23, —%}, {3, -13, %},

(3, 0) —%}, (3, 13, %}, (3, 2), —%}, (13,3}, %}}
CG[4]

({14, -4, —;}, ({4, -37, —%}, {4, -2}, %}, {4, -13, _?1%}’

{14, 0}, %}, {14, 1}, ——;}, {14, 2}, %}, {14, 3}, —%}, {14, 4}, —;}}
7. Tensor operator: example

A

\% j-]:ihngl

]

17



A A

[Vx"]x] [an y]—IhVZ,[VX,J ] —ith

[Vy’ X]_ Ihvzﬂ[\/y’ y]_O[\/y’ z]_lhv

or

~ 1 " 1 A A
V=7V =—(V, -1V
T2 \/20/* 2

It is possible and useful for many purposes to think of \/Al,\/AO,\/Z1 as forming three
“operator eigenstates” V,,V,,V_, of j having j = 1 and m = 1,0, amd -1.

[‘]i’\iO] = hﬁ\iﬁl’[‘jz’\iﬁl] = ih\iil
[‘jia\iﬂ] = h\/z\io
This is compared with

1)=0,J,]1,0) =

s >;j+

1)

18

0),



J_|L1) =27[1,0),3_ L-1),J_

1,0) =2

1,-1)=0

n

J, L1),J,[1,0)=0,J,

L-1)=—h

1,-1)

L) =h

or

A

J,|L1)=0,3,[1,0)=0,J_

1,-1)=0

J,[10)=~2n11),3_

1,0) =%

1,-1),

A

J, L1),J,[1-1)=—h

1,-1)

L)=h

J.[L-1)=27[1,0),3_

L) =2k

1,0)

8. Wigner and Eckart Theorem

3.T91= Y10 (kg

q'=-k

A

3 k) =t ®

(e §',m[J,. T

a; j,m) = ha(e; ', M| a; j,m)

or

a(m-m—a)(a; ', mf

a; |, m) =0
Then we have

<C¥‘; jv’ mv|fq(k)

a; j,m> =0
unless

m-m-q=0

(3., TO1=nJkFa)k £q+ DT

(a)

19



(e §',m[3,, T Y e j.m) = Ak —a)(k+ g+ D{e; j', m [T s . m)
or
<a'; I, m'|j+Tq(k> —Tq(k)j+ a; |, m) = h\/(k —-g)k+q +1)<a; J', m'|'fq(fl) a;j, m)
(a5 §',m[3,T0) e j,m)—{e's ', m T, |a; j,m) = (k= o)k + g+ (e |, mTE)|e; j,m)

JA+mYG-m+1){a's j,m=1[T e j,m) = (G —m)(j+m+1){a'; j',m[T*|a; j,m +1)

= J(k =)k +q+1){e; j',m[TE)]a; j,m)

(b)

(s j',m[ 3, T®Y e j,m) = yJ(k + Q)(k =g+ D{e; ', m'[TE)|ex; j, m)

<a’; j',m'|j:|:q(k)|a; j,m) - <a’; j',m'I'Icq(k)JAJa; j,m> = h\/(k +0)k-q +1)<a; j',m’rfq(fl)|a; j,m)

\/(j'—m')(j'+m'+1)<a'; j',m'+1|'fq(k) a; j,m>
—JG+mG-m+D (e’ j,m T

= Jkr ok —-q+D){a; j,m[E

a;j,m—l>

a;j,m>

or

a; j,my=(GFm)(jEm+1)(a'; j,m[T|a; j,m=1)

+J(kFa)ktq+1){a; j,mTY

VA GFEM) (e L, mFIT

a;j,m>

We find the same recursion relations for the <a‘; J', m'|'fq(k) a; |, m> as we find for the

Clebsch-Gordan coefficients (j, j,;m,m,|j,, j,; ,m)={(j.,k;m,q] j.k; j’,m")
with
=1 2=k, m; =m, m, =g, i=7 m=m’

20



JAEM)GFM D, ksm, gl ks j,m’)
=JGEm(GFm+1)(j.k;mFLg
+yk £k Fa+D(j.kmqF1

ks i mF)

J,K; j',m'$l>
or
By changing by =+ -+ and + - £, and m'—> m'¥1 we have

JGEm)GFM+)(j,ksm,gf .k j', mF1)
=JGFm(zm+D){jksmxLqlj.k; j,m)
+JKFKkEq+D{(jkmq=1|j.k; j',m)

Therefore the m behavior of the <a'; J, m'|Tq(k)
Clebsch-Gordan coefficients. We see that

a; j,m) must be the same as that of the

<av; jv’ mv|fq(k)

a; j,m> = <j,k;m,q J,K; j',m‘>>< term independent of m’, m, and q.

or
(Wigner-Eckart theorem)
<a' j'”'lck " aj> is the reduced matrix element, independent of m’, m, and Q.
where
m'=m+(

ji'=j+k j+rk—1,...]j

((Note)) As the Wigner-Eckart theorem, one can use conventionally the form

The /2 j+1 factor is arbitrary, but conventional. Here we use the formula which is used
by Zettli.

21



((Note))

Recursion relation of the Clebsch-Gordan coefficients

| Jis b5 j,m) = ZZ| bis jz;m1>m2>< s j25m1’m2| Jis b3 j>m>

where
(m-m, - m2)<j1: jz;m19m2|j1a Js jam>: 0

and

JAFmGEm+D (i, bimem,| i, Jy: jmE1)
:\/(jl Fm, +D(], iml)<j1’ Jm FLm, |, gy j,m)

+3Ciy Ty + D), £my) (G Bysmum, F1j, Jys j.m)

or

VAEMGFm+D (s bsmum, | i, s §.m)
:\/(j1 iml)(jl +m, +1))<j1,j2;m1 1lamz|j1> jz; j’m$1>

++/Ch £ M) F My +D (s smem, F1 s js jmF1)

9. Defintion of matrix element

We define the matrix element of the Clebsch-Gordon coefficient as

<av; jv’ mv|‘|¢q(l<()=0)

a; j,m)=CCG[{]j', tk.q}, j]

22



J

[m1=j1> Im1=j1-1> Imq=-j1>
<m2=j2|
<m2=j2-1|
Jo
<J25 m2|Tq(k)|J1 5m1>
<m2=-j2|
where

=0k, k-1, e ik

g=k, k-1,..., -k.

10.  Numerical calculation of matrix using Mathematica

Clear["Global "%"]; CCGG[{j1 , m1 }, {J2 , m2 }, {J_, m }] ==
Module[{sl},
sl = If[Abs[m1] < j1&& Abs[m2] < j2 && Abs[m] < j,
ClebschGordan[{j1, m1}, {j2, m2}, {i, m}], O11;
CCG[J2_, {k1_, gl }, jl1 ] :=
Table[{{ml+ql, ml}, CCGG[{j1l, ml}, {k1, g1}, {§2, m1+ql}]}, {ml, j1, -ji, -1}1;

Using this program, one can get the table of the matrix elements of the tensor operator,

(o

j.m)

for given k, ¢, and j. Here the matrix can be obtained using the notation of matrix
(mathematica)

23



CCG[{J',tk.a}, 1]

10 Example 1: Tensor of rank 0 (scalar)

(a's j',m'TEO

a; j,m)#0
only if
m'=m and j'= ]
((Example))
k=0,q=0; j=0,j"=0
CCG[O0, {0, 0}, O]
{{{0, 0}, 1}}
k=0,q=0; i=1,j'=1
CCG[1, {0, 0}, 1]
{{{1, 1}, 1}, {{0, O}, 1}, {{-1, -1}, 1}}
11. Example 2: Tensor of rank 1 (vector)

<av; jv, mv|fq(k=1)

a; j,m) =0
only if

m=m+q, j'=j+L],| j—-1|

(1)

k=1,q=1: j=0, j=1
CCG[1, {1, 1}, O]
{{{1, 0}, 1}}

k=1,q=0: j=0, j=1
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CCG[1, {1, 0}, O]
{{{0, O}, 1}}
k=1,q=-1: j=0, j=l
CCG[1, {1, -1}, O]
{{{-1, 0}, 1}}

2.1)
k=1,q=1: ji=1, j=2
CCG[2, {1, 1}, 1]
1 1
2,1y, 1y, {{1,0}, —1}, {{0, -1}, —
{1 b, 1}, {{ }ﬁ}{{ }ﬁ}}
k=1,q=0: ji=1, j=

CCG[2, {1, 0}, 1]

{{11, 13, §%§}’ {10, 03, N/é_}’ {{-1, -1}, ;%;}}

kzlaq:_I: jzla j':

CCG[21 {11 _1}! 1]

1 1
{{{0,1},1ﬁ§},{{71,0},55;},{{72,71},1}}
(2.2)
k=1,q=1: ji=1, j=1
CCG[1, {1, 1}, 1]
1 1
2, 1}, Null}, 1,0}, -~ — ¢, 0, -1}, -—
{{{ } b, {1 } ﬁ} {1 } ﬁ}}
k=1,q=0: ji=1, j=1
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1 1
111  J— ] 010 101 _11 _1 » T —
{{{1, 1 ﬁ} {{0, 0}, 0}, {{ } ﬁ}}
k=1,q=-1: i=1, j=1

cCcGrl, {1, -1}, 1]

1 1
{0’ 1}1 T — (9 {_11 0}1 T — (2 {{_2, —1}, NUII}
( otk = }
(2.3)
k=1,q=1: j=1, j=0
CCG[O, {1, 1}, 1]
1
2, 1}, Null}, 1, O}, Null}, o, -1}, —
{{{ } o {1 } b, {1 } vﬁi}}
k=1,q=0: j=1, j=0
CCG[O, {1, 0}, 1]
1
1, 1}, Null}, 0,0}, ——— ¢, -1, -1}, Null
{{{ } b, {1 } v??} {{ } 1}
k=1,q=-1: j=1, j=0

CCG[O, {1, -1}, 1]

1
{{{O’ 1}’ ﬁ}s {{_11 0}1 NUII}1 {{_21 _1}’ NUII}}

12. Parity operator

We consider the case when
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TO _V, =V,
TV, =V =, -iV)
Then we have
(a)
o o fo_fo
(' 3N e Jm) = {a's 1 =t o m) = 0
(a5 1N s m) = (e j',mv|fff:;g|a; .m0
unless m'=m+1 and  j'=j+1,]]j-
(b)
(s j',m'V, | j,m) = (a'; j',m'T"] e; j,m) =0
unless m'=m and = j+1,j,|j-1

13.  Selection rule for the rank 1 tensor (vector)

Spherical tensor of rank 1

T __R+i
1 V2
TV =12
-1 \/E

From Wigner-Eckart theorem
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(n,l',m

,m)# 0 for m'=m+(q and for I'=

where | is interger. For the parity operator, we have

Az =F0
and

Zn,L,m) = (=1)'|n,I,m), (n,I,m|z =(=1D(n,1,m|
Thus the matrix element is equal to zero for I'=1, since

(1, m'fT ,m) =—(n',I',m#T P4, L, m) = (=" (n', 1, m' T2 n,1,m)

Finally we have the selection rule

<n,|',m

,m)= 0 for M'=m+q and for I'-l = £1

14. Selection rule for rank-2 tensor

Spherical tensor of rank 2

A

-9 =TO 4T

Xy = —
21
i - T LT®
—2i
0 -|-1<2> T flz>
-2

From Wigner-Eckart theorem

(1", m'T>

nl,m)#0
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for mM'=m+q and for I'=1+ 2,1 + L1l = 1},|l - 2| . For the parity operator, we have
F2)~ _ T2
"z =T,
and
#n,L,m) = (=1'|n,I,m), (n,l,m|z = (=1)(n,I,m|
Thus the matrix element is equal to zero for I'=1+1 since

(1M n, L m) = (n 1 m a2 L m) = (D) (v 1 m T

n,1,m)

Finally we have the selection rule;

= (1
<n‘,|',m‘ D

n,|,m>¢0f0r m'=m+q and for I'-1 =42,0

15.  Projection theorem (Eigner-Eckart theorem for a scalar product JV)
A.0  The projection theorem for the first rank tensor

J-T =313 T,"
q

1. Decomposition theorem
N N
(j',m'|'fq(1) j,m> _ <J ,m |Jjg_:)( ) J,m> 5 . 0
2. Factorization theorem
(3m3 (- jom)y=(j,m[J | jomy< jIIJ-TO || j>. Q)
3. Decomposition theorem of the second kind (the projection theorem)

(Jnm,

om)< jllJ-TO| | > 5

0 vf(l) A
<J’m| q J(J+1) N

j,m)= 3)

((Proof of the theorem I))
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M=(j,m[J (J-T™)

omy=>"(=n*(j,m3,3, T, j,m)
Y

Here we use the commutation relation,
T M _r3 F O, F M3
J I, =[3,T, 14T 3,
Then we get

M =(j,m[J (J-T") j,m)
= 2 DA m 3., 73,)
)

Lm)+ > =D nm 3, (@3, 7,0

j.m)

Here we note that

[J,. T 1= Jk(k + D{k,1;q,

KLk, 0+ )T

q+u
Forq=-uand k=1, we have

[JA”,T_(L)] = \/E<1,1;—,u,,u L1 k,0>'I:O(1)

Using this commutation relation, we calculate the second term defined by

DDA, T D 5 m) =D DM T | 5 (L=, 4] 111,042
u H
= (33,7, 1) (D) (L=, p|11;1,0) = 0

U

(We check the final result using the Mathematica). Then we have

M=>D*(j,m[3,T. "3 ] j.m)
u

We note that

Grm'|3 ) hm)=(smou| k=1 jm)< jIJ | j>

=8 1O (LM | L Gt ) < JIT | >

LI mim+

:§j,j'5m',m+y V J(J + 1)<J,1,m,,u| ],1, j,m +/,l>
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, n><jn’mn A” , >

y,><Jm

<j"m' Aq "#

>zm<u !

=(j.m' —a)(i, >< j.m)
=(j.m' >< >< )
—5mm+q< >< ><J mfT )

= Gmq(§M' —a)(J, j-m)

X< jlim+ p,— ﬂlJlj m >< J'HT“’IIJ>
= OrmigV 1’ (J+1)\/J(J+1)<J'||T(l)||J><
<Jalam+/l9— s >< 99 ’

b )

>

g%k g, m)

Here we note that

Bl jom gy =(j.sm+ g,—pl j1; j,m)

(_1)ﬂ< .5 PR
(see the proof of this equation below). The sum over x is

Lm)(jm,

m)
.m)

Jsla j,m+,u>zz<j,l;m+,u,—,u

H

DEDAGLm p—p
p

X<j,1;m+,u,—/J
—5

1
(from the condition of orthogonality), where we use

> (i s m,m,

jla Jza j'am'> = 5 "6

Jis b3 jam><j19 Josmy,m,

IN} m,m'
(5 m T jom) = 6pmq (s Lk imy < T >
(im(3,15sm) =6 1S TG+ D1, )

Then

Here we put
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m'=m+q

we have the form such that

<j" m'|jq'|:7ﬂ(1)ju

= J(+ D8 (. mfr,"

j.m)
Then we get the final result

<j'am'|jq(j'T(l)) Jam>5
jG+D o

<jv’ mv|fq(1)

j.m)=

((Note-1))
Proof of

Bl joma ) = (DAL m+ g—p) 15 j,m)

imy =i +D{j.Lm, u

(Jlsm,

(Jm=+pJ, L jm+ )

When x is changed into -z,
i,m)=iG+D{iLm,-p
Whenm'=m- g orm=m'+ g,

M)y =i+ D m - p

<j’m_’u|j*ﬂ jal;jam_,u>

(.,

iol; j,m')
Replacing 4/ into g,

Jom+ ) = J(G DG m + p,—u

(imp.,

jol; j,m)
Here we note that

J; =(-D*J_,, or \]w:(—l)"\][l+

32
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Then we get

(i.mpJ

om+ )y = iG+D (L m+ - p

jom+u)y=(D*(jmJ* il j.m)

u
Then we have

iom) = DG HD (L m e+ g-u

(3,m[d, " om+ ) =(j,m+uld, jol; j,m)

Since

j,m)’

j.m)=(m e ld,

<j’m+'u|j/l

from the definition, we finally obtain the relation

(Bm+uld,[5.m)= D ViG+D (L m+ pp| L jm)
or

(Bm, | ol jom+ ) = (D (L m+ g=p| 15 j,m)
((Note-2))

We show that

S 1) =0
]

using the Mathematica

((Mathematica)) We use the Mathematica to calculate the Clebsch-Gordan coefficient.
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Clear["Global +"];

ClebschGordan[{1, -1}, {1, 1}, {1, 0}]
1

vz

ClebschGordan[{1, 1}, {1, -1}, {1, 0}]
1

V2

ClebschGordan[{1, 0}, {1, 0}, {1, 0}]
0

Sum[ (-1)* ClebschGordan[{1, -u}, {1, 1}, {1, 031, {u, -1, 1, 1}]
0

((Proof of the theorem I1)

<jv’mv|jq(j.T(1))

jom)= Y (w3, el 7

i"m"

j.m)

We use the fact that J - T is a zero-rank tensor and

<ju,mu|j 'T(l)

im) =38, 6 <illJ-TV >

j" )7 m"m
Then we have

<jv’mv|jq(j.T(1))

my = (33§ mS S < JIT TV >

j",m"

:<j'7m'|jq j7m>< J ||j'T(1) || J >

((Proof of the theorem III))

H] T|F (D] 5 _ <j"m'|jq(j'T(l)) J’m>
{3y im) < T TV >
i(j+1)
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16  Calculation of the reduced matrix (j'”fzu i)

In the projection theorem

(j m'|'f O] j,m) = <j',m'|jq im)<j 1J-T ] j> B
T j(+1 "
we put
sy s
Tq _‘]q
Then we get

{nmp,

jmw<miﬂu>5_
j(j+1) W

<j|,m||jq(1)

jm) =
or

<JIi>=8,,i(i+1)

16  Calculation of the reduced matrix <j”.i " i)
In the Wigner-Eckart theorem,

(i

we put

jom) =ik =m0k =1; L m)] =] )

R
Tq - ‘Jq

Then we get

(33, k=t gm)(j|J] 5)

i my=(j,k=Lm,q=0

for g = 0. Here we note that

(j',m|J,

j,m) =mas,,.d,

m'm™j,j'

<J5k =1;m,q:0| J,k :1; j,m'>:

m_s
NITED

35



Then we have

1=———(i}J] i)

1+D)

or

(il] i) =~iGi+D)

((Proof))
The proof of the formula

j,k=1m,q=0
(] q

jk=1;j,m)=

_m
VIG+D
is given by Mathematica as follows.

((Mathematica))

Clear["Global «"]; CCGG[{j1 , m1 }, {J2 , m2_}, {J_, m }] :

Module[{sl},
sl = If[Abs[m1] < j1&& Abs[m2] < j2 && Abs[m] < j,
ClebschGordan([{j1, m1}, {j2, m2}, {j, m}], O]1;

jl:l;
m1
Table[{ml, CCGG[{jl, ml}, {1, O}, (jl, m1}], —} (i, j1, -j1,
Vil (gl+1)
1 1 1 1

i, —, — ¢, {0,0,0}, {-1, -~—, -——
i 2 2} { o V2 ﬁ}}
j1=2;

Table[{ml, CCGG[{jl, ml}, {1, O}, (jl, m1}],

2 2 11 1 1
2, [, ]2} {1, =, —=1],10,0,0}, [-1, -—, -—
{{ 3 3 e NG e} { b 5 6}
J1=3;
ml
Table[{ml, CCGG[{jl, ml}, {1, 0}, (j1, ml}], ————
Vil (gl+1)

3\/3211 1

1
{{3,7,?}.{ .73.73}, “ﬂﬁ’ 23

(1, -, ), 2, -2,
23 2+/3 V3

N

B CENY EE L

3 {ml’ j1’ _j11

——=1},{0,0,0},

_1}]

_1}]

o

_1}]



18.  Landé g-factor
The magnetic moment is defined by

j=-t2(L+28)
h
The total angular momentum is
J=L+S$

The expectation value of the m-th component of the magnetic moment m can be obtained
from the projection theorem (decomposition theorem of the second kind, see Rose),

<Al > s
J’nq>-_ hZIj(j +_1) <J’rn|Jq

(j.m|a, ; J,m)
Now we have

ﬁ-jz—%(qu)-(m&):—%(iZ+2§2+3i-§)-

and
J=[+8+2L-S
or
72 r2 2
A-.SA':J L-S
2
Then we get
Ay _HMerp &2, 3.3 m @
,u~J—J-,u-——7[L +28 +§(J -L' -85
and

<] ||f-,i4H j>= —%hz{l(l+1)+28(s+1)+%[(j(j+1)—I(I+1)—s(s+1)]}

Then the expectation value of the magnetic moment along the z axis is
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_<ilJ-alli>

<J=m|ﬂo Jam>—W<Jam|Jo J,m>
__He M s 1)+ 2s(s+1
. hzj(j+1)h {0 +1)+2s(s+1)

+§[(j(j+1)—|(| +1)=s(s+ D]}

_ MU iy
= 2j(j+1)[3(J(J+l) I(1+1)+s(s+1)]
since

B j(j+1), #°1(1+1), A*s(s+1), and 7im , respectively.
Here we introduce the Landé g-factor as

J, m> is a joint eigenstate of J?, I*, S, and J, =J, with eigenvalues

A 9,Us 3
=—=22]
" fi

Then we have

A

Hy j,m>= j,m|j0

j.m)= Mh = —mg, 14,

: Ry

9,48
h

and

g, =ngs(s+¥).—I(I+l)
2 21(J+D)

19.  The expectation value of S,

Since

JoP-§ PP +§
2 2

we get the expectation of S, as
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<jllJ-Sj>
R j(j+1)

(J.m

A

So

A

J

j,m><

j,m

<j’m j’m>: o;jvm>

B mn
207 j(j+1)
m# +s(s+1)—|(|+1)

=—-[ —
2 10 +1)

LG +D =10+ +s(s+1)]

where we use the projection theorem.

20.  Spin-orbit interaction: example of equivalent operators
The idea of operator equivalents finds applications in many branches of physics. As
one of typical examples, we consider the effect of the spin-orbit interaction.

N
Hso :Zég(”.) S, =AL-S
i=1

where A is the spin-orbit interaction constant. We use the equivalent operator

jm>_<\],m'|JAq J,m)
’ JiG+D

for the rank-1 tensor (vector): operator equivalents.

<jITOi>

<j, m||fq(1)

<Lt > <S|IslIS>

JL(L+1) JS(S+1) :

(LM _'[Z]LM ) (SM,'|S|SM,)

S
) JLL+1) JS(S+1)

(LM "5 SM e -5

LM ;S,M¢) =[[(LM'|L|LM ) 1-[(SM'|S|SM )

= (L|goi|L)(s

S

If we sum over all the electrons (i) , we get

<LML';SMS'|HSO|LML;S,MS>=<LML‘;SMS'|Z§(;1)ii~§i LM ;S,My)

(LM_'|[Z[LM ) (SM.'|S|SM,)

S .
) JLL+D) JS(S+1)

S;

ACHOUIE

Noting that
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(LM _;SM'[Hgo| LM 38, M) =(LM ';SM'|AL- S|LM ;S, M)
= A(LM_'[Z|]LM)-(SM,'|S|SM )

Then we have

S)

(LM UZILM ) (SM,|S[SM)

JL(L+1) JS(S+1)

S;

A(LM LM )-(SMIS[SM,) = 3 (L (i L)(s

or

S;

o (Lleai]Lys]s|s)
4 UL+ /S(S+1)

20. Magnetic form factor
Here we use the projection theorem,

<jllJ-viij>
mi(j+1)

<j"m'|l}q j’m>:<j"m'|jq

j.m’)

where J -V is a scalar so its expectation value is independent of m.

V=>e"s = 138, J=8,=>5,

14

where the atom site is denoted by j = {l, d}, and vis the vector connecting atom at the
site {l, d} and electrons surrounding the nucleus. We also put

for the simplicity. & is the wave vector. § . 1s the resultant spin determined from the
Hund rule. Then we get

JV= (Z fvﬁvj-Sm =S, -(Z fsj .

14

Here we use the projection theorem,
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<AlSg -2 1.8, 14>

§ /1>:</1'|§|d|/1>

= Fy (0)(2'|S,4] 4)

< '

hZS(VS+1) (1)

where

<ANSy- D f.8, 114>
Fo(r) =

7*S(S +1)

is called the magnetic form factor. It is obtained by the Fourier transform of the
normalized spin density at the site j (or denoted by |, d).

21.  Quadrupole interaction
Using the Wigner-Eckart thorem, we get

= (i

for fq(k:z) = Qékzz) (spherical tensor of rank-2)

jok =2 j,m)(5jQ%] )

(o

and

(3m1QUS? im) = (Jk = 2:m,q = 0] .k = 2; ,m)(i[Q“] §)

In this last equation we putm'=jand m=j

(= 5157 fom = ) = (k= 2:m = = )il
Then we get
Q=2 i\ = < |Q J> _

Using this relation, we have
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m= j)

j.k= 21m><1m—1

: (i
,m
(d.m )= <jk 2:m= j>
1 (i.k= =2, '>
_2eQ<j,k:2;m— ,q= =2;j,m'= j)
where we define
1
(l.m'= Q57 J.m = j)=—eQ
APPENDIX

1. Orthogonality condition

The CG coefficients form an unitary matrix. Furthermore, the matrix elements are
taken to be real by convention. A real unitary matrix is orthogonal. We have the
orthogonal condition.

(s B 1M dis Bosmesmy) = G oMMy s s 5om)” = (s sy, my |, s d.m)

Closure relation

<j1,j2;m1,m2|j1,j2;ml',m > Z<Jl7j2;m17m2 jlajz;j’m><j1’j2;jam jl’jz;ml'7m2'>

,m

—

=Z<Jl,jz;ml M| Js b5 MY osmmy i, §s J.m)
or
jzm<j1’j2;m1 M, | G dos s m)(ds Bosmymy' s a5 §oM) = 65 B
Similarly,
(Jis B3 o) Jis Bz Jamt) = Z(Jl,jz;j,m i dos M) Bsmemy |, B3 ' m)

3

Z<Jpj2;m1’mz

5- "0,

J, 3 m,m’

j1> 129 jam><j1’ jz;m17m2| jl’ Jz’ j'am'>
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or

Z<j1, jz;mlam2| Jis o j,m><j1, jz;mlam2| Jis 1o j'amv> = 5j,j'5m,m'

m;,m,

As a special case of this, we may set j=j', m'=m=my; +m,.

ZK jl’ j2;m1,m2|j1, JZ; j’m>‘2 :1
my,m,
m=m; +m,

which is just the normalization condition of | IR m> .

2. Clebsch-Gordon series

DY (RIDY) (R) = > (K., Ky 0,0, ' [k, Kys K", 0K, Ky 0, 0 Ky ko5 K", 0D (R)

knqnqv

((proof)) Sakurai Modern Quantum Mechanics

D&fiﬁl(é)Déﬁz(é) = Z<j19 jz;mlam2| Jis Jos j,m>< b jz;ml'am2'| Jis Jos J,M)D&‘,ﬁ(ﬁ) (1)

j,m,m"
We start with the notation given by

+D

Dj xDj, =D, +Dj .+ + Dy,

This means that a similarity transformation must exist which reduces D; xD; to the
block form

D, (R 00 0
0 Dj-pya (R) - 0 0

D\J-lJrjz*l(F\’;) 0

0 D;.1.(R)

First we note that the left-hand side of Eq.(1) is the same as

<j1a jz;mlamz ||Q| jp jz;m1'am2'> = <j1,m1 |Ii| j1>m1'><j2am2 ||Q| jzam2'> = Dﬁmflrﬁ,v(FE)D“” (IQ)

m,m,
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((Note)) This expression can be understood from the following consideration.

R(0)=R,(0)= exp(——eu exp[- H(JWHZV)] exp(— - ele)exp< 2)

<j13j2; |exp( Qle)exp( H‘]Zy)| Jis Josm >

:<j1’m1|eXp(__9jly)|jvml'><j2’ m, |exp(- 9‘]2y)|12’ )

— Dr(nh) (H)D(Jz) (0) = D(h)l'(R)Dr;J;r%z'(R)
This matrix element can be also calculated as

j2; jv’m'>

<j1a jz;m1am2|ﬁ| j1n jz;m1'3m2'>: Z<j1n jz;m1am2| j1a jz; j,m><j1, -

jsm, j,m'
X<j1’j2;j'm'|jlijz;ml'm2'>
= Z<j1,j2;m m, jl:jz;j7m>Dr(njn:'(|Q)5j,j'

j,m,j,m'
x{ Jis Jz:j'm'| Jrs jz;ml'm2'>
Z<Jnj2;m M, | By, o5 . m)vs o5 3o by, Josm,'m,YDE(R)

= Z<Jl’ Josm z| b o j,m><j1, jZ;ml'm2'| Jis a3 J=m>Dr(an3(F§)

j,m,m'

using the closure relations. Note that all the Clebsch-Gordon coefficients are real.

3. Formula for tensor product
We define

TOMm- T2 =3 DT 0T )
q

which represents an interaction between two independent subsystems 1 and 2. Here we
discuss the matrix element of the type

(5B ImMTO0-TOQ) |, iy im)

where 'f(k)(l) is the tensor operator of the rank k for the subsystem 1 and T®(2) is the
tensor operator of the rank k for the subsystem 2. Here we note that
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|j19j2;j:m>: Z

m;,m,

Jis j23m1»m2><j1: jz;ml’m2| Jis bos j>m>
and

|j1'9 jzv; jv’mv>: Z

m, '7m2'

i smem 0 B my ' gy gy )
By using these, the matrix elements becomes

<j1'a b j'm'|f(k)(1)'-|:(k)(2)| Jis Jas Jm> = Z(_l)q<j1'a jz';m1'9m2'| TR P j',m'>*<j1, jz;m1>m2| Jis dos j,m>
q.m;',m,’

X<jl" jzv;ml'am2'|fq(k)(1)f_q(k)(2)| b jz;m19m2>
Here we have

(s ismmy [T OT @) s dsmemy) = (T @ m )L my [T, @) Jy,m, )

since two factors operate in separate decoupled systems. According to the Wigner-Eckart
theorem,

(ym [T @) J.m) = (. ksm,.q

Lk i mY < i ITOMmI >
(iy"sm, [T @) §pom,y) = (o ksmy,=a| Jouks B, my ) < BITC M )], >

Then we get

(s dsmytmy ' T T, “(2)

jla jz;m1:m2> = <j17k;m13q jl:k; j1"m1'><j29k;m2’_q| j27k; j2"m2'>
<JNTOON b >< BLITY@) i, >

Using this relation, we have

45



(3> 3 1 m T Y OT @) i o . m) e o
SO Tk LT [ s = oo b3 ma L3 B/ o) (3 s b .

X<j1>k3m15q Ji>K; j1'>m1'><j2’k;m25_q|jzsk; j2'5m2'>
= Z{jl',j2';j',m'|j1',j2';m1’,m2'><j1,jz;ml,m2|jl,j2;j,m>
X<j1ak;m1:q Ji-K; jl',m1'><j2,k;m2,—q|jz,k; jz'am2'>

since

<j19 jz;m1amz| Jis bo j',m'>* :<j1a Jos j',m'| b jz;m1=m2>

B0 1M T O TOQ) b by §om PO S
R T o TP 3, A . 5 . i 3 s )

X<jl’k;m1’q jl’k; j1'5m1'><j2ak;m29_q|jzak; j2'5m2'>
:5m,m' Z(_l)ml'fm1<jlv’ jz';ml'»m'_m1'| jl'ﬂ j2y; jl,mv>

><<j1, jz;mlam_ml | j]’ jz; j7m><j17k;m];m]’_m1|jl)k; j1'5m1’>

X<j2’k;m_mlﬂm, _m1’| jzak; jzv,m_m1'>

We may also apply the Wigner-Eckart theorem to the entire matrix element

(ImTOQ)-T9Q2)

j7m> = §m,m'5j,j'<jak = Oamaq = 0
<jITOm-TYQ)|j>
=m0 <JITYD-TOQj>

i,k =0; j,m)

where

(j.k=0;m,q=0

jk=0;j,m)=1.

Using the above two equations, we get
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(LS Im TR0 T b, s M) =0 md, < WITYO N >< BLITY@N i, >
Z(_l)ml'—ml <j1'9 jz';ml'am'_m1'| j1'9 jz'; j"mv>

m;,m;’

by loome,m=—m. | j., i,; ,m}{j,. . k:m.,m'—m|j.k;j',m'
J]5J27 1° 1 JlanaJ’ Jla ’ 19 1 1 Jla 9J1 B 1

x<j2,k;m—m1,ml—ml"jz,k;jz',m—m1'>

=8, 00 < ITOMN, >< BL'ITY |, >

m,m'*~j,j'
DED™T™ By m L m-my L s L m)
m;,m;’

x(Jps dosmpm—=my | j, b5 ) kemy,m=my | ks i'm, )
x(J,,ksm—m,,m —m'| j,.k; j,",m-m,")
=G0, 3 (CD T X 2] 12 ], '+

<HITOON T >< BITY@ N5 >W s dos by 55 5:K)

or
(3 05 Im TR TOQ) by By §oM) = 6y md, 1 (<D x 2] +142],+1
<JiNTOON b >< LUITO N bo >W i oy 0r's 1o 5K)

where the Racah coefficient W is defined by (Tinkham, Rose)

(_1)—11'— Jot ] e e o
-Hm s Jas S I s s by
e e smemem i s m)

W(jla jza jl'ﬂ j2'§ J,k) = \/(

><<j2’k;m_ml’ml _m1'| jzak; jz'ﬂm_ml'>
X<j1’k;m1’m1'_m1|j19k; j1'am1v>
{

(i Lt m=myf g gy j,m>

A5  Wigner 3j coefficient

The Clebsch-Gordan coefficients are sometimes expressed using the Wigner 3j symbol,

b
m m, —-m

Connection among these two is given by
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1 , —m

<j1’j2;m1’m2|j1>jz;j>m>:(_1)jl_j2+m\/m[nj': 5 J J

or
| PR :(_1)m7jl+jz<j17j2;m1;m2|j1:j2;ja_m>
m m, m J2ij+1

They have the symmetry

(i Basmim, |3 B2 Jom) = (=D (G, Gismyamy| o, gz Jom)
A.6  Property of the Wigner 3j symmbol

We have that an even permutation of the column leaves the numerical value
unchanged

kB (kb B[k 0k
m m, m) (m, m, m m, m m,

An odd permutation is equivalent to multiplication by (—1)*%*5

(_l)il+iz+ia jl j2 j3 _ jz jl j3
m_m, m m, m m

I A

m.m, m

_ Js jz Ji

m m, m

We also have

j] jz j3 _ (_1)j1+j2+j3 jl jz j3
m,_ m, m, -m -m, —m,
A7. The orthogonality property

Z<j1a jz;m17m2| Jis s jam><jla jz;ml'am2'|jla Jos j,m>: 5m],ml'§mz,m2'

j.m
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<J'1>J'z;mwmz|Jl,jz;J,m>=<—1)"l-J'z*mm(r# . Jj
1

m, —-m
™ ! IR i ji—Jtm H J J J
(J Jsmsmy i, s Jom) = (=) w/z;+‘l(mll " —mJ

5m],m|'§mz,m2' = Z<j1> b j>m| i> jz;mlamzx is jz;m1‘9m2'| Jis Jos j,m>
J.m

_Z( 1)11 J2+m 2J+ (Jl 2 J j( 1)J| 12+m 2]+ (Jl Jz J J
m' m’
J

-m
J J J
— 1211 2]2+2m2 1 2 2
ST I
22(2]+1) l j2 ] Jl j2 J
m m m, mjim' m’' m

Similarly, we have

0; {Onm = Z<j1’j2;m1>m2 jlajz;j>m><j17jz;mlamz|j1>jz;j'>m'>

em b b T et N PR |
= > (=D 241 —Dh R 2
m%n:z( ) I (ml m, _mJ( ) I* (ml m, _m‘j
. i opemen( b L T YR LT
=2 1 -1 2j;=2j,+m+m 1 2 1 2
21+ )m%]“z( ) [ml m, —mJ(ml m, —m')
- =21 jl j2 J jl j2 j'
— 2 1 _1 2j;-2j,+2m
LA (A

_ SR I TR PO
E N
((Note))

(_1)2]1 -2j,+2m — 1

(a) Suppose that j;=1/2 and j,=1. ] = 3/2 or 1/2. Then m is a half-integer. m = 3/2, 1/2,
-1/2, or -3/2. Then j; - j, + m=integer.

(b) Suppose that j;=1/2 and j,=3/2. ] =2 or 1. Then m is an integer. m=2, 1, 0, -1, -2.
Then j; - J, + m=integer.
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A.8 Mathematica for Wigner 3j coefficient
((Mathematica)) Calculation of the Wigner 3j coefficient

W3J[{j1,m1}m{j2,m2},{j3,m3}]_>(11 I 13]
m m, m

Clear["Global " %"1; W3J[{j1 , m1 }, {i2 , m2 3}, {J_, m }] :=
Module[{sl},

sl = If[Abs[ml] < j1&& Abs[m2] < j2 && Abs[m] < j,

(_1)jl-j2-m
v2j +1

W3Jd[{2, 1}, {2, 1}, {2, -2}]

ClebschGordan[{j1, m1}, {i2, m2}, {i, -m}1, NuII”;

"\ 35
W3J[{3/2,1/2}, {3/2,1/2}, {2, -1}]
0

w3Jd[{2, 1}, {2, 1}, {3, -2}]
0

W3J[{4, 0}, {4, 0}, {0, 0}]
1

3

Ww3J[{3, 0}, {2, 0}, {3, 0}]
2

1/ 105

W3J[{j, -m}, {0, O}, {J, m}] // Simplify[#, Abs[m] < jJ&&Abs[m] < j] &

A9 Matrix elements of vector operator

Spherical tensor of rank 1
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V2 V2
T =V
co VoV, v
T2 2

Using the Wigner-Eckart theorem, we have

<J,’M,|-|=q(1) J,M>:<J,1;M,q J,I;J"M'><\]'”'|:(k)”\]>
where

P=3+1,3, -1, M”=M+q
Forg=1,

(J+L,M + 1T

J.M)=(J,5M,q=1

I3+ LM+ 13 +1[T 0 9)

:(_1)2(J+M)\/(1+J +M+1)(J+M +2)<J +1|‘f(l)‘|J>
21+ 3)(1+2J)

I+ I+M+1D)(J +M +2)
- 2(1+J3)(1+2J)

(J +1”'I°“)“J>

(J,M +1T"

J,M)=(J,5;M,q=1

__[G-M)I+M+D) fro)a)
2J(J +1)

1LI,M 13T )

(J-1L,M +1[T®

J,M)=(J,;M,q=1

:\/u M@ M=)y ey
2323 +1)

JLI-LM +1)(3 1T 3)

Forqg=0,
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(J+L,M[T

J,M)=(J,;M,q=0

I3 +1L,MYI+1[TO) )

=(_1)2(J+M)\/(J M +D)(J +M +1)<J +1|\f<1>\|J>

2I+DHI+1)

:\/(J -M+D(J+M +1)<J +1|‘f(1)‘|J>

2+ +1)

(J,MT®"

J,M)=(J;M,q=0
M

JIQ+1) V|
J,M)=(J,5M,q=0
:\/(J M =M) -1t 0)a)

33, M)I [T )

TO1J)

(J-LM [T T

JLEI-1L,M)J -1

[3)

J(2J +1)
Forqg=-1,

(J+L,M -1 T

I.M)=(J,5M,q=-1

JLI+1L,M=1)(J +1

[9)

(1,234 M) (J-M+I)(J-M+2) 2 (1)
=D \/ 2(J+1)(2J +1) <J+1|‘T “J>

:\/(J ~-M+D(J-M +2)<J +1|‘f(1)‘|3>
2(3 +1)(2J +1)

(I, M =17 0

I.M)=(J,5M,q=-1

:(_1)2(J+M)\/(‘] +M)(J -M +1)<J
2JJ +1)

_[@+M)I-M +1)<J ”‘I””“J}
2J(J +1)

J.53,M =1)(J

[3)

T

[9)

(J-LM 1T £

J,M)=(J,5M,q=-1

:\/(J +M)J +M —1)<J _1|‘f(1)‘|J>
23(23 +1)

JLI-1LM-1)}J -1

[9)

Here we note that

(_1)2(J+M) — 1
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when J is either a positive integer or a half-integer.

A.10 Matrix elements of vector operator (J° = J)
We now calculate the matrix element with J’ = J,

where M'=M +q
Forg=1

(I, M +1|T®

J.M)=(J,5M.1

33,M+1)(3 [T 0] 3)

~ JU-M)J+M +1)<J
- J23(3+1)

3 JT®[a
=(J,M +1|—J+ M < “ )

V2 M) JIA+1)

1))

For g=0

(I, M1

J,M)=(J.;M.0
_ M
JIQ+1)

J.;3,M)J
(7))

Pl

JIA+1)

f(k)‘|J>

=(3,M|J,

J,M)

Forq=-1

(I, M -1T

J.M)=(J,;M,-1

3L3,M =13 [T 9)

20y V@ +FMIJ =M +1 ~ (k
_ iy 2J)(J+1) Loy
j ([t ]9
=(I,M —1|(=1)2™ == |3 M)~
2. =D V2t ) JA+1)
) i (3 f‘““J)
—<J,M—1|\5J,M>m
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where we use the relations

(I M +1[3,[I,M)= (I -M)(JI + M +1)
(IM=1)3_|3,M)= (I +M)J —M +1)
(3,M[3 |3, M)=M|J, M)

Here we note that
(_1)2(.] +M) — 1
when J is either a positive integer or a half-integer. Since

V+ — —\/ETI(I)

A.11 Operator equivalents
We start with

(J,m'

r ()
Tq

J,M)

(J.;M,q

3.3, M )3TV 9)

Suppose that T” = J, . Then we get



(3,mM'3, 3.3, M) (37] )

J,M)=(J,;M,q

or

(3,M +1[3, 353,M +1)(37]] 3)

IM)=(J, ;M.

(M3, 3.53,M)(3']9)

J,M)=(J,5M,0

(3,M =113, 353,M = 1)(3']3)

I,M)=(J ;M -1

From the above equations we have the following relations

JELMYIFE) (o)
1LIMN ) (3]9)

(LMTTO,M)  (JLM.g

(3,M'3 3. M)~ (3,:M,q

or

In other words, 'fq(l) may be replaced by cJ q » the angular operator times a constant C.

sy s
Tq —ch

A.12 Calculation of the scalar product

VoW =N WV, -V

IM)=>(ILMN,
o

=MV,

=(3,m|d,

(JLMN W

JI,MY I, MW

IM —1)(I,M —1\W_

J,M)

J,M)

A A

Iw)3) 3fw|d)
JIQ+1D) I +1)

IM-1)I,M -1]J_

J.M)

55



MY I, MW,

IM+1)(I,M +1W,

(JLMN W,

J,M)

LM)=3 (3. MV

M

~(a.MN.

=(J,M|J_

J,M)

P19y )

IM+1%I,M +1|J
MM I JIQ+1) 3@+

J,M)

IM)=2>(3,M V 3, MNI,M'W,|I,M)
JMYI,M W,

=(LMN,
=(3,M[J JI,M)}I,M ],

(J,MNW,

J,M)

Q) (w]3)
I+ I+

J,M)

((Mathematica))
Clear["Global "%"];

ClebschGordan[{J, M}, {1, 1}, {J, M+1}] // FullSimplify[#, {2J > 1}] &

(J-M) (1+J+M)
J (1+d)

V2

ClebschGordan[{J, M}, {1, 0}, {J, M}] // FullSimplify[#, {2J > 1}] &
M
J (1+J)

ClebschGordan[{J, M}, {1, -1}, {J, M-13}]1 // FullSimplify[#, {2J > 1}] &

J1)2 @My [ Je0Z2
(-1) >
J+J

V2

J+J%+M-M?// Factor
(L+J-M) (J+M)

A.13
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D™ Esmm=m ] R T < (s dmm=my | s o5 om)

(iksmemy'=my | ks ' m Y x (G, ksm=mp,my —my'| j,,k; j,',m—m,")

=(=D™"™ (_1)11'—iz'+m‘\/m[ ) ) Jm'](_l)jl_j2+m m( i ) J ]

m,' m'-m,' m m-m, -m

) . i k i ) ' i k it
X(_l)jl—kerl m( i ) J(_l)Jz—ker—ml m( ) b ]

m m'-m -m/’ m-m, m-m' —-m+m,’'

= (=i iR 3 12§+ 142, 142 ], '+

% jl' j2' j' jl jz J
m' m'-m/' -m'){m m-m -m

Bk WY Bk B
m m'-m -m')Jim-m m-m' -m+m’

(Wigner-Eckart theorem)

Appendix (Tinkham)

V., +iV \Vi e, +ie
Voo 2y o Ve e = | &
‘ V2 V2 1 V2

VO=VZ eO_ez
v - V, -1V, v . - e, —le,
B V2 V2 - V2

where
e,u e, = (_1)#6/1,—\/
Then the vector ¥ can be expresses by

V=Ve +Ve +Ve, =V e +Ve, Ve = Z(—l)”V_#e#

i

The scalar product of two vectors has the form
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V-W= Z(—I)MVV_#e# ‘W e,

uy

= Z(—I)MVVWWW (-D* 5%7‘,
uv

= z(_l)yv—#wﬂ
U

= VW, +V,W, ~V\W_,
= VW, +VW, -V,W_

Appendix Spherical Harmonics as rotator matrices

Using the relation
[%r) = Rir)

[n) =|%r)
Ale,)

R,(#)R,(O)e,)
R,(#)R,(0)[Im'){Im'e,)

Then

)

R, (#)R,(6)] Im')(Im'

(imfa)= 3 (im

m'

Here note that
(n|lm)=Y"(m)=Y"(6,¢)
or
(Im|m) =[Y,"(0,4)]

<|m|ez> =[Y,"(0,¢)] evaluated at 6= 0 with ¢ undetermined. At =0, Y,"(6,9) is

known to vanish for m#0. Then we get
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(Imle,)=[Y,"(0=0,H)1 5,,

‘/2i+ P,(cos® =1)5,,,

_ 2£+15m0
A :

Kim'le,)
z<lm|R (R, (O)|Im)5,,., 1/2“ (Im|R,(#)R,(0)[10)

Y (0.01 =2 (

m'

20 +1

or

A A 4 o i
(ImR.@)R,(@)10) =[5 " " ©.9)

Since
R6)= expl— 3.9
we have
(ImR,($)R, (9)[10) = <|m|exp[—% J.41R,(0)10) =™ (Im|R,()[10)
or
e"™(Im|R,(9)]10) = %{Yém(e,@]"‘

or

3 im 4 m *
(Im[R, (0)10) = & |2 [¥" (0.9)]

Important formula

Wigner-Eckart theorem
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<C¥'; jv,mv|fq(k)

& jm) = (i, ksm,a] ks ' mi) e [T o)

Bis dos j,m) = é‘m’m.é‘j,j,(—l)h'”z_j X2, +142 ], +1

<JNTOOJ>< LITO@ by >W s bs di's a5 35K)

(W RS imTem-T Q)

Equivalent operator:

jm>—<‘]’m'|jq J,m)
’ Vi(i+D)

1. Decomposition theorem

(J,m[T" <JITOYj>

<jv,mv|jq(j'T(1))
i(+D

j.m)

<jv’mv|fq(1)

j>m>: 5“" (D

2. Factorization theorem

(j,m 3, (-1

Bm)=(JmJg Lm)< j 1T > 2)

3. Decomposition theorem of the second kind (the projection theorem)

(Qnmd,

m)y<jl|J-r)j>
i(i+D o

<jv’mv|-|’-\q(1)

j.m) =

Formula

A

‘]/1

k
[jﬂ’Tq(k)]: zfq(-k)<kaQ' k,q>
q'=—k

= SOl gkl ) <k [ F 1k >
q'=—k

= <k317q9/u

= Jkk+1)(k,1;q,

where we use the Wigner-Eckart theoren

. - - (k
KK, g+ ) <kl J [ k>T5)
K.k, q + )T

q+u

(3

Lk iLmy< T >

j.my=(j,k;m,q
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Fork=1and q= g,

(umfd,im)=(ik=1ma=pljk=Ljm)<j|J]>
:5j,j'5m',m+y\/j(j+l)<ja1;m>,u j,l;j,m+ﬂ>
(Blm, ] 15 om+ ) = (D (L m+ p—p .15 j,m)
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Formula
Gom 3 im)=(ismulik=1jm)< jIJ|j>
:gj,j‘5m',m+y<j’1;muu J,l, Jam+:u> < J ||j || J >
:5j,j'5m',m+,u V J(J +1)<j>l;m,,u J,l, j',m +lu>
<j"m'|fq(k) j’m>=§m',m+q<j’k;m7q J,k, j':m'><j'”f(k)“j>
[3,.T9T=Jkk + D(k,La, p|k, Lk, g+ )T

[3,. T 0= V2(Ll—p, |11 k,0)T,"

jol; j,m)

D (RLm, | L j,m+ ) = (Jlm+ u—p
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<JITi>=8,,i(i+1)

JT =3 (1%, T,"

q

m

——0
VIia+D

(j.k=Lm,q=0

jk=1;j,m)=

(i) i) =+ici+1D)
The construction of tensor with rank k

-I’-‘q(k) _ z<k1,kz;qp%|k1’k2;k’q>xér‘)2£§;)

G0z

Decomposition theorem

(it m(3y -7 j.m) ¢

H WD
<J’m|Tq J(J+1) N}

j.m)=
Factorization theorem

(j.m3,(J-T™)

om)=(jm g om)< jIT TV >
Decomposition theorem of the second kind (the projection theorem)

{nmp,

.my<ijllJ-TV|j>
jmy<jll 1>

0ot D
(. i(i+1) e

j,m) =

TOM- T2 =3 DT 0T,
a

(1 imT O TOQ) b dys Jom) = 6, 8, (D7 52,4142 ], +1
<JINTOON i >< BUITON b >W s oy 0i's 105 5K)

Equivalent operator
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QIF13) 3. m3a.m)
(JMJ) — JiG+

(3,MITO[I,M) = (3,M1, T“““J)

(J

J,M)

Nuclear quadrupole fioeld
(Yosida)

The nucleus is not just a point, but has a finite size. If we define the nuclear charge
distribution function p(r)and the electrostatic potential due to the electrons around the

nucleus by V(r).
H = [ p(r)V (r)dr.

where dr denotes the volume elements. Expanding V() about the origin, we get
oV 1 oV
H=2ZeVi#+) P(—),+— ) (=)ot
0 E,- J(axj)o > Ej’kQ,k (axjaxk Do

Here Ze, P; and Qji’ are defined by

Ze = '[ p(r)dr (nuclear charge)
P, = j p(r)x;dr (electric dipole moment)
Qu'= I p(r)X;x dr (electric quadrupole moment)

The electric dipole moment P; vanishes if the nuclear charge distribution has inversion
symmetry with respect to the origin, as is assumed here. The first term is the energy of
the nucleus when the nucleus is regarded as a point charge. Neglecting this term, we get

1
Ho =H-ZeV, :52ij'vjk
.k

where

R
jk =(
OX;0X,

]

)o

The Hamiltonian Hq is the interaction of electric field gradient and the quadrupole
moment. We introduce the traceless tensor as
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3Q11'_ZQii' 3Q12' 3Q13'
ij = 3ij '_5jk ZQii': 3Q21' 3Q22 '_ZQii' 3Qz3'
3Q31' 3Q32' 3Q33'_ZQH'

Then we get

- tgeze 2

j.k
with
Q, = j P(r)(3X, X, — 8, )dr
Suppose that

p(r)= es(r-n)
Then we have

Qi = Ze(3xijxik _§jkri2)

((Slichter))
We are in general concerned only with thr ground state of a nucleus or perhaps with
an excited state when the excited state is sufficiently long-lived. The eigenstate of

I,m) withm= 1, I-1, 1-2,...,-1 (21 +1 states). Then

we need only the matrix elements of the quadrupole operator,

nucleus are characterized by the state

<I,m'|(§jk

I,m)

According to the Wigner-Eckart theorem these can be shown to obey the equation

(1,m'Q, I,m)

|,m>=c<|,m’|§(faf,,+fﬁfa)—5aﬂ12

where C is a constant. We will show you later how to derive this form.

The Hamiltonian is then given by
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eQ 3 ~n an 5
=——>3V [=( 1, +1,1 )=-06 1
Q 6|(2|_1); aﬂ[z( a' p B a) off ]

We choose a set of principal axes such that

V =0 for a# f

af

Then we get a simplified Hamiltonian

eQ

Hoy=——> [V, GBI, —1*)+V, 3l - I")+V, (31, -1")].
Q 6'(2'—1)[VXX( X ) yy( y ) zz( z )]
Since
VitV +V, =0 (from the Laplace’s equation)
we have
eQ fo ny o or 2
H=——""— 3" -TI)+ -V (.~ =1
Q 4|(2| _1)[\/22( z ) (Vxx yy)( X y )]
We define
eq :VZZ
- V,, —Vyy
\Y

where 77 is called the asymmetry parameter and q is called the field gradient. then we
have

e’qQ

Q:4|(2|_1)[(3|z -1 )+77)(|x _Iy )]

((Equivalent operator))
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or

lez:lu+2
2
uu.+U0uU 1 nn n o
— > ° 1:_5(U+U0+U0U+)
o S UuU +UU,)
UU,+20,0,+U U, ~ 2 +20,°

X"y y
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~12 =12 +20 =61

LI+ 1 [ _T@)

The operator equivalent
Thompson p.321

(a)
(1,m[T""

)=l

Lk=2;1,m)<1|IT“? 1>
_ 3m” —1(1 +1)
JIA+ D2 =D21 +3)

< T* )1 >

(I-m+D(l +m)
> \/—[_ 9

(I +m+D( -m)
2

+2m? +

]

L Bm2 o101+ 1)

76

where

(1,
(1,

(1,
(1,

Then we have

)=/(1 —m)(1 +m+1)
—1)=/(1 —=m+1)(1 +m)

y=A(1+m) (1 —m+1)
) =/(1 +m+1)(1 —m)

(1,m[T"

(k=2)
JIA+D2I=1)(21 +3) <IT®2 1>

The atomic spectroscopic quadrupole moment Q is defined by
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Q=(I,1

T |1 1)
~ 312 1(1 +1)
1A+ D221 +3)

€l Vi <HT®2 1>
\/(l +1)(21 +3)

which is consistent with vanishing matrix elements for | =0 and | = 1/2.

2y oo [(HEDEI+3)
<HT®D (] >= | Tt Q

Suppose that

< T®2 1 >

(1 mfTe

l,m)=c(l,m3[,” - I

I,my=c[3m* - I (I +1)]

((Equivalent operator))

Then we have

Lm) = 3m2 = 1(1 +1)

’ JIA+ D21 =1)21 +3)
C3m—1(1+1)
T <

(1,mf, "™

< T®2 1 >

(b)

(,m+2T,

Lmy=(Lk=2m,q=2|Lk=21,m+2)< 1 |T“? 1>

_\Ew —m-1)(I—m)(I +m+1)(I +m+2)
V2 ST+ D2I=1)(21 +3)

<H|T 21 >

and

(LLm+2|i,?

Lm)=>(l,m+2|l,

=(L,m+2|l | L,m+1){I,m+1|T,[1,m)
= J(L=m=D)(1 —m)(I + m+1)(1 +m+2)

Lm(1,m|T,

I,m)

Then we have
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(©)

(Lm+1T,_ “2lm)=(Lk=2mqg=1|Lk=21m+1)< I [T* |1 >

3 Ja-my+m+
V2 g+ DRI =121 +3)

Cm+D) <1 || T®2 1>

[F,+ 0,0 1

(l,m—1|—T| I,m>=—ﬁ[m<l,m—1|f_| L,m)+(m-1)(I,m—1|I_|I,m)]
=—%(2m—l)<l,m—l|f_ I,m)

=—%(2m—1)\/(l —m+1)(1 +m)

Then

(d)

(m=1T,_“l,m)=(Lk=2m,g=-1|Lk =2, 1,m-1) < | |[T*? |1 >
3 J(—m+1)(1+m)

—(— 2(1+my [ _ (k=2)
D 2J|(1+|)(2|—1)(2|+3)(2m DT>
1, +1,0 1 p B T
(I,m-1| 5 |I,m>—ﬁ[m<l,m 1| m)+(m=1){1,m=1[I_|I,m)]
=%(2m—1)<l,m—l|f_ I,m)
:%(Zm—l)\/(l—m+1)(l+m)
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(e)

(Lm=2[T_,"“?[t,m)=(1,k=2m,q=-2|LLk=2;1,m=2) < | [T*? |1 >
:(_1)2(,+m)\EJ(| +m-D(I-m+2)( +m)(I -m+1) ITED 1>
2 JIA+D21=D21 +3)
and
(Lm =212 1,m)=>"(L,m=2[(_[1,m){1,m'|{_| I,m)

=(l,m=2[i_[,m=1){l,m=1]i_|I,m)
= J(+m=1)(1 —=m+2)(1 +m)(I —m+1)

or

where we use the relations

(Lm+1|I,[1,m)= (1 =m)(I +m+1)
(Lm=1[T_[1,m)= /(1 +m)(1 —-m+1)
(1,m|l,[1,m)=m

((Mathematica))

Claculation of the Clebsch-Gordan coefficients for the rank 2 tensors
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Clear["Global +"];

ClebschGordan[{J, m}, {2, 2}, {J, m+2}] // FullSimphlify[#, {J > 1}] &
-1+J3-m) (J-m (L+J+m) (2+J+m)
J) (-1+23J) (3+2J)
ClebschGordan[{J, m}, {2, 1}, {J, m+1}] // FullSimplify[#, {J > 1}] &

J (J-m) (L+J+m) (1+2m)
\/ (1+43 (2+3J)))

ClebschGordan[{J, m}, {2, 0}, {J, m}] // FullSimplify[#, {J > 1}] &

~J (1+J) +3m2
VNI (-3+3(1+4J (2+)))

ClebschGordan[{J, m}, {2, -1}, {J, m-=1}] // FullSimplify[#, {J > 1}] &

Jem) \/ (L+J-m) (J+m) C1i2m
\ 2 (1+4J3 (2+J)))

ClebschGordan[{J, m}, {2, -2}, {J, m-2}] // FullSimplify[#, {J > 1}] &
(Js+m) (1+J-m) (2+J-m) (-1+J+m) (J+m)
(1+J) (-1+2J) (3+2J)

(-3+J (1+43J (2+3J))) // Factor

(1+J) (-1+23J) (3+20)
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T2(2) :Ulz :lU+2
2
Tl(Z) —U1U0+ = :_l(U+Uo+UOU+)
2 2
o S UU +UU,)) _x,
-Iﬁ(z)_U1U71+2U0 o +tU_ U, __ 2 +2U,
W= =

. UU +U U, 1 .~ ~ o~ =
T_(f)z 0= -1 > = 1=5(U_U0+UOU_)
1O -0 U, =20
-2 171 5"
where
A l.j +iA l_j A ~ ~ U
U =——* L=+ J,=U,, U, =—
1 2 \/E 0 1 \/E
or
I, y T IAy IAx :_i(fzm _f-(zZ))
~12 =107 +20, =61
IAZIAX—l—IAxIAZZi A_(12)_-|'-\1(2))
Comment

Wigner-Eckart theorem

(1, mf iy Lk=21m) <1 T@H (1>

I,m)=(1,k=2;m,q=0
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I,m)=(I,k=2;m,q=0

(1, m[> T (@) Lk=21m) > < T 1>

Slichter page 169 - 170

The last term of the right-hand side is independent of m and m'.
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