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1. Vector operators 
 
The operators corresponding to various physical quantities will be characterized by their 
behavior under rotation as scalars, vectors, and tensors. 
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We assume that the state vector changes from the old state   to the new state ' . 

 

 R̂'   

 
or 
 

 R̂'   

 

A vector operator V̂ for the system is defined as an operator whose expectation is a 
vector that rotates together with the physical system.  
 

 j
j

iji VV ˆ'ˆ'   

 
or 
 

j
j

iji VRVR ˆˆˆˆ   

 
or 
 

 RVRV j
j

iji
ˆˆˆˆ  

 
We now consider a special case, infinitesimal rotation.  
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Using the Levi-Civita symbol, we have 
 

kijkji ViJV ˆ]ˆ,ˆ[   

 
We can use this expression as the defining property of a vector operator. 
 
Levi-Civita symbol:ijk 
 

123=231=312=1 
 

132=213=321=-1 
 

all other ijk. =0. 
 
((Example)) 
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When ,ˆˆ JV  
 

kijkji JiJJ ˆ]ˆ,ˆ[   

 

When rV ˆˆ   and ,ˆˆ rA   
 

kijkji xiLx ˆ]ˆ,ˆ[   

 

When ,ˆˆ pA  and ,ˆˆ rA   
 

kijkji piLp ˆ]ˆ,ˆ[   

 
2. Cartesian tensor operators 
 
The standard definition of a Cartesian tensor is that each of its suffix transforms under the 
rotation as do the components of an ordinary 3D vector, 
The Cartesian tensor operator is defined by 
 

 kl
lk

jlikij TT  
,

'ˆ'  

 
under the rotation specified by the 3x3 orthogonal matrix  . 
 

  RTRT kl
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jlikij
ˆˆˆˆ

,

 

 
The simplest example of a Cartesian tensor of rank 2 is a dyadic formed out of two 

vectors Û  and V̂ .  
 

jiij VUT ˆˆˆ   

 
where iÛ  and iV̂ are the components of ordinary 3D vector operators. There are nine 

components: 1+3+5 = 9. This Cartesian tensor is reducible. It can be decomposed into the 
three parts. 
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The first term on the right-hand side, VU ˆˆ   is a scalar product invariant under the 
rotation. The second is an anti-symmetric tensor which can be written as  
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kijk )ˆˆ( VU  

 
There are 3 independent components. 
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The third term is a 3x3 symmetric traceless tensor with 5 independent components (=6-1, 
where 1 comes from the traceless condition.  
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with 0332211  aaa  

 

In conculsion, the tensor jiij VUT ˆˆˆ   can be decomposed into spherical tensors of rank 

0, 1, and 2. 
 
 
3. Spherical tensor 

Notice the numbers of elements of these irreducible subgroups: 1, 3, and 5. These are 
exactly the numbers of elements of angular momentum representations for j = 0, 1, and 2! 
 
The first term is trivial: the scalar by definition is not affected by rotation, and neither is 
an j = 0 state. 
 

To deal with the second and third terms, we introduce tensor operators having three 
and five components, such that under rotation these sets of components transform among 
themselves just as do the sets of eigenkets of angular momentum in the j = 1 and j = 2 
representation, respectively. 
 

Suppose we take a spherical harmonics )(),( nm
l

m
l YY  , where the orientation of 

the unit vector n is characterized by  and . We now replace n by some vector V̂ . Then 
we have a spherical tensor of rank k (in place of l) with magnetic quantum number (in 
place of m). 
 

)ˆ()( Vqm
kl

k
q YT 
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The quantity  
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is a homogeneous polynomial of order l. 
 

The quantity ),(
3

4
),,( 1,1  q

q rYzyxP   is a first order homogeneous polynomial in x, y, 

and z. 
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The above example is the simplest nontrivial example to illustrate the reduction of a 
Cartesian tensor into irreducible spherical tensors. 
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If there is an operator that acts like )ˆ(Vm
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We define a spherical tensor operator of rank k as a set of 2k+1, )(ˆ k
qT , q = k, k-1,…, -k 

such that under rotation they transform like a set of angular momentum eigenkets, 
 




 
k

kq

k
q

k
qq

k
q TRDRTR

'

)(
'

*)(
'

)( ˆ)ˆ(ˆˆˆ , (1) 

 
where 
 

)ˆ(ˆ )( Vqm
kl

k
q YT 

  

 

',ˆ,)ˆ()(
' qkRqkRD k

qq   

 
or 
 

qkRqkqkRqkRD k
qq ,ˆ',',ˆ,)ˆ(

**)(
'

  

 
with q = k, k-1,…, -k. This can be rewritten as 
 




 
k

kq

k
q

k
qq

k
q TRDRTR

'

)(
'

)(
'

)( ˆ)ˆ(ˆˆˆ  

 

The switching of  RR ˆˆ  leads to another expression 
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Considering the infinitesimal form of the expression (1), we have 
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In general, we have 
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Using the Wigner-Eckart theorem, this can be rewritten as 
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using the Wigner 3j symbol. 
 
For n = ex, ey, ez 
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These two commutation relations can also be taken as a definition of a spherical tensor of 
rank k. 
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(a) Spherical tensor operator of rank 1 

The spherical tensor operator of rank 1 is related to the vector operator by the 
relation, 
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The vector operator V̂ satisfies the commutation relation. 
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Using this relation, we can show that 
 

)1(
1

)1(
1

ˆ)ˆˆ(
2

1
]ˆ,ˆˆ[

2

1
]

2

ˆˆ
,ˆ[]ˆ,ˆ[ TVViJViV

ViV
JTJ xyzyx

yx
zz  


  

 

)1(
1

)1(
1

ˆ)ˆˆ(
2

1
]ˆ,ˆˆ[

2

1
]

2

ˆˆ
,ˆ[]ˆ,ˆ[  


 TVViJViV

ViV
JTJ xyzyx

yx
zz   

 
0]ˆ,ˆ[]ˆ,ˆ[ )1(

0  zzz VJTJ  

 
where 
 

yyzx ViViJV ˆˆ]ˆ,ˆ[ 132    ,  xxzy ViViJV ˆˆ]ˆ,ˆ[ 231     

 
(b) Spherical tensor operator of rank 2 
 
Spherical tensor of rank 2 
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5. Construction of new tensors: product of tensors 
 
((Theorem)) 
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is a spherical (irreducible) tensor of rank k. qkkkqqkk ,;,,;, 212121  is the Clebsch-

Gordan coefficient. 
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and the Clebsch-Gordan series given by 
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',ˆ,)ˆ()(
', mlRmlRD l

mm   

 

21212121
...1 kkkkkkkk DDDDD    

 
(The proof of this series will be given in the APPENDIX. 
 
((Example)) 
 
We now consider the case, 
 

01211 DDDDD   

 
or 
 

k = 2, 1, and 1. 
 
Tensor of rank 2 
 
k = 2,  
q1 = 1,0,-1, and q2 = 1,0,-1, and  
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)ˆˆ)(ˆˆ(
2

1ˆˆˆˆˆ

2

ˆˆˆˆ

2

ˆˆˆˆ

2

ˆˆˆˆ

2

ˆˆˆˆ
ˆ

6

ˆˆ2ˆˆˆˆ

6

ˆˆˆˆ2ˆˆ

6

ˆˆˆˆ2ˆˆ
ˆ

2

ˆˆˆˆ

2

ˆˆˆˆ

2

ˆˆˆˆ

2

ˆˆˆˆ
ˆ

)ˆˆ)(ˆˆ(
2

1ˆˆˆˆ

11
)1(

1
)1(

1
)2(

2

1110
)1(

0
)1(

1
)1(

1
)1(

0)2(
1

110011
)1(

1
)1(

1
)1(

0
)1(

0
)1(

1
)1(

1)2(
0

1001
)1(

1
)1(

0
)1(

0
)1(

1)2(
1

11
)1(

1
)1(

1
)2(

2

yxyx

yzzyzxxz

zzyyxx

yzzyzxxz

yxyx

ViVUiUVUZXT

VUVU
i

VUVUVUVUZXZX
T

VUVUVUVUVUVUZXZXZX
T

VUVU
i

VUVUVUVUZXZX
T

ViVUiUVUZXT












 








 

















 

















 








 

















 
 
When iii xVU ˆˆˆ   (in a special case), 

 

yxiyxyixyixT

zyizxT

zyx
T

zyizxT

yxiyxyixyixT

ˆˆ)ˆˆ(
2

1
)ˆˆ)(ˆˆ(

2

1ˆ

ˆˆˆˆˆ

6

ˆ2ˆˆˆ

ˆˆˆˆˆ

ˆˆ)ˆˆ(
2

1
)ˆˆ)(ˆˆ(

2

1ˆ

22)2(
2

)2(
1

222
)2(

0

)2(
1

22)2(
2












 










 

 
Therefore we have the following relations. 
 



 

14 
 








 
























)2(
0

222

)2(
1

)2(
1

)2(
1

)2(
1

)2(
2

)2(
2

)2(
2

)2(
2

22

ˆ
6

ˆ2ˆˆ

2

ˆˆ
ˆˆ

2

ˆˆ
ˆˆ

2

ˆˆ
ˆˆ

ˆˆˆˆ

T
zyx

TT
zx

i

TT
zy

i

TT
yx

TTyx

 

 
Tensor of rank 1  
 

 
 

22

22

22

0110
)1(

0
)1(

1
)1(

1
)1(

0)1(
1

1111
)1(

1
)1(

1
)1(

1
)1(

1)1(
0

1001
)1(

1
)1(

0
)1(

0
)1(

1)1(
1

VUVUZXZX
T

VUVUZXZX
T

VUVUZXZX
T
























 

 
Tensor of rank 0 
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33
110011

)1(
1

)1(
1

)1(
0

)1(
0

)1(
1

)1(
1)0(

0

VUVUVUZXZXZX
T  




  

 
Tensor of rank 2 
 

11
)2(

2

0110
)1(

0
)1(

1
)1(

1
)1(

0)2(
1

110011
)1(

1
)1(

1
)1(

0
)1(

0
)1(

1
)1(

1)2(
0

1001
)1(

1
)1(

0
)1(

0
)1(

1)2(
1

11
)1(

1
)1(

1
)2(

2

22

6

2

6

2

22






























VUT

VUVUZXZX
T

VUVUVUZXZXZX
T

VUVUZXZX
T

VUZXT

 

 
((Mathematica)) 
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6. Tensor of rank zero (scalar) 

We now construct the tensor of rank zero (scalar) by the product of two tensors of 
rank 1. 
 














1

11

21

2

2

1

1

)()(
211121

,

)1()1(
212121

)0(
0

ˆˆ0,0;,,;,

ˆˆ0,0;,,;,ˆ

q

k
q

k
q

qq

k
q

k
q

k
q

ZXqkkkkkqqkkkk

ZXqkkkkkqqkkkkT

 

 
Here we note that 
 

00,0;,,;, 212121  qkkkkkqqkkkk   only if 021  qq  

 
and 
 

12

)1(
0,0;,,;,

1

2111̀21 



k

qkkkkkqqkkkk
q

 

 

Clear"Global`"; CCGGj1_, m1_, j2_, m2_, j_, m_ :

Modules1,

s1  IfAbsm1 b j1 && Absm2 b j2 && Absm b j,

ClebschGordanj1, m1, j2, m2, j, m, 0;

CGj1_, j2_, j_ :

TableSumCCGGj1, k1, j2, k2, j, k1  k2 Xj1, k1 Zj2, k2
KroneckerDelta k1  k2, m, k1, j1, j1, k2, j2, j2, m, j, j;

CG1, 1, 2
X1, 1 Z1, 1,

X1, 0 Z1, 1
2


X1, 1 Z1, 0

2
,

X1, 1 Z1, 1
6


2

3
X1, 0 Z1, 0  X1, 1 Z1, 1

6
,

X1, 1 Z1, 0
2


X1, 0 Z1, 1

2
, X1, 1 Z1, 1

CG1, 1, 1
X1, 0 Z1, 1

2


X1, 1 Z1, 0
2

,

X1, 1 Z1, 1
2


X1, 1 Z1, 1

2
,

X1, 1 Z1, 0
2


X1, 0 Z1, 1

2


CG1, 1, 0
X1, 1 Z1, 1

3


X1, 0 Z1, 0
3


X1, 1 Z1, 1

3

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Then we have 
 

 


 



1

11

1 )()()0(
0

ˆˆ)1(
12

1ˆ
q

k
q

k
q

qk
q ZX

k
T  

 
which is the tensor of rank zero (a scalar). 
 
((Mathematica)) 
 

 
 
________________________________________________________________________ 
7. Tensor operator: example 
 

kijkji ViJV ˆ]ˆ,ˆ[   

 

Clear"Global`"; CCGGj1_, m1_, j2_, m2_, j_, m_ :

Modules1,

s1  IfAbsm1 b j1 && Absm2 b j2 && Absm b j,

ClebschGordanj1, m1, j2, m2, j, m, Null;

CGk_ : Tablek, q, CCGGk, q, k, q, 0, 0, q, k, k, 1;

CG1
1, 1,

1

3
, 1, 0, 

1

3
, 1, 1,

1

3


CG2
2, 2,

1

5
, 2, 1, 

1

5
, 2, 0,

1

5
, 2, 1, 

1

5
, 2, 2,

1

5


CG3
3, 3,

1

7
, 3, 2, 

1

7
, 3, 1,

1

7
,

3, 0, 
1

7
, 3, 1,

1

7
, 3, 2, 

1

7
, 3, 3,

1

7


CG4
4, 4,

1

3
, 4, 3, 

1

3
, 4, 2,

1

3
, 4, 1, 

1

3
,

4, 0,
1

3
, 4, 1, 

1

3
, 4, 2,

1

3
, 4, 3, 

1

3
, 4, 4,

1

3

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0]ˆ,ˆ[,ˆ]ˆ,ˆ[,ˆ]ˆ,ˆ[

ˆ]ˆ,ˆ[,0]ˆ,ˆ[,ˆ]ˆ,ˆ[

ˆ]ˆ,ˆ[,ˆ]ˆ,ˆ[,0]ˆ,ˆ[

11 





zzyzyz

xzyyyzxy

yzxzyxxx

JVViJVViJV

ViJVJVViJV

ViJVViJVJV







 

 
or 
 

0]ˆ,ˆ[,ˆ]ˆ,ˆ[,ˆ]ˆ,ˆ[

ˆ]ˆ,ˆ[,0]ˆ,ˆ[,ˆ]ˆ,ˆ[

ˆ]ˆ,ˆ[,ˆ]ˆ,ˆ[,0]ˆ,ˆ[

1

2







zzxyzyxz

zyyyzxy

yzxzxxx

VJViVJViVJ

ViVJVJViVJ

ViVJViVJVJ







 

 
Here we introduce 
 

)ˆˆ(
2

1ˆ
2

1ˆ

ˆˆ

)ˆˆ(
2

1ˆ
2

1ˆ

1

0

1

yx

z

yx

ViVVV

VV

ViVVV











 

 
It is possible and useful for many purposes to think of 101

ˆ,ˆ,ˆ
VVV  as forming three 

“operator eigenstates” 101
ˆ,ˆ,ˆ
VVV  of j having j = 1 and m = 1,0, amd -1. 

 
0]ˆ,ˆ[]ˆ,ˆ[]ˆ,ˆ[ 101   VJVJVJ z  

 
                                                          

1110
ˆ]ˆ,ˆ[,ˆ2]ˆ,ˆ[   VVJVVJ z   

 

01
ˆ2]ˆ,ˆ[ VVJ    

 
This is compared with 
 

,0,121,1ˆ,1,120,1ˆ,01,1ˆ    JJJ  
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01,1ˆ,1,120,1ˆ,0,121,1ˆ   JJJ   

 

1,11,1ˆ,00,1ˆ,1,11,1ˆ   zzz JJJ  

 
or 
 

01,1ˆ,00,1ˆ,01,1ˆ   JJJ z  

 

,1,120,1ˆ,1,120,1ˆ    JJ  

 

1,11,1ˆ,1,11,1ˆ   zz JJ  

 

0,121,1ˆ,0,121,1ˆ    JJ  

 
________________________________________________________________________ 
8. Wigner and Eckart Theorem 
 

)(

'

)(
'

)( ˆ,ˆ',ˆ],ˆ[ k
q

k

kq
z

k
q

k
qz TqqkJqkTTJ  



 (3) 

 

mjTmjqmjTJmj k
q

k
qz ,;ˆ',';,;],ˆ[',';' )()(    

 
or 
 

0,;ˆ',';')'( )(  mjTmjqmm k
q   

 
Then we have 
 

0,;ˆ',';' )( mjTmj k
q   

 
unless 
 

0'  qmm  
 
 

)(
1

)( ˆ)1)((]ˆ,ˆ[ k
q

k
q TqkqkTJ     

 
(a) 
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mjTmjqkqkmjTJmj k
q

k
q ,;ˆ',';)1)((,;]ˆ,ˆ[',';' )(

1
)(      

 
or 
 

mjTmjqkqkmjJTTJmj k
q

k
q

k
q ,;ˆ',';)1)((,;ˆˆ',';' )(

1
)()(      

 
 

mjTmjqkqkmjJTmjmjTJmj k
q

k
q

k
q ,;ˆ',';)1)((,;ˆˆ',';',;ˆˆ',';' )(

1
)()(    

 
 

mjTmjqkqk

mjTmjmjmjmjTmjmjmj

k
q

k
q

k
q

,;ˆ',';)1)((

1,;ˆ',';')1)((,;ˆ1',';')1'')(''(

)(
1

)()(








 

 
 
(b) 
 

mjTmjqkqkmjTJmj k
q

k
q ,;ˆ',';)1)((,;]ˆ,ˆ[',';' )(

1
)(      

 
mjTmjqkqkmjJTmjmjTJmj k

q
k

q
k

q ,;ˆ',';)1)((,;ˆˆ',';',;ˆˆ',';' )(
1

)()(      

 

mjTmjqkqk

mjTmjmjmj

mjTmjmjmj

k
q

k
q

k
q

,;ˆ',';)1)((

1,;',';')1)((

,;ˆ1',';')1'')(''(

)(
1

)(

)(













 

 
or 
 

mjTmjqkqk

mjTmjmjmjmjTmjmjmj

k
q

k
q

k
q

,;ˆ',';)1)((

1,;',';')1)((,;1',';')1'')(''(

)(
1

)()(












 

 

We find the same recursion relations for the mjTmj k
q ,;ˆ',';' )(   as we find for the 

Clebsch-Gordan coefficients ',';,,;,,;,,;, 212121 mjkjqmkjmjjjmmjj    

 
with  
 
j1= j,  j2 = k,  m1 = m, m2 = q,  j = j’  m = m’ 
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1',';,1,;,)1)((

1',';,,1;,))1)((

',';,,;,)1'')(''(

1







mjkjqmkjqkqk

mjkjqmkjmjmj

mjkjqmkjmjmj







 

or 
By changing by   and  , and 1'' mm   we have 
 
 

mjkjqmkjqkqk

mjkjqmkjmjmj

mjkjqmkjmjmj

,';,1,;,)1)((

',';,,1;,))1)((

1',';,,;,)1'')(''(

1













 

 
 
Therefore the m behavior of the mjTmj k

q ,;',';' )(   must be the same as that of the 

Clebsch-Gordan coefficients. We see that 
 

 ',';,,;,,;ˆ',';' )( mjkjqmkjmjTmj k
q   term independent of m’, m, and q. 

 
or 
 

jTjmjkjqmkjmjTmj kk
q  )()( ˆ''',';,,;,,;ˆ',';'   

 
(Wigner-Eckart theorem) 

 

jTj k  ˆ''  is the reduced matrix element, independent of m’, m, and q. 

 
where 
 

qmm '  
 

kjkjkjj  ,.......,1,'  

 
((Note)) As the Wigner-Eckart theorem, one can use conventionally the form 
 

12

ˆ''
',';,,;,,;ˆ',';'

)(

)(




j

jTj
mjkjqmkjmjTmj

k

k
q


  

 
The 12 j  factor is arbitrary, but conventional. Here we use the formula which is used 

by Zettli. 
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((Note)) 
 
Recursion relation of the Clebsch-Gordan coefficients 
 


1 2

,;,,;,,;,,;, 212121212121
m m

mjjjmmjjmmjjmjjj  

 
where 
 

0,;,,;,)( 21212121  mjjjmmjjmmm  

 
and 
 

mjjjmmjjmjmj

mjjjmmjjmjmj

mjjjmmjjmjmj

,;,1,;,))(1(

,;,,1;,))(1(

1,;,,;,)1)((

2121212222

2121211111

212121













 

or 
 

1,;,1,;,)1)((

1,;,,1;,))1)((

,;,,;,)1)((

2121212222

2121211111

212121







mjjjmmjjmjmj

mjjjmmjjmjmj

mjjjmmjjmjmj







 

 
 
9. Defintion of matrix element 
 
We define the matrix element of the Clebsch-Gordon coefficient as 
 

]},,{,'[{,;ˆ',';' )0(
0 jqkjCCGmjTmj k

q 
   
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where 
 

j' = j+k, j+k-1, ....., |j-k|. 
 

q = k, k-1,..., -k. 
 
______________________________________________________________________ 
10. Numerical calculation of matrix using Mathematica 
 

 
 
Using this program, one can get the table of the matrix elements of the tensor operator, 
 

mjTmj k
q ,',' )(  

 
for given k, q, and j. Here the matrix can be obtained using the notation of matrix 
(mathematica) 
 

Clear"Global`"; CCGGj1_, m1_, j2_, m2_, j_, m_ :

Modules1,

s1  IfAbsm1 b j1 && Absm2 b j2 && Absm b j,

ClebschGordanj1, m1, j2, m2, j, m, 0;

CCGj2_, k1_, q1_, j1_ :

Tablem1  q1, m1, CCGGj1, m1, k1, q1, j2, m1  q1, m1, j1, j1, 1;
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]},,{,'[{ jqkjCCG   
 
_____________________________________________________________________ 
10 Example 1: Tensor of rank 0 (scalar) 
 

0,;ˆ',';' )0(
0 
 mjTmj k

q   

 
only if 
 

mm '  and jj '  
 
((Example)) 
 
k = 0, q = 0;  j =0, j' =0 
 

 
 
k = 0, q = 0;  j =1, j' =1 
 

 
 
11. Example 2: Tensor of rank 1 (vector) 
 

0,;ˆ',';' )1(  mjTmj k
q   

 
only if 
 

qmm ' , |1|,,1'  jjjj  
 
(1) 
 
k = 1, q = 1:  j = 0, j'=1 
 

 
 
k = 1, q = 0:  j = 0, j'=1 
 

CCG0, 0, 0, 0
0, 0, 1

CCG1, 0, 0, 1
1, 1, 1, 0, 0, 1, 1, 1, 1

CCG1, 1, 1, 0
1, 0, 1
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k = 1, q = -1:  j = 0, j'=1 
 

 
 
____________________________________________________________________ 
(2.1) 
 
k = 1, q = 1:  j = 1, j'=2 
 

 
 
k = 1, q = 0:  j = 1, j'=2 
 

 
 
k = 1, q = -1:  j = 1, j'=2 
 

 
 
_____________________________________________________________________ 
(2.2) 
 
k = 1, q = 1:  j = 1, j'=1 
 

 
 

 
k = 1, q = 0:  j = 1, j'=1 
 

CCG1, 1, 0, 0
0, 0, 1

CCG1, 1, 1, 0
1, 0, 1

CCG2, 1, 1, 1
2, 1, 1, 1, 0,

1

2
, 0, 1,

1

6


CCG2, 1, 0, 1

1, 1,
1

2
, 0, 0,

2

3
, 1, 1,

1

2


CCG2, 1, 1, 1
0, 1,

1

6
, 1, 0,

1

2
, 2, 1, 1

CCG1, 1, 1, 1
2, 1, Null, 1, 0, 

1

2
, 0, 1, 

1

2

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k = 1, q = -1:  j = 1, j'=1 
 

 
 
______________________________________________________________________ 
(2.3) 
 
k = 1, q = 1:  j = 1, j'=0 
 

 
 
k = 1, q = 0:  j = 1, j'=0 
 

 
 
k = 1, q = -1:  j = 1, j'=0 
 

 
 
____________________________________________________________________ 
12. Parity operator 
 
We consider the case when 
 

CCG1, 1, 0, 1
1, 1,

1

2
, 0, 0, 0, 1, 1, 

1

2


CCG1, 1, 1, 1
0, 1,

1

2
, 1, 0,

1

2
, 2, 1, Null

CCG0, 1, 1, 1
2, 1, Null, 1, 0, Null, 0, 1,

1

3


CCG0, 1, 0, 1
1, 1, Null, 0, 0, 

1

3
, 1, 1, Null

CCG0, 1, 1, 1
0, 1,

1

3
, 1, 0, Null, 2, 1, Null
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)ˆˆ(
2

1ˆ
2

1ˆˆ

ˆˆˆ

)ˆˆ(
2

1ˆ
2

1ˆˆ

1
)1(

1

0
)1(

0

1
)1(

1

yx

z

yx

ViVVVT

VVT

ViVVVT











 

 
Then we have 
 
(a) 

0,;
2

ˆˆ
',';',;ˆ',';'

)1(
1

)1(
1 


  mj
TT

mjmjVmj x   

 

0,;
2

ˆˆ
',';',;ˆ',';'

)1(
1

)1(
1 



  mj
i

TT
mjmjVmj y   

 
unless 1'  mm  and 1,,1'  jjjj  

 
(b) 
 

0,;ˆ',';',;ˆ',';' )1(
0  mjTmjmjVmj z   

 
unless mm '  and 1,,1'  jjjj  

 
 
13. Selection rule for the rank 1 tensor (vector) 
 
Spherical tensor of rank 1 
 

2

ˆˆ)1(
1

yix
T


  

 
zT ˆ)1(

0   

 

2

ˆˆ)1(
1

yix
T


  

 
From Wigner-Eckart theorem 
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mlnTmln q ,,ˆ',',' )1( ≠ 0 for qmm '  and for .1,,1'  llll  

 
where l is interger. For the parity operator, we have 
 

)1()1( ˆˆˆˆ qq TT   

 
and 
 

mlnmln l ,,)1(,,ˆ  ,  mlnmln l ,,)1(ˆ,,   

 
Thus the matrix element is equal to zero for ll ' , since 
 

mlnTmlnmlnTmlnmlnTmln q
ll

qq ,,ˆ',',')1(,,ˆˆˆ',',',,ˆ',',' )2(1')2()2(    

 
Finally we have the selection rule 
 

mlnTmln q ,,ˆ',',' )1( ≠ 0 for qmm '  and for 1' ll  

 
14. Selection rule for rank-2 tensor 
 
Spherical tensor of rank 2 
 

)2(
0

222

)2(
1

)2(
1

)2(
1

)2(
1

)2(
2

)2(
2

)2(
2

)2(
2

22

ˆ
6

ˆ2ˆˆ

2

ˆˆ
ˆˆ

2

ˆˆ
ˆˆ

2

ˆˆ
ˆˆ

ˆˆˆˆ

T
zyx

TT
zx

i

TT
zy

i

TT
yx

TTyx








 
























 

 
From Wigner-Eckart theorem 
 

mlnTmln q ,,ˆ',',' )2( ≠ 0  
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for qmm '  and for 2,1,,1,2'  llllll . For the parity operator, we have 

 
)2()2( ˆˆˆˆ qq TT   

 
and 
 

mlnmln l ,,)1(,,ˆ  , mlnmln l ,,)1(ˆ,,   

 
Thus the matrix element is equal to zero for 1'  ll  since 
 

mlnTmlnmlnTmlnmlnTmln q
ll

qq ,,ˆ',',')1(,,ˆˆˆ',',',,ˆ',',' )2(')2()2(  
.
 

 
Finally we have the selection rule; 
 

mlnTmln q ,,ˆ',',' )1( ≠ 0 for qmm '  and for 0,2' ll  

 
 
________________________________________________________________________ 

15. Projection theorem (Eigner-Eckart theorem for a scalar product VJ ˆˆ  ) 
A.0 The projection theorem for the first rank tensor 
 

)1()1( ˆˆ)1(ˆ
q

q
q

q TJ  TJ  

 
1. Decomposition theorem 
 

',

)1(
)1(

)1(

,)ˆ(ˆ','
,ˆ',' jj

q
q jj

mjJmj
mjTmj 





TJ

 (1) 

 
2. Factorization theorem 
 

 jjmjJmjmjJmj qq ||ˆ||,ˆ',',)ˆ(ˆ',' )1()1( TJTJ . (2) 

 
3. Decomposition theorem of the second kind (the projection theorem) 
 

',

)1(
)1(

)1(

||ˆ||,ˆ','
,ˆ',' jj

q
q jj

jjmjJmj
mjTmj 






TJ
. (3) 

 
_______________________________________________________________________ 
((Proof of the theorem I)) 
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 



 mjTJJmjmjJmjM qq ,)ˆˆ(ˆ',')1(,)ˆ(ˆ',' )1()1(TJ  

 
Here we use the commutation relation, 
 

 JTTJTJ ˆˆ]ˆ,ˆ[ˆˆ )1()1()1(
   

 

Then we get 

 

  











 mjTJJmjmjJTJmj

mjJmjM

qq

q

,])ˆ,ˆ([ˆ',')1(,)ˆˆ(ˆ',')1(

,)ˆ(ˆ','
)1()1(

)1(TJ

 

 
Here we note that 
 

)()( ˆ,;1,,;1,)1(],ˆ[ k
q

k
q TqkkqkkkTJ   

 
 

For q = - and k = 1, we have 

 
)1(

0
)1( ˆ0,;1,1,;1,12],ˆ[ TkTJ  

 
 

Using this commutation relation, we calculate the second term defined by 

 

00,1;1,1,;1,1)1(,ˆ','

0,1;1,1,;1,1,ˆ',')1(,])ˆ,ˆ([ˆ',')1(

)1(
0

)1(
0

)1(







 


















mjTJmj

mjTJmjmjTJJmj

q

qq

 

 

(We check the final result using the Mathematica). Then we have 

 

 



 mjJTJmjM q ,ˆˆˆ',')1( )1(

 
 

We note that 

 























mjjmjjj

jjmjjmj

jjmjkjmjmjJmj

mmjj

mmjj

,;1,,;1,)1(

||ˆ||,;1,,;1,

||ˆ||'',';1,,;1,,ˆ','

,'',

,'', J

J
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

















































 

mjjmjmjjmj

mjjqqmjjTjjjjj

jTjmjjmj

mjJmjqmjJmj

mjTmjmjJmjqmjJmj

mjTqmjmjJmjqmjJmj

mjJmjmjTqmjqmjJmj

mjJmjmjTqmjqmjJmjmjJTJmj

qmm

qqmm

qqmm

q

q

mj
qq

,;1,,;1,,';1,,;1,

',';1,',';1,'||ˆ||')1()1'('

||ˆ||',';1,|,;1,

,ˆ,','ˆ','

,ˆ,',ˆ,','ˆ','

,ˆ',',ˆ,','ˆ','

,ˆ,,ˆ','','ˆ','

,ˆ","","ˆ','','ˆ',',ˆˆˆ','

)1(
'

)1(

'

)1(
'

)1(

)1(

","

)1()1(

 

Here we note that 

 
mjjmjmjjmj ,;1,,;1,,;1,,;1,)1(  

 
 

(see the proof of this equation below). The sum over  is 

 

',

,;1,,;1,

,';1,,;1,,;1,,;1,,';1,,;1,)1(

jj

mjjmj

mjjmjmjjmjmjjmj













 

 

 

(from the condition of orthogonality), where we use 

 

',',212121
,

212121 ',';,,;,,;,,;,
21

mmjj
mm

mjjjmmjjmjjjmmjj 
 

 
  jTjmjkjqmkjmjTmj k

qmm
k

q ||ˆ||'',';,,;,,ˆ',' )(
',

)( 
’ 

 
    mjjmjjjmjJmj mmjj ,';1,,;1,)1(,ˆ',' ',',

 
 

Then 

 
qmjjqmjjTjjjmjJTJqmj jjq   ,;1,,;1,||ˆ||')]1([,ˆˆˆ,' )1(

',
)1( 

 
 

Here we put 
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qmm '
  

we have the form such that 

 

mjTmjjj

mjjqmjjTjjjmjJTJmj

qjj

jjq

,ˆ',')1(

',';1,,;1,||ˆ||')1(,ˆˆˆ','
)1(

',

)1(
',

)1(









 

 

Then we get the final result 

 

',

)1(
)1(

)1(

,)ˆ(ˆ','
,ˆ',' jj

q
q jj

mjJmj
mjTmj 





TJ

 
 

 

((Note-1)) 

Proof of 

 
mjjmjmjjmj ,;1,,;1,)1(,;1,,;1,   

 
 

   mjjmjjjmjJmj ,;1,,;1,)1(,ˆ,
 

 

When  is changed into -,  

 
    mjjmjjjmjJmj ,;1,,;1,)1(,ˆ,

 
 
When m' = m - , or m = m' + , 
 

',;1,,';1,)1(',ˆ', mjjmjjjmjJmj    
 

Replacing ' into , 

 
mjjmjjjmjJmj ,;1,,;1,)1(,ˆ,  

 
 

Here we note that 

 




 
  JJ ˆ)1(ˆ , or  

  


 JJ ˆ)1(ˆ
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Then we get 

 
mjjmjjjmjJmjmjJmj ,;1,,;1,)1(,ˆ,)1(,ˆ,  


  



 
 

Then we have 

 

mjjmjjjmjJmjmjJmj ,;1,,;1,)1()1(,ˆ,,ˆ,
*  

 

 
 

Since 

 
*

,ˆ,,ˆ, mjJmjmjJmj   
 

 

from the definition, we finally obtain the relation 

 
mjjmjjjmjJmj ,;1,,;1,)1()1(,ˆ,  

 
 

 

or 

 
mjjmjmjjmj ,;1,,;1,)1(,;1,,;1,   

 
 

((Note-2)) 

We show that 

 
00,1;1,1,;1,1)1( 



 
 

 

using the Mathematica 

 

((Mathematica)) We use the Mathematica to calculate the Clebsch-Gordan coefficient. 
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___________________________________________________________________ 
((Proof of the theorem II) 
 

 
","

)1()1( ,ˆ","","ˆ',',)ˆ(ˆ','
mj

qq mjmjmjJmjmjJmj TJTJ  

 

We use the fact that )1(ˆ TJ   is a zero-rank tensor and 
 

 jjmjmj mmjj ||ˆ||,ˆ"," )1(
,","

)1( TJTJ   

 
Then we have 
 



 

jjmjJmj

jjmjJmjmjJmj

q

mj
mmjjqq

||ˆ||,ˆ','

||ˆ||","ˆ',',)ˆ(ˆ','

)1(

","

)1(
,","

)1(

TJ

TJTJ 
 

 
((Proof of the theorem III)) 
 

',

)1(

',

)1(
)1(

)1(

||ˆ||,ˆ','

)1(

,)ˆ(ˆ','
,ˆ','

jj
q

jj
q

q

jj

jjmjJmj

jj

mjJmj
mjTmj















TJ

TJ

 

______________________________________________________________________ 

Clear"Global`";

ClebschGordan1, 1, 1, 1, 1, 0


1

2

ClebschGordan1, 1, 1, 1, 1, 0
1

2

ClebschGordan1, 0, 1, 0, 1, 0
0

Sum1 ClebschGordan1, , 1, , 1, 0, , 1, 1, 1
0
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16 Calculation of the reduced matrix jj 2ˆ' J  

In the projection theorem 
 

',

)1(
)1(

)1(

||ˆ||,ˆ','
,ˆ',' jj

q
q jj

jjmjJmj
mjTmj 






TJ
 

 
we put 
 

qq JT ˆˆ )1(   

 
Then we get 
 

',

2
)1(

)1(

||ˆ||,ˆ','
,ˆ',' jj

q
q jj

jjmjJmj
mjJmj 






J
 

 
or 
 

)1(||ˆ||' ',
2  jjjj jjJ  

 
_______________________________________________________________________ 

16 Calculation of the reduced matrix jj Ĵ  

In the Wigner-Eckart theorem, 
 

jTjmjkjqmkjmjTmj kk
q

)1()1( ˆ',;1,,;1,,ˆ',    

 
we put 
 

q
k

q JT ˆˆ )1(   

 
Then we get 
 

jjmjkjqmkjmjJmj Ĵ',;1,0,;1,,ˆ', 0   

 
for q = 0. Here we note that 
 

',''0 ,ˆ',' jjmmmmjJmj   

 

',
)1(

',;1,0,;1, mm
jj

m
mjkjqmkj 


  
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Then we have 
 

jj
jj

Ĵ
)1(

1
1


  

 
or 
 
 

)1(ˆ  jjjj J  

 
((Proof)) 

The proof of the formula 
 

)1(
,;1,0,;1,




jj

m
mjkjqmkj  

 
is given by Mathematica as follows. 
 
((Mathematica)) 
 

 

Clear"Global`"; CCGGj1_, m1_, j2_, m2_, j_, m_ :

Modules1,

s1  IfAbsm1 b j1 && Absm2 b j2 && Absm b j,

ClebschGordanj1, m1, j2, m2, j, m, 0;

j1  1;

Tablem1, CCGGj1, m1, 1, 0, j1, m1,
m1

j1 j1  1
, m1, j1, j1, 1

1,
1

2
,

1

2
, 0, 0, 0, 1, 

1

2
, 

1

2


j1  2;

Tablem1, CCGGj1, m1, 1, 0, j1, m1,
m1

j1 j1  1
, m1, j1, j1, 1

2,
2

3
,

2

3
, 1,

1

6
,

1

6
, 0, 0, 0, 1, 

1

6
, 

1

6
, 2, 

2

3
, 

2

3


j1  3;

Tablem1, CCGGj1, m1, 1, 0, j1, m1,
m1

j1 j1  1
, m1, j1, j1, 1

3,
3

2
,

3

2
, 2,

1

3
,

1

3
, 1,

1

2 3
,

1

2 3
, 0, 0, 0,

1, 
1

2 3
, 

1

2 3
, 2, 

1

3
, 

1

3
, 3, 

3

2
, 

3

2

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_______________________________________________________________________ 
18. Landè g-factor 

The magnetic moment is defined by 
 

)ˆ2ˆ(ˆ SLμ 


B  

 
The total angular momentum is 
 

SLJ ˆˆˆ   
 
The expectation value of the m-th component of the magnetic moment m can be obtained 
from the projection theorem (decomposition theorem of the second kind, see Rose), 
 

mjJmj
jj

jj
mjmj qq ,;ˆ,

)1(

||ˆˆ||
,ˆ, 2 






μJ  

 
Now we have 
 

 )ˆˆ3ˆ2ˆ()ˆˆ()ˆ2ˆ(ˆˆ 22 SLSLSLSLJμ


BB 
 

 
and  
 

SLSLJ ˆˆ2ˆˆˆ 222   
 
or 

2

ˆˆˆ
ˆˆ

222 SLJ
SL


  

 
Then we get 
 

 )]ˆˆˆ(
2

3ˆ2ˆ[ˆˆˆˆ 22222 SLJSLμJJμ


B  

 
and 
 

)]}1()1()1([(
2

3
)1(2)1({||ˆˆ|| 2  sslljjsslljj B 




μJ  

 
Then the expectation value of the magnetic moment along the z axis is 
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)]1()1()1((3[
)1(2

)]}1()1()1([(
2

3

)1(2)1({
)1(

,ˆ,
)1(

||ˆˆ||
,ˆ,

2
2

020


















sslljj
jj

m

sslljj

ssll
jj

m

mjJmj
jj

jj
mjmj

B

B
















μJ

 

 

since mj,  is a joint eigenstate of 2Ĵ , 2̂L , 2Ŝ , and zJJ ˆˆ
0   with eigenvalues 

)1(2 jj , )1(2 ll , )1(2 ss , and m , respectively. 
Here we introduce the Landè g-factor as 

 

Jμ ˆˆ


BJg 
  

 
Then we have 
 

BJ
BJBJ mgm

g
mjJmj

g
mjmj   


,ˆ,,ˆ, 00  

 
and 
 

)1(2

)1()1(

2

3





jj

llss
gJ  

 
19. The expectation value of Sz 
 
Since 
 

2

ˆˆˆ

2

ˆˆˆ
ˆˆˆˆ)ˆˆ(ˆˆˆ

222222
22 SLJSLJ
SSLSSLSJS





  

 
we get the expectation of Sz as 
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]
)1(

)1()1(
1[

2

)]1()1()1([
)1(2

,;ˆ,
)1(

,||ˆˆ||,
,ˆ,

2
2

020
















jj

llssm

sslljj
jj

m

mjJmj
jj

mjjjmj
mjSmj










SJ

 

 
where we use the projection theorem. 
 
20. Spin-orbit interaction: example of equivalent operators 

The idea of operator equivalents finds applications in many branches of physics. As 
one of typical examples, we consider the effect of the spin-orbit interaction. 
 

SLslr ˆˆˆˆ)(
1

 



N

i
iiiSOH  

 
where  is the spin-orbit interaction constant. We use the equivalent operator 
 
 




 jTj
jj

mJJmJ
mjTmj q

q ||ˆ||
)1(

,ˆ',
,ˆ', )1()1(

 
 
for the rank-1 tensor (vector): operator equivalents. 
 

)1(

'

)1(

ˆ'
ˆˆ)(

]
)1(

||ˆ||
'[]

)1(

||ˆ)(||ˆ'[[,;ˆˆ)(';'
















SS

SMSM

LL

LMLM
SSLL

SS

SS
SMSM

LL

LL
LMLMMSLMSMLM

ssLL
ii

i
ss

i
LLSLiiiSL

SL
slr

s
S

lr
Lslr






 
If we sum over all the electrons (i) , we get 
 

)1(

'

)1(

ˆ'
ˆˆ)(

,;ˆˆ)(';',;';'













SS

SMSM

LL

LMLM
SSLL

MSLMSMLMMSLMHSMLM

ssLL

i
ii

SL
i

iiiSLSLSOSL

SL
slr

slr





 

Noting that 
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ssLL

SLSLSLSOSL

SMSMLMLM

MSLMSMLMMSLMHSMLM

SL

SL

ˆ'ˆ'

,;ˆˆ';',;';'








 

 
Then we have 
 

)1(

'

)1(

ˆ'

ˆˆ)(ˆ'ˆ'







 

SS

SMSM

LL

LMLM

SSLLSMSMLMLM

ssLL

i
iissLL

SL

slrSL 

 

or 
 





i

ii

SSLL

SSLL

)1()1(

ˆˆ)( slr
  

 
________________________________________________________________________
20. Magnetic form factor 

Here we use the projection theorem, 
 

)1(

||ˆˆ||
',ˆ',',ˆ','

2 



jj

jj
mjmjmjmj qq



VJ
JV  

 

where VJ ˆˆ   is a scalar so its expectation value is independent of m. 
 

  







 ssV rκ ˆˆˆ fei   


sSJ ˆˆˆ
ld  

 
where the atom site is denoted by j = {l, d}, and  is the vector connecting atom at the 
site {l, d} and electrons surrounding the nucleus. We also put 
 




rκ ief , 
 

for the simplicity.  is the wave vector. ldŜ  is the resultant spin determined from the 

Hund rule. Then we get 
 


















 





 sSSsVJ ˆˆˆˆ ff ldld . 

 
Here we use the projection theorem, 
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


 






ldd

ld

ld

F

SS

f
f

Sκ

sS
Ss

ˆ')(

)1(

||ˆ||
ˆ'ˆ'

2











   (1) 

 
where  
 

)1(

||ˆ||
)(

2 





SS

f
F

ld

d





 sS
κ  

 
is called the magnetic form factor. It is obtained by the Fourier transform of the 
normalized spin density at the site j (or denoted by l, d). 
 
________________________________________________________________________ 
21. Quadrupole interaction 

Using the Wigner-Eckart thorem, we get 
 

jQjmjkjqmkjmjQmj kk
q

)2()2( ˆ',;2,,;2,,ˆ',    

 

for )2()2( ˆˆ   k
q

k
q QT  (spherical tensor of rank-2) 

 
and 
 

jQjmjkjqmkjmjQmj kk
q

)2()2(
0

ˆ',;2,0,;2,,ˆ', 
   

 
In this last equation we put m' = j and m = j 
 

jQjjmjkjqjmkjjmjQjmj kk
q

)2()2(
0

ˆ',;2,0,;2,,ˆ', 
   

 
Then we get 
 










jmjkjqjmkj

jmjQjmj
jQj

k
qk

',;2,0,;2,

,ˆ',ˆ
)2(

0)2(  

 
Using this relation, we have  
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jmjkjqjmkj

mjkjqmkj
eQ

jmjkjqjmkj

jmjQjmjmjkjqmkj
mjQmj

k
qk

q













',;2,0,;2,

',;2,,;2,

2

1

',;2,0,;2,

,ˆ',',;2,,;2,
,ˆ',

)2(
0)2(

 

 
where we define 
 

eQjmjQjmj k
q 2

1
,ˆ', )2(

0  
  

 
________________________________________________________________________ 
 
 
________________________________________________________________________ 
APPENDIX 
 
1. Orthogonality condition 

The CG coefficients form an unitary matrix. Furthermore, the matrix elements are 
taken to be real by convention. A real unitary matrix is orthogonal. We have the 
orthogonal condition. 
 

mjjjmmjjmjjjmmjjmmjjmjjj ,;,,;,,;,,;,,,,,,, 212121

*

212121212121   

 
Closure relation 
 

',',

212121
,

212121

,
21212121212121212121

2211

,;,',';,,;,,;,

',';,,;,,;,,;,',';,,;,

mmmm

mj

mj

mjjjmmjjmjjjmmjj

mmjjmjjjmjjjmmjjmmjjmmjj










 

 
or 
 

',',212121
,

212121 2211
,;,',';,,;,,;, mmmm

mj

mjjjmmjjmjjjmmjj   

 
Similarly, 
 

',',

212121
,

212121

,
2121212121212121

',';,,;,,;,,;,

',';,,;,,;,,;,',';,,;,

mmjj

mj

mj

mjjjmmjjmjjjmmjj

mjjjmmjjmmjjmjjjmjjjmjjj










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or 
 

',',212121
,

212121 ',';,,;,,;,,;,
21

mmjj
mm

mjjjmmjjmjjjmmjj   

 
As a special case of this, we may set j = j, m = m = m1 + m2. 
 

1,;,,;,

21

21 ,

2

212121 
 mmm

mm

mjjjmmjj  

 
which is just the normalization condition of mjjj ,;, 21 . 

 
 
2. Clebsch-Gordon series 
 


'""

)"(
"'212121212121

)(
'

)(
' )ˆ(',";,,;,',";,',';,)ˆ()ˆ( 2

22

1

11
qqk

k
qq

k
qq

k
qq RDqkkkqqkkqkkkqqkkRDRD  

 
((proof)) Sakurai Modern Quantum Mechanics 
 


'',,

)(
'212121212121

)(
'

)(
' )ˆ(',;,',';,,;,,;,)ˆ()ˆ( 2

22

1

11
mmj

j
mm

j
mm

j
mm RDmjjjmmjjmjjjmmjjRDRD  (1) 

 
We start with the notation given by 

 

||1 21212121
... jjjjjjjj DDDDD    

 
This means that a similarity transformation must exist which reduces 

21 jj DD   to the 

block form 
 






































)ˆ(000

0)ˆ(00

00)ˆ(0

000)ˆ(

21

21

21

21

1|

1||

||

RD

RD

RD

RD

jj

jj

jj

jj

 

 
First we note that the left-hand side of Eq.(1) is the same as 
 

)ˆ()ˆ(',ˆ,',ˆ,',';,ˆ,;, )(
'

)(
'2222111121212121

2

22

1

11
RDRDmjRmjmjRmjmmjjRmmjj j

mm
j
mm  
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((Note)) This expression can be understood from the following consideration. 
 

    )ˆexp()ˆexp()]ˆˆ(exp[)ˆexp(ˆˆ
2121 yyyyyy J

i
J

i
JJ

i
J

i
RR 


  

 

)ˆ()ˆ()()(

',)ˆexp(,',)ˆexp(,

',';,)ˆexp()ˆexp(,;,

)(
'

)(
'

)(
'

)(
'

2222211111

2121212121

2

22

1

11

2

22

1

11
RDRDDD

mjJ
i

mjmjJ
i

mj

mmjjJ
i

J
i

mmjj

j
mm

j
mm

j
mm

j
mm

yy

yy

















 

 
This matrix element can be also calculated as 
 





















',,

)(
'212121212121

',,

)(
'212121212121

212121

',,,
',

)(
'212121

212121

',,,
212121212121212121

)ˆ(,;,'';,,;,,;,

)ˆ('';,',;,,;,,;,

'';,'';,

)ˆ(,;,,;,

'';,'';,

',';,ˆ,;,,;,,;,',';,ˆ,;,

mmj

j
mm

mmj

j
mm

mjmj
jj

j
mm

mjmj

RDmjjjmmjjmjjjmmjj

RDmmjjmjjjmjjjmmjj

mmjjmjjj

RDmjjjmmjj

mmjjmjjj

mjjjRmjjjmjjjmmjjmmjjRmmjj



 
using the closure relations. Note that all the Clebsch-Gordon coefficients are real. 
 
 
3. Formula for tensor product 

We define  
 

 
q

k
q

k
q

qkk TTTT )2(ˆ)1(ˆ)1()2(ˆ)1(ˆ )()()()(  

 
which represents an interaction between two independent subsystems 1 and 2. Here we 
discuss the matrix element of the type 
 

jmjjTTmjjj kk ;,)2(ˆ)1(ˆ'';',' 21
)()(

21   

 

where )1(ˆ )(kT  is the tensor operator of the rank k for the subsystem 1 and )2(ˆ )(kT  is the 
tensor operator of the rank k for the subsystem 2. Here we note that 
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
21 ,

212121212121 ,;,,;,,;,,;,
mm

mjjjmmjjmmjjmjjj  

 
and 
 


','

212121212121

21

',';','',';','',';','',';','
mm

mjjjmmjjmmjjmjjj  

 
By using these, the matrix elements becomes 
 

2121
)()(

2121

,
',',

212121

*

21212121
)()(

21

,;,)2(ˆ)1(ˆ',';','

,;,,;,',';','',';',')1(;,)2(ˆ)1(ˆ'';','

21

21

mmjjTTmmjj

mjjjmmjjmjjjmmjjjmjjTTmjjj

k
q

k
q

mm
mmq

qkk



 

 
Here we have 
 

22
)(

2211
)(

112121
)()(

2121 ,)2(ˆ',',)1(ˆ',',;,)2(ˆ)1(ˆ',';',' mjTmjmjTmjmmjjTTmmjj k
q

k
q

k
q

k
q  

 
 
since two factors operate in separate decoupled systems. According to the Wigner-Eckart 
theorem, 
 

 1
)(

11111111
)(

11 ||)1(ˆ||'',';,,;,,)1(ˆ',' jTjmjkjqmkjmjTmj kk
q  

 

 2
)(

22222222
)(

22 ||)1(ˆ||'',';,,;,,)2(ˆ',' jTjmjkjqmkjmjTmj kk
q  

 
 
Then we get 
 





2
)(

21
)(

1

22222111112121
)()(

2121

||)2(ˆ||'||)1(ˆ||'

',';,,;,',';,,;,,;,)2(ˆ)1(ˆ',';','

jTjjTj

mjkjqmkjmjkjqmkjmmjjTTmmjj

kk

k
q

k
q

 
Using this relation, we have 
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',';,,;,',';,,;,
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||)2(ˆ||'||)1(ˆ||'
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2222211111
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','

212121

*

212121
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1
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mjkjqmkjmjkjqmkj

mjjjmmjjmmjjmjjj

mjkjqmkjmjkjqmkj

mjjjmmjjmjjjmmjj
jTjjTj

mjjjTTmjjj

mm
mm

mm
mm

kk

k
q

k
q














 
since 
 

212121

*

212121 ,;,',';,',';,,;, mmjjmjjjmjjjmmjj   

 
 

',';,',;,

',';,',;,,;,,;,

',';',''',';',')1(

',';,,;,',';,,;,

,;,,;,',';','',';',')1(
||)2(ˆ||'||)1(ˆ||'

,;,)2(ˆ)1(ˆ',';','

122112

1111111211121

',
211121

'
',

2222211111

,
',',

212121

*

212121

2
)(

21
)(

1

21
)()(

21

1

11

11

21

21

mmjkjmmmmkj

mjkjmmmkjmjjjmmmjj

mjjjmmmjj

mjkjqmkjmjkjqmkj

mjjjmmjjmjjjmmjj
jTjjTj

mjjjTTmjjj

mm

mm
mm

mm
mmq

q

kk

kk




















 
 
We may also apply the Wigner-Eckart theorem to the entire matrix element 
 







jTTj

jTTj

mjkjqmkjmjTTmj

kk
jjmm

kk

jjmm
kk

||)2(ˆ)1(ˆ||

||)2(ˆ)1(ˆ||

,;0,0,;0,,)2(ˆ)1(ˆ''

)()(
',',

)()(

',',
)()(





 

where 
 

1,;0,0,;0,  mjkjqmkj . 

 
Using the above two equations, we get 
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



































 
or 
 

),;',',,(||)2(ˆ||'||)1(ˆ||'

1'21'2)1(,;,)2(ˆ)1(ˆ'';','

21212
)(

21
)(

1

21
'
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jjj
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kk



 

 
where the Racah coefficient W is defined by (Tinkham, Rose) 
 

  

mjjjmmmjj

mjkjmmmkj

mmjkjmmmmkj

mjjjmmmjj
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)1(
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211121

1111111

1221112

',
211121

'

21

'

2121

11

11

21











  



 

 
________________________________________________________________________ 
A.5 Wigner 3j coefficient 
 
The Clebsch-Gordan coefficients are sometimes expressed using the Wigner 3j symbol,  
 









mmm

jjj

21

21  

 
Connection among these two is given by 
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









 

mmm

jjj
jmjjjmmjj mjj

21

21
212121 12)1(,;,,;, 21  

 
or 
 

12

,;,,;,
)1( 212121

21

21 21












 

j

mjjjmmjj

mmm

jjj jjm  

 
 
They have the symmetry 
  

mjjjmmjjmjjjmmjj jjj ,;,,;,)1(,;,,;, 221212212121
21   

 
A.6 Property of the Wigner 3j symmbol 

We have that an even permutation of the column leaves the numerical value 
unchanged 
 




























213

213

132
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321

321

mmm

jjj

mmm

jjj

mmm

jjj
 

 
An odd permutation is equivalent to multiplication by 321)1( jjj   
 
 






































 

123
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231
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312

312

321

321321)1(

mmm

jjj

mmm

jjj

mmm

jjj

mmm
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We also have 
 


















 

321
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321 321)1(
mmm

jjj

mmm

jjj jjj  

 
A7. The orthogonality property 
 

',',212121
,

212121 2211
,;,',';,,;,,;, mmmm

mj

mjjjmmjjmjjjmmjj   
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












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

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
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
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



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
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


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
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
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








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jjj
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2211


 

 
Similarly, we have 
 








































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

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
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
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
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
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j
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j
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((Note)) 

 
1)1( 222 21   mjj

  

(a) Suppose that j1=1/2 and j2=1. j = 3/2 or 1/2. Then m is a half-integer. m = 3/2, 1/2, 

-1/2, or -3/2. Then j1 - j2 + m=integer. 

 

(b) Suppose that j1=1/2 and j2=3/2. j = 2 or 1. Then m is an integer. m = 2, 1, 0, -1, -2. 

Then j1 - j2 + m=integer. 
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A.8 Mathematica for Wigner 3j coefficient 

((Mathematica)) Calculation of the Wigner 3j coefficient 

 

W3J[{j1,m1}m{j2,m2},{j3,m3}]→ 








321

321

mmm

jjj
 

 
 
 
 
 
A.9 Matrix elements of vector operator 
 
Spherical tensor of rank 1 

Clear"Global`"; W3Jj1_, m1_, j2_, m2_, j_, m_ :

Modules1,

s1  IfAbsm1 b j1 && Absm2 b j2 && Absm b j,

1j1j2m

2 j  1
ClebschGordanj1, m1, j2, m2, j, m, Null;

W3J2, 1, 2, 1, 2, 2


3

35

W3J32, 12, 32, 12, 2, 1
0

W3J2, 1, 2, 1, 3, 2
0

W3J4, 0, 4, 0, 0, 0
1

3

W3J3, 0, 2, 0, 3, 0
2

105

W3Jj, m, 0, 0, j, m  Simplify, Absm  j && Absm  j &

1jm

1  2 j
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Using the Wigner-Eckart theorem, we have 
 

JTJMJJqMJMJTMJ k
q

)()1( ˆ'',';1,,;1,,ˆ','   

 
where 
 

J’=J+1, J, J-1,  M’ = M+q 
 
For q = 1, 
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




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For q = 0, 
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For q = -1, 
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Here we note that 
 

1)1( )(2  MJ  
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when J is either a positive integer or a half-integer. 
 
A.10 Matrix elements of vector operator (J’ = J) 

We now calculate the matrix element with J’ = J, 
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For q = -1 
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where we use the relations 
 

)1)((,ˆ1,   MJMJMJJMJ  

 

)1)((,ˆ1,   MJMJMJJMJ  

 

MJMMJJMJ ,,ˆ, 0   

 
Here we note that 
 

1)1( )(2  MJ  
 
when J is either a positive integer or a half-integer. Since 
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12TV   
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we have  
 

)1(

ˆ
,ˆ1,,ˆ1,


  JJ

JJ
MJJMJMJVMJ

V
 

 

)1(

ˆ
,ˆ,,ˆ, 00 


JJ

JJ
MJJMJMJVMJ

V

  

)1(

ˆ
,ˆ1,,ˆ1,


  JJ

JJ
MJJMJMJVMJ

V
 

 
A.11 Operator equivalents 
We start with 
 

JTJMJJqMJMJTMJ q
)1()1( ˆ'',;1,,;1,,ˆ',   

 

Suppose that qq JT ˆˆ )1(  . Then we get 
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JJMJJqMJMJJMJ q Ĵ'',;1,,;1,,ˆ',   

 
or 
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From the above equations we have the following relations 
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In other words, )1(
q̂T  may be replaced by qJc ˆ , the angular operator times a constant c. 

 

qq JcT ˆˆ )1(   

 
 
 
A.12 Calculation of the scalar product 
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((Mathematica)) 

 
 
A.13 
 

Clear"Global`";

ClebschGordanJ, M, 1, 1, J, M  1  FullSimplify, 2 J  1 &



JM 1JM
J 1J

2

ClebschGordanJ, M, 1, 0, J, M  FullSimplify, 2 J  1 &

M

J 1  J

ClebschGordanJ, M, 1, 1, J, M  1  FullSimplify, 2 J  1 &

12 JM JJ2MM2

JJ2

2

J  J2  M  M2  Factor

1  J  M J  M
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 (Wigner-Eckart theorem) 
______________________________________________________________________ 
Appendix (Tinkham) 
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where 
 



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Then the vector V can be expresses by 
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
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The scalar product of two vectors has the form 
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________________________________________________________________________ 
Appendix Spherical Harmonics as rotator matrices 
 
Using the relation 
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Here note that 
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z Ylm e  evaluated at  = 0 with  undetermined. At  = 0, Y
m(, ) is 

known to vanish for m≠0. Then we get 
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______________________________________________________________________ 
Important formula 
 
Wigner-Eckart theorem 
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Equivalent operator: 
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1. Decomposition theorem 
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q
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2. Factorization theorem 
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3. Decomposition theorem of the second kind (the projection theorem) 
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Formula 
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where we use the Wigner-Eckart theoren 
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For k = 1 and q = , 
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The construction of tensor with rank k 
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Factorization theorem 
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Decomposition theorem of the second kind (the projection theorem) 
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Equivalent operator 

 



 

63 
 

JTJ
jj

MJJMJ

JJ

JTJ
MJJMJMJTMJ kq

k

qq
)(

)(

)1( ˆ
)1(

,ˆ',

ˆ

ˆ
,ˆ',,ˆ',




J
 

 
_________________________________________________________________ 
Nuclear quadrupole fioeld 
(Yosida) 
 

The nucleus is not just a point, but has a finite size. If we define the nuclear charge 
distribution function )(r and the electrostatic potential due to the electrons around the 
nucleus by V(r).  
 

 rrr dVH )()( , 

 
where dr denotes the volume elements. Expanding V(r) about the origin, we get 
 

 







kj kj

jk
j j

j xx

V
Q

x

V
PZeVH

,
0

2

00 )('
2

1
)( +… 

 
Here Ze, Pj and Qjk’ are defined by 
 

 rr dZe )(    (nuclear charge) 

 

 rr dxP jj )(   (electric dipole moment) 

 

 rr dxxQ kjjk )('    (electric quadrupole moment) 

 
The electric dipole moment Pj vanishes if the nuclear charge distribution has inversion 
symmetry with respect to the origin, as is assumed here. The first term is the energy of 
the nucleus when the nucleus is regarded as a point charge. Neglecting this term, we get 
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The Hamiltonian HQ is the interaction of electric field gradient and the quadrupole 
moment. We introduce the traceless tensor as 



 

64 
 

 



































i
ii

i
ii

i
ii

i
iijkjkjk

QQQQ

QQQQ

QQQQ

QQQ

''3'3'3

'3''3'3

'3'3''3

''3

333231

232221

131211

  

 
Then we get 
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Suppose that 
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Then we have 
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((Slichter)) 

We are in general concerned only with thr ground state of a nucleus or perhaps with 
an excited state when the excited state is sufficiently long-lived. The eigenstate of 
nucleus are characterized by the state mI ,  with m = I, I-1, I-2,…,-I (2I +1 states). Then 

we need only the matrix elements of the quadrupole operator, 
 

mIQmI jk ,ˆ',  

 
According to the Wigner-Eckart theorem these can be shown to obey the equation 
 

mIIIIImIcmIQmI jk ,)ˆˆˆˆ(
2

3
',,ˆ', 2I   

 
where c is a constant. We will show you later how to derive this form. 
 
The Hamiltonian is then given by 
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 





 
,

2 ])ˆˆˆˆ(
2

3
[

)12(6
IIIIIV

II

eQ
H Q  

 
We choose a set of principal axes such that 
 

0V   for    

 
Then we get a simplified Hamiltonian 
 
 

)]ˆ3()ˆ3()ˆ3([
)12(6

222222 III 


 zzzyyyxxxQ IVIVIV
II

eQ
H . 

 
Since 
 

0 zzyyxx VVV   (from the Laplace’s equation) 

 
we have 
 

)]ˆˆ)(()ˆ3([
)12(4

2222
yxyyxxzzzQ IIVVIV

II

eQ
H 


 I  

 
We define 
 

zzVeq   
 

zz

yyxx

V

VV 
  

 
where  is called the asymmetry parameter and q is called the field gradient. then we 
have 
 

)]ˆˆ)()ˆ3[(
)12(4

2222
2

yxzQ III
II

qQe
H 


 I . 

 
 
-------------------------------------------------------------------------------------------------------- 
((Equivalent operator)) 
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i
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I
T

IIII
i

IIIIIIII
T

III
I

IIII
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IIII
i

IIIIIIII
T

IIII
i

II
IiIIiI

I
T












 











 








 















 













 








 








 




















 

 
or 
 

)ˆˆ(ˆˆˆˆ )2(
2

)2(
2  TTiIIII xyyx  
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)2(

0
222 ˆ6ˆ2ˆˆ TIII zyx   

 

)ˆˆ(ˆˆˆˆ )2(
1

)2(
1 TTiIIII zxxz    

 
 
The operator equivalent  
Thompson p.321 
 
(a) 
 














ITI
IIII

IIm

ITImIkIqmkImITmI

k

kk
q

||||
)32)(12)(1(

)1(3

||||,;2,0,;2,,,

)2(
2

)2()2(
0

 

 

)]1(3[
6

1

]
2

))(1(

2
2

))(1(
[

6

1
,

6

ˆ2
2

ˆˆˆˆ

,

2

2

2
0


















 
 

IIm

mImI

m
mImI

mI

I
IIII

mI

 

 
where 
 

))(1(1,ˆ,

)1)((,ˆ1,

mImImIImI

mImImIImI








 

 

))(1(1,ˆ,

)1)((,ˆ1,

mImImIImI

mImImIImI








 

 
Then we have 
 











 


 




 ITI

IIII

mII
IIII

mI

mITmI kk
q ||||

)32)(12)(1(

,ˆ2
2

ˆˆˆˆ
,

,, )2(

2
0

)2(
0  

 
 
The atomic spectroscopic quadrupole moment Q is defined by 
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




















ITI
II

II

ITI
IIII

III

IITIIQ

k

k

k
q

||||
)32)(1(

)12(

||||
)32)(12)(1(

)1(3

,,

)2(

)2(
2

)2(
0

 

 
which is consistent with vanishing matrix elements for I = 0 and I = 1/2.  
 

Q
II

II
ITI k

)12(

)32)(1(
|||| )2(




   

 
Suppose that 
 

)]1(3[,ˆ3,,ˆ, 222)2(
0  IImcmIImIcmITmI zq I

 
 
((Equivalent operator)) 
 
Then we have 
 

Q
II

IIm

ITI
IIII

IIm
mITmI kk

q

)12(

)1(3

||||
)32)(12)(1(

)1(3
,,

2

)2(
2

)2(
0










 



 

 
_____________________________________________________________________ 
(b) 
 










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ITI
IIII

mImImImI
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k
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q
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)32)(12)(1(
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2

3
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)2(

)2()2(
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and 
 

)2)(1)()(1(

,ˆ1,1,ˆ2,

,ˆ',',ˆ2,,ˆ2,
'

2









 

mImImImI

mIImImIImI

mIImImIImImIImI
m

 

 
Then we have 
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(c) 
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
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________________________________________________________________________ 
(d) 
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________________________________________________________________________ 
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where we use the relations 
 
 

)1)((,ˆ1,   mImImIImI  

 

)1)((,ˆ1,   mImImIImI  

 

mmIImI ,ˆ, 0  

 
 
((Mathematica)) 
 
Claculation of the Clebsch-Gordan coefficients for the rank 2 tensors 
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________________________________________________________________________ 
 
 

Clear"Global`";

ClebschGordanJ, m, 2, 2, J, m  2  FullSimplify,  J  1 &

3

2

1  J  m J  m 1  J  m 2  J  m
J 1  J 1  2 J 3  2 J

ClebschGordanJ, m, 2, 1, J, m  1  FullSimplify,  J  1 &


3

2

J  m 1  J  m
J 3  J 1  4 J 2  J 1  2 m

ClebschGordanJ, m, 2, 0, J, m  FullSimplify,  J  1 &

J 1  J  3 m2

J 3  J 1  4 J 2  J

ClebschGordanJ, m, 2, 1, J, m  1  FullSimplify,  J  1 &

12 Jm 3

2

1  J  m J  m
J 3  J 1  4 J 2  J 1  2 m

ClebschGordanJ, m, 2, 2, J, m  2  FullSimplify,  J  1 &

12 Jm 3

2

1  J  m 2  J  m 1  J  m J  m
J 1  J 1  2 J 3  2 J

3  J 1  4 J 2  J  Factor

1  J 1  2 J 3  2 J
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where 
 

2

ˆ

2

ˆˆ
ˆ

1





UUiU
U yx , zUU ˆˆ

0  , 
2

ˆ
ˆ

1


 
U
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________________________________________________________________________ 
 
or 
 

)ˆˆ(ˆˆˆˆ )2(
2

)2(
2  TTiIIII xyyx  

 
)2(

0
222 ˆ6ˆ2ˆˆ TIII zyx   

 

)ˆˆ(ˆˆˆˆ )2(
1

)2(
1 TTiIIII zxxz    

 
 
________________________________________________________________________
Comment 
 

)ˆˆˆ2()(ˆ 2222
0 iii

k
q yxziT 
  

 
Wigner-Eckart theorem 
 

 
 IiTImIkIqmkImIiTmI kk

q ||)(ˆ||'',';2,0,;2,,)(ˆ',' 22
0  
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  


i

k

i

k
q IiTImIkIqmkImIiTmI ||)(ˆ||'',';2,0,;2,,)(ˆ',' 22

0  

 
Slichter page 169 - 170 
 
The last term of the right-hand side is independent of m and m'. 


