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Here we discuss the eigenstates of three spin-1/2 particles by using two methods.

I.  Clebsch-Gordan coefficient

1. Method of Kronecker product

lll. Comparison of our results with Schiff’s result

IV. Comparison of our results with Tomonaga’s result
V. Conclusion

lai>=U,|b;>

A

IDQ>

|bi>

ti>=Ub;> |si>=Us|b>

The unitary operator Ua is obtained from both the Kronecker product and the Clebsch-
Gordan coefficient (in this article). The unitary operator Us comes from the book of Schiff.
The unitary operator Ut comes from the book of Tomonaga.

The ket |bi> is expressed as

la)= l}’n |5, (from the Kronecker product
and Clebsch-Gordan)
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|B)=+z,42,42), |B)=|+z,+2,—z)
[3)=|+7.=2.42), [by) =[+2.-2,-3)

[b5) = | ==k tz). [B) =[4ztmx)

[b7) = [ == ==42) ) =[==.-2.3)

la)= l}a |5 (from the Kronecker product

and Clebsch-Gordan)

|s)y=U,|5) (Schiff)

<r!‘(’j):< i AYz_ Hva bj>

|1,> = U, |b,> (Tomonaga)
(r,‘(/j):( U U, bj>

Note that
det(Ua)=1 det(Us)=-1, det(Ut)=-1
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. Clebsch-Gordan coefficient for three spin-1/2 particles

Addition of angular momentum with three S=1/2 spins
D1/2 x D1/2 x D1/2

=(D1+DO0) x D1/2

=(D1 x D1/2 )+D1/2

=(D3/2+D1/2) + D1/2

Clear["Global x"];
CCGG[{j1_, m1_}, {j2_, m2_}, {j_, m_}] := Module[{sl}, s1 = If[
Abs[m1] < j1&& Abs[m2] < j2&& Abs[m] < j, ClebschGordan[{j1, m1}, {j2, m2}, {j, m}], ©0]11;
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CG2[j1_, j2_,j_,al_,a2_] :=
Table[Sum[CCGG[{j1, k1}, {j2, k2}, {j, k1 +k2}] ~a1[j1, k1] ~a2[j2, k2]
KroneckerDelta[k1 + k2, m], {k1, -j1, j1}, {k2, -j2, j2}1, {m, -3, j}]

Addition of angular momentum with two S=1/2 spins

j1=1/2, j2=1/2 D1/2 x D1/2 = D1+D0
leadingtoj=1,0

cG2[1/2,1/2, 1, bl, b2] // TableForm

cG2[1/2,1/2, 0, bl, b2] // TableForm

b1f35] v2[5,5]  bal5.-3] 2l 3]

V2 B NA

Addition of angular momentum with three S=1/2 spins
D1/2 x D1/2 x D1/2

=(D1+D0) x D1/2

=(D1 x D1/2 )+D1/2

=(D3/2+D1/2) + D1/2

(a) j1=1, j2=1/2  j=3/2

jl=1;
j2=1/2;
j=3/2;

Table[Sum[CCGG[{j1, k1}, {32, k2}, {j, k1 +k2}]
CG2[1/2,1/2, j1, bl, b2] [kl + j1+ 1] «b3[j2, k2] KroneckerDelta[kl + k2, m],
{li 'jl: jl}: {sz 'jz: jz}]J {mJ 'j: J]‘] // Simplify

R R P P el R PR RN

2" 2 2" 2 2" 207 3 2”2 2" 2 2" 2

ot 3] i3 2w ] 1)
2 2] wih 3 i 3 i

R R | CHE PR
j=3/2

|+ ++> m=-3/2
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1
— |-+ >+ [t >+ -] m=1/2
\3
%[|+-->+|-+->+|--+>] m=-1/2
|---> m=-3/2
(b) j1-1, j2=1/2 j=1/2
j1=1;
j2=1/2;
j=1/2;

Table[Sum[CCGG[{j1, k1}, {32, k2}, {j, k1 +k2}]
CG2[1/2,1/2, j1, bl, b2] [kl + j1+ 1] «b3[j2, k2] KroneckerDelta[kl + k2, m],
{li 'jl: jl]‘: {sz 'jz: jz}]J {m: 'j: J]‘] // Simplify

1 1 1 1 1 1 1
(5 053] elg 5] el 5]
1 1 1 1 1 1 1 1 1 1
Rl R R R e L e}
1 1 1 1 1 1 1
—6(—b1[z,—ﬂ bz[;,ﬂ b3[z,ﬂ+
1 1 1 1 1 1 1 1 1 1
bl[;’ﬂ [2*’2[;’;} b3[;’-ﬂ- 2[;’-;} b3[;’;m}
=1/2
%[-|-++>-|+-+>+2|++->] m=1/2
%[|+-->+|-+->-2|--+>] m=-1/2
(c) j1=0,  j2=1/2 j=1/2
jl=0;
j2=1/2;
j=1/2;

Table[Sum[CCGG[{j1, k1}, {32, k2}, {j, k1 +k2}]
CG2[1/2,1/2, j1, bl, b2] [kl + j1+ 1] «b3[j2, k2] KroneckerDelta[kl + k2, m],
{li 'jl: jl]‘: {sz 'jz: jz}]J {mJ 'j: J]‘] // Simplify

af3. 3] 23, 2] wafd 3] wef2 3] sf2

| - ’
jaf2, 3] w3, -2]-m3,-2] w3, 4]) w4
ﬁ
j=1/2
%[|+-+>-|-++>] m=1/2
%[|+-->_|-+->] m=-1/2

These results are the exactly the same as those obtained
from the Kronecker products (1)

|f[1>:|j:3/2,71}:3/2>:|b}>

1
—=(

a)=|j=3/2,m=1/2)=

b))+ |by}+|bs))



5 Final

These results are the exactly the same as those obtained
from the Kronecker products (1)

la)=|j=3/2,m=3/2)=|8)

1
>:$(
|(13):|j:3/2,m:—1/2):%(|b4)+|b6>+|b7>)

la,y=]j=3/2,m=-3/2)=|by)

la,}=]j=3/2,m=1/2

by)+[bs)+|5:))

|as):‘j:1/2,m:1/2)2%(*’1)2)*2‘1’9*’[’5»
|(]6>:|j:1/2,7”:—1/2>:%(_|b4>+2|b6>_|b7>)

|n7>:|j:l/2,m:l/2

1
>=$(bz>—lbs>>

|a8>:‘j:1/2,m = 71/2)2%(|b4>*’b7>)
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Il. Addition of spin angular momentum for three spin 1/2 particles using the Kronecker product

(D1/2xD1/2)xD1/2=(D1+D0)xD1/2=D3/2+D1/2+D1/2+ (S = 3/2 and S = 1/2)

Clear["Global x"];

*

exp_"* :=exp /. {Complex[re_, im_] :» Complex[re, -im]};

1

Y1 = (e)s
7]

¥2 = (1)3
01

oX = H
(16)

. e_i .
v-(s o)
10
oz = H

[0-1)
I2 = IdentityMatrix[2];

1
ST1 = — (KroneckerProduct[ox, ox, I2] + KroneckerProduct[oy, oy, I2]

2
+ KroneckerProduct[ocz, oz, I2] +

KroneckerProduct[I2, ox, ox] + KroneckerProduct[I2, oy, oy]

+ KroneckerProduct[I2, oz, oz] +

KroneckerProduct[ox, I2, ox] + KroneckerProduct[oy, I2, oy]

9
+ KroneckerProduct[oz, I2, 0z]) + — KroneckerProduct[I2, I2, I2];
4
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ST1 // MatrixForm

()

© 0 0 0 0 ©

= R AN

= ® »iIN B

® »IN ©® (O]
(O]

(O] =

(O] =

ARy
® ®© &© oo o o

® ®© ®© ®© ®© ©®© o g
®
[N N

() () ()

() () ()
[N

() () o HIN

e IV

15
a

()

eql = Eigensystem[ST1] // Simplify

15 15 15 15 3 3 3 3
{{_)_)_)_)_) _)_)_}){{0) 0: 0: 0: 0: 0: 0: 1}) {0) 0: 0: 1: 0: 1: 1: 0})
4 4 4 4 4 4 4 4

{e,1,1, 60,1, 0,0,09}, {1,0,0,0,0,0, 0,0}, {0,0,0,-1,0, 0,1, 0},
{0) 0) 0: _1) 0) 1: 0: 0}) {0) _1) 0: 0: 1: 0: 0: 0}) {0) _1) 1: 0: 0: 0: 0: 0}}}

€1 = eql[2, 41; €2 - eql[2, 31;
€3 = eql[2, 2I;
€4 = eql[2, 1I;
€5 = eql[2, 5I;
£6 = eq1[2, 6];
£7 = eql[2, 71;
€8 = eql[2, 8];

eq2 = Orthogonalize[{&1, £2, &3, &4, &5, £6, £7, £8}]
1 1 1

1 1
{{1) 0) 0: 0: 0: 0: 0: 0}) {0)_)_)0)_)0) 0: 0}) {0) 0: 0)_)0)_)_)0})
A3 A3 \3 \3 NERRRVE)
1 1 1 2 1
{0) 0) 0: 0: 0: 0: 0: 1}) {0) 0: 0: __)0) OJ_)O}) {0) 0: 0: ——,0, —,——,9},
2 V2 NG 3 e

1 1 2 1
{0, —ﬁ, 0, 0, ﬁ, 0, 0, 0}, {0)_$,‘ \/g) 0»‘_%)0’ 0’ 0}}

Eigenstates

|a,)= Ua b
|bi>:(;'a'|(1,>
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al = eq2[1];
a2 = eq2[2];
a3 = eq2[3];
a4 = eq2[4];
a5 = eq2[8];
a6 = eq2[6];
a7 = -eq2[71;
a8 = -eq2[5];

1
Sz = — (KroneckerProduct[oz, I2, I2] +
2
KroneckerProduct[I2, oz, I2] + KroneckerProduct[I2, I2, oz])

3 1
{{_) 0) 0: 0: 0: 0: 0: 0}) {0) > 0) 0: 0: 0: 0: 0})
2 2
1 1 1
{0) 0) _)0) 0: 0: 0: 0}) {0) 0) 0: __)0) 0: 0: 0}) {0) 0: 0: 0: _)0) 0: 0})
2 2 2
1 1 3
{0) 0) 0: 0: 0)_;)0) 0}) {0) 0) 0: 0: 0: 0)_;)0}) {0) 0: 0: 0: 0: 0: 0)_;}}

Sz // MatrixForm

—2090@@00
0—1900000
00%00000
00 -0 0 o0 o
00@0—1900
6060 06 0-2 0 @
00@000——20
9000000——2

D3/2 (j=3/2, m=3/2,1/2,-1/2,-3/2)

15
STl.al- — al
a

{0, 0,09,0,0,0,0, 0]

3
Sz.al - — al
2

{0, 0,09,0,0,0,0, 0]

15
STl.a2- — a2
a

{0, 0,09,0,0,0,0, 0]
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1
Sz.a2 - — a2
2
{0, 0,09,0,0,0,0, 0]

15
STi1.a3- — a3
a

{0, 0,09,0,0,0,0, 0]

1
Sz.a3+ - a3
2
{0, 0,09,0,0,0,0, 0]

15
STl.a4- — a4
a

{0, 0,09,0,0,0,0, 0]

3
Sz.a4+— a4
2

{0, 0,09,0,0,0,0, 0]

D1/2 (j=1/2, m=1/2, -1/2)

3
ST1l.a5- — a5 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.a5-- a5
2

{0, 0,09,0,0,0,0, 0]

3
ST1l.a6- — a6 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.a6 + — a6
2
{0,0,0,0,0,0,0,0]
D1/2 (j=1/2, m=1/2,-1/2)

3
ST1.a7 - — a7 // Simplify
4

{0, 0,09,0,0,0,0, 0]
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1
Sz.a7 - — a7
2

{0, 0,09,0,0,0,0, 0]

3
ST1.a8 - — a8 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.a8 + — a8
2

{0, 0,09,0,0,0,0, 0]

{al.a2, a2.a3, a3.a4, a4.a5, a5.a6, a6.a7, a7.as)
{6, 0,0,0,0, 0,0}

al // MatrixForm

© O 0O 0O O K

a2 // MatrixForm

oo o3l oo

a3 // MatrixForm

o33l ol oo

Kroneckerproduct for 2 and 3 spin one-half particles.nb | 9
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a4 // MatrixForm

P OO OO0

a5 // MatrixForm

sl ©

®§‘
w N

®®®§||H

a6 // Simplify // MatrixForm

®§||H®®®

o

(o) §‘||—\

a7 // Simplify // MatrixForm

dl o

®®®§|H®®



a8 // Simplify // MatrixForm

®§||H®®

§||H®®®

Determination of unitary operator Ua

Ua: Unitary operator

UaT: Transpose of unitary operator

UaH: Hermitain conjugate of Ua

5 Final

vaT = {al, a2, a3, a4, a5, a6, a7, a8} // Simplify;

Kroneckerproduct for 2 and 3 spin one-half particles.nb | 11

Ua = Transpose[UaT] // Simplify; UaH = UaT* // Simplify; Ua // MatrixForm

1
0

1
0

<]

()

%]

® oﬁ|u®

0
<]

[Eny

0
0

o 3o

0
0

()
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UaH.Ua // Simplify // MatrixForm
0 0

O O R OO0 OO0

O P OO0
P ®O 0O 00O

© 0O 0O 00O K
O 0O 00000 K
© O OO0 KFr OO0
© OO0 Fr ®O0O0 0
O 0O 0O FrRr OO0

)
|b,)=|+2,-z,42), |b)=|+2,-2,-z2)
|bs)=|-2, 42,42}, |b;)=|+2,+2,—2)
|6} =|=22.42), |By)=|-2.-2.-2)
\a,):Un]b,>
16,)=U,"|a,)

These results are the exactly the same as those obtained
from the Kronecker products (1)

la)=|j=3/2,m=3/2)=|b,)
1
@) =1 =3/2,m =1/ 2)=—(Bs)+ [85) +[8)

|(13>:|j:3/2,m:—1/2)3%(’b4>+|b6>+|b7>)

la,y=|j=3/2,m=-3/2)=|b,)
|a5):\j:1/2,m:1/2):%(f!bmz\bs)%bs))
|a6>:|j:1/2,711:—1/2>:%(—|b4>+2|bc>_|b7>)

la,)=|j=1/2,m=1/2)

1
=$(bz>—lbs>>

lagy=|j=1/2,m :—1/2)2%(|b4>*’b7>)
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bl = KroneckerProduct[41, y1, ¥1]; bl // MatrixForm

© 0O 0O 00O K

b2 = KroneckerProduct[41, ¥1, ¥2]; b2 // MatrixForm

©O 0O 0O 0O Fr e

b3 = KroneckerProduct[y1, ¥2, ¥1]; b3 // MatrixForm

© O 0O 000 KFr OO0

b4 = KroneckerProduct[41, ¥2, ¥2]; b4 // MatrixForm

O 0O 0O 0O FrR OO0

b5 = KroneckerProduct[42, y1, ¥1]; b5 // MatrixForm

© OO0 P OO0
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b6 = KroneckerProduct[42, y1, ¥2]; b6 // MatrixForm

©O O FPr OO0 OO0

b7 = KroneckerProduct[42, y2, ¥1]; b7 // MatrixForm

O P OO0

b8 = KroneckerProduct[42, ¥2, ¥2]; b8 // MatrixForm

P ®O 0O 00O

It is confirmed that all=al, a22 = a2, a33 = a3, a44=a4, a55=a5, a66=a6,
a77=a7,and a88=a8.

lay= U, b)

|6)=U,"|a)

all = UaH.bl // Simplify; all // MatrixForm

© ®O 0O 0O OO O K
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a22 = UaH.b2 // Simplify; a22 // MatrixForm

EI

§||"®®

© 3

a33 = UaH.b3 // Simplify; a33 // MatrixForm

®®§‘|H®

win

© O

a44 = UaH.b4 // Simplify; ad44 // MatrixForm

§||H ®ﬁ|pooﬁ|u®®

a55 = UaH.b5 // Simplify; a55 // MatrixForm

|
Gl o

®§||H®§|H®®

Kroneckerproduct for 2 and 3 spin one-half particles.nb | 15
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a66 = UaH.b6 // Simplify; a66 // MatrixForm

Ve

w

0

0

1
2
3

0
0
0
0

a77 = UaH.b7 // Simplify; a77 // MatrixForm

G- oo

|
§||H ®§|H o ®

a88 = UaH.b8 // Simplify; a88 // MatrixForm

© O 00O r OO0

lll. Results from L.I. Schiff, Quantum Mechanics

L.1. Skiff, Quantum Mechanics, 3rd edition (McGraw-Hill, 1968)
p.377

Leonard Isaac Schiff was born in Fall River, Massachusetts, on
March 29, 1915 and died on January 21, 1971, in Stanford,
California. He was a physicist best known for his book Quantum
Mechanics, originally published in 1949 (a second edition appeared
in 1955 and a third in 1968).

https://en.wikipedia.org/wiki/Leonard I. Schiff
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SPIN FUNCTIONS FOR THREE ELECTRONS

In the treatment of exchange scattering from helium given in Sec. 43, we
shall require eigenfunctions of the total spin of three electrons that are
analogous to those given in Eqs. (41.6) for two electrons. We can regard
three electrons as 1 + 2 electrons, in the sense that we ean combine an
electron (s = §) with the triplet two-electron function (s = 1) and with
the singlet function (s = 0). In the first case, the results on addition of
angular momenta, given in Sec. 28, show that we should get two groups
of three-electron spin functions that correspond to s = 4 and s = #; in
the second case we should get a single group that corresponds to s = 3.
We thus expect one guartet group of spin states (s = #) and two distinct
doublet groups of spin states (s = ), or a total of 4 + 2 + 2 = 8 individ-
ual three-electron spin states. These must be expressible as linear com-
binations of the 22 = 8 products of one-electron spin functions.

Again, these combinations are obtained from Eq. (28.1), with the
Clebsch-Gordan coefficients now being given by (28.13); the two-electron
functions required (for electrons 2 and 3) are those of (41.6). We thus

obtain
(S1 4+ 82 + S3)*  Su + Sz + Sae
(++4) 1nt 1
3H(++=) + (+—+) +(—+4)] 1gnt 3
3H(—+—) +(——+) +(+— )] 12n -5t
(——-) 1 —3h
642 —++) — (++—) = (+—1)] 1 it (419)
6-H(—+—) + (—=+) = 2(+—-)] e —3h
2M(FF—) — [+ =4l gn 3
27—+ -) = (== +)] w —3h

The orthonormality and the indicated eigenvalues can be verified directly.
The first four (quartet) states are symmetric in the interchange of any
pair of particles. The division of the four doublet states into two pairs is
such that the first pair is symmetric in the interchange of particles 2 and 3,
and the second pair is antisymmetric in 2 and 3. The symmetry with
respect to interchanges of the other two pairs is characterized by the 2 X 2
matrices mentioned below Eq. (40.7); these matrices operate on either
pair of doublet spin states that have the same m value (see Prob. 8).

Here we discuss the equivalence between our result and the expressions given by
Schiff.

The following unitary operator is defined as Us (the index s comes from the name of
Schiff.
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0 © 0 o o
1 -1 1
1 -1 -1
1 -2
© 6 —0 0 — o0 o
Us = ) V3 ) Ve ;
Oﬁ eeﬁ e 0 o
1 1 1
1 1 -1
0 © ﬁe N 0 N
© 6 01 0 © o0 o

UsT=Transpose[Us], UsH=Us"
Us*Us=1

UsT = Transpose[Us];

UsH = Transpose[Us™];

UsH.Us // MatrixForm

1 00000 00
© 100 00 00
© 0610090 00
© 006100 00
© 0001000
© 0000100
© 0000010
© 0000001

‘(1,} =U, ‘b,}

‘b,} :U{]a,)

Eigenkets (Schiff)

|s)=0.15,)

sl = UsT[1]; s1 // MatrixForm

© 0O 0O OO0
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s2 = UsT[[2]; s2 // MatrixForm

oo o3 oo

s3 = UsT[3]; s3 // MatrixForm

o33l o3l oo

s4 = UsT[4]; s4 // MatrixForm
0

P O OO0

s5 = UsT[5]; s5 // MatrixForm

® 5k sk ©

®®®§‘
wln
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s6 = UsT[[6]; s6 // MatrixForm

|
® §”H éd“ ® <i\7<9 ® ©®
[WREN

s7 = UsT[7]; s7 // MatrixForm

© 0O 0 O ® ﬁd“iﬂp ®

s8 = UST[8]; s8 // MatrixForm

® ﬁh‘ﬁﬂp ©®O 000 ®
N

D3/2 (j=3/2,51, 52,53, 54),
D1/2 (j=1/2,s5,s6)
D1/2(j=1/2,s7,s8)

15
ST1.s1- — s1 // Simplify
4

{0, 0,09,0,0,0,0, 0]

3
$z.s1 - — sl
2

{0, 0,09,0,0,0,0, 0]
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15
ST1.s2- — s2 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.s2 - — s2 // Simplify
2

{0, 0,09,0,0,0,0, 0]

15
ST1.s3 - — s3 // Simplify
4

{0,0,0,0,0,0,0, 0}
1

Sz.s3+— s3 // Simplify
2

{0, 0,09,0,0,0,0, 0]

15
ST1.s4- — s4 // Simplify
4

{0, 0,09,0,0,0,0, 0]

3
Sz.s4+ — s4 // Simplify
2
{0,0,0,0,0,0,0, 0}
D1/2(j=1/2,m=1/2,-1/2)

3
ST1.s5- — s5 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.s5- — s5 // Simplify
2

{0, 0,09,0,0,0,0, 0]

3
ST1.s6- — s6 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.s6+ — s6 // Simplify
2

{0, 0,09,0,0,0,0, 0]

D1/2(j=1/2, m=1/2,-1/2)
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3
ST1.s7 - — s7 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.s7 - — s7 // Simplify
2

{0, 0,09,0,0,0,0, 0]

3
ST1.s8 - — s8 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.s8 + — s8 // Simplify
2
{0,0,0,0,0,0,0, 0}
si>=Us|bi>, |bi>=UsH|si>

UsH.s1 // Simplify
{1,0,0,0,0,0,0, 0}

UsH.s2 // Simplify
{0,1,0,0,0,0,0, 0}

UsH.s3 // Simplify
{0,0,1,0,0,0,0, 0}

UsH.s4 // Simplify
{0,0,0,1,09,0,0, 0}

UsH.s5 // Simplify
{0,0,0,0,1,0,0, 0}

UsH.s6 // Simplify
{0,0,0,0,0,1,0, 0}

UsH.s7 // Simplify
{0,0,0,0,0,0,1, 0}

UsH.s8 // Simplify
{0,0,0,0,0,0,0, 1}
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UaH.Us // Simplify // MatrixForm

1000 o 0 o o

100 0 0 o o

010 0 0 o o

001 0 0 o o

0060 -1 o -LB o
2 2

000 0 E 0o B

2 2

peee - o 1 o
2 2

o000 0 - o I

2

UsH.Ua // Simplify // MatrixForm

1000 0 ) ) )
100 0 ) ) )
010 0 ) ) )
001 0 ) ) )
poeoo -2 o -8B g

2 2
peee o L o _B
2 2
oo oe —@ o 2 )
eeoe o L o E
2 2
Det[Us] // Simplify
-1

((Summary))

Is)=U,|5) (Schiff)

la)= U, .15 (from the Kronecker product)

<s, aj>:<b, U,'U, bj,>

1000 O O 0 0
0100 0 0 0 0
0010 0 0 0 0
0001 0 0 0 0
oo oo 1oy B 0
U,0,= 2 2
o000 o L o B
2 2
0000 B o 1 0
2 2
0000 O ¥3 0 1
2 2
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2 2
00 0 O —ﬁ 0 l 0

24 | 5 Final Kroneckerpr&uct for 2 akd 3 spin one-half particles.nb
Ng) 1

06000 O — 0 —
2 2

1
|s;)=~ 2 |a5>+5|a7>
3 1
‘58>=_7|“6>+§"’8>

II1I. Result from Tomonaga:

Sin-itiro Tomonaga (17K {iz— £k, March 31, 1906 — July 8, 1979),

was a Japanese physicist, influential in the development of quantum
electrodynamics, work for which he was jointly awarded the Nobel
Prize in Physics in 1965 along with Richard Feynman and Julian
Schwinger.

https://en.wikipedia.org/wiki/Shin%27ichir%C5%8D_Tomonaga

Picture of Prof. Sin-itiro Tomonaga (1906-1979)

Sin-ItiroTomonaga

Angular Momentum and Spin, Supplement to Quantum Mechanics | (1962) and Il (1966) (North-Holland),
edited by Susumu Kamebuchi, Yasuo Hara, and Takeyasu Kodera

(Misuzu-Shobou, 1988, in Japanese), Page: 46



5 Final Kroneckerproduct for 2 and 3 spin one-half particles.nb | 25

£l oA 2ARLABOTIES R e B,
B L 2 oBAEE, £ Lo s, oRFHEERL:.

233 211 2ies, LAl
#=3(z+1) #=3(z+) #=7(3+1)
e 5 gai

Sz = S a)a@)a(3)

=t B e@e®+eEDa® La)B@a@+1EDD @)  aDED @) - a®)
| +e®ae@80G) ~a(1)a(2)8G)

s=—1 | 8@ +aMB@BB) FAW@EB +5DE@EG)  BDaRED ~aDBRAG)
| +BDa@BB —BWB@)a®)

o= =3 i BA)B@ A3

Here we discuss the equivalence between our result and the expressions given by
TomonagaThe following unitary operator is defined as Ut (t comes from the name of
Tomonaga.

10 ) 0
e% Q_TZE 0
e%ee%e%e

Ut:ee%ee%e%;
e%ee%e%e
ee%ee%e%

%e ‘—Vzgee
e 010 0 0 o
Det [Ut]
-1

UtT=Transpose[Ut],
UtH=Ut"
uttut=1

UtT = Transpose[Ut];

UtH = Transpose[Ut*];
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UtH.Ut // MatrixForm

10000000
01000000
00100000
© 0010000
© 0001000
© 0000100
© 0000010
© 0000001
t)=T,5) (Tomonaga)
n,>:l;'a b,> (from the Kronecker product)
{1]a,)= (8|00, |5,)
tl = UtT[1]; t1 // MatrixForm
1
0
0
0
0
0
0
0

t2 = UtT[2]; t2 // MatrixForm

oo ol oyl

t3 = UtT[3]; t3 // MatrixForm

o 33l ol oo
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t4 = UtT[4]; t4 // MatrixForm
0

P OO OO0

t5 = UtT[5]; t5 // MatrixForm

()

w

®®®§||H oﬁ|p

t6 = UtT[6]; t6 // MatrixForm

§‘|H o§||.a®®®

w i

()

t7 = UtT[71; t7 // MatrixForm

B oo

®®®§‘|l—‘®
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t8 = UtT[8]; t8 // MatrixForm

0
0
0
-1
V2
0
C
V2
0
0
t)y=0,|5,) (Tomonaga)
(1,) = l;'a b,> (from the Kronecker product)
{1]a,)= (8|00, |5,)

D3/2 (j=3/2, t1, 12, 13, t4),
D1/2 (j=1/2,1t5, t6)
D1/2 (j=1/2,17, t8)

15
ST1.t1- — t1 // Simplify
4

{0, 0,09,0,0,0,0, 0]

3
Sz.tl1 - — t1
2

{0, 0,09,0,0,0,0, 0]

15
ST1.t2- — t2 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.t2- — t2 // Simplify
2

{0, 0,09,0,0,0,0, 0]

15
ST1.t3- — t3 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.t3+ - t3 // Simplify
2

{0, 0,09,0,0,0,0, 0]
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15
ST1.t4- — t4 // Simplify

4
{6,0,0,0,0,0,0, 0}

3
Sz.t4+ — t4 // Simplify
2

{0,0,0,0,0,0,0, 0]
D1/2 (j=1/2, m=1/2, -1/2)

3
ST1.t5- — t5 // Simplify
4

{0, 0,09,0,0,0,0, 0]

1
Sz.t5- — t5 // Simplify
2

{0, 0,09,0,0,0,0, 0]

ST1.t6 - ; t6 // Simplify
{0,0,0,0,0,0,0,0)}
1
Sz.t6 + B t6 // Simplify
{0,0,0,0,0,0,0,0)}
D1/2 (j=1/2,m=1/2,-1/2)
3

ST1.t7- . t7 // Simplify
{0,0,0,0,0,0,0,0)}

1
Sz.t7 - — t7 // Simplify
2

{0, 0,09,0,0,0,0, 0]

3
ST1.t8 - — t8 // Simplify
4

{6,0,0,0,0,0,0, 0}
1

Sz.t8+ — t8 // Simplify
2

{6, 0,0,0,0,0, 0, 0}

[ti>=Ut|bi>, |bi>=UtH|ai>
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UtH.t1 // Simplify
{1, 0, 0,0, 0,0, 0,0}

UtH.t2 // Simplify
{6,1, 0,0,0,0,0,0}

UtH.t3 // Simplify
{6,90,1,0,0,0,0, 0}

UtH.t4 // Simplify
{6,0,0,1,0,0, 0,0}

UtH.t5 // Simplify
{6,0,0,0,1,0, 0,0}

UtH.t6 // Simplify
{6,0,0,0,0,1, 0, 0}

UtH.t7 // Simplify
{6,0,0,0,0,0,1, 0}

UtH.t8 // Simplify
{6,0,0,0,0,0,0, 1}

UaH.Ut // Simplify // MatrixForm
0

®© OO0 O B
®© O 0 B

®© O r OO0
® P O OO

® Nl ®N|§|®®®®
- ®N|§|® ®© 0 ®®

®

®

®

®
®N|ﬁ®NIH®®®®
N|§|omlp ®© ®O 00 O ®

N

UtH.Ua // Simplify // MatrixForm

1000 0 © © o
100 06 © 0o 0
010 0 © o 0
001 06 © 0o 0
eeoe X o -2
2 2

peees o L o

2 2
oo oe :?L e 1 o
poeeoo o LB o _1

2 2



Det[Ut] // Simplify

-1
((Summary))
|r,.>:U,|b,.)
|a,.>:Ua|b,.>
(T,- (’J>:<bf|
10
0 1
00
00
00
U-U, =
00
00
00
1) =|a)

)=+
|r7>:—§ as )+
)=Lja)-L

A A

U, U,

oS = O O

Tt

- o o O

V. CONCLUSION
The eigenkets and eigenvalues of the three spin=1/2 particles
are derived from the two methods, (i) Kronecker product and

a

b,

J

N © © o O

N|&| o
N’& o

(Tomonaga)
(from the Kronecker product)

)

S O O O

B | =

N|&oooo
N|&|o

B | —

oS O o O

N | =

5 Final

(ii) Clebsch-Gordan coefficient. The same results are derived
from these methods. We also check the validity of the
expressions reported by L.I. Schiff in his famous book,

Quantum Mechanics.

The Schiff's results for the eigenkets and eigenvalues are slightly
different from our results, since the unitary operators used in

Calitll ta A sainvid Fesnnin e et s i omant s Bkl Tt Ead v
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V. CONCLUSION

The eigenkets and eigenvalues of the three spin=1/2 particles
are derived from the two methods, (i) Kronecker product and
(ii) Clebsch-Gordan coefficient. The same results are derived
from these methods. We also check the validity of the
expressions reported by L.I. Schiff in his famous book,
Quantum Mechanics.

The Schiff's results for the eigenkets and eigenvalues are slightly
different from our results, since the unitary operators used in
Schiff is different from our unitary operator. det(U)=1 for our
result, and det(Us)=-1 for the Schiff's case. Nevertheless, we
confirm the equivalence between our results and the Schiff's
result.



