Three dimensional Green's function
Masatsugu Sei Suzuki
Department of Physics, State University of New York at Binghamton
(Date: March 30, 2015)

Here we discuss the concept of the 3D Green function, which is often used in the
physics in particular in scattering problem in the quantum mechanics and electromagnetic
problem.

1 Green’s function (summary)
Ly(r)=—-f(r) (self adjoint)

The solution of this equation is given by
y(r) = [G(r, ) f ()dr, +o(r),

where
L =V,-[p(r)-Vi1+q(r),
LG(r,r,)=-56(r,—-1,),
and
Lo(r)=0.
(a) p(r,)=1and q(r,)=0
L =V]
V] G(r,r,)=-6(r, -r,)
The solution is

1

G("p"z):m-

(b) p(r,) =1and q(r,) = k’

L =V’ +k?,



(V. +kHG(r,1,) ==5(1, - 1,),

ikjr, —r.
6(rry - SPHATE)
4zlr, -,
The solution of L y(r,)=—f(r) is

exp(ik|r1 - r2|)

y(r) Z-[ 4zlr, -,

f(r,)dr, + (1) .
with

(V)" +k)e(r)=0
() p(r)=1land q(r)=-k*

L=V’ -k?,

(V) =k)HG(r,r,)=-6(r, - 1,),

B exp(—k|r1 -, |)
G(r,r,) = —47r|r1 ~ r2| .

The solution of L, y(r,) =—f(r,) is

kir, —
yir) = [SECH B | D ¢ (6 e, + ().
4zr, -
with
(V)" =k)g(r) =0
Table
Laplace Helmholtz Modified Helmholtz
& vV +k? V? —k?



3D

2 3D Green’s function (Laplace)
We now consider the form of the Green’s function (Laplace)

VG, =—4(r).

The Fourier transform of G(r) is defined as

0 3/2 d _Iqu
Gy =5, ——— [dre G, ().

The inverse Fourier transform is also defined as

Gy(N) = 5oy j dge"" "G, () ,

where

ig-r

1
o(r)= )
Then

V3G, () = P j dqv2e" G, (q)

:W [da(-a")e""G,()

Gy

5

or

1 1
G, () :W?

Then we have

1 e““r
G dg—-—
o=y )45

1o 1 exp(ik]r, —ry)) 1 exp(=kr, - 1))
47 |- 4z |n-n) 4z |n-r)



For convenience, we assume that the direction of r is the z axis. The angle between r and

qis 6.
q-r=grcosé,

dg = 220°dgsin &4,

Gy(r) =

quSlnajeelqrcosé7 1 )
(2 )’ g’

Note
J'Sinweeiqrcose _ _é[eiqr _ e—iqr] ’

we have

2721 elql’ _e Iql’

Gy(r) =

(2)

|qr

(27T) Iw

iqr

We calculate | = j- dqg © by using the Cauchy's theorem.



Fig.  Upper half-plane contour for r>0. The semi circle Ci (clock wise).

Toe e e
P_J;dq ] +IC1dz . +Ldz . :jfdz . =0
or
0 eiqr eizr ) )
P|d =—| dz—=7Res(z=0)=7
[ N (2=0)
since
Ldze =0 (Jordan's lemma, r>0).

z

Then we have

| |
SO

or



1
Gy(r,r'y=———
olF-1") 4z |r—r|

((Note)) Method 11
We show that we get the same result using a different contour (method II). Inside this
contour, there is a simple pole at z= 0.

Fig.  The contour Cz has a counter clock-wise rotation.

o0 eiqr eizr eizr eizr ]
PJ;dq ] +jrdz . +Iczdz - :idz - =2nRes(z=0)
Since L dz € _ 0 from the Jordan's lemma, we have
z
0 eiqr eizr .
P_J' dq . =—_|'c2dz —+27Res(2=0)

=-mRes(z=0)+2z1Res(z=0)
=zRes(z=0)=

Then we have

I . 1
SO ™ aa

which is the same as that obtained in the method I.



3 Derivation of Green’s function (vector analysis)
vl o —6(r)
4nr ’

where

r=(xY,2), r=\JxX’+y>+2°.

We consider a sphere with radius ¢ (& — 0)

Jorv-v! = faral = [da.v ! <fda(n-v ).

where
r=yx>+y +12*, n=£=er=(ﬁ,l,5), da =nda
r rrr
and
1 r N 1
Vo=——o, NvV-—="f(-—)=——
r r r =) r?

V. V(l) =0 except at the origin.
r

We now consider the volume integral over the whole volume (V - V') between the surface
A and the surface of sphere A' (volume V', radius & — 0) . We note that the outer surface

and the inner surface are connected to an appropriate cylinder.



11

: 1
Since V-V (—) =0 over the whole volume V - V' we have
r
Using the Gauss's law, we get
[ drv.v.- | drv> 1
V-Vv' r V-V r
1 1
= [da(n-v—)+ [da'(n'v—)=0
A r A r
or
1 | , 1
[da(n-v—)=—[da'(n'V-)=[da'(n-v-)
A r A r A r

where n'=—n=—f and dr is over the volume integral. Then we have

[da(n- vl jda(—iz) Y iz = —47 = -4z [drs(r)
A r r &

Using the Gauss's law, we have



_[da(n ' V%) = Idr(V . V%) = —4ﬂjdr5(r) ,

or
1
A—=—-4r(r).
r
or
Ay =-5(r)
4’ '
((Mathematica))

Clear["Gobal "];
Needs["VectorAnalysis ']

SetCoordinates[Cartesian[X, VY, z]]

Cartesian[Xx, Y, Z]

rl={x,Vvy, z2}; r=vrl.rl

2

X +y2+22

Grad[%] // Simplify

X Yy Z
{‘ <X2 2)3/2 T (X2+y2+22)3/2 -

vyl iz <X2+y2+22)3/2}

1
Laplacian[—] // Simplify
r
0

4 3D Green’s function (Helmholtz)
We now consider the form of the Green’s function (Helmholtz)

(A+K*)G,(r) = =5(r)

The Fourier transform of G (r) is defined as



0 3/2 d _Iqu
Gy =5, L [are™,m)

The inverse Fourier transform is also defined as

Gy(N) = 5oy j dae"" "G, (q)

where

iq-r

o(n =

(2)

Then
(A+K>)G, (1) = G j dg(A + k*)e" G, (q)

- [da(=0> +K)e"" G, (@)

@
—-3(r) = .
or
[da(-a” +k*)e""G,(q) = —# [ dge®
or

_, _

where £>0. Thus the Green’s function is rewritten as

_, _



For convenience, we assume that the direction of r is the z axis. The angle between r and
gis 6.

q-r=drcoséd

dg = 220°dgsin&dé

_ 1 2 . iqr cos @ 1
GO(I’) = (27[)3 J-I27zq dq Sln6d(9€ W
Note
jsinweeiqrcosﬂ — _é[eiqr _ e—iqr] ,
we have
G,(r)=G, (1) :Lj’qqu(_z_ﬂi)u
0 0 (2”)3 qr qz _Kk?
since G,(r) depends only on r.
or
0 eiqr _e—iqr
G,(r)= d
0( ) 4 zir'(l).q q qz_kz
1 £ eiqr
= d
4rir _J;q a q° —k?
| 1 1
— gitr
87r2ir_[c q(q k+q+k)

11



We consider the shift the position of the simple poles by + i¢ in the complex plane, where
& >0 and £>0. This shift is significant to the calculation, since the contour C is in the
upper half plane. In other words, the position of the simple poles from the real axis to the
upper half plane or to the lower half plane by ic.

Q) Retarded Green's function

| 1 1

G(+) N = elqrd SIS
o () 87z2ir_J; e
1 7 e
= d
47%ir _-[oq OI(qz—kz ig)
y
A
—00 —k—ie o ’
[ ]

Since r>0, the path of integration can be closed by an infinite semicircle in the upper
half-plane (Jordan’s lemma).

1 1 1
2-

ﬁeizr ( — + -
irg z-k-ig z+k+ie

G, (=
o (N=¢-

] ) 1 .
27iRes(g=k +ig)=——12e"
877ir @ ) Aar

(retarded Green’s function).

This corresponds to the outgoing spherical wave. Formally we get

® eik|r—r'\
G (r,ry=—.
0 4z |r—r|

Here we note that

12



1 1 1 1
+ = +
q-k—-ie qgq+k+ie qg-(k+ie) g+(k+ie)

_ 29
q°—(k+ie)’
_ 29
g —(k? +2ike)
_ 29
-k -is
where o =2&k (>0)
(i)  Advanced Green's function
_ 1 5 1 1
G, (= ed +
o (0 87r2ir_~[o N kvie Tqrk_ie
1 7 e
= da(—=
47r2ir_~[oq e e rie)

13



. 1 ¢ 1 1
G, (r)=——¢e”dz +
o (D) Sﬁziri G kvie T 2vkis
=———2niRes(q=-k +ig)
87°Ir
=Le—ikr
4ar

(Advanced Green’s function)

This corresponds to the incoming spherical wave. We note that

i i I I
q—Kk+ic qik—ic gq-(k—ig) q+k—ie)

_ 2q

g - (k—ig)’

_ 2

TP —(k? - 2ik)

_ 2q

9P -k +is

where o =2&k (>0).

((Note))
There are two more types of Green's function which depends on the shift of poles

(iii)

14



1 i 1 1
Gy(r) = e"'dz +
o1 87z2ir£ P

PyTe 27[Res(q=k +ig)+Res(q=-k +i¢)]
T

1 —ikr ikr
=—— (" +e
2 ( )

which is the superposition of incoming spherical wave and outgoing spherical wave.

(iv)

—00 —k—ie k—ie o0

There is no pole inside the contour C. then we have

1 i 1 1
G,(r) = e dz ;
o(") Snziri; (Z—k+ig Z+k+ie
=0
5 Calculation of VG, (r)

V3 (fg)=V-V(fg)=V-[fVg+gVf]=2Vg-Vf + fV’g+ gV’ f
V(@A) =A-Vo+¢V-A f
V(fg) = fVg + gVf

We calculate VG, (r) .

15



VZGO(i)(r) — vZ (Leiikr)

_e_lkrv ( ) ( jzr)vz(eiikr)+2v(ﬁ)_v(eiikr)

Here
VZ eirikr - +|kr
e)= = ar ( r )
— %_[(iler)eilkr] — (i% _ k2)eiikr
r-or r
1 1
V=6 (=",
(47zr) or (47zr) 4 r
V(eﬂkr) a (eilkr) e (_Hkr)eilkr
Then
VZGO(i)(r) — eiikrv2( 1 ) (_)(_{_% _ kZ)eiikI’ _ +ikr ,
4nr
or
V26, (1) = ~5(1) ~ KA ()™ =~5() ~K*G(r).
dnr
or
(V2 +kHG, (r)=-6(r).
6 Derivation of Green's function (Helmholtz)

We assume that G(r) is only dependent on r.

(V? +k*)G(r) =-5(r)

where

VG(r) = (r2 86(”) : 8‘22 (rG(r)).

8 or

16



Then

liz(rG(r)) +k’G(r)=-5(r).
ror
For r #0, we have

iz(rG(r))+ k’rG(r)=0.
or

Then we have

+ikr

et

G.(n=A

where A, is constant. We show that

We use the formula

V3(fg)=2Vg-Vf + fV’g+gV°f,

with
1 +ikr
f=—, and g=Ae
. \
Then
vZ(Gi) — 2Aiveiikr . V%"‘%Vzeﬂkr + A+e+ikrv2%
= A.e*™[2e, (xikr)- (g, riz + %(i% —k*)=475(r)]
) k2
= Aiei”“[—T —475(n)]
or

17



(V> +k*)G, =—475(r)Ae™ =—4x5(r)A =—5(r).

Then we have

Note that

vZ(eiikr) — (i¥_ k2)eiikr

1
=

b

1 o 1
V(o) = —(-)=-¢
r orr
V(e ) = e, (tikr)e™
) 1
Vi = 4mi(r)

7 Derivation of the Green's function from the Green's theorem

[V 6 - g7 y)dr = [V g -9V y)- da

((Proof)) In the Gauss's theorem, we put
A=yV¢

Then we have

= [V Adr=[V-(V)dr = [(Vg) da.

Noting that

V-V =yV'¢+Vy Vg,

we have

|, =[@V¢+Vy Vo)dr=[V9) da.

By replacing ¢ <> ¢, we also have

18



| =[@V'y +V4:-Vy)dr = [(@Vy)-da,

Thus we find the Green's theorem

=1, = [V9-gVp)dr= [V g -V ) da.

or

[@Vy ¥ p)dz=[(@Vy ~yV ) nda,

We now consider the formula

[I6r)2 p () = (r)92 g )Idr = [[6(r)V'y (1) ~p (1) V' g(r')]) - nda,

where r is the observation point and ' is the integration variable. Here we choose

V2 g(r') =—4zp(r'),

1
=——=0G(r,1"),
v 4z |r—r'| .

V2G(r,r)=-o(r-r"),

Then we have

L) V()] ndal

j[ S(r=r)p(r)+—— p(rd’r —j V'

If the point r lies in the volume V, we obtain

1 p(r) 31
o= J| -1 g Ir+47z

m'—.

|r—r

8 3D Green’s function (modified Helmholtz)

r|lr=r" 4r|r—r|

L vigr - gV (——)]-ndar

[r—r

We now consider the form of the Green’s function (modified Helmholtz)

(A=Kk*)Gy(r)=-4(r).

19



The Fourier transform of G (r) is defined as

Go(@) =y jdre"“e (r).

The inverse Fourier transform is also defined as

Gy = 5 j dge" "G, (q),

where

o

(n= (2)
Then

G jdq(A )e'Gy(@) = jdq(q —k*)e""G,(q)

=-58(r)= a1 ,
or
1
O(q) ( )3/2q +k2

Thus the Green’s function is rewritten as

Gy(r) =

q o+ k>

1

G, (r .
O() q+k2

qu Slna.jeelqrcosﬁ

Note

Jsinweeiqrcosa = _L[eiqr _ e—iqr] ,
qr

we have

20



27 e —g
2= 2yE T
Joda o) gk

1

Gy(r)=G,(r) = @

since G,(r) depends only on r. This equation can be rewritten as

0

1 e —e
o= Jada q’ +k’ 47z2irjqqqz+k2

—00

—iqr 1 o eiqr

ziiry

This function has a single pole at

g =+ik

Since r>0, the path of integration can be closed by an infinite semicircle in the upper
half-plane (Jordan’s lemma).

G,(r) = : §qdq v _ 1 27z1'Res(q—ik)—Le‘kr
0 az%irde gt + kP 4xtir Anr

9 Derivation of Green's function (modified Helmholtz)
(V2 =k)G(r) =-6(r)

iy L 0 206(r), 10
Vien= r 8r(r or ) r or’ (rG(n)

21



19 v6(r)-k6(r) =-5(n)
ror

Forr £0,
0 2
W(rG(r)) -k rG(r)=0

Then we have

xkr

et

G.(nN=A
- B

Here we show that

A=
Y 4
((Proof))
2 +kr 1 A+ 2 4tkr +kr 21
Vi(G,)=2AVe -VF+TVe +Ae"V .
= A+e*kr[2er(ikr)-(—er% +%(J_r%+ k*)—476(r)]

—Aeikf[k2 — 475
-y T 74 (r)]

or
(V> —k»G, =—4z5(r)Ae™ =—-4x5(r)A, =-45(r).

Then we have

Note that

VZ(eikr) — (i%‘}‘ k2)eirkl’

22



o 1 1
—()=-e —
rar(r) "r?

v e ,
r

V(e™) =e, (zkr)e*
1

V2= —4m(r)

10 Classical electrodynamics

Using
V-E=4np,
and
E=-V¢

b

we obtain a Poisson equation
Vi =—4np.
The solution of ¢ can be obtained using the Green's function
¢= 47zJ.G(r, rMp(rHd’r,
Vg =4z [VIG(r,r)p(r)d’r = -4z [5(r = 1) p(r')d’r' — 47p,
where
VG(r,r')y=-5(r-r",
with

1 1
G(r,ry=— .
. 4z |r—r'|

Then we have
p(r') 3
r=|+-—=dr'.
W=
11 Ampere's law and Biot-Savart law

23



We start with the Maxwell's equation

VxB:4—7[J,
C

V-B=0.
B is expressed in terms of the vector potential A as
B=VxA,

VxB=Vx(VxA)=V(V-A) -V A= 3
C

Here we choose a Coulomb gauge

V-A=0.
Then we get
viA-_37 3
C

The solution of A is obtained using the Green's function as
4r 3
A(r) = [G(r,r==3(rd’r,
C

VA= ijG(r,r')4—”J(r')d3r' __47y.
C C

where
VIG(r, ) ==5(r 1),
with

1 1
G(r,ry=— .
. 4z |r—r'|

Then we have

A(r) =%I—|i(—r'r)'| dr'.

24



B can be calculated as

B- VXA_—jv (‘](r )'|)

Since

Vo L) - gy v =g (e (D)

! )
ot rr! T

we have the Bio-Savart law,

B=VxA= jw 3
c lr—rp

We note that

IV J(r)x(r—r)]

r.

Here

VxS g ey U2y v 20

jr=rp [r=rf [r=rf

-4 (r)3(r =)= (r) - V=)

Then we have

vXB_—j[4nJ(r)5(r r- (J(r)V)|( |)]dr

r-r’*
rorf

:—J(r)——j(J(r) V)|( r|)d r

e far n i

Note that

@) vy T g =0 gy (C20)

[r=r7’ [r=rt [r=r7

s (VHI().

For the steady current, V'"J(r') =0. Then

25



vxB= 0 v r,)|*J<r)]+yV[(| ey D@ty
(r-r), (r-r

:—J()——J‘{f( IO S IO A )lzJ(')]}da

-3

where we use the Gauss's law and we assume that J(r') = 0 on the surface A (large enough
to include all the currents).

((Note)) formula
Vx(fA) = f(VxA)— Ax VT,
V- (fA)=f(V-A)+A-VI,

Vx(AxB)=(B-V)A—(A-V)B+A(V-B)-B(V-A),

V'V1=V212—V'L3:—472'50"—[").
r r r

12 Electromagnetism and d*'Alembertian operator
12.1  Maxwell's equation (in cgs units)
The Maxwell’s equations are given by

V-E =4np

V-B=0

vxE=—128

c ot

VxB=1E 4T
cot ¢

where C is the velocity of light
12.2  Vector potential A and scalar potential ¢
B=VxA,

since V-B=0.
26



VxE :—lgB:—lQVx A,
c ot c ot

or

vx(E+13A) 0,
c ot

or

E+1£A=—V¢.
c ot

Then we have

Ez—lgA Vg, and B=VxA.
c ot

We now calculate

VxB=Vx(VxA)=V(V-A)— VA—%J

_4_”J +l§(_lﬁA_v¢)

¢ cot cot
or
2
(vz—ciz%)A —4—”3 V(Y- A+18¢)

Similarly we have

V-E=4np
or
V(-1 S A=V =dmp
or
—V2¢+i2if—i262—f 10y A= 4rp
c c ot cot

27
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c ot



or

1 & 10 104
Ve~ p=-dgp——2(v.-A+-2
( c’ 8t2)¢ P C 6t( C 6t)

12.3 Gauge transformation
We have a gauge transformation

A=A+Vy,

gLk
¢_¢ Cat’

where

Ez—lgA—Vgﬁ and B=VxA
c ot

Let us calculate

10 10 1oy, 10A
LAV == (A+Vy)-V(p-— =~ _Vg=E,
e ¢ Ca( x)—-V(¢ . é3,[) Py ¢

VxA=Vx(A+Vy)=VxA.
Therefore (A',¢") and (A,¢) gives the same expression for E and B.

We adopt the Lorentz gauge

V-A+ lzt—¢ =0 (Lorentz gauge)
C

Then we have

1 0° 47
Vie——HA=—"]
( c’ 8t2) C
and
1 6°
(v’ _CTEW =—47np

The d'Alemberetian operator or simply d'Alembertian is the differential operator

28



1 &2
=Vieaa

Using this notation, we get the following expression

Hg=—-4np, and DA=—4TEJ

The Green's function associated with the d"Alembertian satisfies the differential equation
OG(r,t)=-0(ro(t).
12.4. Fourier transform

Fourier transform

Alr.0) = [ Aot
7 —0
1 K —iwt
A(r,1) = J'A(r,a))e do
J(r,o) =% TJ(r,t)ei“’tdt
7 —00
J(r,t) =% TJ(r,w)e-‘w‘da)
T —o0
1 T iwt
#r.) == [o(r.eat
1 K —iat
#rD == [Hrwe ™ do,
1 i ot
pr.@) == [ plr.he"dt

p(r,t)= ﬁ J'p(r,a))e“‘”‘da) ,

29



13 Retarded vector potential A(r, t)

2
_ 10 )A:_4_”J

A
( c? ot? C

where

A= [ Ao do

J(r,t) =ﬁ TJ(r,a))ei’”‘da)

Then

1 < 2 1 82 _i it 47[ 1 < _i it
— Vi———)A r,w)e “do=———F+1|J r,w)e “d
N27 _J;( ¢’ 8’[2) () @ C 27 _'[0 (r.@) ©

or

1 I a)2 py 47[ 1 K —iot
ﬁ_j (Vz +?)A(I’,a))e 'do = _Tﬁ_j‘] (r,a))e 'dew

or
2
(v + ZHAr0) =—4T”J(r,w)

We can solve this using the Green's function (Helmholtz)
Ar,) = [G(r,rud (r',w)d*r

with

(V? +f—22)G(r,r') =-5(r—r")

expli | r—r]
C

G(r,r) =
(r-r) Az |r—r'|

Thus we have
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exp[ig lr—r'|]

A(r,a))=4—”jd3r' c I(r',w)
c 4 |r—r'|
or
A(r, t)—— dir— 1 ! [doex it - r =D, o)
Az |r—r'|2x P c ’

art=Lir—r)
C

1 _[ d’r
c [r—r|
The retarded time is defined as

1
t=t——|r—-r'.
C

14 Retarded potential g(r, t)

(VP =2 2)P=—47p
where

¢(r,t) = ﬁ J.¢(r’a))e—ia)tda)

(r,t) = L (r’a))e—ia}tda)

p N2 P

Then
j 2 atz )¢(r a))e |wtda) =-A4r— ,_ Ip(r a))e Izutda)

or

L T (vz + a)_z)¢(r Cl))e_iwtda) = —472'—1 Tp(r a))e—i{utda)

\/_72' e C2 ’ \/E 4 )
or

31



2
(V" +5)(r.0) = ~4zp(r.0)
We can solve this using the Green's function (Helmholtz)
#(r,0) = [G(r,rAzg(r', 0)d*r

with

(V? +f—22)G(r,r') =-5(r—r")

.
exp[i—|r—r'|]
G(r,r") = ¢

4z |r—r'|

Thus we have

exp[ig [r—r']

p(r,0) = [d’r |rC_r'| p(r', o)

or

p(r,H=[d* r \/_J‘da)exp[ |a)(t——|r rhle(r',o)

p(r'at_7| r_r'|)
=J.d3rv C
rr

15.  Jefimenko's equation

Ez—lgA V¢ and B=VxA
c ot

For simplicity, we define

tr:t—l|r—r'|, and R=r-r
C

32



and

J(r

B(r,t)=— j[‘](r )1 R

16 Green's function of the d'Alembertian

We consider the equation
( 2
The Green's function of the d'Alembertian is defined as

v —Cia—)e(r t)=-3(Ns()

Here we introduce the Fourier transforms,

G(r,t) = J.dkTG(k,a))eik'r_i""da)

1
(2r)

S(NS(t) = (271[)4 oo T Sietg

Then
G j j (V ——2¥)G(k L) dkd e = er-iot gk d o
or
(e + 26 (k@) =~
c? (2r)’
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The solution to this equation is

1

(2)a)

Gk,w)= .
c’ -k

The inverse Fourier transform:

_ e|kr ot
G(r.bt)= (2 cyTye jdkdww_kz
C2

For convenience, we assume that the direction of r is the z axis. The angle between r and
kis 6.

k-r:krcosﬁ’

dk =27k dksin 6

ik-r—iot
G(r,t) = €
0)
e
— 1 T —iwt i 2 T : ikr cos @ 1
G(r,t)= 27) __[e da)IZﬂk dk.[sm&dee a)z—z’
o0 0 0 7_k
c2
Since
Jsinwgeikrcosﬁ _ _L(eikr gy
kr )
G(r,t) = ( Ie"“’td jzﬂk dk —— ( )( ikr —|kr)
C—z—k
r 7I r e—lwt
( ) ik k)J‘ = doo |
— —k?
C
ikr —ikr T e‘i“’t
e e Jdo
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where

Toow L1
2ck w—-ck w+ck

=§dze‘iZt ! ( ! !

2ck z—ck_z+ck

)

Q) Retarded Green function
We calculte the intergral given by

1 1 1

1, = §dze™

2ck z—ck+ig_z+ck+ig

For positive value of t, we need to choose the contour C; in the lower half plane. The
complex exponential exp(-izt) only decays at infinity if the imaginary of z is negative.
According to the Jordan's lemma, the integral along the path 71 is zero. There are two
simple poles inside the contour Ci. Since the path is taken with the clock-wise (negative)
direction, we find that for t>0,
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= fdze ™ Lt 1
e 2ck z-ck+ie¢ z+ck+ie

= ﬂ[Re s(z=ck —ig)—Res(z=-ck —i¢g)]
2¢ck

7 ) »
— a(elckt —e |ckt)

Then we have

C T i o _
Gret(r,t) = o k(elkr —e |kr)(e ickt _enckt)
0

) (21 ) 2r k[e'k(r ) _ glkreet) _ g-ik(reet) | gik(r=ct)y
T re

= (21) : k[elk(r ct) elk(r+ct) _e—ik(r+ct) + e_ik(r_ct)]
T re
1 k ik(r—ct) ik (r+ct)

= (27[) 2I’ dk[e —e ]

= ——[5(r —Cct) —o(r +ct)]
4nr
Since r>0 and t>0, we have
ret(r t) - __7[[5(r - Ct)]
4nr

For negative value of t, we need to choose the contour C: in the upper half plane. There is
no poles inside the contour C2. Then we find that for t<0,

G, (r,t)=0

(i)  Advanced Green function
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For positive value of t, we need to choose the contour Ci in the lower half plane. There is
no pole inside the contour Ci. So we find that for t>0,

1 1 1
I, = ¢dze™ - =0
: ;§ 2ck(z—ck—ie z+ck—ig)

or

Gadv(rat) =0

For negative value of t, we need to choose the contour C: in the upper half plane. The
complex exponential exp(-izt) only decays at infinity if the imaginary of z is positive.
According to the Jordan's lemma, the integral along the path 73 is zero. There are two
simple poles inside the contour Ca. Since the path is taken with the clock-wise (positive)
direction, we find that for t<0,
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e—ik(r+ct) +e—ik(r—ct)]

— :ﬁdze i 1 1 _
2ck z-ck—-ig¢ z+ck -
_2272 [Re S(Z—Ck+|€) RGS(Z_—Ck+|8)]
C
= %(eickt _ eickt )
Gadv(r:t)_ ¢ k(e'kr _ —'kr)(e—lckt e|ckt)
tor 0
]3 gik(r=ct) _ gik(r+ct)
(27r) 2r

|k(r ct) |k(r+ct)

(27r) 2r J-

0

L (4
(27r 2r

= —[5(r —ct)—o(r+ct)]

4ar
Since r>0 and t<0, we have
c
G, (r,t)=———x[o(r +ct)]
4ar

((Note))

0
J' |k(r ety |k(r+ct)]
—00

e—ik(r+ct) +e—ik(r—ct)]

The retarded Green's function is represented by a spherical shell emitted at t = 0 and

with increasing radius r = ct.

17 Green's function for the Klein-Gordon equation

We start with the Einstein's relation
EZ — p2c2 +m2c4
In quantum mechanics, we use the operators
h

ot i

>

The Green's function is defined by
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)Gt =-46(1)s(r)

The Green's function is expressed by the inverse Fourier transform as

G(r,t)=

(272,)4/2

jei(kT—a}t)G(k’a))

From the Klein-Gordon equation, we have

162 m*c ot o P omc?
e, D= Gy 4/2Jd ke~ (-k* + 2

—)G(k,0)]

- - [ dkd el 0

(27T)
or
2 2.2
1
K+ M ek oy =
( ¢t )Gk, @) (2r)?
or
1 1
GKk,w)=
(k)= Q7). mC o
n o c?
Then
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1

G(r,t) = [d’k[dae®—

(27)*

1
(27)*

1
% m’c*> o
T
e—i(ut

2 2
o -,

je‘k'fd3kjdw

¢ L T
G [e*d’k [ do

where
m*c*

P 1
w, = (c’k* +7)l ? :%(hzczkz +m’c?) :gE0

We now calculate

00 e—iwt
| =|do
Lo
T i 1 1
- jda)e"‘”‘( -
2w, *, w-0, 0+,

(1) Retarded case

1 % r 1 1
dae™( —— .
g w—w,+ie o+a,+is

I, =
2, -

Two simple poles are located in the lower half plane.
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For t>0

—iZt( 1 1
2a ¢ I-w,+ie 1+w,+ie
- (_2m)(efltwﬂ _ elta)o )
2w,

:_ﬂ(e—itwo _eita)o)

@y
For t<0
1 i 1 1
I, =— ¢dze™( —— —)=0
20 ¢, I-w,tle I1+wo,+le

(i)  Advanced case

|2:L.|.daﬁ—la)t( 1 . _ 1 :
20, 7, w-w,—le o+w,—le

There are two simple poles in the upper half plane.
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For t>0
1
I, =—§dze"“( : _
@ ¢, I-w,—le¢ 1+w,-l¢
For t<0,
I, = 1 dze™( - 1 -
2 ¢ I-w,-le I+w,—le
— 1 (27Zi)(e_ita)o _eita)o)
@,
=ﬂ-(e—ita}0 _eita)(])
W,
(ii1)
I, = ! J.da)e"i”’t( L L
20, w-w,+le o+o,—le
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For t>0,

— 1 dze—izt( 1 _ 1

20 ¢ I-w,—ie 1+w,+ic

|3

= L(_zﬂj)(_e_itwo ) — ﬂe—itwo

20)0 w,
For t<0,
1 - 1 1
|3=—§dze*'“( n— :
20, ¢, I-w,—ice I+w,+is
1 | i
:_(2ﬂl)(eltw0):£eltw0
2600 W,
(iv)  Feynman propagator

I, =

2w, 2, w-w,-ie o+, +ic
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For t>0,
I, = ! §dze““( ! — — ! .
2an ¢, I-w,—l¢ I+w,+ls
:L(_zﬂj)(_eita)o) :ﬂeitwo
2w, ,
For t<0,
I, L dze ™ ( ! — 1 _
20 ¢, I-w,—l¢ I+w,+le
_ 1 (27Zi)(e—ita)0):£e—ita)o
@y )

44



y
i

REFERENCES
W. Appel, Mathematics for Physics and Physicist (Princeton University Press,
Princeton, 2007).

J.D. Jackson, Classical Electrodynamics third edition (John Wiley & Sons, Inc. New
York, 1999).

45



