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Here we discuss the quantization of the electromagnetic (EM) field. This field consists of
discrete photons. Photon are bosons with zero mass; in free space they can carry linear momentum
hk and energy hw, =hck ; and simultaneously with sharp linear momentum, they can have a

definite value +7% or —# for the component J _ (helicity) of spin angular momentum along the

direction of propagation. The orbital angular momentum of photon will be also discussed.

1 Maxwell equation (in cgs unit)
The electromagnetic field in free space (in vacuum) is determined by the Maxwell’s
equations

VxE:—la—B, V-B=0. (1)
c Ot
VXB:la_E’ V-E=0, 2)
c ot

where E is the electric field and B is the magnetic field. Here we introduce the vector potential

A and the scalar potential ¢.

28 The vector potential and scalar potential
From Eq.(1), we have

B=VxA, 3)
where A is the vector potential. Since

VX(E+12A)=0,
c Ot

we get

10
E=——A-V¢, 4
T ¢ )

where ¢ is the scalar potential. We have



VxB=Vx(VxA)
=V(V-A)-V?4
_10E
Tcar

1 0*°4 10¢
_262 V A,
c” Ot c ot

or

2
V2A——a A—V(V A+ 1‘M). (5)
c’ o c ot
We also have
104 0A
V-E=V - (———=—-V¢)=-V* ——V —=0,
(75 V9 ¢ Fy
or
10
V¢+——V-A4=0. 6
g+ Y (6)
3. Gauge transformation

We assume the gauge transformation,

A=A+Vy, §=¢— lal

where ¥ is an arbitrary function of r and ¢. Then we get

g1 g,

c Ot

=—1—(A+v Y- V(g%
c O 61‘
16A 10 oy

_ oA g 10g, 1y
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B'=VxA'=Vx(A+Vy)=VxA.
In other words, E and B are invariant under the gauge transformation.

4. Coulomb gauge
Suppose we choose the Coulomb gauge such that

V-4=0,
or

V-A=V-A4,-V’y=0.

But this is just Poisson’s equation defining ¢ in terms of the specified function, V- 4. Thus we

prove that a gauge transformation that yields V- A4 =0 can always be carried out.

In vacuum space, the choice V- A =0 also leadsto ¢ =0.

104

c ot

10

V-E=V-(- V¢):_vz¢_Z§V'A:0

or

V=0

This is, however, simply Laplace’s equation. It is well known that the only solution of this
equation that is regular over all of space is ¢ = 0. Thus we have

E=—12A, B=VxA with V- 4=0.
c Ot

Using these relations, we get the wave equation

2
VXB:VX(VxA):V(V.A)_VZA:la_E:_iza_‘j’
c ot ¢ ot

or
_ 104

ViA= ,
¢ or?

$=0.

The set of solutions to the wave equation for A(r,¢) are naturally written as plane waves



A(r,t)= A(k)expli(k-r—m,t),
where the dispersion relation is given by
o, = c|k| =ck.
The Coulomb gauge condition implies that
k-A(k)=0

In other words, A(r,t) is perpendicular to the propagation direction k. The Coulomb gauge is

frequently referred to as the transverse gauge.

1 , . A
A(l", t) = = z [Ck,sg(k’ S)el(k.riwkl) + Ck,s g(k, S)eil(k"’a’k’)] ,

'\/7 k,s

where we use the periodic boundary condition. All space is finite volume V' = L’ with periodic
boundary conditions,

or
k=(k k, k.) =2T7z(nx,ny,nz)

where ny, ny, and n, are integers, and V = L.

((Mathematical notes added on 5/29/2023))

When I have been teaching the plane wave representation in the Spring of 2023
(Phys.422 Quantum mechanics II) at Binghamton University, I realized that some
undergraduate students have difficulty in understanding the difference in the two types of
plane wave representations with two cases,

(1) the wave vector k& is continuous,
2 2m  2rm

(i1) the wave vector k are discrete, k = (T nx,Tny,Tny) where L is the side

of cubic system with volume V(= L’), nx, ny, and n, are integers.



2 2m  2rm
() Plane wave representation with discrete wave vector k = (T n,, A n,, = n,)

((Schiff)) L.L Schiff, Quantum Mechanics, 2" edition (McGraw-Hill, 1955).

For many applications, a representation of the potentials and fields in a complete
orthonormal set of plane waves is useful. These plane waves are taken to be vector
functions of r that are polarized perpendicular to the propagation vector, so that the
condition V-A =0 is satisfied,

u, ,(r)= Ls(k, A)e™" (A=1,2).

NG

where V =’ and g(k, A) is the polarization vector. The vectors (k) are chosen as

2 2 2
x nx’ ) nr’ kz =_nz
L YL L

where {n ,n ,n_} are sets of integers. So that, u, , satisfies periodic boundary conditions

at the walls of a large cubic box of volume V' =L’ (so-called quantum box). Note that
g(k,A) are unit vectors and g(k,4=1), €¢(k,A =2), and k form a right-handed set, so

that we have
k-¢(k,4)=0 and V-gk,1)=0.

It is easily verified that the orthonormality property assumes the form,
[dru, (O, ,.(00)=5,,5, .

In the textbook of Townsend, we find the following problem in ((Townsend 14-2)). Show
that

1 o
;J‘dr expli(k'-k)-r]=6,.,,

gives periodic boundary conditions.
The state vector |k> for the plane wave and the orthogonality. Here we use the plane wave

form in the box with volume V.



ik-r —ik-r

()=t (klr)={rlk) = e

() = 6., = [ dr(k|)(r| i) = % [ drexplith'—k)- 1],
with

k=(kyk,.k.) =2T”(nx,ny,nz),

which are discrete values (not continuous).

Kz

2
Fig. The |k> states with k =(k .k, k)= Tﬁ(nx,ny,nz) in the 3D k-space. Note

that there is one state per (277 / L)’



((Proof))

expli(k'-k)L]-1
i(k'-k)

[ dxexpliCk, —k,)x]=

sin[z(n_ '-n,)]

= Lexplin(n, '-n,)]

n(n, '-n)
=15, .,
Similarly
r o , ' sin[z(n,'-n,)]
[ dyexpli(k, - k,)y]= Lexpliz(n, '~ n,)] , =13, ., .
0 7z(ny —ny)
L - o sinfz(n, = n)]
j dzexpli(k.'= k.)z]= Lexpliz(n,'-n.)] , =15, ,
0 n(n,'-n) :

Thus we have
.[dr eXp[l(k - k) r]= L3§nx Ly é‘ny L, é‘nz T L3§k,k' :

We note that ¥ (= L*) is the volume of the system. The vectors &(k,s) are unit vectors

indicating the direction, polarization, of the vector potential for each value of k. Since

V-A(r,t)=0,
we have
k-e(k,s)=0.

Thus the polarization vector is perpendicular to the direction of k. For any particular &, there are
two linearly independent vectors [ &(k,1) ,&(k,2) ] that satisfy this condition.

k-e(k1)=0, k-e(k2)=0.

(ii) Transformation function with continuous wave vector k: Dirac delta function
It is well known that the transformation function is given by



<r |k> = (Zﬁ%exp(ik ‘T),

where k is a continuous vector. We note that

(e[ = [ (e[ 1) (K|
) (23:)3 J dk exp(ik -r)exp(—ik-r')

1 ) ,
= 2 jdkexp[zk-(r—r )]

=o(r-r')

Here we show that

[’e]

[ expliko)dk = 275(x), (1D case))

—00

for continuous wave number k. Note that for the 3D case, we have

T exp(ik x)dk, T exp(ik,y)dk, T exp(ik x)dk, = (27)’ 5(x)8(y)d(2)

—00

or

[ dkexp(ik 1) = (27)'5(r)

((Proof))

0

[ exp(ike)di = 275(x) .

—00

We choose the finite upper limit of x as 7 (a large fixed value)



F(x)= ]]. exp(ikx)dk
= ]]. [cos(kx) +isin(kx)]dk

n
=2 j cos(kx)dk
0

_ 2sin(n7x)
X

Here we show that

lin% F(x)=276(x).

ne>

For the finite fixed value of 7, we have
2sin(7nx) 2.

iy )=

2y y=2 sin(/x)/x

N X
/TU/// 3]7)0—7

é(
S
o
i
S




2sin(77x)

Fig. Plot of F(x)= as a function of x where 7 1s a fixed large value.

Note that ling F(x)=1lim

OzsL(”xL 277, which diverges in the limit of
x—> X

n— . IF(x)dx: Izs%mx)dx:2j%ntdt:27z.

—00

Now we consider the function defined by

g - 28001

We define the integral by 7,
I=[drF@) = PRELLIVAIY
—o0 —o0 X

In order to calculate this integral, we put

t=nx, dt =ndx,
leading to
I .[ dr 2sin(¢) _or

t

where we use the Mathematica. Using the Dirac delta function, we get

Fx) = 2sin x

5 275(x),
X

in the limit of 7 —> .

10



2 Sin[x]
y =
X

T

0

J- 2sinx

2sinx

Fig. Plot of f(x)= as a function of x. | f(x)dx = dx=2r

From the property of the Dirac delta function, it is concluded that

limo F(x)=276(x).
ne>

((Further discussion from above))

ik-
el r

) ) 1 . )
Using the wave function <r|k> = W for the discrete wave number, as discussed above, we

now calculate the energy of the electromagnetic field.

Hypyy = [arE* (r.0)+ B (r.1)]
kY4

104

1 2 2
= | dr[(—— )"+ (VX A)']

=H.+H,

The first term is due to the electric field energy and the second term is due to the magnetic field
energy. We now calculate the first term due to the electric field.

b (g loa 1o

87 cot cot’

with

11



i(k-r—wgt) —i(k-r—omyt)

1 OA(r,t) NoA e LW,
—_—_ L = —_7 = k’ _ = k’
P ;[ i ¢, &(k,s) = i Crs &( s)—_V ]

> w8k, s)[c, @ —c, e 0]
k.s

—1
N
and

* i

-1 ko oy
Cz Za)kg(k’s)[ck,sez(k r—wgt) _ Ck,s e (k-r a)kt)]
k,s

1 0A(r,1) 0A(r,1)
¢t ot ot

. Z a)k,g(kv’Sv)[ck',svei(k'-r—mkvt) _ ck',sv*eﬂ-(kv.,,wk,t)]

o
k'.s

where the orthogonality relation holds as

1 L
;Idreﬂk-relk T é‘k,k' )

So, we get
: OAw-Dp -1 i(kr— i(k"r—a,,
_Zj drl o )] -2 j dry > we(k,s)- o.ek',s)e, ¢ e, & F T
¢ at c V k,s k',s'
*~k., —i(k'r— ) * ikr— e v
—Ck,sck',s' el( r wkt)e i(k"r—awgt) _Ck,s ck',sve i(kr wkz)el( r—wpt)
+c, S*ck, S,*e*"(""*wkt)efi(k'-rfwkvz)]

1 v
:C—zzza)ké‘(k,S) : a)k,{;‘(k »S )[
k,s k',s'

—2iwyt * Zia)kt]

% % %
+ (Ck,sck,s' +Cp s Ck,s')é‘k',k - Ck,sc—k,s'é‘k',—ke “CrsCops €

1 * *
— ?z z &, @ &(k,s)-e(k',s")(c; Cp o +Chy Ch)Opi

o
k,s k',s

1 2 * *
=—2220)k e(k,s)-e(k,s")(c, Cpo +Cpy Cry)
c k,s s'
2

® . .

— k

= Z 7 (CesCrs + Gy Chy)
k,s

where the average of the time dependent terms over the period 7"becomes zero. We also note that

e(k,s)-e(k,s')=0, .

12



It follows that

2
1 ) x .
_ k
Hy= 2 (Ck,sck,s + ¢ Ck,s)~
dr i ¢

We now calculate the second term due to the magnetic field.

VXA(r,t) VX[S(k S)el(kr (ukt)]_i_ckv VX[S(k S)e i(k-r— a)kt)]}

\/_Z{Ckv

ikxe(k,s)[c, e o) _ ¢ "grithkr-aun

.S

f Z
where
V x [S(k,s)ei(k-r—wkt)] =ik x g(k’s)e,‘(k.,,wk,) .

Then we get

[arvx A(r,0)F ——jerZ[kxg(k s)-k'xe(k',s"]

ks k's'
[ck Yei(k-r at) ck,s*efi(k.r—w,(t)][c ' 'e,‘(k reapt) ck,,s,*efi(k""*”k")]
_ __jerZ[kxg(k 5)-k'xe(k',s")]

ks k's'
[ck,sck',s'el(k r— wk’)e’(k r-wpt) Ck,sckv,s,*ei(k'rfw"t)efi(k"'f‘”k")
_Ck,S*ck,,s,e*i(k-rfa),‘l)ei(k'-rfwk ) + ck,S*Ck ',S'*e—i(k.r—w,(t)efj(k'.r,wk ,,)]
= _ZZ[kxs(k,s) k'xe(k',s")]

ks k's'

* * 2i * 2
[_(ck,sck,s' + ¢ ck,s')é‘k',k +(ck,sc—k s ot + ¢ e —k.s' o )5k ]

- z z {[kxe(k,s)]-[kxe(k,s ')]}(ck,sck,s,* + ck,s*ck,s,)

ks s'

where the average of the time dependent terms over the period 7'becomes zero. We also note that

[k x&(k,s)] [k xe(k,s")] =k [e(k,s) e(k,s"]—[k -e(k,s")]- [k -&(k,s)]
= kzdw,

13



where
k-e(k,s')=0, k-&(k,s)=0.

Then we have

.[dr[V x A(r,t)] = ZZkzé‘s,s,(ck,sck,s,* + ck,s*ck,s,)

k,s s'

_ 2 % %

- zk (ck,sck,s +ck,s ck,s)
k,s

2

a, * *
— k
B z cz (ck’sck’s +ck,s ck,S)
k,s

It follows that

l o’ . .

——— N "k

HB - 2 (Ck,sck,s +Ck,s Ck,s)
879 ¢

The total energy is given by

H=H,+H,
|l -’
— _k2(

* *
- ck,s ck,s + ck,sck,s ) .
dris ¢

2
1 w, "
= 2 ck,s ck,s
2ris ¢

We introduce ¢, and p,  such that

—-iw,

1 * .
=——(c,t+¢., ), .= Cos—Crs)s
Gr.s . /—472_( ks T Chs ) Dk, /—472_( k. k, )

or

i * i
Ck,s = C\/;(Qk,s + _pk,s) H Ck,s = C\/;(Qk,s __pk,s) .
Wy Wy

Then we get

14



2

Prs 1
H=3 (5=+20.0.0),
k,s

Thus we see that formally the electromagnetic field can be considered as a collection of
independent harmonic oscillators.

S. Quantizing the radiation field
The Hamiltonian of the 3D isotropic simple harmonics is described by

A

H:ﬂ1+ﬂ2+ﬂ3

with
A= p7 s tmais,
2 2
where
[H,H]=0

The eigenvectors of the Hamiltonian A are also eigenvectors of A _, H ,»and H _.Letus
introduce three pairs of creation and annihilation operators.

.~ B . i . B i .
a, =-——(x. + ), a=-"=(x - ),
1 2(l pl) 2( a) p)

ma, b

with

ma,
2n

i
St
S

Note that

15



The Hamiltonian can be expressed by

H= Zha)o(a a, +—1)

i=1

We now discuss the quantum mechanics of the electromagnetic field. We assume that the
variables g, , and p, . should be operators obeying the commutation relations

[ék,s ’ﬁk',s' ] = ihé‘k,k'é‘s,s'i

Here we define the creation and annihilation operators as

lo, . I . At lo, . . I,
R Y+_ s/ A ks =ql 0 s s/
2 (Qk,‘ o, Px, ) 2 (Qk, o, Dx, )

A . h A A4
/ (ak +aTks) Diy = %(ak,x — QA ky).

The commutation relation:

or

A A4 _
[ak,s N 6k,k‘§s,s‘
. . . *
A comparison of these equations with ¢, . and ¢, , ,

h h
cJ_ 20 cJ_Ck‘ 20,0

or

16



27Z'h A * 27Zh A+
Cow C|—a,,, ¢, —>c|——a",.
a)k a)k

C s [0) ,
\k/7 —= _> kv (qu _ ,s)’
ck v*

( v__ s
c\/* y/ 9k, )

((Second quantization))

where

The quantization of the radiation can be achieved by writing the electromagnetic field in terms
of creation and annihilation operators, by analogy with the harmonic oscillator. This process
which is called second quantization, leads to the replacement of the various fields (such as the
vector potential, the electric field, and the magnetic field by operator quantities, which in turn are

expressed in terms of creation and annihilation operators.

The Hamiltonian H is

A 2
) Pes 1 o,
H=3 (545004,
k,s

1 SR A
= _Zha)k (@ ks,  +a, Q'ks)
k,s

Ar 1~
= Zha)k(a ks,  +—1)
k,s , 2

The vector potential operator A can be obtained as

~ 27k’ . ikr—wp) | A+ —i(kr—a,1)
A(r,t) = Z ” [a, &(k,s)e +a wse(k,s)e ]

k,s a)k

k

=AY (r,0)+ A7 (r,0)

with

17

—ilk-r—
s i(k-r a)kt)]

27hc’ e .
=y , e(k,s)[a, " +at e



af\k,sg(k’s)e[(k-r—a)kt) ,

IZI(H(I‘,Z‘) — Z 27hc

k,s a)k

2rzhe . ik
ay, &(k,s)e ier-ad)

A (r,0) = >
k,s
and
AV, =[A7 @]
The electric field is evaluated as
R 10 ~
E(r,t)=——A(r,t
(r,1) e (r,0)

=i
ks

=EC @, 0)+EO®W,0)

2rhaw,

8(k, S)[af\k,sei(k-rfwkt) _ af\+k,sefi(k-r7a)kt) ]

where

E(+) r,t) =i [8(k,s)d ei(k-rfa)kz)]
k,s

=i;

b

s [8(k’1)&k,1 + 3(ka2)&k,2 ]ei(k"’a’k‘)

and the Hermitian conjugate of E® (r,t) is given by

2 A+ —i(k-r—awyt
e [e(k,s)a ke * "],

EA'(’)(r,t) = —iz
k,s

The magnetic field is evaluated as

18



B(r,t) =V x A(r,1)

27h . kor— . itk
=Yc [G, ,V x e(k,s)e" ™) + ",V x g(k,s)e”“ "]
el K24

_ lz 27Z'hC2 [k % S(k S)][& e[(k-r—a;kt) . &Jr efi(k-rfa)kt)]
- V 9 k,s k,S

k,s a)k

][&k e[(k-r—a)kt) _ &+k Ye—[(k-r—a),‘t)]
s X

. 2nho, kxe(k,s
:lz v k[ ]E )
k,s

where

2ahc?

[k x &(k,s)a, Je' e

BY(r,t)= iz
k,s

k

~ i(k-r—awt)
a, . le

o~ [2mhe, kxe(k,s)
DO

. 2711’26'2 A A i(k-r—w,t
=sz: - kx[e(k,)a,, +e(k,2)a, ,le" "~

k

and the Hermitian conjugate of B “(r,1) is given by

2
2rhe [k x&(k,s)a ks Je "

B(’)(r,t) = —iz
k,s

k

p ]efi(k-rfwkt)

) 2nhw, kx&e(k,s) .,
=— a
D

Note that

V x[e(k,s)e’* " = Ve x g(k, 5) = i’ * [k x e(k, 5)]
where we use the formula

Vx(fF)=VfxF.

fis a scalar function and F is an arbitrary vector which is independent of r.
We also have the Fourier transforms of the above vector functions

19



e(k,)a, , +e(k2)a, , = j dre KT EO (5 1),

1
~ Raay

and

A A () D (+ —i(k-r—ayt)
kx ek, 1)y, , + k< e(k,2) , =i, 27th21/ j drBY (r,t)e .

Note that the direction of the circular polarization is given by
e(k,+) = —L[s(k 1) +ie(k,2)] (k)= L[&:(k 1)—ie(k,2)]
2 \/5 b 2 b 2 \/5 2 2

6. Momentum operator for photon
The momentum density (erg s/cm?) of an electromagnetic field is the Poynting vector

S'(r,t) = iﬁ(r,t) X l}(r,t) , [erg/(cm? s)]

divided by c?.

Note that the energy dispersion of photon is given by ¢ = ¢p . Suppose that the total energy is E, ,

and that the total momentum is P, in the system with the volume V.

tot

EI ! = CBOI ‘

0

The energy density u and the momentum density are defined by

E N
u= tot , P — R{)l
V V

Thus, we have

MZC}’BZ

o |t

leading to the relation

20



p==

C

where § is the Poynting vector.

The total momentum in the field can be written as

A A 1 N A
I, = LZIS(VJW = 4—IE(r,t) x B(r,t)dr , (erg s/cm)
c 7IC
where
E(r,t) = —l% =y 2ﬂﬁTa)"e(k,s)[i&kwxei(k"‘”*') —id e ]
4 k,s

2rhw, [k xe(k,s)

LA i(k-r— . A —i(kr—
][lak Xez( r—wgt) —laJrk,xe i(k-r fukt)]
14 k ’

B(r,t)=V x A(r,t) = Z

Then we have

S 1 27Th0)k A i(kr-at) oA+ —i(kr—myt)
PEM—EJ‘drkZ,;”/ v e(k,s)[ia, e —1ia kse ]

2rha,, k'xe(k',S') . n itk A (K"
XZ ” k [ (k' 5 )][lak,’s,el(k r—wyit) _laky’stre i(k"r a)kl)]
k's

_ L@ ZZ—\'CO"CO"'S(](, s)x[k'xe(k',s")]

472-6 V ks k,s' k'

oA i(r— A+ —i(kr— N i(k'"-r—, A+ (k-
Idr[zak sez( r—awt) —lClk e i(k-r w*l)][lakysvel( r—wyt) —ia e i(k'r a)kl)]

Vot
»S k's

Here we note that

1 . . - -
. A (kr—owpt) -~ + —i(kr—ogt)raa i(k"r-opt) _ +n + —i(k'r—wgt)
;J‘dr[zak,xe ia, e Ilia,. e id, . e ]

—i2at

A A+ At A A A At A + Diwgt
= (4,4 + A ksl ()0, — (4 0 e +a ksl € )0

A A+ At A
= (G o + A k50 )0y

Note that the time average of the time dependent term over a period 7' becomes zero. Then we get
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) R R (S D) AR

2Ckv k,s'

=—ZZs(k s)x[k x&(k,s")(a, 5., +ay dy )

kvv

Here we have

e(k,s)x[kxe(k,s")]=[e(k,s) e(k,s")k —[e(k,s) kle(k,s")]

= é‘s,s'k
where
e(k,s)-e(k,s")=0,, e(k,s)- k=0
Then we get
A fi A At At A
Py, = 5 sz&s,s'(ak,sak',s' + ak,sak,s')
ks s
fi A At oAt A
= _Zk(ak Ay +ay ay )
2% S m
1~
= th(ak G +—1)
2
or

P, thak sak s

Note that there is no term 1/2 in the summand of the last expression in the above equation. The
reason is that

D k=0,
k,s
since for every k in the sum there is —k to cancel it. We note that

P,[0)=0

22



Applying the momentum operator to the state ‘1 k,s> (the photon number state, Fock state)

P, |1, ) =nka; a, |1, ) =hklL, )

Note that

A1, ) =hoy (A, + %i)‘le = %ha)k

L)

So the state ‘lk,s> is the eigenket of both ﬁEM and H .

7. Angular momentum

The angular momentum J of the radiation is another constant of the motion for a free field.
It 1s proportional to the integral over volume V" of the moment of the Poynting vector about the
coordinate origin:

E(r t) X B(r t)]
EM J.
where the pointing vector S (r,t) is defined as
1
S(r t)— [E(r t)xB(r H].
47c
The i-th component of J,, is given by

(jEM)i J.drgjkx [E(r,t)x B(r,0)],

=— I dregx; &, EB,

| .o
T i I Ar & X 1810, 18 g:
. 04

= a Sn man‘ drx,E, .

n
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where &, is the Levi-Civita symbol and we use the simplified notation for the summation such that
ngszle = &L, B,
I,m

Using the property of the Levi-Civita symbol,

-0,

Epim€, kp

=0;.,0

I,p

o

mnp = gmkl gmnp

we get

n 1 ~ O,
(JEM )i = E gjjkj.dr(é‘k,né‘l,p - 5k,p51,n )x_jEl gp

n

1 04, 04,
—ﬁcgy.kj dr(5,,8, %, E,—~ L4 8% E, -5
1 ~ 04, ~ 04
=—=c¢, |dr(x E,—L—x E,—%)
c ijk J. J l@xk J 8x1
On integrating by parts in the last term, we have
. 04,
(T ) = — Ukj.dr[xEé—x]{wL@ ()41,
We note that
I L/ SN S L
ox, : ox, : 7 ox, R ox, /
where
8E =V-E=0
8x,
Note that
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2o,
V

V-E(r,)=> {ia, V-[e(k,s)e' " —ia" s,V [e(k,s)e” “ "]}
k,s

27ho N R e
= _z Tkk'g(k’s)[ak,xe (ko) 4 o+, ouilhr 0]
ks

=0

The total angular momentum can be rewritten as
3 1 . AP
(JEM )f " 5@,-/(_" drlEx, gl +E 4]
k

The first term can be recognized as the orbital angular momentum of the field. The orbital angular

momentum operator L, is given by

L = —zhgy.kxj —
k

Then we get

. i AR B
(Fr) = T [ (i, =) =i, )
k

e
= (i‘EM )i + (SEM )i

[ar(E,L4 ~ine,E,A4,)

The first term is the orbital angular momentum and the second term is the spin angular momentum
of photon.

(a) Spin angular momentum

(SEM )f = i_{d”‘%}ké/‘ak

1 ~ ~
:EJdr(EXA)i

or
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. 1 S
S =Ejdr(ExA)

((Note))

If one uses a definition like (coordinate x conjugate momentum), integrated over space, where
the coordinate is the vector potential, and its conjugate momentum is the electric field.

We now calculate the integral J dr(E X ,21) .

> p Zﬂha) ‘A i(k-r-o . A —i(k-r—m
E }",t XA r’t = —kg k’s ia e(k k[)_la+ e (k kt)]
V k,s k,s

k,s

27hc’ o o
X Z —S(k"s')[ak' s'e[(k r—wgt) + a; e i(k"r a;k,z)]
k',s' a)kvV ’ >

2rmich 0)
== 2 ek ) xa(k's')
V k,s k',s' a)kv
[&k,sei(k-rfwkt) _ 6i;{r,seﬂ‘(k.rfa;,‘t)][&k',S'ei(kv.r,a,k,[) + &;,S'e*"(k"’*ﬂ’k't)]

and

1 1- . . .
~ (k-r—wgt) At —i(k-r-oit)qr 2 i(k'r—owyt) A+ —i(k"r—awt)
;I drla, e —a, e 1a,. e +ay. e ]

1 1- . . .
_ ~ ~ (k-r—wyt) i(k'r—wgt) ~ A+ i(k-r—awgt) —i(k'-r—wt)
= J‘dr[ak,xak,,x,e e +a, a, e e

_ At oA —i(k-r—wgt) ji(k"'r-wgpt) s+ A+ —i(k-r—awt) —i(k'r—wgt)
a, 4, e e a, . e e ]

A oA 2wyt | A A+ At A At oA+ iyt
=Qy A_p  Op i€ +a, A O — Ay Ay (O — Ay Ay o O i€

- (&k,x&;',x' - aAl:r,s&k',x')é‘ 'k

since the time average of the time dependent terms over a period time 7 is zero. Then we get
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SEM :Ljdr(EA'xlzl)

27zzch . At A
zz 3(k syxe(k',s )(ak vak',s' - ak,sak',s')ék',k
ks k's'

ZZs<k $)x ek, sV, a5, —a,, d, )

ih N ah A A

= EZ[E(I‘J) Xg(k72)(ak,1ak,2 - ak,lak,Z)
P

+3(k 2)x&(k, 1)(&/{,2&/:,1 _&/:,2&/{,1)]

z [(a, lak2 ay lak ) — (ak 2ak1 a 2ak1)]

th (@, lak2 a lak 2)

where

ek)xek)=0, &k2)xe(k,2)=0,
e(k)xe(k2)= % ,  &k2)xe(k,))= —% ,
and the commutation relation
(G, s> G 1= 04 1O,
In summary we have

‘§EM = th% (aAk,I&k 2 &k 14y 2)

(b) Orbital angular momentum
The orbital angular momentum is given by

EM =

L [arE,(rxv)4, .
JiC

We show that the component of L,,, along the direction k of a photon vanishes, so calling these

pieces as orbital and spin angular momentum makes some sense.
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27hc?

k

e, - e(k,s)1(r xik)[a, """ —a*h e "]

(rxV)4, = z

k,s

where e, is the unit vector along the /-direction. Now we combine with the same component of the
electric field, £,

. 27h @, e . o
E (rxV)4, =lz V “le, 'g(k'asv)][akv,svel(k o) @t ge T
ks

A4 ,Sefi(k-rfa)kt) ]

2
z 27hc le, - &(k,s))(r xik)[d, "~ —a"x

k,s a)k

Then the orbital angular momentum is

ih w
L., =—— —* e -e(k' s"][e, - ek,
EM 2V,;; wk[l ( S)][l (k,s)]

A i(k"“r—aw,. A —i(k"r—w,. A i(k-r— A —i(k-r— .
J’drr[ak' S'el( r—opt) _aJrk',s'e i(k'r wkt)][ak Set( r—ogt) _a+k,se i(k-r a)kt)]Xlk

22 Z_l:[ﬁ(k',S')-s(k,s)]

_ih
2V k's' k,s

A i(k"r—m,. A —i(k"r—w,, A i(k-r— A —i(k-r— .
J’drr[ak' S'el( r—ogt) _aJrk',s'e i(k'r wkt)][ak Set( r—mt) _a+k,se i(k-r a)kt)]Xlk

Note that

le,-&(k',s")]le, -&(k,s)]=¢e(k',s")-e(k,s).

and
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a i(k"r—aw,. A —i(k"F—cy. n i(k-r— n —i(k-r— .
[ — r[ak' S'el( r-wpt) a+k',s'e i(k"r—oy t)][ak Set( r-wgt) a+k,se i(k-r a)kt)] % lk
— r[af\k' S'aﬂk Sei(k'-rfa),(vt)ei(k-rfa),‘t) _ af\k' S'aAJrk,sei(k'-rfw,‘vt)efi(k-rfa),(t)

7i(k'-r7a),‘vt)ei(k-r7a),‘t) + af\+k',svaﬂ+k,Sefi(k'-rfa),‘vt)efi(k-rfa),‘t)] ~ lk

—a'kya, e
= Vil oy (r[K)r[R)e™ " =y, @ (K| r)(r[)e

ey (R R Gl (KK | T ik
= Vi (e[ R)r|flR)e ™ =y s (r[f{ ) ()

)

— ey (K| [FIR) N 4 @ (R ) € ik
)
(r

r
VT RN Y (o

=iy (R IR 4 6 (R K €0

where we use the notation

L s _ *_1 —ik-r
(rlk) =", (klr) = o[h) =—-e

S

. . 0 A
(klfly) = i—-(klw). (i) = ke (kelw)
for arbitrary |l//> . We also have
. . 0
(kflr) =1 (k]

R oy Al \F .0
()= o) = (k) =42l
Thus we have

1 A A ' . a —i(wp +y )t ~ N\1* i@ —ap )t
=Ll (2 e~y o R RO o

k[ ) e &*kgsv&*k,s[—ia%(k|r><r|k'>]*ei(”k'+“’* " ik

We take the integral of I over the whole space of r, noting that
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[ dr(r|le)(r|k) = [dre ™ =5,
[ dr(ke|r)(r| k) =V (k| k) = V5,
Then we have

A A . a —1 ' * -
[ rar ~Ldy i (<1 Ga)e Y i Sea)e o —ou

At A . 0 (o e 0 — .
— @ kel (=0 )E T @k 0@ ks (T O, ) €T I x ik
T ok T ok
or

. .0 ion .
| I = [y, g (<1 O )e T = e k,,k) g o

0 ; 8 .

A+ A . i(wp —oy )t At At . (g +y )t .
-a kv,svak,x(—za—k§k,,k)e PO Y aT v sa k,s(—za—k§k,,k) e Ix ik
The average of this integral over a period 7 leads to

[ 1dr = (i ies + &*p,y&k,s)(ia% «ik)

zz s(k' s')-&(k,5)0, 4 (A 00 ks +&+k',s'&k,s)(iaik><ik)

k's' k,s
ZZs(k s')-&(k,s)(ay 0 ks +a ks S)(iixik)
s' ks | ak
Since
e(k,s)e(k,s)=0,
we get
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where
(k|L{ke) = (k| x pik)
. 0
= (il k)(k|k)
= ihix k
ok

=iixhk
ok

=rxhk

=rxp

This is an expression for the orbital angular momentum for photon which we expect.

and

(Note))
0
Sy )=V, x[ky (§)
=V (k)< k +y k)Y, x k)
=~k x V, (k)

or

iixk=—kxii—)rxk=—er,
ok ok
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We note that the orbital angular momentum along the propagation direction k& should be zero
for some mode in the sum. As (r xk)xk = 0, for a particular mode, there is no orbital angular
momentum component in the direction of propagation.

8. Operators for circularly polarized light
The right-circularly polarized state:

R)= () +ily)

1 .
= ﬁ(‘ 1k,1> + l‘lk,2>)
- %(&;,l +ial,)|o)

—akR|0>
= 1)
or
|R> _akR|0 = ‘lkR> akRakR|0 ‘lkR>
with
oo | 2 I . A
Ay p = _ﬁ(ak,l + lak,z) ) A r = _ﬁ(ak,l _’ak,z)

The left-circularly polarized state:

1 .
[2) =75 (x)=ilv)
1 .
—ﬁ(‘lk,l> _l‘lk,2>)
— %(ka,l - i&+k,2)|0>)

—akL|0>
=[1i.)
or
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with

We also have

The commutation relation:

~ ~ 1 ~ « A ~ - A
[ak,Raa;',R] = E[am + lak,29a;c",1 - ’a;',z] = 5k,k' )

~ ~ 1 ~ - ~ [Ea)
[ak,LﬂaI:,L] = E[ak,l - lak,29a;c",1 + ’alt',z] = 5k,k' )

since
A A4 _
(4 »@ k5 ]1= 0 4O, .

9. Helicity; spin angular momentum along the k direction
We start with the expression of the spin angular momentum,

A . k A +A A +A
S =th;(ak’2 Ay — Ay, ak,z)-
%

We note that
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1 R n
akz akl akl akz \/_(akR +a, L)T(_ak,R +ak,L)
_T( akR+ kL)( \/_)(akR+akL)

[(ak rT aAl:’r,L )(_&k,R + &k,L) + (_&Z,R + &;,L)(&k,ze + &k,L )]

= l(ak,Lak,L - &Z,R&k,ze)

Then we get
A
Sov = hz (ak Rak R ak,Lak,L)'

We define the spin angular momentum along the k direction as the helicity,

S’EM % = j = ih(ay 5, — 4y 10y 5)
or

S’EM %=j = N(ay nQy  — Ay 10y ) -
We note that

.5, = ~ihd . [J..4; ,1=ihay,

[J LAy g1 =hay g, [J a; 1=-ha, ,
and

ARG RS U R

(a) Matrix under the basis of |x> and | y>

J.

)=J.

k,1> = ih(&z,zdk,l _dl:r,ldk,2)‘1k,1> ih(a k2ak1)‘ k1> ih‘lk,2> = ih|y>
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J|y ‘1k2> ih(a, ,a,, — aklak2)‘ k2> Zh(aklak2)‘ k2>

Then we have

0 —i R
J =h =ho,,
i 0 g

under the basis of ‘x> and | y> . The eigenkets of J_ are obtained as

L( x)+iy)) =|R), with the eigenvalue (+7 ).
V2

and
L( x)—iy)=|L), with the eigenvalue (-7 ).
V2

(b)  Matrix J _ under the basis of {|R> and |L> 3,

J|R _J‘lkR>_ ~(ay gy — akLakL)‘ kR> h‘ kR> h|R>,

J |L ‘1k L> h(&Z,de,R _dl:r,L&k,L)‘lk,L> = _h‘lk,L> = _h|L> )

Then we have

A 1 0 .
Jzzh( tho;,
0 -1

zh‘ B 1> = —zh|x>

under the basis of |R> and |L> , which is diagonal. The eigenkets of J _ are obtained as

J.|R)=HR),
J|Ly=-HL).

((Note)) Summary
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The total energy is

[:I = Zk:ha)k (&;,R&k,R + &;,L&k,L) .
The total linear momentum is

ﬁEM = Zk:hk(&;R&k,R + &k,L&k,L) .
The total number of photons is

]\7 = Zk:(d;,R&k,R + &;,R&k,R) .
The helicity is given by

jz = h(&;,R&k,R - &Z,L&k,L) .

11.  {a;,,a;,} as a vector operator

J . 1s the helicity of the photon. We note that
A B PR VAN B
This means that {@, ,,d, ,} is a vector operator. Then we have
IQ&;JI% =a, R, +a R, =4, cosa+a,,sina,
Ié&;z]% =a, R, +a; ,R,, =—a4,,sina+a, ,cosa,
where R is the rotation operator around the z axis, with the rotation angle .
Ra; R = —%é(a;l viar YR = ,.
2

and
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Ra, ,R" =—=R(a;, —ia, ,)R" =e“a, , .

1
V2
10.  The uncertainty in the electric field and magnetic field

We calculate the expectation of E and E%, B, and B? in the state ‘n,m>

27Z'ha)k (k )[akY i(k-r—wgt) &;{r e*l'(k"‘*fukt)]

K]

E@r,0) = iz
k,s

27rha)k kxe(k,s)

B(r t) = Z

][aAk ei(k~r—a)kt) _&Jr e—i(k~r—a)kt)]
,8

k,s

E(r.0)= ——sz/wkwk e(k,s)-e(k', s[4, """ —a e T4, & — G e

k,s k',s'
zz,/wkwk e(k,s)-g(k',s")
k,s k',s'
AooA i(kr—awgt) Ji(k''r—opt)  ~  ~+i(kr—opt) —i(k'r-opt) _ ~+ ~ —i(k-r—awyt) i(k'"r—opt)
la, g€ e a, a,..e e a, . e e

At At i(kr—wgt) —i(k"r—@gt)
+a, a,..e e ]

<nk,s Ez(”at)‘ ny q> = 27?0)]{ <nk,q (A Oy, +5, Ay y) nk,s>
= 47[?70)1{ (nk,s ;)

[k xe(k,s)] [k x .s‘(k,s)](&k“?&kwx+ + &k,er&k,x) +...

27zh ,

(akr kv +akr

37
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<nk ‘Bz(” t)‘”k >: 27?0)]{ <nk ‘(ak Aps s G )‘nk >
= 47[?70)1{ (nk,s %)

(n,.|B(r.0|n,,)=0

The uncertainty for the electric field and magnetic field are obtained as

S B2 wo)m, )~ (n, [Er|n,) = \/w;w o+ D,

S B2 o), ) ~(m, Bero)m,, ) = \/4721;@ ., %) |

We also note that

J(ok,s E2(r0)0,.,) (0, |E(r.0]0,,)" = /ﬂrf%
S0, B r.0)0,.)~ (0, |Br.0]0,.) = /MT%

(0, |E*r,0)0,.) = 2”’;‘“k ,
(0,,|B2(r.0)0,.) = 2”3%

The full vacuum state |0> is the vacuum of each mode, namely

0)=[04,.,)®[0%,..) @[04, ) B[04...)

Thus

~o _N 2w, A he, 4
(O|E (r,t)|0>_§ A kz S =
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Similarly, we have

<0|l}2(r,t) 0> _ ZZ/Z?’lwk 4_71'2 hwk _ 4z

~ y ve2 v

where &, is the sum of the zero-point energies for each mode. Thus we get

(0[F10) = [ar(O[ 2 1) + B2 r,0]0) =24

((Note))

The quantum fluctuations of the electromagnetic field have important physical consequences.
In addition to the Casimir effect, they also lead to a splitting between the 2S12 and 2Py, levels of
the hydrogen atom, which are degenerate in the approximation of the relativistic Dirac theory.
This is called the Lamb shift. The quantum fluctuations are also responsible for the anomalous
magnetic moment of the electron.

11.  Average of electric field over the coherent state
The coherent state |c) is defined by

" a”k
@) =e 2 2=},
Mg s nk,s .
where o= |a| e . We calculate the average of E over the state |a> .

E 7i(k-r7a),‘t)]

(a

i(kr—wgt) <

a>=ikz: 27[;(0" e(k,s)[<a|&k,s a>e 05|&1:,s a>e

_/27zha) e 5 il
=] kg(k, S)[aet(kr wt) —a'e i(k-r a)kt)]
V
) /272ha) ko ik
=] V k |a|8(k,S)[el(kr W t+9) —e i(k-r a)kt+5)]

2rho,
V

=22

|a| e(k,s)sin(k-r—wt+9)

which is just the form of a classical travelling wave.
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27rha)k e(k, )[akv i(kr—ayt) —ar e—i(k~r—wkt>]

K]

E(r 1) —’Z
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APPENDIX I Spin operator for photon
The spin angular momentum for photon is given by

(SEM), = ﬁjdr(_ihgifké/gk)

; —ihg!jk)Ak

j (Si)_/k Ak

(S;) ; comes from the cross product operator, however, it can be seen to be a quantum spin

operator, that couples different components of E and 4. This operator is defined here by its
matrices, one for each component i, where j and & are the column and row

(), = —ihe,

ijk >

40



with

0 0 0 00 -1
S.==ihf0 0 1], S,=—if0 0 0]
0 -1 0 10 0

We note that

[S..$,1=ihS_, [S,.S.1=ihS, [S.,S,]1=ihS,

0
0|=2n%1
1

0 10
S =—if| -1 0 0
0 0 0

None of the matrices ﬁx , S ) 52 are diagonal when expressed in Cartesian. This just means that

the Cartesian axes, to which these correspond, are not the good quantization axes.

((Eigenvalue problems))

@ S,
. 0
Eigenvalue: +h Eigenket: — 1
g ( ) g \/5 .
i
Eigenvalue: (0) Eigenket: 0
0
. 0
Eigenvalue: —h Eigenket: — 1
g ( ) g \/5 .
—1i
b S,
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Eigenvalue:

Eigenvalue:

Eigenvalue:

>

(©) -

Eigenvalue:

Eigenvalue:

Eigenvalue:

<,

I

|
it~

We have

(=1)

(0)

(+7)

(+h)

(0)

(=1)

1
0 —
V2
i
0 ———
V2
I 0

Eigenket:

Eigenket:

Eigenket:

Eigenket:

Eigenket:

Eigenket:

. 1
— 0
V2 i
0
1
0
. 1
— 0
\/5 -1
1
u)=l=-7|
0
0
|u0>: 0
1
. 1
|u71>:— —1i
V2 0

L B
V2 2
0O 0 1
A1
V2o 2
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1 0 0
JSU. =R 0 0 0 |=J,

0 0 —1

. 01 0
TSU =—|1 0 1|=J
z TXT z 2 X

*/_010

. 0 —i 0
TSU. =—|i 0 —il=J
z Yy~ z 2 y

“/_01' 0

where J o Vo and J . are the conventional angular momentum with the magnitude 7 .

We now calculate the rotation operators

‘ cosd —sind 0
1%2 0) = exp[—% 520] =|sinfd cosfé O
0 0 1

ROu)=e"lu,), R(Ou)=|u)),  R(ONu)=e"u)
Note that

R (0)S.R.(0)=S, cosf-S sing

R(0)S,R.(9)=S sin0+S, cosd

We also have

‘ 1 0 0
léx (0) = exp[—%gxé’] =0 cosf —sinf
0 sind cosd
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‘ cosd 0 sind
R, (6)= exp[—%gyﬁ] -l 0o 1 o0
—sind 0 cosé

If we choose the eigenvectors of the spin operator 52 ,

A

E S A =E (u,|S.u)4, +E (u|S.|u )4 +E,(u,
=hE, A, —hE_A_

A

SZ

u0>A0

The two states |+) and |-) correspond to states where the 4 and E fields are rotating around the

z axis. It is typical to consider waves propagating along the z axis.

APPENDIX II Rotation operator

Rotation operator:

‘ cosd —sind 0
1%2(6’) = exp[—%i@] =|sind cosfé O
0 0 1

‘ cosf sind 0

R(6) = exp[% S.0]=|-sin@ cosf 0
0 0 1

R (0)S,R.(0)=S, cosf-S sind,

R (0)S.R.()=S, sin0+S, cosd

éz(0)|u+>:e’i9|u+>, éz(0)|u7>:ei9|u7>
‘ 1 0 0
ﬁx 0)= exp[—%biﬁ] =0 cosf —sind
0 sind cosf
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. cosd 0 sind
R, (6)= exp[—%gyﬁ] -l 0o 1 o0
—sind 0 cosé

((Mathematica))
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0O 0 O
Clear["Global‘*"];Sx=—J'11’1[0 0 1];

0 -10
(0 0 -1)
Sy=-1hA|0 0 0 |;
\1 0 0
(0 1 0)
Sz=-i1h|-1 0 0];
\ 0 0 O/

Sx.Sx+ Sy.Sy+ Sz.Sz // MatrixForm

2h% 0 0
0 2A%° O
0 0 2h?

Sx.Sy-Sy.Sx-1hSz

{{0, o, o}, {0, 0, 0}, {0, O, O}}

Sy.Sz-Sz.Sy-1hSx

{{0, o, 0}, {0, 0, 0}, {0, O, O}}
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Sz.Sx-Sx.Sz-1hSy

{{6, o, o}, {o, 0, 0}, {0, O, O}}

Eigensystem|[Sx]

{{_hr hr O}r {{Or jlr 1}1 {Or _jlr 1}1 {11 Or O}}}

Eigensystem[Sy]

{{_hr hr O}r {{_jlr Or 1}1 {]lr Or 1}1 {Or 1/ O}}}

Eigensystem[Sz]

{{_hr hr O}r {{]]-r 1/ O}r {_jlr 1/ O}r {Or Or 1}}}
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