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I taught the advanced quantum mechanics for the graduate students about 10 years
ago. Recently I have an opportunity to read my lecture notes (hand written) on the Dirac
theory. I realized that my lecture notes are still useful to the students who study the
relativistic quantum mechanics. So I revised my old lecture notes. This time I use the
Mathematica for the calculation of the commutation relations of Dirac matrices,
eigenvalue problems, the calculation of exponent of the matrices, series expansion for the
relativistic hydrogen atom, and so on. The complicated mathematical calculations can be
replaced by simple Mathematica calculations.

In particle physics, the Dirac equation is a relativistic wave equation derived by
British physicist Paul Dirac in 1928 and later seen to be an elaboration of the work of
Wolfgang Pauli. In its free form, or including electromagnetic interactions, it describes
all spin-’2 particles, such as electrons and quarks, and is consistent with both the
principles of quantum mechanics and the theory of special relativity, and was the first
theory to account fully for special relativity in the context of quantum mechanics.

It accounted for the fine details of the hydrogen spectrum in a completely rigorous way.
The equation also implied the existence of a new form of matter, antimatter, hitherto
unsuspected and unobserved, and actually predated its experimental discovery. It also
provided a theoretical justification for the introduction of several-component wave
functions in Pauli's phenomenological theory of spin; the wave functions in the Dirac
theory are vectors of four complex numbers (known as bispinors), two of which resemble
the Pauli wavefunction in the non-relativistic limit, in contrast to the Schrodinger
equation which described wave functions of only one complex value. Moreover, in the
limit of zero mass, the Dirac equation reduces to the Weyl equation.

http://en.wikipedia.org/wiki/Dirac_equation




http://en.wikipedia.org/wiki/Paul Dirac

We discuss the relativistic theory of electron which was derived by Dirac. Here we use
the notations

X, =X, X, =Y, X, =12, X, =Ict (x,=ct)
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We also use the abbreviation for the summations,
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1. One particle theory



We consider the simplest case, one particle with no forces. The energy of the particle is
given by

1
E=—p*.
2mp

Using the relation

.. 0 hi
E=ih—, -V,
ot p i

we get the Schrodinger equation for the wave function

0 -
h—y =——Vy.
6'[!// 2m 4

In order to give a physical meaning to y, we state that
pP=yy.

is the probability of finding the particle at the point (X, Yy, z) at time t. The Probability
current density is

* * h h *, *
J =Re(y Bt//) =Re(y —Vy)=——W Vy—-yVy .
m mi 2mi
The probability is conserved because
% +V-J=0,
ot
What happens to the particle relativistically. The energy of particle is given by
E2 — m2C4 + C2p2
which leads to the Klein-Gordon equation,

10’ _ye m’c’

g’ TV T

7

In order to give a physical meaning to y, we must have a continuity equation. This

condition 68_/; +V -J =0 can be satisfied only if we take J as before and



Note that

*
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= (Vi - o ) -w(Vy© - )]
hoo.
=2 W Vi —yViy)
=V.J

The probability density thus defined is not always positive. We have negative probability.

2 Hamiltonian
The time dependent Schrodinger equation for the particle is given by

0 -
ih—y=——V
6'[!// 2m 4

We find that the time t and the space position (X, Y, Z) are treated very non symmetrically.
We need to search for relativistic equation for the particle of first order in t, X, y, and z,
where the equation should be symmetrical in space and time coordinates. Thus H is
required to be linear in the momentum operator.

.. 0
ih—y=H
7% 7%

The form of H is introduced by Dirac as

H =ca- p+ fmc’
By squaring H, we should get the relation from the relativity (the Einstein relation),
1
H? =(ca- p+ pmc*)’ =c’[p, P; E{aiﬂaj} +mcep, {e;, B} + f°m’c?]
— mZC4 +C2p2 — EZ

which leads to the relations



{aiaaj}:25ij|» e, B} =0, p=1
where the curly bracket denotes an anti-commutator,
{ai,aj} =o,a; +a;e;

Here we do not show how to derive the form of matrices & and £ (4 x 4). The matrices
are Hermitian matrices (4x4). Thus the Hamiltonian is also Hermitian.

3. The matrices @ and £
The matrices & and £ can be expressed in terms of the Pauli spin matrices,

0 1 0 —i 1 0
o, = ) o, =|. > O3 = >
1 0 10 0 -1
(1o
“lo 1)

Using the Kronecker product, the matrices «,, @, @, , and Sare given by

000 1
1 0 0 o
A=99%=0 1 0 0| \lo o
1
1000
0 0 0 —i
® 0 0 i 0 0 o,
_O' O. =
2 =% 7 0 0| o, ©
0 0 0
00 1 0
® 0 0 0 -1 (0 o
_G O =
BT 0 00 0] Lo, 0
0 -1 0 0
10 0 0
PRp 01 0 0 , 0
¢ 00 -1 0| (0 -1,
00 0 -1
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The Hamiltonian H is described by

mc® 0 cp, c(p, —ip,)
H - 0 mc’ c(p, +ip,) —cp,
cp, c(p,—ip,)  —mc’ 0
c(p,+ip,)  —cp, 0 -mc’

H? can be evaluated as

S O = O
S = O O
— o O O

where



2 2
E’=m’c* +c*p’

((Mathematica))



Clear["Global *"]; ox = (0 1); oy = (

10

10

oz = (o 1

) ; 12 = IdentityMatrix[2];

axX = KroneckerProduct[ox, oX];
ax // MatrixForm

0001

0010
0100
1000

ay = KroneckerProduct[ox, oYy];
ay // MatrixForm

O 0 0 -1

O 0 1 0
O -1 00
i 0 0 O

az = KroneckerProduct[ox, oz];
az // MatrixForm

O 0 10
O 0 0 -1
1 0 0O
0O -100

O -1
i O

);



B = KroneckerProduct[oz, 12]; B // MatrixForm

10 0 O
01 0 O
00 -1 0
00 0 -1
¥X=-1pB.ax // Simplify; yx // MatrixForm
00 O -1
00 -1 O
01 O O
i1 0 O O
Yy = -iB.ay // Simplify; yy // MatrixForm
O 00 -1
O 01 0
O 100
-1 00 O
Yz =-1pB.az // Simplify; yz // MatrixForm
O 0 -1 0
O 0O O 1
i 0 0 O
O -1 0 O

fl=cpxax+cpyay +Ccpzaz + B m?c?
{{czmz,o,cpz,ch—jcpy},

{o, c®m?, cpx + icpy, -cpz},
{cpz, cpx-icpy, —szz,o},
[cpx+icpy, -cpz, 0, -c®m*}]

gl = F1.F1 // FullSimplify

[{c? (®m* + px* + py® + pz°), 0, 0, 0O},
{o, 2(c2m4+px2+py2+pz),O,O},
{o, 0, c? (c m* + px? + py +p22),0},
[0, 0,0, ¢ (c®m*+px®+ py? + pz°) } ]

Dirac equation



We now have the Dirac equation given by

ih%t// =Hy
with
H=ca- erﬂmC2
Then we get
=0y = (@ p+ oy =iy 1V + pmcyy
(ct) [
or
L7 'a%k”“ a(io) +%]t//=0,

with X;=X, Xo =Y, X3 = Z, and X4 = iCt., since
a=iy4y, 7/42:1: B=r,
Simply we have

0

mc
2 i Y =0
(7,,6)(# h)'//

where ©=1, 2, 3, and 4.

5. Alternative method (Sakurai)
2
2 2.2
C_Z_ P = m-c
E(Op) E(Op)
(C—o P —Fo p)=mc
where
£ =ind =inc-0
ot 0X,
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with Xo = ct

This enables us to write a second order equation

(ihaxi +iho - V)(ihai —ihe -V)p=m’c’¢p

0 0

for a free electron. ¢ is now a two component wave function

1 .. 0 .
® = — (ih—~ihe-V
¢ mc( o e )P

0

and
¢ =¢
(ihi +ihe - V)g'"® = mcg”
X,
or
(—ihi —iho-V)¢'"® =-mcg”
0X,
and

(—iha% +iho - V)¢ =-mcg®

0
((Dirac equation))

Taking the sum and the difference of Eq.(1).

—iho--V((zﬁ(R)—¢(L))—ih§(¢m)+¢(L))=—mC(¢(R)+¢<L))

V(@ + )+ (¢ = §) = -me(g™ - )

Xo

We define

11

(1a)

(1b)



vz + g

and

ve =™ ¢

Then

. .. 0
_IhG'VWB_IhaTWA:_mCl//A

0

. G
e -V, + IhGTWB =-MCy/,

0
—ihi —ihe -V
0X, ] (WAJ _ _mc('//Aj
iheg-V  ih— [\Vs Ve

(V/A] is the 4x1 column matrix.
Ve

Here note that

.. 0 .
—ih— —lho-V .
I 0 0 -
X, S| a ( j+h( IU]-V
ihe-V ik o(ix,)\ 0 —1 ic 0
0X,

7, gamma matrices (or Dirac matrices)

100 0
I 0) 01 0 o0
7“_[0 —J: 00 -1 0
00 0 -1

and

12



00 0 -i
0 —ic,) [0 0 =i 0
71:(“71 0 ]:0 i 0 0
i 00 0

0 00 -I

(0 -ig) |0 01 0
72_(@ 0 J_ 0 10 0
100 0

0 0 -i 0

(0 -ig) |0 0 0 i
73_[@ 0 j_ i 0 0 0
0 i 0 0

with

Y,

Using these definitions, we have Dirac equation

.8 +@],,:0
o(ix,)) h

[y-V+7,

with
Vw? 3=ry, +7.7,=20,

Ve =74 (Hermutian)

For example
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ey =0y, + 70
(0 —ig) 0 —iO'2+ 0 —-io,} 0 —io
lio, 0 lio, 0 ic, 0 N\io, O
:([0'1,0'2]+ 0 J

0 lo,,0,],
=0
where
lo,,0,], =00, +0,0,=0

6. Lorentz invariance of the Dirac equation
6.1. Lorentz transformation

1 0 O 0 1 0 0 0
01 o0 0 ; 101 0 0
a= ) a = )
0 0 y —ipy 00 14 1By
0 0 ipy y 0 0 —ify vy
det(a) =1
a'l=a'

X, —awxv, a,xX, —aﬂvawx =0,X, =X,

X,'X,'=a,a, XX =06, XX, =X,X,

a#vaﬂp - 5V/>

a(Ba(p,) =a(ph,)

with

14



_bB+h

fe™ 1+B8p

6.2. Relativistic co-variance

0 mc
va + IXV :0
y”_axy"//( ) . w'(X")

where

7, 1s not primed.

xﬂ':awxv
X, :awx#'
w'=Sy.

where S is a 4 x 4 matrix. We note that

0 OXx, O 0

|4

X ok ok 2w
X# Xﬂ XV XV

Thus we get

0 mc
7,8 5~ SV 0 +==Sy () =0

Multiplying S~ from the left, we have

_ 0 mc
S 17;,aﬂv—31//(x)+71//(x) =0

oX,
or
0 mc
Sy Sa —w(X)+—w(x)=0.
}/ILI ILIV axv W( ) h W( )
If

S7y.Sa,, =7,

H

15



or
-1
S yﬂsalvayv = ayv]/v
or

Sy, S=a,7,,

the problem of demonstrating the relativistic covariance of the Dirac equation is

now reduced to that of finding the form of S.

v=y'y, Uy, =yl =y

0 mc 0

—y )y, +—w =0, —V, +
( axﬂ"” ) . e ( x VY)Y 4

or
0 mc

—(—w +—w =0

(6x V)Y . re

o

6.3 Relativistic co-variance

- (ax%vm + =0,
From this we get
8, o, =
oX, h
We assume that
v=pT
T T =0

Multiplying T from the left

0 mc
—a —uT YW T+—w=0
,uvawi 7//,1 h!//

16

mc _
—wy,=0



y,=a,Ty,T=T"Ta,

or
T T=a,7,

Here we can choose T =S. Then we have
=y, Wre=y
y'=Sy,  y'=yS’

since
V'=y"y, =y, STy, =pS”

or
¥sSyy=S"

or
$7,=7.8"

In summary we have the following relations,

Sy, S=a,r,

Sy, :74571

6.4 Infinitesimal Lorentz transformation
a, = o ot E

with the addition

17



since

a,a, = 5ﬂl/
€,, 1s pure-imaginary when one of 4, vis equal to 4.
((Note))

a,a, = (5ﬂﬂ, + 5;,,1)(5‘/,1 +&,)= 5;,1/
or

5;115\/4 + 5/145‘/4 + 5;115‘/4 +&,¢6, = 5/1\/
Neglecting ¢ ,¢,, , we get
5;11@% + 5#15\/4 + 5#/15\% = 5;1\/
or

6W +é,té, = 5W

or

6.5  The expression of S
We now consider the relation

$y.S=a,7,
We assume that
S=1+T+0(T?)
Then we get
A-T)y,A+T)=(,, +£,,)7,

or

18



V. =Tr)A+T)=y,+¢,7,
or

Yty Tl=r,+e.,7,
or

[ T1=¢€,7,

The solution of this commutation relation is seen to be

1
T :Zgﬂl/]/‘uj/v

Then we have
1
S= 1+Z<9,,vy,,m
1
:1+§8W[}/H,}/V]
i
= 1+ZEWGW
where

1
G/[v ZE[J/#)}/v]

((Note-1))
Noting that

{}//197/1/} = 25/4!/

we get

19



1
[7//17T] :Z[}//Jigvﬂ,]/vyﬂ.]
1

—stﬂ[n,nm

1
=5 Y1V =077.)

1
:ngﬂ[(_}/vy,u +25yv)7/ﬂ _yv(_}/ﬂyﬂ +25yﬂ,)]

1
= _(gvlé‘,uvyl - gvlyvé‘/ul)

2
1
=3 (& —ELV) =ELT,
((Note-2))
1
g,uv]/,u]/v ZE(gyvy,u}/V + gv,u}/vy,u)
1
= 5%(7,,% =77

1
ZEE#V[]/#,yV]

6.6  The relation S*y, =»,S™
We show that S satisfies the relation S*y, =5,S™".

1
S=1+ 2wl

+ 1 oo+ o+ 1 *
S =1+ 7 T =1 e T
Then we get

+ 1 *
S7/4:(1+Zg/11/}/1/7//.1)7/4:7/4+_8 7/1/]//17/4

_ 1 1
78" =r(——¢£,7.7.)=7, ~ gVl
So we need to show that

g,uv 71/?//1}/4 = _gyv}/ét?/y?/v

20



For u=i,v=k (i,k=1,2,3),

Ex ViViVa T ExlaViVi = i + ViV OV s
=& 20474
-0

For u=i,v=4(i=1,2,3),

x 2 2
Ein ValiVa t EialsliVa = Ein)iVs —EialiVa
=0

6.7 Rotation matrices

Infinitesimal rotation

cosow sinow 0 O 1 ow 0 0 0 ow 0 0
e —sindw cosow 0 O B -ow 1 0 0 14 -ow 0 0 O
|0 0 00/ |0 0 0O 0 0 0 0
0 0 00 0 0 0 O 0 0O 0 O

&, =00, &, =00

1 1 1 1.
Srot :1"'25;”/7,47@ :1+Z(5127172 +5217/271):1+Z§a)12[71572]:1+5|5a)0-12

where
o, =2, =-iyny,
Finite rotation
Sy (@) = im([S , (5)] N
L l. w N
= l!llil;lc(l-i_EIWZ})
=ex (ila)Z )
Y 5 Y=

zlcosﬁ+isin223
2 2

21



where

o= Nodw
Note that
ez 0 0 0
)
S ()= 0 e (ii 0
0 0 e> 0
0 0 0 e?2

Srot(a))7171srot (@) =y, cosw+y,sinw
Srot(a))_l728rot(w) =—y,sin@+y, Cosw

((Mathematica))
Clear["Global %"];

exp_ *:=exp /. {Complex[re , im_] = Complex[re, -im]};

oX = (O 1)- oy = (O _i)' 0z = (1 0 ) 12 = ldentityMatrix[2];
10/’ i 0/’ 0O -1/’ ’

14 = IdentityMatrix[4];

aX = KroneckerProduct[ox, ox]; ay = KroneckerProduct[oXx, oYy];
az = KroneckerProduct[ox, oz];
B = KroneckerProduct[oz, 12];

yl=-iapB.ax // Simplify; ¥y2 =-ipB.ay // Simplify;
Yy3=-1f83.az // Simplify; Y4 = B;21=-1y2.¥3; 32 =-1Y¥2.¥3;

i
53=-1yl.y2; S1= MatrixExp[E wzs] -

S1 // MatrixForm

e 0 0 o0
0 e2 0 O
0 0 ez O
O 0 0 e2
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MatrixExp[E 053] - (cOs[f] 14 + |Sin[9] z3) /7 Simplify
2 2 2
{{O’ O, O’ O}, {O’ O, O, O}, {O’ O, O, O}, {O’ O, O’ O}}

Inverse[S1].y1.S1 - (¥l Cos[w] +¥2Sin[w]) // Simplify
{{O’ O, O’ O}, {O’ O, O, O}, {O’ O, O, O}, {O’ O, O’ O}}

Inverse[S1].¥2.S1 - (-yl Sin[w] +y2Cos[w]) // Simplify
{{o, o, o, oy}, {0, 0, 0, O}, {O, 0,0, O}, {0, 0,0, 0}}

6.8  Lorentz transformation
The Lorentz transformation is expressed by

coshy O O isinhy
0 0 0 0
a=
0 0 0 0
—isinhy 0 0O coshy

where
p=tanh y, coshy=y, sinhy=py

The pure Lorentz transformation is nothing more than a rotation in the 1-4
plane by imaginary angle;

Smt(a))zlcosz+|s1n5(—|7/1y/2):lcosg+s1n3y/1;/2

o—>iy, V27

Then we have

cosh Y4 0 0 —sinh £
2 2

0 coshl —sinhl 0
2 2

X 4
S =lcosh5+|y174smh5:

Lor

—sinh £ 0 0 cosh Y4
2 2

23



where

cosﬁ=coshl, sin2=isinhl
2 2 2 2
The Hermitian conjugate of S, is obtained by
+ X . o+ o+ . y4
Sior =1cosh5—|y4 7 smhz
X _: N4
= lcoshE— 17,7 sth
X i 4
= lcoshE 19174 s1nh?
= Stor
and
cosh £ 0 0 sinh £
2 2
0 coshZ  sinhZ 0
S 2 2

Lor

T —coshZ - 17,74 sinh % =
2 2 0 sinh% cosh% 0

sinhl 0 0 coshl
2 2

Thus S, is not unitary. It is important to note that for both pure rotation and
pure Lorentz transformation, we have

8_1:74S+74a S+:74S_1+74
((Note))
VY= YTS L S =

((Mathematica))
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Clear["Global *"];

exp_ *:i=zexp /. {Complex[re , im ] = Complex[re, -im]};
ox—(o 1)' -(O _i)'oz-(l O)'I2-Identit Matrix[2];
“l10)°Y" i 07" 0 -1/ "¢7 Y ’

14 = ldentityMatrix[4];

ax = KroneckerProduct[ox, ox]; ay = KroneckerProduct[oX, oYy];
az = KroneckerProduct[ox, oz];
B = KroneckerProduct[oz, 12];

yl=-1iB.ax // Simplify; y2 =-iB.ay // Simplify;
¥y3=-1B.az // Simplify; y4 = B; 21 = -1 y2.¥3;

S1= I4C03h[§] +1yl .y4 Sinh[g];

S1 // MatrixForm

Cosh| £ ] 0 0 -Sinh[ 2]
0 Cosh[%] -Sinh[Z] 0
0 -Sinh[Z] Cosh[Z] 0
-Sinh| £ | 0 0 Cosh| Z]

S1H = Transpose[S1*]; S1H -S1 // Simplify
{{01 01 01 0}1 {01 01 01 0}1 {01 01 01 0}1 {01 01 01 O}}
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Inverse[S1] // Simplify; % // MatrixForm
Cosh|[ ] 0 0 Sinh[Z]
0 Cosh[%] sinh[Z] 0
0 Sinh|[Z] Cosh|[%] 0
Sinh[Z] 0 0 Cosh| ]

Inverse[S1] - ¥4 .S1H_.y4 // Simplify
{{o, o, o, o}, {0, 0,0, 0}, {O,0,0, 0}, {O,0,0,0}}

Inverse[S1] - 14 COSh[)E(] iyl .x4Sinh[§] // Simplify
{{0, 01 Os O}! {O! 0’ 01 O}s {Os O, O’ 0}1 {01 O, O! O}}

S1H - ¥4 _Inverse[S1].y4 // Simplify
{{0, 01 Os O}! {O! 0’ 01 O}s {Os O, O’ 0}1 {01 O, O! O}}

Eigensystem[S1] // FullSimplify

{{e—x/Z e—x/Z ex/2 eX/Z}
{{1, o0, o, 13, (O, 1,1, 0}, {-1, 0,0, 1}, {O, -1, 1, 0}}}
7. Space Inversion (parity operator)

7.1 Definition
When r'=—r and t'=t,

-1 0 0 O

0O -1 0 O
a=

0O 0 -10

0O 0 o0 1

det(a) = -1: improper Lorentz transformation.
Under the parity operation,
E'--E, B'=-B.

and

26



104

E:—VAO—EE, B=VxA
Then we get
A'(r't)==A(r,b), A (r't) = A(r.b).

Dirac equation is given by

0 ie mc
— =AY W +—p'=0
(6‘x " hc “ 7 h i

o

or equivalently

0 e 0 e mc
(= +(——-——A +—y'=0.
[—( AV (8x4 WA\ 7 U4

oX, hc hc
We try as before
w'=S,w
o e o e mc
—(—-— +(—-—A Sw+—S w=0
[ (an hCAk)y/k (6X4 he 4)74] pl// h pl//

Multiplying Sp_1 from the left,

o e o e mc
—_— +(—-—A)1Sw+—w=0.
ox, hCAk)yk (ax4 )74 1S v =Y

Sp_l[_( hc

When this equation is compared with the original Dirac equation,

0 ie mc
———A +—w =0,
( 7o YW Pl

y7s
we have

Sp_lj/kspl//:_j/k’ Sp_174spl//:7/4
We assume that

Sp:777/4
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where 77 1s some multiplicative constant. Here we use

1 0 0
S:y_ﬂ:o1 0
P 00 -1 0

00 0 -1

for an electron wave function.

7.2 Definition of the parity operator P
We define the parity operator as

P=pr

where S operates on the Dirac space and 7 operates on the coordinate space. Note that
P = pPrpr = ﬂzﬁz =1

The commutation relation between H (for the free particle) and P is given by

[P.H]=[pr.ca,p, + Amc’]
=[pr,ca,p]
= prcay p, —Coy p S
= Cfay P, —Coy 7
=C(fa, + o By
= C{ﬂ:ak}ﬂpk
=0

where 7p, + p, 77 =0. Then the eigenket of P is the same as that of H.
What happened to the wave function?

w') = Brly);

' (r)=(rly")
=(r|Bzly)
= p(r|zly)
=p(-rly)
=Py (-r)

28



For the change in r — —r, we have
y'(=r)= Py (r)=y,p(r)
When the time t is taken into account, we have
y'(r,t)=yp(-r).
7.3 Two component wave functions y, and y; under the parity operation

Since

<
1
TN

l//Aj
Ve

we get

' w,'(r,1) I 0 Yw(-r,t)
l//(l’,t)z( A, j:74l//(_r7t):( A
wg'(r,t) 0 -1 \yg(-r,t)
Then we have
wa'(r,t)y=y,(-r,t) (the same as the non-relativistic case)
l//B'(r’t) = _l//B(_rat)
The upper and lower components of the wave functions have different behaviors under a
parity transformation.

This is expected from the following discussion of Dirac equation.

Hy =Ey

W:("’*J, H =Ca~(p—§A)+,BmC2

Ve

Eigenvalue problem:

2 (p-t
Hy — mc Co-(p CA) (WAJ=E£V/AJ

CG-(p—%A) —mc Ve

29



€
Ca'(P_EA)l//A_mCZV/B =Ey,

Then we have

1 e
rt)= Co-(p——A r,t
wg(r,t) E +mc? (p c Wa(r,1)
Under the parity,
p—>-p, A—>—-A,

l//A(r’t) - l//A'(_r’t) 5

then we get

1 e
'(-r,t)=— co-(p——A),'(-r,t
we'( ) E+mc (p c Wa'( )

1 e
=— co-(p——A r,t
E e (p c W a(r,t)

a4 (rat)
where
l//A‘(_rat) = l//A(r’t)

7.4  Even or odd parity in v, and y,
Suppose that |1// A> and |l//B> has different parities (even or odd).

Awa)=twa),  #ve)=FHws)
(rlzlya)=(-rlwa)=+(-rlv,)
and

(rlrlye)=(=rlve)=F-rlve)
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Then we get

_ |2 0 WA(_rvt) _ WA(_rvt) _ WA(r:t) _
prierD= [ 0 - IZJ{I//B (—”',t)j - [_ 4 (_”,t)j - i[l//B ("at)J D

or, formally

74W(_r7t) = il//("'st) .

since
Wa=r) =2y, (r,0), we(=r ) =Fyg (r1).

We assume that y, and y, are the eigenstates of the orbital angular momentum.
a(-rD = (D" (r) =2, (rY)

we(—r,t) = (_I)IB we(r,t)=Fyg(r,t)

where |5 and Ig are the orbital angular momenta of the two-component wave function

wA(r,t) and g (r,t), respectively. Thus we have

(D =(-D""

This implies that if y,(r,t) is a two-component wave function with an even (odd) orbital

angular momentum, then y,(r,t) is a two-component wave function with an odd (even)

orbital angular momentum.

((Example))
We consider the case of a central force.

A4=0, A=¢, eA, =V (r)

w ("A], H =ca. p+ Amc: +V(r)

Ve
2
Hy = mc” +V(r) C;f P Val_g[¥a
Co-p  —mc +V(r) \¥s Ve
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Then we get

C
wg(r,t)= E—V(r)+ mc?2 (- pya(r,1)

Let us suppose that y,(r,t) is an %S, state wave function with spin up (1= 0, s = 1/2)

it

1
wa(r) = R(r)@e h

Then
o 80
—ihc ox ox,  ox, [[R(N) -&
= 3 1 2 e
VT E e | 0 0o (0
oX,  OX, OX,4
Note that
iR(r) or dR _ X, dR
0X, ax dr rodr’
iR( )_:X_d_R iR(r) :zﬁd_R
oX, rdr oX, rodr
Then we get

we(r,t) = —lhe ld—R( % X‘_ixzj(lje_iha
° E-V(r)+mc’rdrix+ix, —-x )0
—inc LdR( X% ) -%
e
TE- —V(r)+mc? rdr X, +iX,
1 0 IEt
“ihe  TdR, NEICETS
TE- ~V(r)+mc’r dr

Here we note that

13 gt oL 3 0t
2\ 2x 2\ 27 r
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where

X, =sinfcosg, X, =sindsing, X, =cosd

Thus we have

—inc dR_[4z (1), [8z,.,(0) =
0= —I[,|—=Y —Y, e’
Vel E-V(r)+mc’ ar V3 I(O]+ 3 1(1 ]

The first term of the parenthesis is I=1lands=1/2
j=12 (*Pin)
The second term of the parenthesis is I=1lands=1/2
j=312 (Ps2)
]= 12 ( P1/2)
((Note)) Parity operator 7 in non-relativistic quantum mechanics
|l//'> = 7%|t//> with #°#=1and #* =%
(y[’ly) =~(w Rlw). AIRE =R
=]

Xy =(xlzly),  or  P)=p(=X)

Even parity: <X|l//'> = <X|7%|1//> = <X|l//>, v'(X)=w(—X)=w(X)
Odd parity (X|#lw) =~(X|w), y'(X) = (=X) = = (X)
8. Eigenvalue problem (degenerate case)
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We solve the eigenvalue problem using the Mathematica.

mc® —E 0 cp, c(p, —ip,)
0 mc’—E  c(p, +i -C
H-El, = . (px2 py) P,
cp, c(p,—ip,) —mc -E 0
c(p, +ip,) —cp, 0 -mc¢’—E
From the condition that det(H —&l,)=0, we get
E=+R=%ym’c* +¢c’p’

where

R=.mc*+c’p’ (>0)
Thus we see that there are four eigenvalues which are degenerate in pairs, i.e.
E=+R, +R, -R, and -R

For simplicity we assume that

p=p,=0
For E=+R
mc’ - R 0 cp, 0 uy) (0
0 mc® —R 0 -cp, |u,| |0
cp, 0 -mc’-R 0 u | |0
0 —cp, 0 -me¢*-R\u, ) (0

or

(mc* — R)u, +cp,u, =0
(mc* = R)u, —cp,u, =0
cp,u, —(R+mc*)u, =0
—cp,u, —(mc® +R)u, =0

It is clear from the above equations that at the zero momentum limit ( p, — 0) the first
two equations do not give us any information on the unknowns. Thus we need to solve
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the second two equations. The two independent solutions, corresponding to the
eigenvalue +R,

_ _ cp, _
Ul—l,UQ—O, U3IW,U4—O.
cp
u=0,u=1,u,=0,u, =——*—.
1 2 ’ * R+mc?
ForE=-R
mc’ +R 0 cp, 0 uy) (0
0 mc® +R 0 —cp, |U| [0
cp, 0 -mc’ +R 0 u, 0
0 —cp, 0 -me*+R)\u, ) (0
or

(mc* + R)u, +cp,u, =0
(mc¢® +R)u, —cp,u, =0
cp,u, —(R—mc*)u, =0
—cp,u, —(mc’> —R)u, =0

It is clear from the above equations that at the zero momentum limit ( p, — 0) the second

two equations do not give us any information on the unknowns. Thus we need to solve
the first two equations. The two independent solutions, corresponding to the eigenvalue -

c
u =- pzz,Uzzo,U3:1,,U4:0.
R+mc
c
u; =0, u, = P, 2,U3:O,U4:1
R+mc

((Summary))

For E =R (positive energy)
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R +mc’ Cg R +mc’ :
2R | —rr 2R A
R +mc’ . cp,
0 R+ mc?
For E=-R (negative energy)
- sz 0
R +mc? cp
2 2 z
R+mc 0 R+mc R + mc2
2R 1 2R 0
0 1

If p, =0, we have

S o O =
S O = O

The non-relativistic spin sttes. These are degenerate and have energy eigenvalue +R.

S = O O
- o o O

The nonrelativistic spin states. These are degenerate and have energy eigenvlaue -R.
9. The use of the Mathematica to derive the eigenkets of H
The eigenvalue problem can be solved Using the Eigensystem[H] of the

Mathematica,.

((Mathematica))
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Clear["Global "+"]; exp_* z=exp /. {Complex[re_, im_] > Complex[re, -im]};

01\. ., (0 -i\. _ (1 0}.
"X=(1 o)"’y‘(i o)"’z‘(o -1)’

12 = IdentityMatrix[2]; 14 = ldentityMatrix[4];

aX = KroneckerProduct[oX, oX]; ay = KroneckerProduct[oX, oY];
az = KroneckerProduct[oX, oz]; B = KroneckerProduct[oz, 12];
H=mc?B +cC (aX px +ay py +aZ pz);

R
rulel = {'\/C2 m? + (pX2+ py? + pZZ) - E}’

2
rule2 = { (px? + py? + pz°®) > % -c? mz};

rule3 = {R —)C\/c2 m? + px2 + py? + pz? };
Eigenvalue problem of the Hamiltonian of the Dirac free particle

eql = Eigensystem[H] /. rulel // FullSimplify

{{—R, "R, R, R},

([Slpipn obe o) ope e g
{C (—pc);_m]iiy) i czcmpr’ 0. 1}’ {—c(z:r:Z+R’ . (_pc);er]iFI;y) - 1, OH}

Orthogonality

eql[[2, 1]1]1*-eql[[2, 2]] /- rule3 // Simplify
0

eql[[2, 1]1]1*-eql[[2, 3]] /- rule3 // Simplify
0

eql[[2, 1]1]1*-eql[[2, 4]] /- rule3 // Simplify
0

eql[[2, 2]1]1*-eql[[2, 3]] /- rule3 // Simplify
0

eql[[2, 2]1]1*-eql[[2, 4]] /- rule3 // Simplify
0
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eql[[2, 3]11*-eql[[2, 4]] /- rule3 // Simplify

0]

Normalization constant

Al =eql[[2, 1]]1"-eql[[2, 1]1] // Simplify; A1l =Al/. rule2 // Simplify
2R
cZm+R
A2 =eql[[2, 2]]1"-eql[[2, 2]1] // Simplify; A21 = A2 /. rule2 // Simplify
2R
cZm+R
A3 =eql[[2, 3]]1"-eql[[2, 3]1] // Simplify; A31 =A3 /. rule2 // Simplify
- 2R
c®m-R
Ad =eql[[2, 4]]1"-eql[[2, 4]1] // Simplify; A4l = A4 /. rule2 // Simplify
~ 2R
c®m-R
The results are as follows.
For  E =R (positive energy)
cp, c(p,—ip,)
R —mc? R —mc?
R-mc?| c(p, +1p,) R-mc?| -—cp,
2R R —mc’ 2R R-mc® |’
1 1
0 0
For E=-R (negative energy)
—cp, —c(p, —ip,)
R +mc? R +mc?
R+mc®| —c(p, +1p,) R + mc? cp,
2R R+ mc’ 2R R+ mc®
1 0
0 1
10. Conserved current
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L4
¥,
¥
¥,

[//:

vi=w' v, v ow))

7=l v v )

:W+74
10 0 0
N A A oot
00 -1 0
00 0 -1

In order to obtain the wave equation for i, we start from the Dirac equation

mc

-V + +—ly=0
[y V4 a(ix) h]l//
or
0 0 mc
9 ., 9 M 0 k=1,2,3).
(7« o, Vs x o h W ( )
or
0 mc
(Vo—+—w=0 (u=1,2,3,4).
ax“ h

where X| =X, Xy =Y, X3 = Z, X4 = iX( = iCt

We take the hermitian conjugate of the Dirac equation,

0 0 mc
WY Ay A =0 1
axk"’/” 6X4u/74 Pl (1)

Multiplying Eq.(1) by 4 from the right, we get

i + +_a + 2+m ty =0
anV/ o ax4*l// Va h‘//74 .
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Since y,7, ==/ 4, we have

o 2 me
axkl// Valx 6X4W Va 7 4

+

7,=0

or

o . mc . _0
—al/f Vil +7'// Va=

or

0 mc
- +—i =0
( ﬁxul’y)y“ h v

Now we have
and

v x Eq.(2) leads to
0 mc
w(y,—+—w=0
v (7, x W
Eq.(3) x v leads to

0 mc
-—— +— =0
( ax“wy“ 7 1%

The subtraction of Eq.(3") from Eq.(2'") yields
0 0
vy, —y+(—w =0.
V13 Hw (3 HV/W//

or
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0
— (i =0
o wrw)

i

Thus we see that

S, =icyyy =(cyaw,.icy "y)

2
8xH
or
V-S+ 0 icy =0
adcty Y
or

0
S ww+V-S=0
vy

The flux density § is defined by
S, =icwrny=cy ay
The probability density is defined by
p=y'y
((Note))
icyy w=icy y w=cyay =S
icyyw=icy yyy =icy’y
where
a, =1y,
11. Simple solutions: nonrelativistic approximation

In the presence of electromagnetic fields,
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h 0 e

P= e, P

or
0 i e
87—>%(I0u —EAA)

]

Dirac equation

0 mc i e mc
_—t :0 E— R + :0
7 o W =00y, 20 = A+ =T

or
e .
[yu(pu _EAp)_lmC]‘//ZO
or
O ST i~ E Ay —imely =0
io 0 p c 0o -1 P c ! V=
or
0 —iO'-(p—EA) p4_EA4 0
e ¢ v+ ¢ o w =imcy
o (p= A 0 0 —(p,——A)
¢ c
. . h o h o
Noting that A, = IA, and -7 =
g , = 1A p, o o
: e ho e
0 —lo-(p——A = = 0
(r c (v 4| cot c'Ab [V/Aj:imc(%
i € ho e
ic-(p——A 0 Ve 0 LA Ve Ve
o-(p c ) o CAO)
or
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. e i .. 0 )
—le-(p——A ——(-lh—+e =imc
c-(p c We C( ot A A Wa

. e i .. 0 )
lc-(p——A +—(-1h—+e =1mc
c-(p . W a C( p AV Ve

or
e l1,. 0 2
6-(p——Ayy=—(ih——eA —mc
(p—ADye =_ (= —eh W a
e 1 . 0 )
—o-(p——Awy,=—(-1h—+eA, —mc
(p c W C( pn A W
Assuming that
l/lzwoe—iEt/h
.. 0 0 iE
ih—w,=E or —WYp=—
at‘//A Ya at‘//A hl//A
.. 0 0 iE
Ih—y,=E or — Yy =——
atWB 4! 6,['//3 hWB

Then we have

e 1
c-(p _EA)V/B :E(E —eA, —mc’)y,

e 1
—o- (- Ay, =-(E-eA+ me?)yg

((Note)) A,, s time-independent.

C

Ve = E —eA, + mc’

€
[o-(p oA
Substitution of this eq. into the first equation

[o-(p——A)]

e 1 X
cMETeA T Lo P A =1 (E-eA —mey,
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We now assume that E = mc2 and |eA)| <<mc’.

Defining the energy measured from mc2,

EM = E —mc?

c 1 2mc?
E-eA +mc® 2m{2mc’ + EM™ —eA

1 1
T A (NR) _
2m 1+ E 2eA0
2mc
(NR) _
:L[l_(—E zeA°)+...]
2m 2mc
_
2m

A8 o_t _(EW) _
2m[6 (p CA)][G (p CA)]'//A (E eA Y 4

which becomes
1 e ., eh NR
—(p——A)" ——0c-B+e =g®
[ o (p . ) e Al a Wa
((Note))

[6-(p-~A)lo-(p—A)]=(p-SA) +ic-[(p- = A)x (p—> A)]
C C Cc C C

—(p-tap-TsB
c c
since
(p-2A)x(p-24)=—C(px A+ axP)
Cc C C
:@VXA
c
_ien
C
((Comment))
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To zeroth order in (V/C)2, wy is nothing more than the Schrodinger-Pauli two component

wave function in nonrelativistic quantum mechanics, multiplied by exp(—imc’t/#).

wR 1s “smaller” than w, by a factor of roughly | p—eA/ C|/ 2mc ~v/(2¢) if E = mc2 and
|eAD|<< mc’.

For this reason with mc?, wa and ypg are known as the large and small components of the

Dirac wave function .

Since
e 1 5
_O"(p_EA)'//A :_E(E_epb +MC )y =—2MCyy

1
Ve :HG (p __A)WA

12.  Approximate Hamiltonian for an electrostatic problem

2

(5 2
[o- (P—E )]T[O"(P—EA)]WA—(E_G'%_”‘C W a

For simplicity 4 = 0.

L . _E(NR) eA, (NR)
2m(cr p)ll “ome e-py,=E" —eA)y,
or
H "y, =E™y,
with
(NR)
H™ =L (o )l - (E e”“)](a p)+eA, (1)

It might appear that Eq.(1) is the time-independent Schrédinger equation.
However, there are three difficulities with this interpretation.

(1) Normalization
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J.(l//A+l//A + '//B+'//B)d3X =1
(2) H;NR) contains a non-Hermitian term (i%E - p)

E(NR)

3) Since HZNR) contains itself, Eq.(1) is not an eigenvalue equation.

Since

o
Ve me DIV

=p s (D)
Vg =V¥a me V4

Normalization:

+ 1 +
I(V/A Vat e Ve (o py)d’x =1
to order (V/c).

This suggests that we should work wit a new-two component wave function ¥ defined by
Y=Qy,
or

Ya =Q7'Y

where

With this choice

2
[wrwdxs [, a+ 8£ZC2)2V/Ad3x

2
= I('/’A+ 1+ 4;]’202 ) ad’x
=1
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H "y, =By,

H" Qv = E™O™ Y

or
Q_lH(ANR)Q_lqlz E( NR)Q—Z\P
Q'HMO™ = om 2 )
2
p’ p
=<H1”R)‘WH5~“R”“‘8mzcz>
(NR) {8 - 2’ (NR)}
2
1
—HwW _ P 21e
A {sz 2 2mp A}
where
1 E<NR>—e
H™ = p Ab——(o pE—h Ab)](a )

2
EMQ?w=E™(1- 2 2)\11
Thus we have

o ven (2o Ly ven)

2m
1 E(NR) 2
e A“)](a P =E" (- Ly
Note
Y N L= A A S L
8m202’2 4m3c? 8m?c? 8mzc2 ’

Then we have

4

1
[%PZHA)—# 8m202[{p LEM™ —eA}-2(c- p)([E™ —eA)](e- p)]¥ = ETVY

Here we use the formula
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(A’,B} = 2ABA+[A[A, B]]
When

A=c-p, B=E™ _ep

A’ =(c-p)o-p)=p°

Thus we have

{p’,E™ —eA} =2(c- p)(E™ —eA)(s- p)
+[(O' p)’[(o- : p)7 E(NR) _eA()]]

or

(P, E™ —eA}-2(c- p)(E™ —eA)(e - p)=[(c- p).l(c- p).E™ —eA]]

Here

[(o- p),E™ —eA]=[(c- p).—eA]
=—e{(c-p)A -Alo-p)}
=—€o- [p’ Ab]

:—ea-zVAb
|

=—iehe - E

Note that Ajo = oA,

[(c-p).l(c-p).E™ —eA]1=[(c- p).-ieh(c-E)]
=—ien[(c- p),(c-E)]
=—len[(o- p)(o-E)-(c-E)o-p)]

Note that
(6-p)o-E)=p-E+ic-(pxE)
and
(6-E)o-p)=E-p+ic-(Exp)

Then we have
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(a-p)(a-E)—(a-E)(a-p):?—V-E—Zia-(Exp)

Finally we obtain

{Lpz +eA —p—4+ 1 (—ieh)[h V-E -2ic-(Ex p)|}¥ = EMY

2m 8m’c’>  8m’c’ i
or
[ip2 +eA, —%—%a-(Exp)—%V-E]‘P =EMy
2m &m'c” 4m°c &m-c
((Physical meaning))

Third term: relativistic correction

c
2 1 4
=mcz[l+2rﬁzcz—§mlzc4+ ]—mc?
_pr 1p
2m 8 mc?

The fourth term (Thomas correction)

Thomas term = — i c-(Exp)
For a central potential
eAy = V(r)
1dVv
E=-VA =——r
A rdr
rdr rdr

where L is an orbital angular momentum. Then the Thomas term is rewritten as
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Thomas term = —ia-(Exp):—i _ldV)G.L:%ld_VS.L
4m-c m° ¢ rdr 2mc r dr

(Spin-orbit interaction)

The spin angular momentum is defined by
S=—0c

which is an automatic consequence of the Dirac theory.

The last term is called the Darwin term.

For a hydrogen atom,
V-E=-6%(r).

It gives rise to an energy shift

(Schrodinger) 2
) r=0

J‘ e h 5(3)(r)‘w(r)(Schrodmger)

P d’x =

8 : 2\v/(r

which is non-vanishing only for the S state.

13.  Free particle at rest
Each component of the four-component wave function satisfies the Klein-Gordon
equation if the particle is free.

0 mc
—+— )w =0 1
(7 o h W (D
0 —iO'kJ
Y= ic, O
| OJ
7/4 - 0 _I

Multiplying Eq.(1) from the left by 7, ai
X
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0 0
el V) |
axp

me 8
o Yy

—w =0
h ax‘”

14

0.9, M 0 _y
=L X, OX, VR X, v

1 0 0 mc.,
2%@ mﬂaﬁ&w(h)w

Since {y,,7,} =26,,, we have

0 O mc.,
(== =0 2
”’Vaxvaxp (h)l// @

Note that Eq.(2) is to be understood as four separate uncoupled equations for each
component of . Because of Eq.(2), the Dirac equation admits a free particle solution of
the type

= U@) el (p 1~ EV]
with
E=+yC’p’ + mc’
u(p) is a four-componenet spinor independent of r and t.

((Note)) The following relations are always valid.
.. 0 h
Iﬁ§w=Ew, —Vy=py

i

For a particle at rest (p = 0)

0 mc
=0
h)w

Vy—+—
“8xH

or
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( i+ £+ i+ i.,.@) —O
7/18)(1 728)(2 738)(3 748)(4 5 4

Since

sz=pw=O, E =+mc’
|

0 +mc
adcty 1"

[7,

or

1 E mc
[ic74 ihn R I

or

mc’ (1 0 Y u(p=0))_ mc(us(p=0)
e \0 —1 \ug(p=0)) 7 \ug(p=0)
or

( Up(p=0) j:(uA(FO)j

—Ug(p=0)) \Uug(p=0)
or
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Ug(p=0)=0

For E = -mc2,
u:(UA(p=0)
Ug(p=0)
_mC2 I 0 Yu,(p=0) _mc U,(p=0)
nc\0 —1  ug(p=0)) 7 (ug(p=0)
or

L—UA(P= O)J _[UA(P = O)J
ug(Pp=0) /) \us(p=0)
Uy(p=0)=0

So there are four independent solutions

Positive energy solution

1 0
0 _mc’t 1 _mc’t
—i —i
0[P | lexp(-i=),
0 0
spin up spin down
Negative energy solution
0 0
0 _mc? 0 _mc’t
exp(i ), exp(i ),
1 0
0 1

The existence of negative-energy solutions is intimately related to the fact that the Dirac
theory can accomodate a positron.
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((Note))
Nonrelativistic limit E = mc2, the upper two component spinor y, coincides with the

—imc?t/n

Schrédinger wave function apart from the factor e

Let us define

) :7172_7271:(03 OJ
} 2i 0 o

((Note))
[0 _iO-IJ[ 0 —iO'ZJ ((3'10'2 0 J
nra= ioc, 0 J)lioc, 0 ) \ 0 o0
Similarly
o,0, 0
V2 =
0 o,0
0,0, — 0,0, 0
N =70 =
0 0,0, — 0,0,

_ oo, 0
- 0 o0,
o ¢

0 o,

2|0 (03 ojo
ol Lo aJl0|

S O O =

The eigenstate of X, is interpreted as the spin component in the positive z-direction in

units of #/2.

14. Plane wave solutions (p # 0).
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YAl UA(p)J l o
W_LWB] _LUB(p) exp[h(p r-EDl

or
1. 0
E(lha— mc*)y, = (6- p)s
1. 0
E('h5+ mc* )y = (6- P/,
or
1 2 1 2
(6-p)ug :E(E_mc W (0"p)UA:E(E+mC Ug
or
C
Us(p)= E_mc (6 p)Ug(p)

- +"mcz (- P)UA(P)

Ug(p) =

Fro simplicity we use

R=4p°c’+m’c’

(1) For E =R >0 (positive energy state)

1 1 ) 0
u,"(p) =(0], u,” (p) =(J
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—i 1
0O _ C P; P, — 1P,
= (P) R+mc*\ p, +ip, —-p, \O

Cp,
_| R+mc?
c(p, +1p,)
R +mc?
—i 0
()= [ hooP ij
+mc”{ p, +1p, -p, 1
C(p1_ipz)
R+ mc?
Cp,
R +mc’
Then we have
1 0
R+ mc? " R+mc?| ¢( L )
uO(p) =[BT cp, U (py= .| F C(P, — 1P,
PR | Reme PR | Rime
c(p, +1p,) _Cp,
R + mc? R +mc?

We take into account of the normalization factor.
For E=-R <0

1 1 ) 0
ug"’ (p) =[Oj, us"”' (p) :U

w . ~__ —C Ps p,—ip, )1
Ua (p)_R+mcz(pl+ip2 - p, J{OJ

CpP;
_| R+mc’
_ c(p, +1p,)
R +mc?

(i)
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. _c(p—ipy)
0,2 (p)=—— (p Ps pl_lpzj(oj: R +mc?
1

R+mc*{ p, +ip, -p, A1 Cp;
R +mc?
Then we have
_Cps _C(pl _ipz)
R + mc? R+ mc?
R+mc?|  c(p, +ip,) R +mc’ cp;
3) _ _ 1 2 4 _ 3
u(p) = 2R R+mc? |’ u(p) 2R R + mc?
1 0
0 1
15. Formulation

Since
; i
U (pyexpl-{p-r — EV)]
satisfies the free-field Dirac equation

0 mc
=0,
> W

__+__
7 X,

2

" o ERT =y ® LT |
ox. {u (p)eXp[h{p r—Et)]}=u (p)eXp[h{p r—Et)] hpk

2

5 U PP tp -~ EOL =" (P)expl - r ~ BTG E)

U (p)expl-por - Et)](—h—EC)
Since

.E
= ’|—
p, =P C)
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(I

or

hc

E mc
T

u(p)=0

] E ;
Py 7 _€74 + mc)u( )(p) =0

or

(iy-p+mcu(p)=0

regardless of whether E>0 or E<O0.

In summary we have

u®(p)

u®(p)

u®(p)

_ |[R+mc?
2R

_ |R+mc’

2R

R + mc?
2R

c(p, +ip,)

1

0
cp;
R + mc?

R + mc?

0
1 -
C(p1 _Ipz)
R + mc?
__ s
R + mc?

__ P
R +mc?
_c(p +1p,)

R + mc?
1

0

(E>0)

(E>0)

(E<0)



_C(pl_ipZ)
. R+mc’
R+mc CpP;
u(p)=——m| —= E<0
O=\"r | mina | EO
0
1
Suppose that p=0. R =mc’.
1 0
0 1
uP(p=0)=| |, uPp=0)=| _|.
(p=0)=|/ (p=0)=/
0 0
0 0
0 0
W (p=0)=| | [u(p=0)=
1 0
0 1

The first two solutions look like the spin state of the non-relativistic theory. They are
degenerate and have enery eigenvalue E =R. In the same limit, the last two solutions
also look like the non-relativistic spin states, but they belong to the energy eigenvalue
E=-R

13.  Dirac's hole theory

13.1. Overview on Dirac's hole theory

Dirac made the astounding suggestion that all the negative-energy states should be
already occupied. This ocean of occupied negative-energy states is now referred to as the
‘Dirac sea’. Thus, according to Dirac, the negative energy states are already full up; by
the Pauli principle, there is now no room for an electron to fall into such a state. But, as
Dirac further reasoned, occasionally there might be a few negative-energy states that are
unoccupied. Such a ‘hole’ in the Dirac sea of negative-energy states would appear just
like a positive-energy particle (and hence a positive-mass particle), whose electric charge
would be the opposite of the charge on the electron. Such an empty negative-energy state
could now be occupied by an ordinary electron; so the electron might ‘fall into’ that state
with the emission of energy (normally in the form of electromagnetic radiation, i.e.
photons). This would result in the ‘hole’ and the electron annihilating one another in the
manner that we now understand as a particle and its anti-particle undergoing mutual
annihilation.
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Fig. 2mc®=1.02 MeV.

Conversely, if a hole were not present initially, but a sufficient amount of energy (say
in the form of photons) enters the system, then an electron can be kicked out of one of the
negative-energy states to leave a hole. Dirac’s ‘hole’ is indeed the electron’s antiparticle,
now referred to as the positron.

At first Dirac was cautious about making the claim that his theory actually predicted
the existence of antiparticles to electrons, initially thinking (in 1929) that the ‘holes’
could be protons, which were the only massive particles known at the time having a
positive charge. But it was not long before it became clear that the mass of each hole had
to be equal to the mass of the electron, rather than the mass of a proton, which is about
1836 times larger. In the year 1931, Dirac came to the conclusion that the holes must be
‘anti-electrons’—previously unknown particles that we now call positrons.

13.2 The discovery of positron by Carl D. Anderson

In the next year after Dirac’s theoretical prediction, Carl Anderson announced the
discovery of a particle which indeed had the properties that Dirac had predicted: the first
antiparticle had been found!

Carl David Anderson (September 3, 1905 — January 11, 1991) was an American
physicist. He is best known for his discovery of the positron in 1932, an achievement for
which he received the 1936 Nobel Prize in Physics, and of the muon in 1936. Anderson
was born in New York City, the son of Swedish immigrants. He studied physics and
engineering at Caltech (B.S., 1927; Ph.D., 1930). Under the supervision of Robert A.
Millikan, he began investigations into cosmic rays during the course of which he
encountered unexpected particle tracks in his (modern versions now commonly referred
to as an Anderson) cloud chamber photographs that he correctly interpreted as having
been created by a particle with the same mass as the electron, but with opposite electrical
charge. This discovery, announced in 1932 and later confirmed by others, validated Paul
Dirac's theoretical prediction of the existence of the positron. Anderson first detected the
particles in cosmic rays. He then produced more conclusive proof by shooting gamma
rays produced by the natural radioactive nuclide ThC" (***TI) into other materials,
resulting in the creation of positron-electron pairs. For this work, Anderson shared the
1936 Nobel Prize in Physics with Victor Hess.
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13.2. Dirac sea

The Dirac equation for the free particle leads to a negative energy solution as well as
a positive energy solution. The positive energy solutions and the negative solutions are
separated by a gap shown in Fig.1. Classically, no transition is expected between the
energy gap (= 2 mc”). So we can restrict the energy to be positive classically. On the
other hand, in quantum mechanics, it is expected that the transition can occur. Since
electrons are fermions, all the negative-energy levels are filled with electrons, in accord
with the Pauli exclusion principle. The vacuum state (so called Dirac sea) is one with all
negative-energy levels filled and all positive-energy level empty. We note that the Dirac
sea is a theoretical model of the vacuum as an infinite sea of particles with negative
energy (E<-mc?). The positron, the antimatter counterpart of the electron, was originally
conceived of as a hole in the Dirac sea, well before its experimental discovery in 1932
(C.D. Anderson).
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Fig.1 The Dirac sea. Positrons as holes in the Dirac sea of negative-energy
electron states. Dirac proposed that almost all negative energy states of
the electron are filled. Pauli principle prevents an electron from falling
into such a filled state. The electron states with the energy above mc*
(denoted by blue open circles) are empty.

Charge:

Qhole = (Qvacuum - (_ | € |) - Qvacuum =| € |

where Qyacuum 18 infinite but we have seen such infinite renormalization before.
Momentum:
Phole = (Pvacuum - p) - })vacuum =-D

where P

 scum = 0 since for each negative energy state with p there is another
with (-p)
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Energy:

Ehole = [Evacuum - (_R)] - Evacuum =+R= V m2C4 + C2p2

Ezhole = (Ezvacuum _Ez) _Ezvacuum = _EZ
2 2 2 2 2

In summary

The positron is the antiparticle or the antimatter counterpart of the electron.
The positron has an electric charge of +|e|, a spin of /2, and has the same mass as
an electron.

Positive energy R=4mc*+c’p’

Positive charge le| >0)
Momentum -p
h
Spin --2
P 2
Helicity 2-p

13.3  Pair production

If sufficient energy (more than 2mc?) is given to the system in the form of
radiation, one of the negative energy electrons is excited into an empty state with
a positive energy. Thus we observe an electron of charge -|e| and energy R, and
in addition a hole in the Dirac sea. This hole(anti-particle) has the same mass as
the electron but opposite charge. This hole is called the positron. The process is
called the pair production. The hole registers the absence of an electron of charge
-le| and energy —R, and would be interpreted by an observer relative to the
vacuum as the presence a particle of charge |e| and energy R.
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Fig.2 The pair production. The supplying of sufficient energy to the Dirac sea
could produce an electron-positron pair: y —>e" +e .

13.4. Annihilation of electron and positron

When a low-energy positron collides with a low-energy electron, annihilation occurs,
resulting in the production of gamma ray photons. An electron falling into a hole would
be interpreted as the annihilation of the electron and the positron, with the release of
energy in the form of radiation
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Fig.3 The annihilation of electron and positron; e- + e+ —y +vy

14. Orbital angular momentum L
The Hamiltonian of the free particle is given by

H =ca- p+ fmc’

The orbital angular momentum L is defined by
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L =X%p; —XP,, L, =X;P, — X P, Ly =XP, =X, P
We now consider the commutation relation between these operators,

[H.L]1=[ca,p, +/Amc’, X, p; — %P, ]
=[Cay P, X, P3 = X5 P, ]
=[Ca,P,, %, Ps]-[Ca; P35, X, P, ]
=Ca,[ P, X, 1P —Cas[ Py, X4 1P,

ch
= T(az P, —a3P,)

ch
=—(axp),

Then we get the Heisenberg's equation;

dL i
—=—[H,L]=c(ax p).
g~ pl-Ll=clexp)
. h
15. Spin angular momentum 52

Here we note that

0
Zy =[6k J=—i7i7,- (i, j, k; cyclic)
0 o,

or, simply,
c 0

3=
oo

0 o .
ak:( k]=|747k=_2k7/5=_752k
o 0

or, simply,
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with
[7/5,2k]=0’ [ﬂazk]z(), [7/5,ak]=0’ [ﬂ575]=0
[Z,2;]=2i%,, I, =-3Z% =I%, (i, J, and k; cyclic)
[s2i62 1= 7520 2 — 2752 = 75200 2]
((Note))
01 0O 0 -1 0 O
1 0 0 O i 0 0 O
21= 5 Zzz .
0 0 0 1 0 0 0 —i
0 01 0 0 0 i O
1 0 O
0 -1 0
X, = ,
0 1
0 0 -1
0O 0 -1 0
B 0O 0 0 -1
5T 0 0 o
0O -1 0 O
Then we get

H =ca- p+Amc’ =—cy.Z, p, + Amc’

We consider the commutation relation,
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[H,Z ]=[-CyrsZ,p, + :Bmczazl]

= —Cp,[7sZ, 2]+ mc’[B,2,]
—CP,[ysX,, X ] = Cps[ysXs, Xy ]
=P,y [2,,Z,]-cpyys[Z5,2]
= 2icp ,ysZ, — 2icp,y5E,
= 2iC(0!2 Py —a;P,)
= 2ic(a x p),

which leads to the Heisenberg's equation,

d i i . 2C
—X=—[H,2]==2 ==
o h[ 2] - IC(a % p) h(axp)

16. Total angular momentum J
The time derivative of the total angular momentum J is obtained

%J=%(L+§2):C(axp)—c(axp):0

Although L and 22 are not constants of the motion, the total angular momentum J

should be identified with the total angular momentum and is a constant of the motion.

L+Ea 0
2

h

J=L+-2X= .
0 L+—0c
2

As is well known, the constancy of J is a consequence of invariance under rotation.
Hence J must be a constant of the motion even if a central (spherically symmetric)
potential V(r) is added to the free particle Hamiltonian.

((Note))

or
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with
v =R.lw)

Since
R, =exp(-—J,0)
[H,J.1=0

17.  Helicity 2 p
We define the helicity operator as

Z-p
where p is the unit vector ( p = P
p
¢ 0
X= )

The eigenstate of helicity with eigenvalue +1 and -1 are referred to, respectively, as the

right-handed state and the left-handed state.

E-ﬁ:Z-E:l(Gl.pl 0 j_i_l[az'pz 0 j+l(°—3'p3 0 j
0 p 0 o, P, p 0 o5 Ps

p p o, P
or
p3 p1 _ipz 0 0
E]A)Zl p1+ip2 _p3 0 0-
p 0 0 p3 p1 _lpz
0 0 p1 + ipz - p3
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Cp3 O

1 |[R+mc’ p3- R +me”
- pu(p)=— P, +1P, —Ps 0
P 2R 0 0 D,
0 0 p, +ip,
When p, = p, =0 (for simplicity, p;=1)
X p=x,
1 —=— 0 o0 !
3 R+ mc 0
S u®(p) = R+mc’lop -1 0 o0 c
Rodo 0o 1 0 |Reme
0 0 0 -p 0
1
R+mc?| O
=R | P [Fu"P)
R + mc?
0

where

Similarly, we have
Zu?(p)=-u(p),
Zu?(p)=u(p)
Zu?(p)=-u?(p)

18. Plane wave solution
Hamiltonian

H =ca- p+ pmc’
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CP;
R + mc?
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Vs =NY2V3V 4

Zk = _Iylyj (I’ j’ k’ CyChC)'

I, =—ly,ys,
Z, =—yy,
DI =_i7172

H? =[ca- p+ pmc*][ca- p+ Bmc?]
=c(a- p)* + p’m’c’ +c(a- p)(pmc?) +c(pme’)(a- p)

(a-p)a-p)=(a - b)a;- D))

=0 P P;

J— 1 A A
_E(aiaj +a;0;) P P;

1 . A
2525“. Pi P;
= ﬁz
Note that
p=1

(a-p)B+B(a-p)=a,pf+pao;p =(xf+ Pa)p =0
Thus we have

H?=c’p*+m’c*.
We now consider a plane wave given by
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i
Y= U(p)exr)[g {p-r—Et)]
H = —icha -V + fmc?
el
Hy =1h—
P
Left-hand side

(—icha -V + pmc?)y = (—icha -V + pmc*)u(p) exp[%{p -r—Et)]

= (Ca- p+ pmc’ )y

right-hand side
iha—l//—ihu( )(—lE)ex [l{ -r—Et)]=E
ot P - P - P 4

or

Hy =Ewy
or
Hu(p) = Eu(p)
where
H =ca- p+ pmc’

H’u(p) = EHu(p) = E*u(p)
or
E2 =C2p2 +m2C4
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or

We now discuss

Hu(p) = Eu(p)

Since
H =ca- p+Amc’ =c(iy,y)p, +r,mc’
[c(i7,7:) P +7,mc*Ju(p) = Eu(p)
Multiplying this equation by y,
(7P~ C 72+4mO)U(p) =0
Noting that
E 1 . .
—F74=—p074=—? PaYs =1P474» p,=E/c, P, =1p,

we obtain

where p=y,p,

19.  Simultaneous eigenket of H and X' - p.
We show that H is commutable with X'- p.
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0
PINES [Gk - ]=—i;/i;/j (i, J, k; cyclic)
k

0 o .
ak:( k]=|747k=_2k7/5=_752k
o, 0

where
[7/552k]:0= [ﬂazk]zoa [7/55ak]:0= [ﬂaj/s]:()
Suppose that u(p) is the eigenket of H,

Hu(p) = Eu(p)
with
H =ca:p+pAmc’ =—cy.2, p, +Amc’
Here we note that
[H.Z;p;1=[-CrsZ, p +Amc*,Z;p;]
=—Cp, P; 752y, 21+ me’p[5.2]
=—CPy P75y, Z]
We note that
V262 1= 72 2 = 2752y = 752 2]
[Z,2;]=2i%,, IX;=-X% =ix, (i,], and k; cyclic)
Then

C C
[Haszj]z_cpk pj75[zkazj] =_5 Py pj75[zkazj]_5 pjpk7/5[zjazk]

or
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c
[H’Zj pj] :_E pk pj{ys[zkazj]_"]/s[zjazk]} :O

So we can demonstrate that

This implies that u(p) is a simultaneous eigenket of Hand X' p,

Hu(p)=Eu(p),  (EERURISHUCE)

with p= p/|p|. Since

(Z-PIE P =(EP)E,P)
= pipj(zizj)
— PP (EZ, 433

or

(Z-p) =1

(X p)’u(p)=h’u(p)=u(p)

h*=1, or h=+1.

20. Classification of the simultaneous eigenket of H and the helicity
In summary, we have

Hu(p) =Eu(p), (- p)u(p) =hu(p)

with E =+cy/p> +m’°c® and h==1.
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Eigenket of the helicity

or
(o5
(6- p)ug Ug
or
(6-p)uy=hu,, (6 p)ug =hug
with  h=4+1.

Eigenvalue problem with the Hamiltonian
H =ca- p+ fmc’
0 : 1 0
=c TPl me
c-p O 0 -1
([ me®  c(o-p)
c(e-p) —-mc’
Eigenvalue problem:

Hu(p) = Eu(p)

or
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mc*  c(o- p) (UAJ _ E(UAJ
c(e-p) -mc”® \Ug Ug
mc’u, +c(a- p)ug = Eu,

c(e- p)u, —mc’u, = Eu,

or

C(o-p)ug cp N
U, = = o p)u
A= E_me E-me 7 PV
c(a - p)u c .
UB — ( p) A — p 2(O_p)uA

E+mc> E+mc

(1) h=1and E>0

(6-pPu,=U,, (- P)Uz =Ug
cp . cp
u, = o u, = u
AT Rome O PN TR e e
cp . cp
U, = G-p)U, = u
8 R+mcz( P, R+mc> *
We choose
1 cp
UA:( ], Us =| R+ mc?
0 0
or
1
u® = c(|)o
R + mc’
0
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(i) h=-land E>0

(6-p)Uy=-U,, (G'ﬁ)us =-Ug
cp . cp

u, = . U, =— u

AT e O P e T TR et
cp . cp

U, = g u, =— u

® E+mc2( P R+mc> *

We choose

or

0

@) 1

u = _ Cp
R + mc?
0
(iii)) h=1and E<0
(6-p)ug =Ug, (6-puy=U,
cp . cp
A T Rrme T P = TR e

or
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cp

" R+mc
u® = 0
1
0
(iv)  h=-1and E<0
(O-'i’)uB:_uB
cp . cp
U, =— - P, = u
A R+mc2( Pl R+mc> °

or

u® =| R+mc’

21. Foldy-Wouthuysen (FW) transformation

Discussion
Hla,)=E [a,) Hlv)=E v
v)=la,).
Suppose that
Ulb,)=la,) Oly)=Iv)
v)=Ib,)

Then we have
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HU|b,)=E,U|b,) HU|y") = E U|y")
or

U*HU|b,) = E,|b,) U*HU|y") =E,|p")
Here we define

H'=U"HU
Then we get

H'[b,)= Eq[bn) H'lw)=Eoly)

Then |w'> is the eigenket of H' with the same eigenvalue E,,.

Suppose that
U=e"
with S is the Hermitian operator. Then we have
H'=e"*He®
We note that
(w|H|w)=(w'|H'|yp" (from the definition)
since
Uly")=ly). =@
Then we have
([Hlw)=(w'|U " HU|p) = (' |H'|p)
or

H'=U"HU
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U=e™®
)=V ly)=e®lw) ) =Uly)=e"ly)
H'=U"HU =e®He™®
We choose S of the form
5= pla-p)o. & =exl pla- p))
0 is a real function to be determined. S is a Hermitian operator.

S =@ PO = (@ PO == Pl p)Op)

since {¢;,} =0.

H'=e"He™
=e®(ca- p+Amc’)e™
=e°[f(cfa- p)+ pmc)e ™
=e®B(cfa- p+mc)e™
=e®pe*e®(cfa- p+mc*)e™
=e®Be ™ (cfa- p+mc?)

since [S,fa- p]=0. Furthermore

pe ™ =e®p
So that

H'=e” B(cfa- p+mc*) =e” (ca- p+ Amc’)
where f* =1

H'= (cos26 +ﬂ“—p"’sin 20)(ca - p + pmc’)

= B(Mc’ cos26 + cpsin 26) + %( pccos26 —mc’ sin 26)
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where

(@-p)a-p)=p’

and

e” =cos26 + msin 260 (see the Mathematica)
p

R/c

20

mc

If we choose (so that odd terms disappear)

tan29:£.
mc

sin29=¢=$, cos26 = me _me
/p2+m2C2 R \/p2+m202 R

Then we have
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H'= g(mc* cos20 + cpsin 20)
p

+Cp
pz +m3c?

=ﬂ(m02\/
m2c? pz
:ﬂc(\/ 2 22+\/ 2 2.2

p’+m’c P> +m’c

= fcy p* +m’c’ = fR

where

R=cy/p’ +m’c’

Jp’ +m202)

So that, H' is now diagonalized. The eigenstate of H’ is the same as that of .

1 0 0
0 1 0
0 0 1
0 0 0
w)=Uly)=e"ly)
where
cosd 0
0 cosd
e—iS — .
&siné? (px_lpy)sinﬁ
P p
|
(Pt py)sin0 —&sinﬁ
p p
Note that

2
cosd = 1/l(l+cos2t9) =1/ R+me
2 2R
_ 2
$ind = |- (1 cos20) = | R MC
2 2R
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Then the eigenstate of the original Hamiltonian H is given by

cosd 1
0 - 0
Peging _ |R+me CP,
P 2R R +mc?
(px+'py)sin6, c(p,+1p,)
p R +mc’
0 0
cosf 1
(P, —ipy) . o[ [R+mC’| c(p, ~ip,)
p 2R R +mc’
~Pegine —LZ
p R+mc
—&siné’ __ P,
P R +mc?
_(px+|py)sin9 _ R +mc? C(px+|py)
p \ 2R R+mc’
cosd 1
0 0
—Msme _c(p—ip,)
p : R +mc?
&sine _ /R+mc cp, :
Y 2R R+mc
0 0
cosd 1
((Mathematica))
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Clear["Global «"]; oX =

01\,  (0-i). _ (1O}
10)’°y'(f1 O)’GZ'(O-l)’

12 = ldentityMatrix[2]; 14 = IdentityMatrix[4];

aX = KroneckerProduct[oX, oX]; ay = KroneckerProduct[oX, oY];
az = KroneckerProduct[oX, oz];

B = KroneckerProduct[oz, 12];

HL=cpxaXx+cpyay +cpzaz + pm>c? // Simplify;

1
S=-1—B.(aXpX + ay py + az pz) 6;
P

K1 =

MatrixExp[215] //. {\/-px2 -py?-pz? sip,
1/ (px+py’+pz) > 1/ pz} // ExpToTrig // Simplify;
KIL=KL/. { px2 +py* + pz° » p’} 7/ Simplify;

1
K2 = [Cos[Ze] 14+ —B.(axpx +ay py + azpz) Sin[26]| // Simplify;
p

K2 // MatrixForm

Cos[26] 0 pz 5';£2 o] (PX-i py)psln[z o]
0 Cos[26] (px+1 DYLSin[Ze] 3 pzSi;[291
_bpz Sig[Z o] _(px-i pyiOSin[z 0] Cos[26] 0
_Mﬁw QZSi;[Ze] 0 Cos[26]

K11 - K2 // Simplify
{{,o,o0,o0}, {0,o0,o0,0}, {0,0,0,0}, {0,0,0,0}}

Eigensystem[B]
{{_11 —l, 15 1}1 {{07 01 O, 1}7 {O, O, 17 O}s {07 11 O, 0}7 {l, O, 07 O}}}

MatrixExp[ i S].B.-MatrixExp[ 4 S] -B // Simplify
{{o, o, o, o}, {0, 0, O, O}, {O, 0O, O, O}, {O, 0,0, 0}}
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K3 =

MatrixExp[ - 1S] //- {\/—px2 - py?-pz? »>1ip,
1/ (pX* +py? +pz?) » 1/ p2} // ExpToTrig // Simplify;
K31 =K3 /. { px* + py® + pz° » p’} // Simplify;

K31 // MatrixForm

Cos (6] 0 _pzsin[o) _ {px-ipy) Sine]
p p
o Cos (6] _ (px+i py) Sin[e] pz Sinfe]
p p
pz s:pn[e] (PX-1 pyp> Sin[e] Cos (9] 0
(PX+i pyp) Sin[e] _pz Sipn[e] 0 Cos[9]

22 Charge conjugate operator
We start with the Dirac equation for the free particle.
Dirac equation:

0 mc
—+—)w =0
(7, o W

The replacement of

0 o e

OX ox, hc "

n

leads to the Dirac equation in the presence of A, =(4,iA))

0 ie mc
———A)w+—w=0
7“(8xu hc 24 h v
or
0 ie mc
———A +—p =0 1
(ax ” DV Y (D

Hermite conjugate of Eq.(1):

o e o e , - mc
—+— Vet (—+— Vo+—w =0
(8xk e VT (ax4 e W Ty

86



or

0 ie 0 ie mc
— +— Yy —(—+—AWwWr,+—w" =0
(ﬁxk hCAk)w Vi (6x4 ” W7, o

Multiplying Eq.(1) by y, from the right, we get

o e N o e . 2 mc .,
—+— —(—+— +— =0
(axk hCAk)l// YVa (6x4 o Ay, oV 7

Here we note that

vy, =y, {744 =0,
Then we get
0 ie 0 ie mc
—(—+— i —(—+—A)y" +—y'y, =0
(axk hCAk)w Y4k (ax4 > NN oV 7
or
0 ie _ 0 ie _ mc _
—(—+—= —(—+—= +— =0
(axk hCAk)Wk (8)(4 ” AWy, P
or
0 ie mc
—(—+—A)py, +—w =0 2
(ax ” VY 4 oV (2)

y
We consider the Dirac equation for the charge conjugate wave function y°,

o e c mc .
—+—A +—yw =0 3
(axp hc 7Y h v )

We assume that

Then we get
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mc . __
Ay Cw +7Cl/lT =0 4)

Taking the transpose of Eq.(4), we get

ie

mc
ATy, + =Pt =0. (5)

0
—
(8X

y7
Multiplying Eq.(5) by (C")™" from the right,

mc _

ie _
2 cAWCTy, (€)== =0, 6)

0
(—+
axﬂ fic

Comparing Eq.(6) with Eq.(2), we havbe

C'y, (C)'=-y,

or
4 T
C ;/ﬂC=—7/ﬂ
Note that
T T T T
i =7 Vo =72 Vi =7V3s Va =Va4

Then we have
[7,C1=0, [r:C]=0
{r.C}=0, {r,.C}=0

The above relations can be satisfied when

0

C=yy,=

S = O O
o |
[

oS o o =

-1

o =(7/274)T :7/4T7/2T =70, =77y =—C

(see the Mathematica program below)
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Then we have

v =CW =1y, r) =rys W =rraw =ry

where

((Example))

U =

oS = O O S = O O oS = O O

S = O O

S~ O O

oS O = O S O = O S O = O

oS O = O

S O = O

1
0
CpZ
R +mc?
c(p,+1p,)
R+ mc’

0
1 -
c(p, —1p,)
R +mc?
__op
R+ mc?

—Cp,
R +mc’
_C( P - ipz)
R +mc?

0

R +mc?
cp,

R +mc?
0

1

89

—c(p, +ip,)

_c(p, +ipy)
R+ mc’
~[R+me? cp;
B 2R R+ mc’
0
-1
Cp;
R +mc’
_ R+mc*| c(p, +ip,)
B 2R R+ mc’
0
0
2 1 -
_ [R+mc™)  c(p, —ip,)
2R R +mc?
Cp;
R + mc?
-1
0
_ |[R+mc cp,
2R R+mc’
—c(p, +1ip,)
R +mc?




We note that U;, U,, U3, and U4 are obtained from the FW transformation

1
0
_ |[R+mc’ cp,
1 2R R +mc?
c(p, +1py)
R+ mc?
0
2 1 .
U = R+mc”| c(p, —ip,)
’ 2R R+ mc®
__Cp,
R +mc®
__°p
R +mc?
_|R+mc?| c(p,+ip,)
V2R R +mc?
0
_c(p, —ip,)
R+ mc®
_ |[R+mc? cp,
VYV 2R R +mc?
0
1
When p,=p,=p,=0
0 0
* O * 0
U =— ol U, = 1
1 0
((Mathematica))

72Uy
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Clear["Global "%'"];
exp_*:=exp /. {Complex[re_, im_] = Complex[re, -im]};

oxe (2 8)s 0= (3 3 )roee (3 %)

12 = IdentityMatrix[2];

aX = KroneckerProduct[ox, oX]; ay = KroneckerProduct[oX, oy];
az = KroneckerProduct[ox, o0z];
B = KroneckerProduct[oz, 12];

yl=-iB.ax // Simplify; y2=-iB.ay // Simplify;
¥3=-1B.az // Simplify; y4 = B;

Transpose[yl] +yl // Simplify
{{o, o, o, o3, {0, 0,0, 0}, {O,0,0,0}, {0,0,0,0}}

Transpose[¥2] - y2 // Simplify
{{o’ O’ 01 O}’ {01 01 01 o}’ {01 01 o’ O}’ {01 O’ 01 0}}

Transpose[y3] +y3 // Simplify
{{O’ O! 0, 0}1 {01 0’ O, O}’ {0’ 0, O, O}’ {O, O, 01 0}}

Transpose[y4] - y4 // Simplify
{{o, o, o, o3, {0, 0,0, 0O}, {O,0,0,0}, {0,0,0,0}}
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Charge conjugate C

Cl=v2.v4 // Simplify
{{O’ O’ 01 1}1 {01 O, _11 0}1 {01 11 O’ O}’ {_11 01 Os O}}

C1l // MatrixForm

0 0 1
-1

0
0

O OO
O r O
O OO

-1

¥1.C1 - Cl.y1 // Simplify
{{0, 0,0, 0}, {0,0,0, 0}, {0,0,0,0}, {0,0,0,0}}

¥2.C1l + C1l.y2 // Simplify
{{o, o, o, o}, {0, 0,0, 0}, {0, 0,0, 0}, {0O,0,0,0}}

¥3.C1 - C1.¥3 // Simplify
({0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0,0, 0}, {0, 0,0, 0}}

¥4.C1l + Cl.y4 // Simplify
{{o, o, o, o}, {0, 0, O, O}, {0, 0, 0, O}, {0, 0,0, 0}}

Transpose[C1*] + C1
{{o, o, o, o0}, {0, 0, O, O}, {0, 0, 0, O}, {0, 0,0, 0}}

Transpose[C1l] +C1
{{o, o, o, o}, {0, 0, O, O}, {0, 0, 0, O}, {0, 0,0, 0}}

Inverse[Cl1l] +C1
{{o, o, o, o}, {0, 0, O, O}, {0, 0,0, 0}, {O,0,0,0}}

23. Heisenberg's equation of motion (Heisenberg’s picture)

All operators are given by those in the Heisenberg picture. Here we omit the superscript

(H).
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(H) _ (H) _
o =, g =p
ak(H) and ") must be regarded as dynamic variable.

The Hamiltonian

H =ca -z +eA + pmc’ =ca, z, +eA + pmc’

with
e .
n:p—EA, A#:(A,IAO)
B=VxA, E:—la—A—VAO
c ot

Heisenberg equation for the operator in the Heisenberg picture

d0-1H.01+20
dt /] ot
(a)
d i
ERK :£[H,Rk]
i ie i 2
:%Cai[ﬂj’Rk]"i'%[Ao’Rk]—i_%[ﬁmc Rl
i e
:Ecaj[pj _EAjaRk]
i
fi I 6Rj
=chj5j7k
=ca,
or
iR=C0:zv
dt
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(b)

d i
~p, =—[H
dt pk h[ :pk]
i i

1 e i 2
:Ecaj[ﬂj’ pk]+%[Ao> pk]"‘%[ﬁmc > P

| e ie
—cay[p, - AP+ TAR]

i e ie
:%Cajg[pk;Aj]_%[pkaAo]
gy e1A _ieh oA

a. . N
o 'ciox, hiox
oA, i
_ aj_l_faﬂ
oX, h ox,
_ah) oA
X, OX,

or

%p:eV(a-A)—eVAO

(c)

d [ 0
EAk _g[HaAk]"'aAk

i ie [ 2 0
:ECaJ‘[ﬂjaAk]_i_%[AO’AY]—F%['BmC ’Ak]+5Ak

1 e ie 0
=-calp, _EAjﬁAk]+;[A)’Ak]+aAk

or
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d—Azc(a-V)A+§A.
dt ot

(d)
dz d e
a a? Y
e 0
=eV(a- A)—eVA, —fc(@- V) +—A]
10
—e(—EEA—VAU)Jreax(VxA)
=e(E+axB)
—e(E +-xB)
C
where
V(a-A)—(a-V)A=ax(Vx A)
(e)

We note that
a(H —eA) +(H —eA )a = 2C(p—%A) = 2cx

Using this we obtain a quantum mechanical analogue of the Lorentz equation

a1l ,H=-eA, M gzeA")v]:ir:e(EvLaxB)

dt 2 c’
where

dR

—=Ca=v,

dt

%n’z%(p—%A)ze(E+axB).

If H —eA, ~+mc’, depending on whether the state is made of positive or negative energy
solutions of the Dirac equation, we get the equation of motion under the Lorentz forc,

miv =te(E +lv><B)
dt C
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((Note))

{a,H —eA} = 2C(p—%A)

or
e
{aiaH_er}:{aiacaj(pj_EAj)+ﬂmC2}
€
:C{aiaaj}(pj_EAj)
e
:2C5ij(pj__Aj)
C
e
=2c(p, ——
(p; CA)
where
{aiaﬂ}:O: {aiaaj}ZZé‘ij'
®
i(2'~7t)—l[H 2 .w|=eX-E
dt /.
where
H =ca-m+ehA + pmc’ =c(-y,) X - m +eA, + fmc’
with
o =1y =-7s%, and [75.Z¢]1=0.
Then we get
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—(Z 71:)— [H,2 7]

[c( 75X 7r+eA0+ﬂmc PIRY 3

5':*I— NI—

:_[Aoaz '71']

=—€eX, 2.}
“ ox,

=eX-E
where

(8,2 w]|=[B,Z7 + X7, + Z,7,]
=[B.2, 17, +[B.2, 17, + [ B, X;]7,

[rs2 -7, 2 7]=y (2 -m) (2 m)— (X 7)ys(2 - 7)
=0

(2) Zitterbewegung ((Free particle))

ap =0 P = constant

The Hamiltonian of free particle is given by
H =ca- p+ fmc’

Heisenberg's equation for the operator e,
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da_1dv
dt cdt
=~ {H.a]
=%(Ha—aH)
:—%(Ha+aH —2Ha)
:—%i(Cp— Ha)
where
Ha +aH =2cp
((Note))
{H,a,} =cp;{a;,a } +mc’{B,a;} = 2cp,

Since H = const., this equation has a simple solution:

da 2i

—="H(a-H'c

pranieaalC P)
or

a= v(t) =H" Cp+exp(—Ht)[a(O) H'cp]
or

v(t)=H'c’p+ce’™ " a(0)-H 'cp]

This equation can be integrated:
_ “1.2 hC . sinn
r)=r(0)+H c pt+— i (e —D)[a(0) - H "cp]
|

The first two terms on the right-hand side describe simply the uniform motion of a free
particle. The last term is a feature of relativistic quantum mechanics and connotes a high-

frequency vibration (Zitterbewegung) of the particle with frequency mc®/% and
amplitude 7/(mc), the Compton wavelength of the particle.
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(h) Free particles (continued)
For a free particle Hamiltonian,

{B,HY={B,ca-p+pmc’} =2mc’B> +cp, {B,a, } =2mc’
and

{rs,H}={ys.ca- p+ pmc*}
= CPy {757ak}+mcz{755ﬂ}

=—CP Vs> V52 )
=-2Cp, 2,

Hence, in a state of energy E, the operator £ has the expectation value

2 2
<P >= mé =+ 1—($j

Similarly,
<75 >:—%<2-13>
E
where p is the unit vector of p . The operator y; is called the chirality.

(i) Lorentz force

A =0, A # 0 (vector potential)

The Hamiltonian H is given by

H=Ca-(p—%A)+,Bmc2.

LSBT

dt h

O ==L )5 = Vs, [5.2]=0
% =iy (1, J, k: cyclic)
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[]/sazk]:()a ’ [7/57ak]=03 [ﬂa]/S]ZO

[, Z,]1=2i%,, X, =-X % =iX, (i,],andk; cyclic)

[7/52ka2j]:752k2j _2j752k :75[2k92j]'
Using the Mathematica, we get

€
[HJZI]:[Cak(pk _EAk)‘i‘ﬂmCZ,zl]
€
Z[_CVSZk(pk_EAk)azi]

=2ic[a, (p, _%Az)_o%(pz _%Az)]

= diclax (p—_ A)
or
[H,X]=2iclax(p —%A)]

leading to the Heisenberg's equation,

dr i 2C e
— =—[H,2]=-= ——A
i h[ 2] h[aX(p . )]
So we have
dr dx 2¢? e e
H=—+—H=—""TJa-(p——A4 ——A4
dt+ i 5 [a-(p . Nlax(p . )]

+a><(p—§A>][a-<p—§A)]

=2ec2 xB

In the relativistic approximation, H ~ mc®. Then we have
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d¥ _ 2 o p_ ¢ 5.B

dt 2mc? mc
Since
Y=
0 o
d_a = io' x B
dt mc

For the one electron spin operator

Szﬁa
2
9§=—e—S><B=,u><B
dt mc
or
P
mc mc

24. Central force problem: hydrogen atom
The Hamiltonian is given by

H =ca-p+Amc’ +eA,
where

A, =(4,iA)
with

A=0 eA, =V (r) (spherical symmetry)
(a) The commutation relation between J; and H

[H,J,]1=0

((Proof))
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H —eA,L]=[ca- p+ pmc’, L]
:C[pkaL3]ak +mcz[ﬂ9 L3]
=C[ Py, X P, — X, Py ],
=C[ P, X Py, — X, P ey +C P, X P, — X, Py ],

7] fi

= T Cpa, — TCplaz
7]

= TC( p,a, — p1a2)

ch
= T(a X P);

or
[H,L,]=—ich(ax p), +[eA,,L,]=—ichi(ax p),
since
[eA, L] =[eA), xp, - yp,]
=—X[py.eA]+Y[P,.eA]
= —x?%eA0 + y?%e%
=0
where
A=A, r=yxX’+y +2°
Similarly
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[H —eA,2;]=[ca, py +m02’23]
:[Cak pk,23]+[ﬁmc2,23]
= —CPy 5[ 2, 25]
=—CPyys[2), 23] = Cp,ys[2,, 25 ]
=2icp,ysZ, —2icp,ysX,
=2ic(a,p, —a,p))

=2ic(a x p),

or

[H,2;]= 2ic(a x p); +[eA), 2]

=2ic(ax p),
or
7] .

[H5523] =IiCh(ax p);

where

ak:_752k5 [75=zk]:0: [ﬂszk]zov {757ﬂ}:0
(a2 1= [=7s20, 20 ] = =752, 2]
[Z,2,]=2IZ, (i, J, k; cyclic)
Thus we have
7] . .
[H,J,]=[H,L, +EZ3]=—ICh(aXp)3 +ichi(ax p), =0

Similarly, we have
[H,3,1=0, [H,J,]=0.
or

[H,J]=0.
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(b) Definition of the operator K and the commutation relation [K,H]=0

First we show that

[H,ﬂE-J]=§[H,ﬂ]

where

[H,J]=0 and [B,2]=0

((Proof))

[H,p2 - J]=HpBZX -J)- L -J)H
=[H,51(Z-J)+ p[H.2]-J
==-2cf(a- p)Z-J)+2icS(axp)-J

Here we note that
[H.B]1=[Ca- p,fl=Ca- pfB—fica-p=-2[Ca-p
[H,2]=_2ic(ax p)
(a-p)(Z-J)=—ys(Z-p)Z-J)

=—ys[p-J +iZ-(pxJ)]
=—y,p-J+ia-(pxJ)

Then we have

[H,8Z - J1==2ch[-y,p-J +ia-(pxJ)]|+2icf(ax p)-J
=2¢pysp-J

h
=2Cﬂ75p-(L+52)

=Chfysp- &
=—Chpa- p

h
—E[H,ﬁ]

where

(axp)-J=a-(pxJ)
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Then we define the operator K as

P
K=pr-J-2p

h
—/3(2']—5)

ho, h
= L+ X -0)
= B(Z-L+H)

where
J=L+—-2X%
Then K commutes with H,
[K,H]=0.
This also implies that

[K*,H]=0.

25. Commutation relations (continued)

@0 [BJ]=0

h

h
[ﬂ:‘ll]—[ﬂa Ll +521]—5[ﬂ921]—0

Gi) [BE-J,J]=0
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[ﬂE'L’\]1]:[ﬂz1 I-1 +ﬂzz Lz +,BZ3 LS’LI +§Zl]
=B L +BL, L+ B2 L, L]I+[BE L +B8%,L,+ B2, L37§zl]
— AL L1+ AT L L1+ DA, L2 42 (AT, L3

=—inpY, L +infY L, —%Lzﬂ[Zl,Zz] +§L3ﬁ[23,21]

= —inBY,, L, +ihBY, L, —ihL, Y, +ihL,Bx,
=0

since
[ﬂa Z:k] = O

(i) [BE-T,J]=0

[ﬂz-J,Jl]:[ﬂ2-<L+§szl]
:[ﬂz-L,JIJ{[ﬂZZ,JI]

- 136.9,)
=0
or
(52 -J,J]=0
which leads to
[K,J]1=[B(Z-L+h),J]=0
26. K*andJ

K*=p( -L+h)p(X-L+h)
=(X-L)(Z -L)+2hX - L+1’
=L +iX(LxL)+2hX L+’
=L +hX - L+#°

since
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[8,2]1=0.
We note that

J? =(L+§E)~(L+§E)

:L2+§22+hZ-L

2
:L2+%+hZ-L

Thus we obtain

K2=Jz+h—2
4

Since [K*,H] =0, we also have the commutation relation
[J°,H]=0

27. Simultaneous eigenket
For an electron in a central potential, we can conduct a simultaneous eigenfunction of H,
K, J?, and Js,

Hy =Ey, Ky =-xhy,
Jy=nj(j+ Dy, Jy = jihy
Py =ty

since

[H,K]=0, [H,J,]=0, [H,J?]=0, [P,H]=0

We also note that

2
K2=g2 41
4

This implies that
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2
K2w=hzkzw=[hzj(j+1)+h7]l//=h2(i+%)zt//
or
2 .. 1 2 . 1 2
ky=[J(J+D+-y=~+2)y
4 2
So we must have
K=2(j+),
2

Note that j is a half-integer and « is an integer (xk =%1,£2,...). So x has integer
eigenvalues not zero.

28.  Operator K
We now consider the matrix of K.

K=p(Z L+h)

(1 0Yo-L+h 0
_[0 —J( 0 a-L+hj
_(o-L+nh 0

_[ 0 —(a-L+h)]

The wave function y is a simultaneous function of K, J * and J;,

an

Then we have
Ky =-hxy

or

5 bl
=—hK
0 —(6-L+n) \yy Ve

or
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(-L+h)y,=-hKky,,

or
(6-Ly,=-N(k+1)y,,
29.  Operators J’
Sy =0 j(j+ Dy
7 L+—o 0
J=L+—-2=
0 L+—o
L+§a 0 L+—o
2 _
J= h
0 L+—o 0
2
2
(L+Eaj 0
_ 2
- 2
0 (L+Eaj
2
Then we get
JZV/A,B :hzj(j+1)WA,B
or
nY )
L+E°' Wa=h"J(J+D¥,,
30. Operator J,
A L3+EO'3
Jw=(L+-2)y=
2 0
or

(6-L+h)yy =hky,

(- L)y = h(x ~ Dy

nY .
(“Eaj we = j(j+ Dy
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/] . /] .
(L3+EG3)I//A:J37;“//A’ (L3+EG3)WB:J3hWA
31  The operator L’

Since [H,L’]#0, y is not the eigenfunction.

L2=J2—hE-L—ﬁ
4

we have
2
I —he-L- 0
sz _ 4 Ya
2 3n° e
0 J —he-L-—
4
Then we get

) 30 ) n’
(J —hO"L—T)l//A:[J _h(o.'L+h)+I)l//A

2
112 +1>+h27<+h7]w
=171, (1, + Dy,
where

J(j +1)+K‘+%=|A(|A+l)

Similarly,

s 3n ) n’
(J —ho"L—T)l//BZ[J —h(a-L+h)+T]1//B
2. - 2 hz
=[n")(J+D—n K+7]!//B
=l (g + Dy

with
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.. 1
j(j+l)—K‘+Z=|B(|B+1)

Thus y, and y, are separately the eigenfunctions of L’. These eigenvalues are denoted
by |, (I, +1)A* and 7’1 (l; +1), respectively.
Using these two equations, we can determine |, and I for the given eigenvalue .

((Nonrelativistic case))

n=1; 1=0

DyxD,,, =D, (4=1/2)
n=2; 1=0,1

DyxD,,, =D, (=1/2)

D,xD,,=D,,,+D,, (=13/2,1/2)
n=3; 1=0,1,2

D,xD,,, =D, (=1/2)

D xD,,,=D;,+D,, (4=13/2,1/2)

D,xD,,, =Ds,, +D,,, (=15/2,3/2)

(a) For j=1/2,
K=ty =41,
2

(1) k=1,Ia=1,and Iz =0.
(ii) k=-1,la=0and Iz =1.

(b) For a half integer |,
o=t (j+)
+(U+2)-

: 1 1

O w=j+o. =i+, =17
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N 1. . 1
(ii) K=—U+5LIA=J——, IB=J+5

32. Normalized spin angular function
Spin orbit coupling
Dy xDy, =D+ Dy,

For j=1+1/2,

ylj:|+1/2,j3: /|+J3+1/2Y1 -1/2 1 n |j3—+1/2YIJ’3+1/2 0
21 +1 21 +1 1

1 j3-1/2
1 I+, + 2Y

e

For j=1-1/2,

yljzl—l/z,j3 —_ -] +1/2Y| I3-1/2 1
21 +1 0
s | + j3+1/2YIj3+1/2 0
21 +1 1
T S
1 - I_.]:ﬁ_i_EYH3 i

'\/2|+1 \/I+j3+%Ylj3+l/2

33. Radial wave functions

(a) ForK:j+%, IA:j+%’ ly=j——

9(Ny>

2

l//:
if (r)ylJ fj_i
B0
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- 1
(b)  Forx=—(j+-), h=i-2, =i+
fry» |
A=l
" ligmy

The parity of yl“% | is given by (=1)"*, while the parity of ylj’j3

A:J_E

~, is given by (=)= .

=) 5

Theses parities are different, since I; —1, =£1. The radial functions f and g depend on «.
The factor | multiplying f and g is inserted to make f and g real for bound-state.

((Note))
WA= = (D) p,a(rt) = 4y, (r1)
Ve (—r,t) = (1) "y (r,t) = Fyrg (r1)
Thus we have
(=D =(=D""

Thus we get the relation

l,—1; =%1.
Table-1
K N I
1 1
K=—(J+5) IA:J_E l,=j+—
1 1
k=(j+— l,=j+— l,=j——
(J 2) A=113 s =175
Table-2
i1
2
k=1, l,=1, l; =0
K=-1, IA =0, IB =1



k=2, I, =2, l, =1
K=-2, l,=1, I, =2
5
173
k=3, =3, l, =2
K=-3, |, =2, l, =3

34. Expression of the two-component wave function

For a fixed x [=j+1/2, or -(j+1/2)] we assume that the wave function is given by

W:[V/AJ: f(r)ylj,;j3
ws ) Lig(ny"
This function satisfies the Dirac equation given by

C(a- plys =(E-V(N-—mc’)y,,

(- p)y,=(E-V(r)—mc*)y,

We note that

5:p==5( 1) p)
— S (enlrpo-(rxp)
:riz(a-r)(r-pﬂo--L)
=ri2(a-r)(—ihr§+ i L)

where

(6-r)o-r)=r"+ic-(rxr)=r’

pop O
P i or
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h h 0 1 0 1 P
1 i or r oo rsiné o¢

For two arbitrary vectors A and B,
(6-A)o-B)=(A-B)l+ic-(Ax B)
Then we get
(- pwg=i(e-p)f(NyL”

:LZ(O' : r)(—ihrg+ ig-L)f(r)y¥
r or 5

=(o-r)[- h—— flyhh
:_hﬂ yl':J'z _ (1 K)h fyj s
dr '
where
(6- Ly =h(x =Dy, (6 -F)yLh =yl

Similarly, we get
(6-py,=(o- p)gyll;;j3
= L2(0- : "')(_ii’-lri + io' . L)gyljvjs
r or A
=L o niir it g1yl
r dr

——{in i+ Digy

(x +Dh

=inh—= dg y,J b gy
dr 8
where
(6-L)y,=-n(x+y,, (o r)y’ b y’B’3

35. The operator (¢ -F)

(@ {P,Z-F}=0

115



with P=/fr

((Proof))

=pnX -r+2 -rfr
=pX -m+2 fir

=pY -m— X frr
:[ﬂaz]ﬁ
=0
or
(e -F)+(6-F)xr 0 B
0 —n(e-F)-n(c-F))
or

7(e-F)+(e-F)r=0
where, P = fz and ## + 7z =0. Thus we have
o -F is odd under the parity.
b) (o-F) =1

((Proof))

(6-F)o-F)=rF-F+ic-(Fxr)=1
©  [y0-#1=0

((Proof))

J, =L, +S; =L3+§a3

6-F=0,sinfcos¢g+0o,sinbdsing+ o, cos

Then we can evaluate the commutation relation
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[J3,0'-f']=[L3,0'-f]+§[0'3,0'-f]

[Ly,o-Fly = Li[(o-Py]—(a-F)Ly
= z%[(al sinfcos¢g+ o, sin@sing + o, cos Oy
I
—(o,sinfcosg+ o, sinfsing + o, cos@) L,y
h

=Tl//%(61 sinfcos¢@+ o, sinfsing + o, cos )
|

+ (o, sinfcosp+ o, sinfdsing + o, cos )Ly
—(o,sinfcosg+ o, sinfsing+ o, cosd)L,y
=—ihy(—o,sin@sing + o, sinfcos @)

or
[L,,6-F]=iho,sinfsing —iho, sinfcos¢

We also have

[20'3,0'-1?] 22[0'3,0'1 sinfcosg+ o, sinfsing + o, cosI]

:2[0'3,0'1]sin6?cos¢—g[az,og]sinﬁsin¢

=iho,sinfcosg—iho,sinfsing
Thus we have
[3,,0-#]=0

36.  Evaluation of (¢-7)y}" and (¢ -F)y"

(a)

[J5.6-Flylh =0
or
[\]3(0"’¢)Y|J-A’j3 = (0"’¢)‘J3Y|j,;j3 = j3(°"ﬁ)ylj,;j3

which means that (o - f)yle’“ is the eigenfunction of J; with the eigenvalue js.
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(b)

7oyt =~ Pyl = ()" o Pyt

A

~

w(o-FY =~ Dy’ = ()" (o Py"
leading to the relation
(- Ay =cylh . (oAt =cylb
where C is constants. We note that
(e -F)yLr =cle Pyt =yl =yl
since
(6-7) =1
Then we get ¢ =+1. Here we choose C = -1.
(- Ay ==y>, (e Ry =y

((Note)) In the non-relativistic quantum mechanics, it is well known that

7

I,m)=(-1)

l,m)

37. Radial wave function in hydrogen atom
Now we solve the Dirac equation as

(o pyy =(E-V(N-mc*)y,,

or

c(o- Py = —Ch(;—: yi" —w fyl i = (E -V (r)—mc*)gy/"
or

oS- UED ¢ - € —v(n-me)g
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Similarly,

¢ P, =(E -V (1) +me> )y,

or
nc 99, A o _v(ry+med) f
dr r
Introducing

F(r)=rf(r), G(r)=rg(r)

then we have a radial equations,

hc(%—f—%F):—(E _V(r)-mc))G

hc((jj—G+£G) —(E -V(r)+mc?)F
r r

We assume that V(r) is given by a Coulomb potential

2
V(r)=-2
r
We put
mc’> + E mc’> — E
al = , a2 =
fic fic
Ze’ a
= =Za, = oo r, — _2
V= P 1 “=\a

where « is the fine structure constant,

a=2=729735257 x 107, L 137.035999074(44).

fic a

Then we get the coupled equations we need to solve,
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(L-EF - (u-1)6 =0
o P P

(L4 56 (— +F =0
do p

The analysis of the radial equation proceeds as usual.

p—>o,
dF ey dG L
dp a,
d°F _ |, G _ Ja, |&
do* Vo, dp o\,
Similarly,
2
G _
dp
F=e", G=e"”

We assume that

F= e*ppSZampm

m=0
G=e’p°Y b,p"
m=0

We solve the problem using a series expension method. These series forms are
substituted into the coupled differential equation. We use the Mathematica to determine
the value of s and the recursion relation. The results are as follows.

38 Indicial equation to determine the value of s

(S_K)ao"‘?’bo =0
-8, +(s+x)b, =0

or
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s—x 7y &) (0
—y s+x)\b,) (0
Since ay and by are not zero (non-trivial solution), the determinant of the matrix should be
equal to zero.

Note that
s’ =x? -y’ >min(x’) -y’ =1-(Za)
So we get approximately S > 1, or s<-1. However, we must require that

.[|1//(r)|2 r’dr < oo

The requirement amounts to

Fn)f°
r2

J.|f(r)|2r2dr:.|‘ rzdr:I|F(r)|2der'|F(p)|2dp<w

2.2 _|G(r)|22 _ 24 2 o
'[|g(r)| r dr_J'—r2 r dr_'[|G(r)| dr~j|G(p)| dp <

Around the origin,

S

F=p°, Gzp

Then we have

2s+1

Y2
2s+1

[IFo)f do~[p*dp=

2s+1

2 N 2s _ P
[l do=[p*dp=T—

So in order to get the finite value of the probability near the origin, it is required that
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So we need to take

39.

= .1
S = KZ_}/2=\/(J+E)2_22(Z2

Mathematica (series expansion method)

Clear["Global *"];

* ¥ X S
eql =D[F[p], pl - —F[p] - [u— —] Glpl: eq2 =D[G[p], Pl + — G[p] - [— + —] Flpl;
P P P BEoP

rulel = {E‘ > |Exp[-2] &° iA[k] #k &J}; rule2 = {G 5 |Expr-#] & [iB[k] =* &]};
k=0 k=0

eqll = eql /. rulel /. rule2 // Expand; eq2l = eq2 /. rulel /. rule2 // Expand;
eql2 = eqll Explp] p'~5 // Simplify; eq22 = eq2l Exp[p] p1~5 // Simplify;

Determinastin of s

listl = Table[{n, Coefficient[eql2, p, nl}, {n, 0, 2}] // Simplify; listl // TableForm

g sA[O] -xA[0] +yB[0]
1 -AJ[0] +(l+s-x) A[1] -uB[0] +yBI[1]
2 -A[l] +(2+s-x) A[2] -uB[l] +y¥B[Z2]

list2 = Table[{n, Coefficient[eg22, p, n]}, {n, 0, 2}] // Simplify; list2 // TableForm

0 —YA[0]+ (s+x) B[O]
1 ~28  yA[1]-B[0] +B[1] +sB[1] +xB[1]

B “A[17+u (~yA[2]-B[1]+(2+s+x) B[2])
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Determination of recursion formula

g+3

rule3 = {E‘—» [Exp[—ﬂ] us Z Aln] un] &]}; ruled = {G—» [Exp[—tt] =" [ anl. B[n] u“] &]};

n=g-3 n=g-3

eqgl3 = eql /. rule3 /. ruled // Expand; eq23 = eq2 /. rule3 /. ruled4 // Expand;

eqld = eql3 Explp] p* %% // Simplify; eq24 = eq23 Explp] p* T° // Simplify;

list3 = Table[{n, Coefficient[egld, p, nl}, {n, 2, 4}] // Simplify; list3 // TableForm

2 ~A[-2+g]+(-l+g+s-K)A[-1+g] -uB[-2+g] +¥B[-1+qd]
3 ~A[-l+agl+(g+s-kx)A[g] -~uB[-1+qg] +¥B[d]
4 “Afgl + (l+g+=s-x)A[l+qg] —uB[g]l +y¥B[1+qg]

list4 = Table[{n, Coefficient[ eq24, p, nl}, {n, 2, 4}] // Expand; listd4 // TableForm

2 - _yA[-1+q]-B[-2+q]-B[-1+q] +qB[-1+q]
+sB[-1+gq] +xB[-1+q]

3 -*>%-yalql-Bl-1+q] +qBlal
+sB[g] +xB[q]

4 —n[ﬂ—q]—yj\[l+q] -Blg] +B[l+q] +gB[l+q] +sB[l+q] +xB[l+gq]

sql = Coefficient[eql2, p, 0]; sq2 = Coefficient[eq22, p, 0];

D[sql, A[0]] D[sql, B[O]] )
Ml'(ntsqz,awn Dlsq2, B[0]] | ' DM

= i

40.  Recirsion relation
(1) The second recursion relations

(s+1-x)a, —a,+ 0, - =0

(s+1+zc)b1—b0—yal—la0=0
y7;

(i1) The recursion relations (the general case)
(S+q_K)aq _aq—l +7bq _ﬂbq—l =0
1
(s+qg+x)b, —b, , —a, —;aq_l =0

The functions F and G would increase exponentially as p — oo if the power series do not

terminate. Assuming that the two series terminates with the same power, there must be
exist n; with the property. For q = n,, we assume that

a :br =0, a #0, b. #0

n, n,
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Then we get

From the recursion relation (in general)

(s+q-Kx)a, +b, =a,  +ub,

Ul(s+q+x)b, —ra,1=a, , +ud,

we get the relation

or

or

Hl(s+aq+x)b, —ra,]=(s+q-x)a, + 1,
[u(s+q+x)—ylb, =(S+q—Kx+uy)a,.

q ¥ 1
S+Q+x—— —(S+q-K)+y
HoH

for g =n,, Ny, ...,0.

41.

or

or

or

Derivation of the energy eigenvalue

From Egs.(1) and (2) with q=n_, we have

(D)

)

[u(s+n, +x)—yIb, =(s+n, —x+uy)a, =-u(s+n, —x+uy)b,

[u(s+n, +Kx)—y]=—p(s+Nn, —Kk+ uy)

— 2 —
s+nr:71 H :7/(0{1 a,)

2u 2\,
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2y, (s+n)=y(a; - a,)
Noting that
2E Jm’c* - E?
MmN NEm =T

we have the energy eigenvalue as

Jm’c* —E*(s+n,)=7E

or

mc? mc?

E: =

2 2 2
\/1+7/2 1+ Za
(nr+S) (n_J_;+\/(J+;)2_22a2)2

This is famous fine structure formula for the hydrogen atom. The quantum numbers j and
nr assume the values

35 ne=0,1,23,..
272

1
27

The principal quantum number n of the nonrelativistic theory of the hydrogen atom is
related to nr and j by

n:j+l+nr
2
n:
n.=0, :l
2
(=0, s=1/2) j=12 12815 K=-1
n=2
3
n=0, J=—
=3
(=1, s=1/2) =32 2Py K=-2
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o1
n=1, j=—
=3
(=0, s=1/2) j=12 2281 K=-1
(=1, s=1/2) j=12 2P, k=1
n=3
5
n=0, j=—
=3
(=2, s=1/2 j=5/2 3 2Ds)) K==3
.3
n=1, J=—
=3
(=1, s=1/2 j=32 3 2P3p) K=-2
(=2, s=1/2 j=32 3°Dsp) k=2
o1
n=2, | =—
=3
(=0, s=1/2 j=1/2 32S1) K=-1
(=1, s=1/2 j=1/2 32Pp) k=1
Table-2
-1
2
k=1, =1
Kk=-1, =
=3
2
k=2, =2
K=-2, =1
-3
2
k=3, | =3
K=-3, =2
Table 3 Notation in the nonrelativistic case
n=1
=0, s=1/2 j=12 1S,
n=2
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=0, s=1/2 j=12 228,

=1, s=1/2 j=32 2°Ps,
=1, s=1/2 j=12 2P,
n=3
=0, s=1/2 ji=12 378,
=1, s=1/2 j=31 3 %P3,
=1, s=1/2 j=12 3P,
=2, s=1/2 j=52 3?Ds
=2, s=1/2 j=312 32Dy,

42. Energy levels
The energy AE

2
mc
AE = —mc?

Za’

H 1 H 1 2 2 .,2\2
n—J]——+ +-) -7
(n=J-5 \/(J 5 a)

1+

can be expanded by using a Taylor expansion in a power of Z°a’.
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(IZOIOTOLOIOTOTOLOTOL)
(IZOIOTOLOIOTOTOLOTOL)

E =mc?
En (hydrogen atom)
E =—mc?

Fig.  The energy levels of electron in the hydrogen atom (in the relativistic quantum
mechanics)

Using the Mathematica, we have
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AE = E — mc?

2 20 _
:_mi(zaf+}m:wj+§ fm(Zaf+
2n 81+2j)n
mc’ mc” 1 3
=— Za) — Zo) (—— ) +...
2n2( ) 2n3( ) 4n)
J+5

The first tem is the non-relativistic limit

m 13.60572°
2

c?
Y (La) = [eV]

The second term is the relativistic correction to AE.

The principal quantum number nare n =1, 2, 3,4, ... and j+1/2<n. There is the
degeneracy between 2 %S, ans 2 *P.states (similarly 3 ’S, ans 3 2P1/2, 3 %Py, ans 3
’Ds,) persists in the eaxct solution to the Dirac equation. This degeneracy is lifted by the

Lamb shift due to the coupling of electron to the zero-point fluctuation of the radiation
field.
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\Y

5/
1.89 eV = 15,000 cm™!
’/

\

_— 2.5“2

3P3‘.|2

0.1082 cm™

-~ — )

2Py

0.3652 em™1

2Pz

0.0361 cm-!

3Dy,

3Dy

Fig.  Detail of an energy-level diagram for the hydrogen atom. The manifolds of the n
= 2 and n = 3 levels are shown, based on the Dirac theory, without radiative
corrections (Lamb shifts) or hyperfine splittings. The energy differences are given
in the units of cm™. 1eV = 8065.56 cm™. ((Merzbacher, Quantum Mechanics)

((Mathematica))

The energy is in the units of cm™; E(erg)/(2zhc).

1 eV =8065.56 cm™
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Clear["Global *"];

rulel = {c »2.99792x 10, > 1.054571628 107,
me » 9.10938215 107, eV » 1.602176487 x 1072,
a - 7.2973525376 x 107, Z » 1};

EO = - me c?;
1+

2
[nl -ji- %+\/ (j1+%)2 - 72 a2]

1leV
2nhAC

8065.56

//- rulel

Series[EO, {a, O, 4}] //
FullSimplify[#, {J1>0, nl1>0}] &
(c*meZ?) o® c?me (3+6j1-8nl) Z*a?
- 7 + - 2 + 0[]
2nl 8(1+2j31)nl
El[n , 3 ]1:=EO0/ (2mAc) /. {nl->n, jJl1->]3} //-rulel

E1[3, 5/2] -E1[3, 3/2]
0.0360719

E1[3, 3/2] -E1[3, 1/2]
0.108219

E1[2, 3/2] -E1[2, 1/ 2]
0.365241

E1[3, 1/2] -E1[2, 1
/2]

15241.6

43.  Wave function for the ground state
Suppose that n. = 0. Then we have
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a=b=0, a=#0, b, #0
From the recursion relation,

—a,—ub, =0
or

a, =— b, (D
From the indicial equation

-7, +(S+x)b, =0 (2)
Using these two equations, we have

a S+K

b, Y

-u<0

where
5= =7 <M
Then we have
s+x<0  and 0<s<[x]

or
K<-S<0

The absence of the x >0 state for n, = 0 corresponds to the familiar rule in relativistic
quantum mechanics.

Ground state:
o1
n=j+—+n,
2

withn=1.n,=0,j=1/2.
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with

2 2

E= me ___me =mc’V1-2%a? (ground state energy)

. Za’ \/ 1
+1—Zza2 1—220(2

a_ /mc2+E __1+\/1—Zza2 o2
b, H mc’ — E Za Za

Jaa, =+/(me? —E)(me? + E) =Vm’c* —E> =mc*(Za)

K:—(j+%):—l since j = 1/2.

S =\/K'2 -y =\/1—Zza2 zl—%Zzaz

Then the radial wave function of the ground state are given by

and

f(ry=a, —“sze‘p,oS
Yo,

=ay a6’ p*

1
——7%a?

=a,mc’(Za)e " p 2
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0(r) =b, Y= e
o,

_ -p o8-l
=b,{Ja,a,e’p

152 5
— b.mc2 —p 25
=b,mc”(Za)e’p
lZzafz

- _%aomcz(Zoz)ze‘”,o2

1
172,

——@a)AeTp

with

Za

A =a,(mc)Za, b, ==

The upper component f(r) is very similar to the non-relativistic wave function except for
Lz2,2

an enhanced (singular) part at small p which goes like p 2 . This singularity is very
weak, and the solution is still integrable near the origin. The lower component g(r) is

very much smaller (by a factor of %Za ) than the upper component. Thus the relativistic

solution differs from the non-relativistic solution only to the order of Za, or at very short
distances.

((Note)) The radial function for the ground state in the non-relativistic theory

22°7 -2 mc .
R =—37 ¢ :2(7)3/2(20!)3/2(3 g
with
rZ rZ _, mc
=—=—me =r(Za)—
n’ ( )h
where
2
a=—— (Bohr radius) ,
me
z_me,.
a h

134



44.  Heisenberg's principle of uncertainty
In the Dirac theory,

2

H =C0z-p+ﬁmC2—Zi
r

From the Heisenberg's equation of motion, we get the relations,

1
a=—v

C
SH +HpB =2mc’

When
mc® 1 e

23 <H >=2mc?, - R
B B E S =

The Heisenberg's principle of uncertainty:
Ap,Ar = h

((Special relativity))
p=ymv, E:;/mczzc\/Wer2

with

So we get the Hamiltonian

2
H zv-p+mczl—Zi

yoor
= ymv’ + me? L - ze
y oor

ze’
=Cyp’ +mict - —

r
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Note that

v-p+mczl=v-ymv+mcZl
v

e
2 2
mv [ v
= +mc?,[1-—
v? c
-7
c
. mc?
V2
-7
c

=m’c+cp

We now consider the Hamiltonian given by
2

H =c4/(Ap,)* + m’c? —276Apr

We take a derivative of H with respect to Ap,

0 CAp, zZe’
= — = O
a(Ap,) \/(Apr)z +m*c? h

Then we get

CAp, zZe’

\/(Apr)z +mic? K

or

(Ap,) (Za)

(Ap,)’ +m’c”
From this, (Ap, )’ can be obtained as

(o - 2

or
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mcZa

Ap, =———
1—(205)2

r

From the relation Ap,Ar =# we get

Arzi— £ ﬁl—(Za)zz 2

. mcZa mcZa

Then the local minimum of H is given by

H =mc*y1-(Za)’

which is exactly the same as the value of Egound 1n the relativistic theory.

45.  Determination of Cg (a4, by)
We derive the recursion relation for C4 fro the relation

(s+q-Kx)a, +b, =a, , +ub,

q y 1
S+q+x—— —(S+Q-x)+y
oM

From these equations we get

-+ 2s+q-1)
7,

C = C
; q(2s+0) o

where

For g =n,+1, C4=0. Then we have
1
y(u——)+2(s+n,)=0
Y7,

Finally we get the recursion formula,
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:2(s+q—l)—2(s+nr)c

! q(q +29)

:z(q_l_nr)c
q(q +2s)

C

q-1
q-1

Forg=1,

Cl — 2(_nr) CO?
1(1+ 2s)

Forgq=2,

_2d-n) C

7 2(2+2s)

_2(=n) 2(n) ~
2(2+2s) 1(1+2s) °

_fGD%&m—DC
2(1+28)(2+2s)

For g =3,

2(2-n,)
T A o &
3(3+2s)

_ 23 (_1)3 nr (nr _1)(nr B 2) C
T 3I(1+25)(2+25)(3+25)

In general

— 2k(_1)k[nr!/(nr _k)']
“TKI1+25)(2 +25)...(k +25)

where

q y 1
S+qQ+x—— —(S+Qq-x)+y
uoH
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APPENDIX-1
Commutation relations

0 1 0 —i 1 0
O, = ) o, =|. 5 O3 = >
1 0 10 0 -1
(1o
lo 1)

Using the Kronecker product, the matrices ¢,, «,, a;, and B are given by

0 0 0 1
0 010 0 o
a, =000 = =
01 00 o 0
1 0 00
0 —I
i 0 0 o,
a,=0,%0,= =
-1 0 0 o, 0
i 0 0 0
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S o o =
o |
—_

S = O O
(=]

T2 0 0 0

0 -1 0 O

. 0 o
o =y y = o 0
k

Val« = =V 4

{a,a;} =26;1,

{o, 81 =0, g =1

o = =25 = ~VsZy

[£,2,1=0

=7,

Vs =N12V3V4s

I, =y, (i, J, k: cyclic)
[75,241=0,

[75,]=0,

[74,2]=0
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[£,.2,]=2i%,, T2, =33 =%,

VRVNIESOIPNEDNYAIES AN

75,81 =0.

T T T
o ="7 V2 =V Vi =773
The helicity operator

2-p

(i, J, and k; cyclic)

Va

:}/4

For two arbitrary vectors A and B,

(6-A)6-B)=(A-B)l+i6-(AxB)

where
A=(A,A,,A) and B=(B,,B ,B,)
A L +Ea 0
J=L+-X=| 2 .
2 0 L+lg
2
((Mathematica))
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Clear["Global «"];

%

exp " :=exp /. {Complex[re , im ] :3 Complex[re, -im]};

cm_(o 1)_ _(0 —i)_oz_(l 0)_
*l1o)7%¥%\ 1 0/ %% 0 -1/’

I2 = IdentityMatrix[2]; I4 = IdentityMatrix[4];

al = KroneckerProduct[ox, ox]; a2 = KroneckerProduct[ox, oy];

a3 = KroneckerProduct[ox, oz]; B = KroneckerProduct|[oz, I2];

¥yl=z-a1f8.al // Simplify; y2=-1B.a2 // Simplify; ¥3 =-418.a3 // Simplify; y4 = B;
¥5 =yl.¥2.¥3.v4;

Z1 = KroneckerProduct[I2, ox]; I2 = KroneckerProduct[I2, oy]:
£3

KroneckerProduct[I2, oz];

zl // MatrixForm

(01 00
10
00
0 O

2 // MatrixForm

({0 -1 0 0
i 0 0 0
0 0 0 -2
V0 0 1 0

Z£3 // MatrixForm

(1 0 0 O
0 -10 0
0 0 1 0

V0 0 0 -1
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£1.51 // Simplify

‘:‘:11 O! O! O}; {O! 1; O! O}; i

Zl+ iy2.¥3 // Simplify

‘:{Or OI’ O! O}; ‘:O: O; O! 0}; i

£1.Z1 +E82.22 + E3.E3-314

:O! O! O! O}! O! OJ O! O}! {

£1.X2-22.Z1-21E3

:O! O! O! O}! O! OJ O! O}! {

al.Z1 -z1.al

‘:‘:Or O! O! O}: ‘:O: O; O; O}; i

al + 1yl.y4

‘:‘:Or O! O! O}; {O! O; O! O}; i

al + Z1.¥5

‘:{Or OI’ O! O}; ‘:O: O; O! 0}; i

al +y5. Z1

:O! O! O! O}! O! OJ O! O}! {

al.B+B.al

:O! O! O! O}! O! OJ O! O}! {
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O}! 1

O}! {

O}! {

0}, {

O}! 1

O}! 1

O}! {

O}! {

1})

0})

0})

0})

0})

0})

0})

0})

0})



B.Z1-%1.8
({0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}}

¥5 .21 -Z1.%¥5
‘:‘:O! O! O! O}! ‘:O: O! O! O}! ‘:O! O! O! O}! ‘:O! O! O! O}}
al .E1-Zl.al

{{o, o, 0, 0}, {0, 0, 0, O}, {0, O, O, O}, {0, O, O, O}}

¥5 .8+ f8.¥5

{{o, o, 0, 0}, {0, 0, 0, O}, {0, O, O, O}, {0, O, O, O}}

¥5.¥5
{{1, o0, 0, 0}, {0, 1, 0, 0}, {0, 0,1, O}, {0, 0, O, 1}}

al .a2 + a2.al
{{o0, o0, 0, 0}, {0, 0, O, 0}, {0, O, O, O}, {0, O, O, O}}

al .al
{{1, o0, 0, 0}, {0, 1, 0, 0}, {0, 0,1, O}, {0, 0, O, 1}}

y4.Z1 -Z1.vy4

{{o, o, 0, 0}, {0, 0, 0, O}, {0, O, O, O}, {0, O, O, O}}

yl.y¥2 +y2.v1
{{o0, o0, 0, 0}, {0, 0, O, 0}, {0, O, O, O}, {0, O, O, O}}

Transpose[yl] + ¥l
{{o, o, 0, 0}, {0, 0, 0, O}, {0, O, O, O}, {0, O, O, 0}}

¥5 .al -al.y5
{{o, o, 0, 0y, {0, 0, 0, 0}, {0, O, O, O}, {0, O, O, O}}

¥4 .yl +yl.y4d
{{o, 0, o, 0}, {0, 0, 0, O}, {0, 0, O, O}, {0, 0, O, O}}

APPENDIX II
Klein-Gordon equation

((Problem))
The relativistic wave equation for bosons of rest mass m may be obtained by the relation
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E2 :pZCZ +m2c4

through the identifications

.. 0
E—)lh—, —->-=V
ot P i

(a) Obtain the wave equation relevant to bosons of rest mass m. This equation is
called the Klein-Gordon equation.
(b) What form does this equation assume for photons?
(©) Suppose that the wavefunction is independent of time t. It depends only on r.
Using the spherical co-ordinates;{r,d,¢}, find the differential equation for the
-r/a
wavefunction w(r). Show that y(r) has the form of y(r)=A , where A and
r
a are constants. We assume that | = 0.
(d) Find the expression for the characteristic length a.
(e) Use this equation to show that there is a local conservation law of the form
ot
with
. h * *
J=—=W Vy—yVy ).
2mi
Determine the form of p(r,t). From this form for p, give an argument for why
the Klein-Gordon equation is not a good candidate for a one-particle relativistic
wave equation in plane of the Schrodinger equation, for which p =y
((Solution))
(a)

with

We start with

E’w =(p’c’ +m’ch)y,

E—)ihg, p—)EV
ot i

Then we have
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2

~n’ %1// =-n’c*’Vy+micly

or

, 1 62 m2c2

c? at2 h?

7% (Klein-Gordon equation)

(b) For photon, the mass m is equal to zero. Then we have the wave equation as

162
‘;72 2 é}tZ

(c) Suppose that the wavefunction is independent of time t. It depends only on r.

10 0 2c2
—_ ___r —
o (8 W (r) =
u
We assume that w=—.
r
(j 2 2

u(ry=" u(r)=ai2u(r).

Then we have the

-r/a

u=Ae
or

-r/a
w=Ae

(d)
a is the characteristic length and is defined by
a=—.

mc

(e) The current density is given by
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VAT

mi

V-j=%[v(w*w>—v(ww>
mi

=ﬁ(wj Vy+y Vi -VyVy —yViy')

=—(v/Vl// yWiy')
2mi

Using the equation of continuity, we have

op

o V.j=— (y'V?
o J 2m|(W w—yNVy')

We use the Klein-Gordon equation

1 0° m?c? . 182 v m?c?
VgV e v Vv sTat e
Then we get
op 1 62 mzc2 82 mzc2 .
ot 2m|[ c? at2 h? 2 W( 2at2 hz vl
_h - . 8 G
2mc? v atzw Watzw
0l Sy
2mc i ot l'// Watw
Thus we have
in « O

d
—chz(w P "”at"”)

Suppose that
. 0 .
—y =a+i
v SV B

where « and S are real. Then we have
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8 * -
v—y yij

Then we have

ihz[a+iﬂ—(a—iﬂ)]= L 2i,6’=—’3h2
2mc

2mc? mc

p:

When g >0, the probability density could be negative, which is inconsistent with the

requirement that p should be positive. In this sense, the Klein-Gordon equation is not a
good candidate for a one-particle relativistic wave equation in plane of the Schrodinger

equation, for which p =y 'y
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