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Here we show Mathematica programs for the calculations of Laplacian, gradient,
divergence, and rotation in the spherical co-ordinates and the cylindrical co-ordinates, as
well as the Cartesian co-ordinates. These programs are very useful for the discussions on
a variety of topics, such as the central field problem on the electron motion near a

hydrogen atom.

1. Gradient V

V@ (@; scalar) Nabra, gradient, del

The gradient ¢ is defined as

Vo= Xa—¢+ 96_(/)+ 26—(/) = 6(/)’ G(p’ 8(0); gradient of the scalar ¢
OX oy 0z OX oy oz
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2. Divergence

Now we define the divergence of the vector as



oF
v.p =, Ty OF
ox oy oz

(A) V-F isareal scalar.
(B)  Definition of solenoid

V-B=0. o B is said to be soloenoid.

3. VxF
We define the rotation of the vector as

W =VxF =

N
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4. Successive application of V
@ V-(Vo)
This is defined by a Laplacian,

o’p ¢ 0
ox- oy- oz

V-Vp=Vp=

The equation V¢ =0 is called as the Laplace equation.

(i) Vo is irrotational.

Vx(Vp)=0,
since
Xy 12
V><(V(p):2 9 2:0_
ox oy oz
o9 Op O¢
X oy oz



Thus V¢ is irrotational.

@iii)  (VxF) is solenoid.

J 0 0

OX OX OX
V-(VxF):@i % §=0

X Z

F F, F

(iv)  Formula
Vx(VxF)=V(V-F)-V°F.

((Proof))
We use the formula given by

Ax(BxC)=B(A-C)—(A-B)C.
with A=V, B=V, and C = F. Then we find
Vx(VxF)=V(V-F)-V°F.
((Example)) Calculations
If A=(x"y,~2xz,2yz),find Vx A, Vx(VxA), and Vx(Vx(V x A)).

We use the Mathematica.



Clear["Gobal ""'];
Needs["VectorAnalysis "]
SetCoordinates[Cartesian[Xx, Yy, z]];
Al = {xzy, -2xz, 2yz};

Curl [Al]

2x+2z, 0, X2_2z
{

Curl [Curl [Al]]
{0, 2+2x, 0}

Curl[Curl[Curl[Al]]]
{0, 0, 2}

5. Line and surface integral
We consider about the line integral

A F Q
dr
p
| = jA-dr,
PQ

where |d r| = ds and the tangential component is assumed to be Ag'
I = [Ads.
PQ

If the contour is closed, we can write down as



§A-dr.

In general the line integral depends on the choice of path. If F =V ¢ (¢ ; scalar)

of

I = [Fdr=[Vp-dr=pQ-o(P).
PQ PQ

This value does not depend on the path of integral.

6. Surface Integral
fi normal vector to the surface

da =nda. (da; area element)

Then the surface integral is defined by

J-F.dazj'Pnda.
S S



Fig.  Right-hand rule for the positive normal.

If F corresponds to the magnetic field; F = B,
o= I B-da isamagnetic flux through the area element S.
S

B
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7. Gauss's theorem

Here we define the volume integral as



[adz,

where ¢ 1is a scalar.

Q) Gauss's theorem

jv-Fdr=jF.da.
\% S

First we consider the physical interpretation of V-F . Suppose that F = J (current
density). The current coming out through ABCD is

A, dx)dydz .

Iy |
OX

dydz = (3, |, o +

x=dx

The current coming in through EFGH is equal to
‘Jx |x:0 dde .

Thus the net current through EFGH is equal to

A, dxdydz.
OX




Thus the net current along the X direction through this small region is

A, dxdydz .
OX

Similarly for the y and z components, we have the net current along the y-direction and z-
direction through the small region as

0J
Z dxdydz,
oz y

0J

—Y dxdydz ,

oy
respectively. Therefore the net current coming out through the volume element
dz = dxdydz can be expressed by

Y J-da=(V-J)dr.
Six
surface

Summing over all parallel-pipes, we find that J -da terms cancel out for all interior faces.
Only the contributions of the exterior surface survive.

D> J-da= ) (V-J)dr,

exterior volume
surface

or

jJ-da:jv-Jdr.
A V

(Gauss’ theorem)



(i)  Gauss' theorem
Let F be a continuous and differentiable vector throughtout a region V of the space. Then

jF.da=IF.nda=IV-Fdr,
S S v

where the surface integral is taken over the entire surface that encloses V.

((Example-1))
In the maxwell's equation, we have



where p is the charge density. From the Gauss's law, we have

JVEdr:jg%dr:_!Eda.

We assume that the volume V is formed of sphere with radius r. From the symmetry, E is
perpendicular to the sphere surfaces,

E=E.e

rer:

Thus we have
fﬁdr =_[Erer -da.
v €o s
Since Q =Ipdr, we get
\Y

c__0Q

" dme

(Coulomb's law)

((Example-2))
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V-E=0,
if p=0.

From the Gauss's law, we have

JVUBH=I§dT=O=£Ed&

Ein and E;, are the normal components of E; and E,. Then we have
(E,,—E,,)Aa=0.
Therefore we have the boundary condition for E as
E,.=E,,.
8. Green's theorem

[V 6~ g7 p)d = [V g - V) da.

((Proof)) In the Gauss's theorem, we put
A=yVg.

Then we have
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l,=[V-Adz=[V.-@V)dr = [(Vg)-da.

Noting that

V-V =yVgp+Vy -V,

we have
| =[@V¢+Vy Vo= [V9) da.
\ S
By replacing i <> ¢, we also have

= [@Vy +Ve-Vy)dr=[(#Vy) da.

Thus we find the Green's theorem

L =1, = [Vg-Vy)dr = [(We-Vy)-da.

9. Stokes' theorem

A
D 3 C
4 |dy 2
dx
A (X0, Yo) 1 B
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§F -dl = (circulation),,,,
:J'dex+J'Fydy—J‘deX_J‘Fde
1 2 ’ )

= [{F06 Yy) = Fo(%, Yy +dy)jx+ [ {F, (%, +dx, y) = F, (%, y) ydy

Note that

o))
T

2

Fx(xa yo + dy) - Fx(xa yo) :(

j dy
X05Yo

Fy(X0+dX7 y)_ Fy(xo’ y):( yj dX
X0 Yo

()]
>°<)"n

Then we have
N oF, oF,
(circulation),,,, = (T;_E)dXdy =(VxF),dxdy .

We can write down this as

D F-dl =(VxF)-e,dxdy =(VxF)-da,

Four
sides

where
da, =e,dxdy .

Imagine that paths 1 and 2 are expanded out until they coalesce with path C (or path 3).
Since the line integrals of F along the potions that 1 and 2 have in common will cancel
each other,

§F-d|
(3

=§F-dl+§F -di
1 2

=(VxF)-da,+(VxF)-da, = j(VxF)-da
1,2
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C

Now let the surface S be divided up into a large number N of elements.

[ JLILY

! Joh g )

The above idea is extended to arrive at

§F-d|=j(VxF)-da.

((Stoke's theorem))
Let S be a surface of any shape bounded by a closed curve C. If F is a vector, then

§F'd| :J'(VXF).dazj(VxF)-nda.
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10 Curvilinear co-ordinates
10.1  General definition
We consider that new co-ordinate (q;, qz, Q3) are related to (X, Y, z) through

X:X(q19q2:q3) ql :ql(xa yaz)
y =Y(q,,0,,0;) or 0, = 0,(X,Y,2)
z=12(0,,d,,9;) 0; = 0s(X,Y,2)
Since
or or or or
dr =—dqg, +—dgq, + =) —dq;,
oq, 00 * 5, 0 * 5, g Zaqj of
we have
or
ds’> =dr-dr —Z(T a—)dq dg; Zgideiqu' >
i i,]j
where

=ﬂﬂ=ﬁﬁ Y ﬂ o o (second rank tensor).
aqi aqj aql aqj aql aqj aql aqj

ij

We now consider the general coordinate system. The relation between the constants h;,
h,, and h; and the tensor g;; will be discussed later.

15



> C)

dr =dse, +ds,e, +ds,e,
=hdq,e, +h,dqg,e, +h,dg,e,

:Zhidqiei
ds? =dr-dr = > hh;dg,dg; (e, -e),
(]
or we have
i :hihj(ei -ei),

or

Then

0jj
0i0j

:(ei'ei)-

Now we limit ourselves to orthogonal co-ordinate system.

16



g; fori#j.
In order to simplify the notation, we use g, = h’, so that

s = 3 (hd, !

dr =dse, +ds,e, +ds,e,
=hda,e, +h,da,e, + h.dq,e,

:zhidqiei

Where ey, e,, and €3 are unit vectors which are perpendicular to each other.

1 or or
e1 =
h oq, s,
1 or or
e2 = =
h2 8q2 as2
_lor or

e, =——=—
h3 aq3 653
where

) or or

i gii - s
aq, aq;

or

2 2 2
h =0, = ﬂﬂ: ﬁ + ﬂ + ﬁ . (second rank tensor).
ag; oq aq; aq; aq;

The volume element for an orthogonal curvilinear coordinate system is given by
dVv =hdqe, - {(h,dg,e,) x(h,dg,e,)} = hh,h,dg,dqg,dq, .
10.2  Spherical coordinate
Q) Unit vectors
The position of a point P with Cartesian coordinates X, y, and Z may be expressed in

terms of I, 6, and ¢ of the spherical coordinates;

X =rsinfcosg, y = rsindsing, Z=rcosd,

17



or

r=rsinfcosge, +rsinfsinge, +rcosek,,

3 3
dr =) e;ds; = > e h,dg;.
j=1 j=1

18



or
dr=hedr+he,dod+he,dég= edr+re,dd+rsinte,dg,

r . . .
e, =6_:s,m¢9cos¢eX +sinfsinge, +cosék,,
r

e, =l§—; =cosfcosge, +cosfsinge, —sinck,,
r

1 or .
e, = rsin08_¢:_sm¢ex +cosge, .

This can be described using a matrix A as

e, e, sinfcos¢ sinfsing cosf | e,
e, |=Ale, |=|cosfcosg cosfsing —sind |e, |.
e, e, —sing cos¢ 0 e

z

. . . -1
or by using the inverse matrix A~ as

e, e, e, sinfcosg cosfcosg —singl e,

-1 T . . .
e, |=A"|e, |=A| e, |=|sinfsing cosfsing cosgp | €, |.
e, e, e, cosd —sin@ 0 e,

or
e, =sinfdcosge, +cosfcosge, —singe,,
e, =sinfsinge, +cosdsinge, +cosge,,
e, =costke, —sinée,.
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in the spherical coordinate systems.

(i) Vy
From the definition of Vi, we have

or,

where is a scalar function of r, €, and ¢.

@) V-A
When a vector A is defined by

A=Ae +Ag, +Ag,.

The divergence is given by

20



1 8 0
VoA A)+ S OWA) (A

[—(r sin6A,) +—(r sinGA,) +—¢(rA )]

2sin@ 0

or

0

V-A= —A
2ar( A rsmea¢ v
(iv) VxA
V x A is given by
he,  he, he, e re, Trsine,
vxao L |0 o o) 1 oo o
hhh,|or 06  ap| risin@lor 00 o
hA hA, hA, A A, rsindA,
(v) Laplacian
1 h,h, o o hh o h.h, 0
Vi = [—( V), O DoV, O A OV

h.hyh, or or’ 80 h, 80" o h, o¢

2 (rsin0 2y + 2 sing Yy + (L2
o sme or or’ 00 00" 04 sind og

l’

)

2
= [sind— 0 (r aW)+i(sin961//)+ .1 0 tg
o smt9 or or 06 060" sind 0¢

or

2
sz/=i2£(rza—w +—1 —(smﬁal//) ,12 81/;
r-or or’ r’sin@ o0 00 r’sin’ 6 o¢
1 1 oy
:—— +
ror T eae( ae) sin’ 0 0g°

We can rewrite the first term of the right hand side as

10 oy, 1a

r’ or or ( V),
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which can be useful in shortening calculations.

Note that we also use the expression for the operator

10 0 1 0
Ve (r* 2y + .
r? ar( ar) r’sind 06

1o, 1 1 6 . 0
= () +— —(sinfd—) +
Fal o) 7 ineaa S50

1 o
r’sin’ 6 0¢°

1 o
’sin® @ W

0
inf—)+
(sin 89)

}

11. Mathematica-1
We derive the above formula using the Mathematica.
We use the Spherical co-rdinate.

We need a Vector Analysis Package. We also need SetCordinatinates.In this
system the vector is expressed in terms of (Ar, A9, Ap)

Clear["Gobal "]; Gra := Grad[#, {r, 6, ¢}, "Spherical"] &;
Diva := Div[#, {r, 6, ¢}, "Spherical™] &;

Curla :=Curl[#, {r, 6, ¢}, "Spherical"] &;

Lap := Laplacian[#, {r, 6, ¢}, "Spherical"] &;

eql = Lap[y[r, 6, ¢]1]1 // Simplify
L (cscro124®02 [r, 0, 6] + Cot[6] ¥ OO [r, 6, 6] +

.
v r, 6, ¢ +2ry 00 r 0, 01 + 2y 200 (r, 6, ¢])

eq2 =Grafy[r, 6, ¢]]

(1,0,0) y 019 1r, 6,01 cscio] ¥V (r, 0, ¢]
{w (r, e, ¢, . , . }

22



A={Ar[r, e, ¢], Ae[r, 6, ¢], A¢[r, 6, ¢]};
eq3 = Curlaf[A] // Simplify
{% (Ao[r, 6, ¢] Cot[o] -

cscle] A% [r, 6, ¢] + A0 OV [r, 0, ¢]),

—% (Ap[r, 6, ¢] -Cscle] Ar %%V (r, e, ¢] +
rag™%r, 6, 01),
% (Aolr, €, 61 - Ar®20(r 6, 61+ rAe™®%(r, 6, ¢1)}

eq3 = Diva[A] // Simplify
% (2Ar[r, o, ¢] +
Ae(r, 6, ¢] Cot[e] +Cscle] Ap %%V [r, o, ¢] +
A6 %10 e e 61 v r Art00 ) o, d)])

12.  Quantum mechanical orbital angular momentum

The orbital angular momentum in the quantum mechanics is defined by
L=rxp=-ia(rxV),

using the expression

V=e £+e L0 ! 0

r 0T AT T
or roé rsiné o¢

in the spherical coordinate. Then we have

L:—ih(rxV)z—ihe,rx(er£+egli+e¢ 1 2
or roe rsind o¢
:ih(—egﬁi+e9‘Li
00 sinf 0¢

The angular momentum L,, Ly, and L, (Cartesian components) can be described by

23



L =iA[—(—singe, +cosge, )—+(cos€cos¢e +cos@singe, —since )—9%]

or

L, =iA(sin ¢i + cot € cos ¢i) ,
060 o¢
L, = ih(—cos¢a—ae + cot @sin ¢6%) ,

L, :—lhi

o¢

We define L; and L. as

L, =L +iL, = me"”(ui—cote—)
00 o¢

and

L =L, —iL, =—ine™(-i— 0 —cote—)
06 o¢

We note that the operator V can be expressed using the operator L as

voe O LIxL
or hr

The proof of this equation is given as follows.

(rxL) 0 1 @
=re, x(—€ ———)=r(e —),
i = o0 n08¢) ® sin08¢)
or
(r_><2L):legi+er 1 i:V—erg,
iar r " oe rsin@ o¢ or
or

24



voe 0 _irxL)
or hr?

From L’ =L +L,’+L,", wehave

2
L =-n[ _12 62+ _1 i(siné?i)],
sin"@ 0¢~ sinf 060 00

where the proof'is given by Mathematica. Using

we can also prove that

v ova+rdy =Lyl
o h
((Note))

1 1 0 0
Vet ea
1 1 0
e == (r*—
hr? r? ar( 8r)
1 10°

“ et e

13. Mathematica
((Arfken))

2.5.13 From Exercise 2.5.12 show that

. ] 3] C 0
—ilx——=y— | =—i—.
dy T ox Dy

This 1s the quantum mechanical operator corresponding to the z-component of orbital
angular momentum.

((Arfken))
2.5.14

With the quantum mechanical orbital angular momentum operator defined as L =
—i(r x V), show that

(0 d
L, +iL,=¢"%( — +icotd— ),
(a) +iLy=e (86+£C0 ag})

25



. (0 0
b)) Ly—iL,=—e " — —icotd— ).
: Y de

((Arfken))

2.5.15  Venfy that L x L = iL. m spherical polar coordinates. L. = —i(r x V), the quantum
mechanical orbital angular momentum operator.

Hint. Use spherical polar coordinates for L. but Cartesian components for the cross
product.

((Arfken))
2.5.16 (a) From Eq. (2.46) show that

~ 1 a _9
L=—f(r><V)=i(9 )

siné @ B ga@

(b) Resolving @ and ¢ into Cartesian components, determine L, Ly, and L; in terms
of A. ¢, and their derivatives.
(¢) From LZ= L:—; + L%, — L? show that

2 Loa (o0 1 9?
=—— |(sin — s
s @ 96 a0 sin~ @ dg-

=—r-v- r .
or ar
((Arfken))
2517  With L =—ir x V, verity the operator identities
L0 rxL
(a) V=r——i———,
ar re

> (-j
b) rv? —V(l —I—ra—) —iV xL.
r

((Arfken))

2518  Show that the following three forms (spherical coordinates) of V21 (r) are equivalent:

; X . 2 g2 -
@ 1 d [rszf(f)} (b)% d d ’*l’f” L 249 ()

r2dr dar drz[rij;(r)]: ©) dr? roodr

((Mathematica))
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Vector analysis
Angular momentum in the spherical coordinates
Here we use the angular momentum operatior in the unit of #=1

Clear["Global ""]; ux = {Sin[6] Cos[¢], Cos[e] Cos[¢], -Sin[¢]};
uy = {Sin[e] Sin[¢], Cos[6] Sin[¢], Cos[¢]};

uz = {Cos[6], -Sin[6], O}; ur= {1, 0, 0};

Lap := Laplacian[#, {r, 6, ¢}, "Spherical™] &;

Gra :=Grad[#, {r, 6, ¢}, "Spherical™] &;

Diva :=Div[#, {r, 6, ¢}, "Spherical™] &;

Curla:=Curl[#, {r, 6, ¢}, "Spherical™] &;

L:= (-2 (Cross[(ur r), Gra[#]]) &) // Simplify;
Lx z= (ux.L[#] &) // Simplify; Ly = (uy.L[#] &) // Simplify;
Lz = (uz.L[#] &) // Simplify;

Arfken2.5 .16 (a)

-1 8 .8
L=—r'trxV}=f'(H )

sm6dp  Ca0

L{¥[r, 6, 1] // Simplify

{0, icscle] y @™V (r, e, ¢], -1y ™% (r, o, ¢]}
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Arfken 2.5.14, 2.5.16(b)

‘ W
L.X+rL},me“ﬂ(£+tcot9@)-

Lx[¢[r, 6, ¢]] // FullSimplify

i (Cos[¢] Cotlo] ¥ @Y [r, 6, ¢] +Sin(e) ¢y ®"V[r, 0, ¢])
Lx[¥[r, 6, ¢]1] +dLy[¥[r, 6, ¢1] // Simplify

(Cos[¢] +iSin[¢]) (iCot[e] y' ™™V (r, 6, ¢)+y' >t (r, 0, ¢])
Lx[¢[r, 6, ¢1] -dLy[¥[r, 6, ¢1]1 // TrigToExp // FullSimplify
(i Cos[@] +Sin[¢]) (Cot[o] ¢ "V (r, 0, 6] +iy >tV (r, 0, ¢])
Lz[¢[r, 6, ¢1] // Simplify

-1y @Y r, e, ¢]

Arfkem 2.5 .15 LxL=I/L

28



Lx[Ly[¥[r, &6, ¢]11]1 - Ly[Lx[¥[r, 6, ¢]1]]1 -dLz[¢[r, 6, ¢1] //
Simplify
0

Arfken 2.5.16(c)

1 af. @ 1 ot
L =————|sm#- —-——
s dd il s~ & dg=

NP B
=—:"V"+,—(r"—),
dr dr

eql = LX[Lx[¥[r, 6, ¢]11] +Ly[Ly[¥[r, 6, ¢]11] + Lz[Lz[¥[r, 6, ¢11] //
Expand // FullSimplify

-Csc(012y' %% [r, 0, ¢] - Cot[e] y OO [r, 0, ¢] -y @20 [r, 6, 9]
eq2 = - r’Lap[¥[r, e, ¢]1] + D[r*D[¥[r, 6, ¢, r], r] // Simplify
-Csc[e]?y %% [r, 0, ¢] - Cot[e] ¥V [r, 0, ¢] -y 2% (r, 6, ¢]
eql -eq2 // Simplify

0

.0 rxL
Arfken 2.5.17(a) V = ra— —1i .
’

r2
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1
eg3 =urD[y[r, e, ¢], r] -iCross|—ur, L[¥[r, 6, d>]]] // Simplify
r

¥ % (r,e,9] Cscle] ¥y >V [r, 6, ¢] !

(1,0,0)
{629 1r e, 91, . : =

eqd = Gra[y[r, e, ¢]1]

y®L0 v 0, ¢] Cscle] ¥ %V [r, o, ¢] !

(1,0,0
{6®201r, 6, 91, . : .

eq3 -eq4 // Simplify

{0, 0, 0}

" R
Arfken 2.5.17 (b) TV~ — V(l + rar) =iV x L.

eqs =urrlLap[y[r, 6, ¢]1] // Simplify

{% (Cscle1?y % [r, 0, ¢] + Cot[e] ¥ "% [r, 6, ¢] +

$ 020 (g 414 2r B0 r 6, 6]+ r2 200 (v, 0, ] ), 0, O}

eq6 = Gra[y[r, 6, ¢]1 +rD[¥[r, 6, ¢1, r1]1 // Simplify
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{2 g0 e 6 0] +ru@%0 ) 6, 6],
y @19 1r, 9, ¢
-

csclo] (¢*%Pir, e, ¢l +ry™%Yr, 6, ¢]) )
r

B0 e e, 91,

eq7 =i Curla[L[y[r, 6, ¢]1] // Simplify

{1
-
(Csc(e1?4'%%? [r, 6, ¢] + Cot[e] ¥ *+V (r, 6, 0] +y >V [r, 6, ¢]),
YOt r, 0,01 s ryttOr, 6, ¢
r ?
Cscie] (%Y (r, e, ¢] +ry*OYr, 6, ¢]) )
r

seql =eg5-eqb6 -eq7 // Simplify
{0, 0, 0}

The form of V2y(r) can be expressed by

-
r=dr dr dr= rodr

i 2 2 (r 2 dir(r
Arfken 2.5.18 (a) L;_"[;.zdu.m ::|: (b}l%[n&“_]]__ © d=r(r) + :eh_m}.
roar=

eq8 = Lap[x[r]] // FullSimplify

2 X [r]

+x'Tr
- x [r]

1
eq9 = — D[r?D[x[r], r], r] // FullSimplify
r

14. Radial momentum operator in the quantum mechanics

(a) In classical mechanics, the radial momentum of the radius r is defined by
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1
prc :_(r' p)
r

(b) In quantum mechanics, this definition becomes ambiguous since the component
of p and r do not commute. Since pr should be Hermitian operator, we need to
define as the radial momentum of the radius r is defined by

1 r r
= —(— - + c—).
Prq 2(r p+p r)

This symmetric expression is indeed the canonical conjugate of 1.
h
prqr - rprq = |_ .
Note that

Pry = () = (i) -

((Mathematica))
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Clear["Global "]; ur = {1, 0, 0};
Gra :=Grad[#, {r, 6, ¢}, "Spherical™] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical™] &;

h
prc := (7 ur.Gral#] &);
1
prefy(r, 6, ¢]]
~iny STV, 6, ¢]

-ih -ih
prq = (T ur .Gra[#] +

Dival[# ur]) &;

pra[¥[r, e, ¢11 // Simplify

in(yr,o, ol +ryt01r, 0, ¢7)
r

Commutation relation
pra[ry[r, 6, ¢]1 -rprq[y[r, 6, ¢]]1 // Simplify
-1hy[r, 6, ¢]

15. Expression of the Laplacian in the spherical coordinate

Here we redefine p,q simplily as
1 r r
pp==(-p+p--).
2r r

We show that
L2
2
- h2V2 = pr = F N
by using the Mathematica. The total Hamiltonian H can be expressed by
2

H=—2p +V(r)=——V " +V(r)=— + +V(r).
o p (r) o (r) om P, e (r)

The effective potential V() is defined as
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hZ
2mr?

Vg () =V(r)+ I(1+1).

((Mathematica)) Spherical coordinate

Clear["Global "]; Clear[r]
ux = {Sin[e] Cos[¢], Cos[e] Cos[d], -SIin[¢]};
uy = {Sin[e] Sin[¢], Cos[6] Sin[¢], Cos[¢]};
uz = {Cos[e], -Sin[e], 0}; ur = {1, 0, 0};
L :=
(-1 h
(Cross[(ur r), Grad[#, {r, 6, ¢},
"Spherical™]]) &) // Simplify;
LX = (UuX.L[#]) &; Ly -= (uy.L[#]) &;
Lz = (uz.L[#]) &;
Lap := Laplacian[#, {r, 6, ¢}, "Spherical™] &;
Gra:=Grad[#, {r, 6, ¢}, "Spherical"] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical™] &;
Cur :=Curl[#, {r, 6, ¢}, "Spherical"] &;

prq -=
(—J’lh

{1, 0, O}.Gra[#] -

1ih
7 Diva[# {1, 0, 0}] &);
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pra[x[r, e, ¢11 // Simplify

in(xir,o, o] +rxH%9(r, 0, ¢])
r

eql = Nest[prq, x[r, 6, ¢], 2] // Simplify;
eq2 =
1
- (LX[LX[x[r, ©, 111 +LY[Ly[x[r, &, ¢]11] +
r

Lz[Lz[x[r, 6, ¢]1]1]) // FullSimplify;
eql2 =eql +eqg2 // Simplify

1
- n? (Cscle]® x %02 |

r

r,o, ¢] +

cotio] x % r, 6, 01+ x**%(r, 6, ¢ +
2r xH0r, 6, 01+ x*%% r, 6, 91)

eq3 = -k’ Lap[x[r, 6, ¢]1] // Simplify

1
-5 n* (Cscle1? x %2 |
-

r,o, ¢] +

cot[e] x%+%r, 0, ¢] + x02V[r, 0, ¢] +
2r xH0r, 6, 01+ x*%% (r, 6, 91)

eql2 - eq3 // FullSimplify

0

16 Cylindrical coordinates

The position of a point in space P having Cartesian coordinates X, y, and z may be
expressed in terms of cylindrical co-ordinates

X=pcos¢, Y=psing, Z=1.
The position vector r is written as

r=pcosge, + psinge, +ze,,
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3
dr=>ehdg, =e, dp+e,odg+e,dz,
j=1

where
h = =1
h,=h,=p
h,=h =1

The unit vectors are written as

1 or or .
e, =———=——=cos¢e, +singe
" h,op op y
e¢:iﬂ:lﬂ:—sin¢ex+cos¢ey

h, 04 p o

_lor_or_

e, = =—-=e¢,
h, o0z oz

The above expression can be described using a matrix A as

e, e, cos¢g sing 0) e,
e, |=Ale, |=|—sing cosg 0|e, |
e, e, 0 0 1),

or by using the inverse matrix A" as
e, e, e, cos¢ —sing Ol'e,
e, |=A"e, |[=AT|e, [=|sing cosg O0]e,
e e e, 0 0 1)e,
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17.  Differential operations in the cylindrical coordinate
The differential operations involving V are as follows.

7

1
Vy=e +te,——+e,—,
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1 0 1 0 0

VV=-—(@pV)+—V,+—V,,
e, e, ¢,
VI -l
plop 04 oz
vV, pV, V,

_ 1o oy 1y dy

Viy =— + +—.
Voo P s o

where V is a vector and i/ is a scalar.
18 Mathematica for the cylindrical coordinate

Vector analysis
Angular momentum in the cylindrical coordinates
Here we use the angular momentum operatior in the unit of #=1

Clear["Global "]; r1 = z%+p% ; ux = {Cos[¢], -Sin[é], 0}
uy = { Sin[¢], Cos[¢], 0}; uz={0, 0, 1}; r = {p, O, Z};

1
ur = —1 {p, 0, z}; Gra :=Grad[#, {p, ¢, 2}, "Cylindrical"] &;
r

Lap := Laplacian[#, {po, ¢, 2z}, "Cylindrical™] &;
Curla :=Curl[#, {p0, ¢, 2z}, "Cylindrical™] &;
Diva :=Div[#, {p, ¢, 2z}, "Cylindrical™] &;

Vector analysis in the cylindrical coordinate

eql = Lap[¥[p, ¢, z]] // Simplify

(0,2,0)
p,¢,z]+df [102,<Z>,Z]+
0

w(O,O,Z) [

v %10, ¢, 2]
o)

Y000, g, 2]

eq2 =Gra[y[p, ¢, z]1] // Simplify

(0,1,0)
v [5, b, Z] . w<0,0,1>[

[ (0, 0, 21, 0. 0, 21}
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B={Bolp, ¢, z], Bé[p, ¢, z], Bz[p, ¢, Z]};
eq3 = Curla[B] // Simplify

Bz®*% [p, ¢, z]
0
Bo %Y (p, ¢, 2] -BzH*V [p, ¢, z],
Bolo, ¢, 2] -Bp @10 (p, ¢, 2] +pBp1%0[p, ¢, 2] }
0

{—B<z><°-°'“ (0. b, 2] +

eq4 = Diva[B] // Simplify

Bolp, ¢, 2] +Bp @10 [p, ¢, z]
0

BZ(O!Osl) [p, d)’ Z] + + BD<1'O’O) [ps ¢1 Z]

Angular momentum in the cylindrical coordinate

L:= (-1Cross[r, Gra[#]]) &; Lx -= (ux.L[#] &) // Simplify;
Ly := (uy.-L[#] &) // Simplify;
Lz = (uz.L[#] &) // Simplify;

Ll¥[p, ¢, z]1 // Simplify

0.1.0) 15, ¢, z]

{]'IZW<
O
i (0% 0, 6,21 -2y (0, ¢, 2]), -1 0 [0, ¢, 21}
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Lx[¥[p, ¢, z1] // FullSimplify

i [-pSin[¢] ¢ @Y (p, ¢, 2] +

zCos[¢] ¥%1:9 [p, ¢, z]
o)

+zSin[¢] yH2% (o, ¢, 2]

Ly[¥[p, ¢, z1] // FullSimplify

i|pCosip] @OV p, ¢, z] +

zSin[¢] ¥y @10 o, ¢, 2]
o)

~zCos[p] y 0V [p, ¢, Z]

Lx[¥[p, ¢, z]1] +2 LYy [¥[p, &, z]] // FullSimplify

el® <_02 w(0,0,l) [0, ¢, Z] +JiZZ/f(0’1’O> [0, ¢, Z] +pr(l,0,0) (o0, &, Z]>

0
Lx[¥[p, ¢, 2]] -2 Ly[¥[p, ¢, 2]] // FullSimplify

et (Y0 p, ¢, 2] +izy @t [p, ¢, 2] ~2p Y00 [p, ¢, 2]
0O

Lz[¥[p, ¢. 211 // Simplify

_j]- LU(O’:L’O) [D) Cb’ Z]
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The commutation of the angular momentum in the cylindrical coordinate

eqd = Lx[Ly[¥[p, ¢, 2]1]] - LY[LX[¥[p, ¢, 2]1]] -2 LZ[¥[p, &, 2]] //
Simplify

0]

L2 in the cylindrical coordinate

eq6 = LX[Lx[¥[p, ¢, z]1]]1 + LY[LY[¥[p, ¢, Z]1]] +
Lz[ Lz[¥[p, ¢, 2z]11] // FullSimplify

2zy %Yo, ¢, 2] +

% (-0* ¥ %2 [0, ¢, 2] - (22 +0°) ¥ %V [0, ¢, 2] +

o ((—22 +02) y 00 (o, ¢, 2] +
zp (200" [0, ¢, 2] -zy?*%V [p, ¢, 2])))

Schrodionger equation with a speific wavefunction in the cylindrical coorrdinate
H1l = x[p] Exp[i kz z] Exp[i m ¢] ;
-1 } )
(2— Lap[H1] + V[p] Hl) // Simplify
u

e! }znd ((m? + k2% p* + 2P Vip]) xlp) - p (X [0] +0 X" [0]))
2 up?

19. Expression of the Laplacian in the cylindrical coordinate

Here we redefine p,q simply as
1r r
= —(— - + PRp— ,
P, 5 ( p p+p r)
with the commutation relation

[r.p,]=in,

where

r=+p>+12°, r=pe,+ze,.

We show that
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L2

2

_h2v2 — pr2 +

by using the Mathematica.

((Mathematica))

Clear["Global "]; r1 =+ z? +p% ; ux = {Cos[¢], -Sin[¢], O};
1
uy = { Sin[¢], Cos[¢], O}; uz={0, 0, 1}; r={p, 0, Z}; ur = = {p, 0, z};

Gra := Grad[#, {p, ¢, 2}, "Cylindrical™] &;

Lap := Laplacian[#, {p, ¢, 2z}, "Cylindrical"] &;
Curla :=Curl[#, {p, ¢, 2z}, "Cylindrical™] &;
Diva :=Div[#, {p, ¢, 2}, "Cylindrical™] &;

Angular momentum in the cylindrical coordinate

L:= (-1aCross[r, Gra[#]]) &; Lx z= (ux.L[#] &) // Simplify;
Ly := (uy.L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;

The linear momentum in the cylindrical coordinate

-1 h

1h
prqg := ( ur.Gral[#] - > Diva[# ur] &];
pralx[e, ¢, z]] // Simplify

-0V 10, ¢, 2] +pxH"V[p, ¢, 2])

\Z2 + p?

Commutation relation in the cylindrical coordinate

_in(x[e, ¢, 2] +zx'

riprqlxie, ¢, z]1- pralrlx[e, ¢, z]1// Simplify

i1hx[o, ¢, Z]

Proof of
2
WPVP=p 2+ 5
.

eql = Nest[prq, x[p, ¢, z], 2] // Simplify

1
-1 (22 %% [0, 9, 2] + 2% X'
Z°+ P

¢ 0, ¢, 2] +

o (2xH0% (0, 0, 21 422 XMV 0, ¢, 2] + 0 X%V [0, ¢, 2]))

eq20 = (Lx[Lx[x[p, ¢, z]]] +Ly[Ly[x[p, ¢, Z]]] +Lz[LZ[x[p, ¢, Z]11) //

FullSimplify;
eq20 _ B
eqg2 = 12 // Simplify
r
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551 (220" x %%V [0, 0, 2) + 22 X%V [p, 9, 2] +

3 (0,0,2) [

o (0% x 1,000

0, &, 2] +2° X! 0, 0,21 +p (x%*% [0, ¢, 2] -

o (xT00 0, ¢, 21 +22x OV [0, ¢, 21) + 22 X200 p, ¢, 2])))

eql2 =eql +eqg2 // FullSimplify

1
7? hz (X(O,Z,()) [Dv <D1 Z] +

o (x*0% 10, 0,21+ 0 (X@%P (0, 6, 21 + X2V [0, ¢, 21)))
L2 in the cylindrical coordinate

eq3 =-n’Lap[x[p, ¢, z1] // Expand // FullSimplify

1
_—zhz
0

(0,2,0) [

(x o, b, 2] +

o (xT%% 0, 0,21 +0 (x@%? (0. ¢, 2] + x**V [0, ¢, 2])))

eql2 - eq3 // Simplify
0

19 Jacobian

o(X, Y,z
dV = dxdydz = a(c(]Ti’qz)dqldqzd% _ hh,h,dg,da,dg,

Jacobian determinant is defined as;

OX OX OX

oq, 4q, 0q,
dy) |y oy

o(0,,9,,0;) |0q, &d, 4q,|
0z 0z oz

aq, aq, g

(@) Spherical coordinate

hh,h,dg,dg,da, = hh,h,drdédg = r* sin Adrd &d g .
(b)  Cylindrical co-ordinate

hh,h,dg,dqg,dg, = h h,h,dpd¢gdz = pdpdgdz .
((Mathematica))
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This is the program to determine the Jacobian determinant.

JacobianDeterminant[pt, coordsys]:

to give the determinant of the Jacobian matrix of the transformation
from the coordinate system coordinate system to the Cartesian
coordinate system at the point pt.

Clear["Gobal "]
Jacobian determinant for transformation from cylindrical to Cartesian coordinates:
Jjdet = JacobianDeterminant[{p, ¢, z}, Cylindrical]
O
Jacobian determinant for transformation from cylindrical to Spherical coordinates:
jdet = JacobianDeterminant[{r, 6, ¢}, Spherical]

r’Sin[o]

APPENDIX

Formula
X =rsinfcosg + 0 cosf cosg — @sing,
y =rsinfsing + 0 cosé sing + @ cos ¢,
Z=rcost —6@smb.
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