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Here we discuss the expressions of radial momentum in the quantum mechanics in the
spherical coordinate and cylindrical coordinate. The obvious candidate for the radial
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momentum is pr:ﬂ-p, where ﬂ is the unit vector in the radial direction.
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Unfortunately, this operator is nor Hermitian. So it is not observable. We newly define
the symmetric operator given by
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as the radial momentum. This operator is Hermitian.
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1. Definition Angular momentum
L=Fxp,
[2=L-L=(Fxp)-(Fx p)=F2p*—(F- p)> +in(F- p). (1)

The proof of this is straightforward:
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Then we get
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Then we have
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Here we note that



(r[p. 1) = —hz(%+%§)y/(r) . (which will be discussed later)

where P, is the radial momentum in quantum mechanics. Then we get the expression
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(notation of the differential operator)

The Hamiltonian of the system is given by

or

Hy(r) = [i b7+ L2 +V (N]y(r)
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The first term is the kinetic energy concerned with the radial momentum. The second
term is the rotational energy. The third one is the potential energy.
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Using this relation (r -V, )w(r) = r%y/(r) twice, we get

(rle- B)lw)= ( j (r-v,)r-v )w(r)——thaira—w(r)

(iii) Then we get the final form as
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((Mathematica))

Proof of



iz[z(r-V)z(l‘-V)l//(r) - ihiﬁ(r Vy ()]

o?
(— F&)‘//(r)

by using Mathematica.

Clear["Global "]; ur = {1, 0, 0};
Gra :=Grad[#, {r, 6, ¢}, "Spherical™] &;

h
OP = — r (ur.Gra[#]) &;
1

1
eql = — (Nest[OP, y[r, 6, ¢], 2] -1 OP[¥[r, 6, ¢1]1) //
r

Simplify
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2. Proof of L2 =2p?—(F- p)®+inf- p (Sakurai)
The proof of the formula

* = 72p° (7 ) +ini - P,
is given by Sakurai (Quantum mechanics) as follows.
K =Z(fx p)i (F < p);
- zzgljkx pk Zgllmxl pm
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We use the identity
Zgijkgilm =010im = OjnOy -

Then we get
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Using the commutation relation
[X;, P ]=i115,,
we have
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Then we obtain

L* =F2p* - (F- p)* +inf- p.

3. Definition of the radial momentum operator in the quantum mechanics
€)) In classical mechanics, the radial momentum of the radius r is defined by
1
Pe ==(r-p).
r
(b) In quantum mechanics, this definition becomes ambiguous since the component

of p and r do not commute. Since pr should be Hermitian operator, we need to
define as the radial momentum of the radius r is defined by
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Note that
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((Proof))
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or simply, we get
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((Mathematica))
Proof



e, -V(r)=—uw(r), || y(r)]= ( Ir)!//(F)-

by using Mathematica

Clear["Global *"];ur = {1, 0, 0};
Gra:=Grad[#, {r, 6, ¢}, "Spherical"] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical"] &;

ur.Graly[r, 6, ¢]1] // Simplify

y B0 0r, 6, ¢]

Divalury[r, 6, ¢1] // Simplify

2Yy[r, ©, ¢]
r

w00 e, 0]

(© The commutation relation:

[B.JF1="1.
or

B|f| —|F| P, = ?i. (Commutation relation)
((Proof))

(r|CB[F=[F[B)w) = (r [P [Fly)—(r[F[B)w)
= [{r[B]r)dr (rfFly)-r(rlply)
_Elirj‘&(r r)dr'ri(r |w>—rﬁ——[r<| )
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or simply, we get
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((Mathematica))

. . Alal |aa  Bn. . . .
Commutation relation f,|f|—|f|p, =—1 in the spherical coordinate (Mathematica)

Clear["Global "]; ur = {1, 0, 0};
Gra :=Grad[#, {r, 6, ¢}, "Spherical™] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical™] &;

h
prc := (7 ur.Gral[#] &) ;
1
prefy[r, 6, ¢]1]
~inyt%r, 0, ¢]

-ih -ih
prq := (T ur .Graf[#] +

Diva[# ur]) &;

praq[y([r, 6, ¢1] // Simplify

in(yir,o, ¢l +ryt%0r, o, ¢)
r

Commutation relation

pra[ry¢[r, e, ¢1]1 -rprq[y[r, 6, ¢1] // Simplify
-i1hylr, 6, ¢]

4. In-coming and out-going spherical waves
The wave function of the spherical wave is given by
eiikr
r )

p(r)=
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with the incoming spherical wave (-), and outgoing wave (+). Here we show that

h 1 a eiikl’

=—=—_(r
Py irar( r

hl 0, i
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eJ,rikr

)

=thk

r
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where w(r) is the eigenket of the radial momentum pr with the eigenvalue + 7k

((Mathematica))
Al
Clear["Global #"]; pr := — = D[r #, r] &;
ir
Exp[iKkr Exp[-1KTr
vl = p[a ];zl/2= pl[-1 ];
r r

pr[yl] // Simplify

eJikl’ k A

—

Nest[pr, ¥1, 2] // Simplify

e]i.kr k2h2
r

pr[y2] // Simplify

(ef]'lkr kﬁ
r

Nest[pr, ¥2, 2] // Simplify

e—]lkr k2 hZ
r
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5. Hermitian operator
- ., 0 1 .10
r = () (—+)w(r) = (=) =—rw(r).
(r[Bfw)=( )(ar+r)l//() ( )rar y(r)

We show that p, is a Hermitian operator.

From the definition of the Hermite conjugate operator, we have in general,
<l//1|f)r|l//2>* = <l//2|ﬁr+|l//1>'

When p, = p,” (Hermitian), we get the relation

<l//1|ﬁr|l//2>* = <l//2|ﬁr|l//1> .
((Proof))

(wi|Be|w2) = Idr<t//1|r><r|ﬁr|l//2>
= Idgjrzdr<://1|r><r|ﬁr|l//z>
- [aofriary; (01 2-Sry, ()]
= Jaofarry, ) Liry. (o)

- _?J'dg'[drr y/z(r)g[r%*(r)]

(alplve) =2 faofdrey, () S Iry(n)]
=2 [dofridry, ()2 [rys(n)]
= <l//2 | fjr|lr//1>

where Qis an solid angle. dQ =sin@d@¢. dr = r?dQ.

6. The angular momentum in the position space
Here we note that in quantum mechanics, we have
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(r[Cly) = {rff Bl = P v,

and
(|2 =r2(r[p°lw)—r*(r|p,|w
(r[]w) = r*(r[B%w) - r*(r|B,|w)
2
_ rZ[—hZV%z/(r)]—rZ(?j 10,100, m
i) ror ror
62
RV ) 0 )
or

(r[Cly) = Ly (1) = A eV () 17y (1)

For simplicity, here, we use the differential operator for the angular momentum such that

Lw(r)=?rxVW(r),

Ly (r) = (r|Cy) = B’[-r*Vp(r) + r%[ry/(r)] .

7. Angular momentum in the spherical coordinates
In the spherical coordinate, the unit vectors are given by
e = o _ar_ sin@cosge, +sindsinge, +cosee,
os, or
or 1or . .
=—=——=C0SHCcos¢e, +cosdsinge —sinée,,
[ asg r 80 @x @y z
or 1 or .
e, =—= — =-singe, +cos¢e,,
* s, rsingog e %y
where
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ds, =dr, ds,=rd@, ds,=rsinélg.

r

The gradient operator can be written as

0 0 0
V=e_—+€_—+€,_——

0S, 0s, s,

0 10 1 0

=e,—+€,-—+¢€

“or °rod rsindog

where
r=rsingcosge, +rsindsinge, +rcosee,,
or
e, e, singdcosg sindsing cosé \ e,
e, |=Ae, |=|cosdcosg cosdsing -—sind|e, |,
e, e, —-sing CoS¢ 0 e,
or
e, e, singcosg cos@dcosg -—sing)e,
T - - -
e, |=A|e, |=|singsing cosfsing cosg | e, |,
e, e, cosé —-sind 0 e,

where AT is the transpose of the matrix A.
The angular momentum can be rewritten as

Lt//:ﬁrxVy/
|

h 0 10 1 0
=—re x(e, —+e-———+€,————)y
i or roe rsin@ o¢

0
rsiné 8_¢)W]

h 10
=—ri(e xe,)——+ (e, x€
i [(r>< e)rae (r>< ¢)

0 1 3

/]
:7(e¢——eg_—
i 00 sin@ 0¢

)%
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The x-component of the angular momentum:

0 1 0

h
L, = ex-T(eqﬁ__ee =
i 00 sing o¢

oo 0 0
=—(-sing— —cotdcosg—
i ( ¢69 ¢6¢)

where
e.e,=-sing, e,.e, =C0sdcos¢
The y-component of the angular momentum:

1 o

L =e E(e i—e—
Y00 sind og

)
=z(cos¢i—cot65in ¢i)
[ 00 0¢
where
e,e, =C0sg, e, €, =cosdsing

The z-component of the angular momentum:

Lz=ez.z(e¢i—e9—_l i)
i 00 sind 0¢
_ho
i 0¢
where
e,e, =0, e,e, =-sinég

The raising operator:
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L, +iL, :h(isin¢i+icotHcos¢i)+h(cos¢i—cot63in¢i)
00 o¢ 060 0¢

:he‘¢(i+icot9i)

06 ¢

The lowering operator:

: .. 0 . 0 0 .0
L, —iL, =#A(isin —+|cot6’cos —) — h(cosg— —cotdsingp—
x y(¢ ¢¢)(¢80 ¢a¢)

=—he” '“’(— —i c0t49—)

o¢
The evaluation:
=L +L +L,’
[ 9%( ) sin ea¢2]
:hz(—r2V2+£r2£
0 or
2
:hz(—r2V2+r?r)
Note that
r2 2 62
——p° = = r
h? P = ar( ar ar2
where
hlao 2_h1l0 nlo __hzla_zr
" direr | " iroér iror r or?
Then we get
L2 ooy 0,5, 0 r?
— =V = (r* ) = -r?v ,
h? ar( or w2 P

The Laplacian is expressed by
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1 L*
v? =_?(pr2 +F)-
or
L2
p2 = pr2 +_2

The Hamiltonian of the free particle is given by

o, 1., 5, L7
H=-—V=—(p, +=).
2m 2m (P r2)
8. Eigenvalue problem for the Hamiltonian in the spherical coordinate

We have the expression for Hamiltonian H (as a differential operator) in the central-
force problem by

H=1 p?+V (r)
2u

2
— L pieE V()
2 2ur
2 2 2
:_h_lé_zr L S+V(r)
2uror 2ur
where
I Y
' r or? r2or or’
Note that

In this case, the wavefunction is given by a separation form

y(r)=R(NY,,(0.9),
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where Y, (6, 4) is the spherical harmonics, and it is the simultaneous eigenket of L and
L,,
LY, (0, 9) = 211 +1)°Y,,, (6,4), L,Yn(0,¢) = mi*Y,,(0,).

The radial wave function R(r) is the eigenfunction of the Hamiltonian H,

2 2 2
HR(r) = [_h_la +h I(I+1)
11 or? 2ur?

hz 1 2
v I +V (N]®(r) = ED(r)

+V (NIR(r)

where the effective potential Veri(r) is defined as

V=V +EED,

((Note)) Effective potential

The effective potential (also known as effective potential energy) is a mathematical
expression combining multiple (perhaps opposing) effects into a single potential. In
classical mechanics it is defined as the sum of the 'opposing' centrifugal potential energy
with the potential energy of a dynamical system. It is commonly used in calculating the
orbits of planets (both Newtonian and relativistic) and in semi-classical atomic
calculations, and often allows problems to be reduced to fewer dimensions.

9. Mathematica
Using Mathematica, we can easily calculate the above expression.
((Method))

1) We need the relation between the unit vectors of the Cartesian coordinate and the
unit vectors of the spherical coordinate.

2 We need to define the operators of the angular momentum (L, Lx, Ly, and L)

L= ?Cross[r, Grad[#],{r,0,¢}," Spherical"'];
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Lx

Lx:=e, -L[#]&
Ly
Ly:=e, -L[#]&
L.
Lz:=e, -L[#]&
where
r={r,0,0}  for the spherical coordinate (r =re,)
and
e,=singcosge +cosdcosge, —singe, ={sin&cosg,cosdcosg,—sin g}
e, =singsinge +cosdsinge, +cosge, ={singsin$,cosgsin ¢,cos g}
e,=cosée,—sinée, ={cosd,—sin 6,0}
or

ux = {Sin[6] Cos[¢], Cos[e] Cos[¢], -Sin[¢]};
uy = {Sin[e] Sin[¢], Cos[e] Sin[¢], Cos[4]};
uz = {Cos[6], -Sin[6], 0};

ur = {1, 0, 0};

L:=(-1ha (Cross[(ur r), Gra[#]]) &) // Simplify;

Lx z= (ux.L[#] &) // Simplify;
Ly = (uy.-L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;

3) Use the above Mathematica program to calculate

Lx[Lx[w[r, 0,411+ Ly[Lylw[r, 0,411+ Lz[Lz[w[r, 6,4]],

20



which is equivalent to
Nest[Lx,w[r,&,4],2] + Nest[Ly,w[r,8,4],2] + Nest[Ly,w[r,E,4],2].

((Mathematica))

Clear["Global "];

ux = {Sin[e] Cos[¢], Cos[e] Cos[d], -Sin[¢]};
uy = {Sin[e] Sin[¢], Cos[6] Sin[¢], Cos[¢]};
uz = {Cos[e], -Sin[6], O}; ur = {1, 0, O};

Lap := Laplacian[#, {r, 6, ¢}, "Spherical™] &;
Gra:=Grad[#, {r, 6, ¢}, "Spherical™] &;
Diva :=Div[#, {r, 6, ¢}, "Spherical™] &;

L:=(-1a (Cross[(ur r), Gra[#]]) &) // Simplify;
Lx := (ux.L[#] &) // Simplify;
Ly = (uy.L[#] &) // Simplify;
Lz = (uz.L[#] &) // Simplify;

-ih -ih
prqg := (T ur .Gra[#] +

Diva[# ur]) &;

pra[x[r. e, ¢11 // Simplify

in(xir,o, o] +rxH%9(r, 0, ¢])
r
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eql = Nest[prq, x[r, 6, ¢], 2] // Simplify;
eq2 =

1
— (LX[LX[x[r, 6, ¢11]1 +Ly[Ly[x[r, €, ¢]]] +
-

Lz[Lz[x[r, 6, ¢11]) // FullSimplify;
eql2 =eql +eqg2 // Simplify

—r—12 n* (Csce1®x %2 r, 6, ¢ +
Cotie] x OV (r, 6, 0] + x"*%(r, 6, ¢] +
2rxT00r, 0, 91+ r? X% r, 0, 91)

eq3 = -n? Lap[x|[r, 6, ¢1] // Simplify

1
-5 n* (Cscle1? x' %2 |
-

r, o, ¢] +
cot(o] xO+V[r, 6, 01 + x®*%[r, 0, ¢] +
2rx ™0 r, 0, 01+ x2%% (r, 6, 9])

eql2 -eq3 // Simplify

0
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APPENDIX Commutation relation among p, and r

_hlao

___r1

Cdiror

r
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" iror (i ror )
—_hzla_zr
r or?
2 2
UL
h? o ., 0
=——02r—+r°—
al or or?
or
2 hz 8 2 82
=——(2r—+r’=—)=-
Pr r2( or or?
[pr'r]z_ihv
[p,,r*]=-2iAar,
[p,.,r"]=—niar"",
[r, p,"]=2inp,,
[r, p,’1=3inp,”,
1. ia
[prv_]:_gi
r~ r
1 2ih
[pr77]=Fl
, 1 2h? 0
—1=-q-2ry,
[p, r2] r“( ar)
[p,* 1]_2_7/‘23
“r ot or’
((Mathematica))

» hlo ,hlo

n* o

r? or

(r

o
or’’
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1 na
Clear["Global +"]1; Pr=— —D[r #, r] &;
ri

PriPr[f[r]]] // Simplify

;#(Zfﬂr]+rfﬂrn
r

Prir f[r]] -rPr[f[r]1] // Simplify
-1hFf[r]

Prir? f[r]] - r2Pr(f[r]] // Simplify

-2irhf[r]

Prir" f[r]] -r"Pr[f[r]] // Simplify

—inr ' af[r]

r Nest[Pr, f[r], 2] - Nest[Pr, r f[r], 2] -
21 APr[f[r]] // Simplify
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r Nest[Pr, f[r], 3] - Nest[Pr, r f[r], 3] -
31iaPr[Pr[f[r]]] // Simplify

0

1 1 o
Pr[; f[r]] - ZPrifir]] // Simplify

inFlr

r.2

1 1 o
Pr[—2 f[r]] - = Pr(f[r]] // Simplify
r r

21 hF[r]
3

1 1
Nest[Pr, = f[rl, 2] - = Nest[Pr, f[r], 2] //
r r

Simplify

2n® (Flr]-2rF[r])

I"4

1 1

Nest[Pr, Zf[ry, 2] - = Nest[Pr, f[r], 2] //
r r

Simplify

2n%F[r]
r2
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