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Feynman-Hellman theorem
Kramers method
The virial theorem

Here we calculate the average <r‘s> for the hydrogen-like atom using the Feynman-Hellman
theorem and Kramers method.

1. Feynman-Hellmann theorem
dE, dH
=(y (1 Ll (4)).
i (w(2)| = lw(2))

The proof of the Feynman-Hellmann theorem requires that the wavefunction be an
eigenfunction of the Hamiltonian under consideration; however, one can also prove more
generally that the theorem holds for non-eigenfunction wavefunctions which are stationary
(partial derivative is zero) for all relevant variables (such as orbital rotations). The Hartree-Fock
wavefunction is an important example of an approximate eigenfunction that still satisfies the
Feynman-Hellmann theorem. Notable example of where the Feynman-Hellmann theorem is not
applicable is for example finite-order Mgller—Plesset perturbation theory, which is not variational.

The proof also employs an identity of normalized wavefunctions— that derivatives of the
overlap of a wavefunction with itself must be zero. Using Dirac's bra-ket notation these two
conditions are written as

H.lw(2)=E,|lw(4)),

with the normalization condition that
Wy (a) =1,

or
(w(A)|H,Jw(A)=E,.

This average value is regarded as a function of A.
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2. Example of the Feynman-Hellmann in the simple harmonics

The Hamiltonian of the simple harmonics is given by

with the energy eigenvalue as
E,=ho(n+ %) .

We apply the Feynman-Hellmann theorem to this system,
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or
<ma)q2> =h(n +%)

Then we have



which is also derived from the virial theorem.

((Note)) The word virial:
The word virial derives from vis, the Latin word for "force™ or "energy", and was given
its technical definition by Rudolf Clausius in 1870.

3. Calculation of the average <r‘2> and <r‘1> using the Feynman-Hellmann theorem
(i)
The Hamiltonian of the hydrogen-like atom is given by
16,0 RAI(1+1)  Ze?

H=—>2("n+ =
Z,urar(ﬁr ) 2,ur? r

with

n=1+1+n,

where nr is a positive integer. Forn =3, we have | =0 (s)andnr=2, 1 =1(p) and nr =1, 1 = 2 (d)
and nr = 0.

An alternative approach for applying the Feynman-Hellmann is to promote a fixed or discrete
parameter which appears in a Hamiltonian to be a continuous variable solely for the
mathematical purpose of taking a derivative. Possible parameters are physical constants or
discrete numbers. In the Hamiltonian for the hydrogen atom, A =1 is a parameter in the
Feynman-Hellmann theorem,
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Then we have
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(ii)
Suppose that the charge e is a parameter A =e in the Feynman-Hellmann theorem. Note that e>0
in this case.
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or

(ili)  Suppose that Z is a parameter A = Z in the Feynman-Hellmann theorem.

4. Application to the Coulomb potential
This implies that the average of the potential energy is a half of the total energy
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((Note))

or
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where « is the structure fine constant (the definition is given below) and m is the mass of
electron.

2

a, - % ~0.52917720859(36) A. (Bohr radius)

me*
R, = PT2 =13.6056923(12) eV. (Rydberg)
mc?=0.510997 MeV. (electron rest mass)

2 2

& L (CGS units) o= ¢ (SI units)
hc  137.036 4re,he
(fine structure constant)
5. Virial theorem

A proof of the virial theorem in quantum mechanics can be given in analogy with the
corresponding proof in classical mechanics. In the latter, The starting point is the time average of
the operator r-p, which is zero for a periodic system. The analogous quantity in guantum

mechanics is the time derivative of the expectation value <F- f)> is also zero.



where the commutation relation is given by
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d A i AA s .
.a<y/(t)|A|y/(t)> = —g<y/(t)|[A, Hllw (t)) (Schrédinger picture)

Then we have the virial theorem as

2<I2>=<>A(aa\; +98V +26V>,

oy ol
or
2(K)=(r-vv).
If V(r) is of degree n, that is

Vor?,

then we get
d
r-vvw=r—V =nV,
dr

and



In conjunction with E =(K)+(V), then

<K>=$E, V)=—2_E

Q) Simple harmonics, n = 2

(i) Hydrogen atoms where the Coulomb potential has n = -1,

(K)=-E, (V)=2E

((Mathematica))
Proof of the commutation relation
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Clear["Global +"]; px = —D[#, X] &;

jal
py := = D[#, y] &; pz := = D[#, 7] &;
1

H-

RP = (XpX[#] +y py[#] +zpz[#]) &;
1
K1 = o (PX[PX[#]1] + py [Py [#1] + pz[pz[#]]) &;

Al =
RPIVIX, y, zZ] ¥[X, Yy, z]] -
VIX, y, Z]RP[¥[X, Yy, Z]] +
RPIKI[¥[X,y, z]]]1 -KI[RP[¥[X,y, z]1] //
FullSimplify

i (muix,y, z] 2V x, y, 2] +
VOO 1x, y, 2]+ x VS0 x,y, 2]
(0,2,0)

y
n® (u©%? (x,y, z] + y!

>0 1x, y, z]))

[X, ys Z] +

A2 =
21k K1[Y[X, VY, 2z]] -
1AY[X, Y, Z]
(XDIVI[X, Yy, z], x] +yD[VIX, Yy, z], y] +
zD[VI[X, VY, z] , z]1) // FullSimplify;
Al - A2 // Simplify
0

Kramers method for the expression of <r5>



with

The wave function is given by
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A - 4Z3(n—1-1)!
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The wave function is given by

unr (p) = arI (r)
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satisfying the differential equation
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Then the average <r5> is defined as

<r5>=Tdrr2[Rn,(r)]2rS

= [drr*?[R, (NT’
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Using the new notation, we have
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6. Derivation of the Kramers’ relation
We derive the Kramers’ relation. It is the relation between <rs*1> <rs> and <rs-1>.

n

s+22< r) - (2s+3)— <> S—”[(2|+1) —(s+1) ]( j2< r°)=0.

For simplicity we use

D(p) = D1 (p),

d> _10+) n_1
4

We now consider the following equation

2
d’o 1, n_ 10+

7 + (-~

4 )(D][p5+2q) +C S+l®]

where
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and c is a constant to be determined (adjust ¢ to cancel terms that do not yield expectation
values).
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We calculate four terms separately defined by 14, I, I3, and I,.
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|4=c]odpp“1(—1 n '(”1))@

-+
4 p p
Then we have

I=L+L+1+1,.

1 T sty [P,
|:—5(8+2)jdpp (')’ —c[dppia?
0 0
1 T n(s+1) ¢ sl(1+1) 7 ;
+=(s+2)[dpp*td? - 2" [dpp d? + 2 [dpp*id?
5 ){pp > [dop 5 [dop

Cﬁjdpp“dbz —%depps”d)2 + nCJ‘d,opqu2 —cl(l +1)J‘dppsflq>2
0 0 0 0

=0

1
We choose ¢ =3 (s+2). Then we get

%(S+2).([dpps+lq)2—@_[dpp (S+1) BT o141 - (5 +1) ]jdpps '®2=0

Using

LN
0 Af'(i) :

we find the Kramers’ relation

n

2 s+l 5 1 2 2 s-1
s+2< )-(25+3)= < b+ S;[(2|+1) —(s+1) ](%j (r)=0.

7. Determination of <rs>
We note that

<r°>=1.
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We apply the Kramers’ relation to calculate <rl> , <r’l> , <r’2>, and so on.

Q) The Kramer’s relation with s = -1:
or

(i) The Kramers’ relation with s = 0:
2 1\ 34/, ’ 1
2 -2 >+|<|+1)@j (r)=o0.
Then we get
1 ? 3 0 ? -1
(r >=”7[7a<r b1l +1)(§j (r )]

n’ 3a a) z
(3] )

:%[an—l(Hl)]
or
(r) =%[3n2 “1(1+2)].
(iti)  The Kramers’ relation with s = 1:
3, 5a,4 1 , (aY, .
2 )= 24y e _4]@ (r*)=0,

or
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2

(rt)= azzn: [5n2 +1-3I(1 +1)].

(iv)  What happens to the Kramers’ relation with s = -2,

§<r‘2>—;—zl(l +1(r?)=0.

So we cannot determine <r‘2> from the Kramers’ relation. As is previously described, this can be

calculated using the Feynman-Hillman theorem as

) 7?2
(r 2>:n3a2(l+1/2)'

Using the Kramers’ relation with the expression of <r’2> , We get

o 2 gy A
<r >_a|(|.|r1)<r >_ng’ag‘l(l+1/2)(|+1)'

(v)  The Kramers’ relation with s = -3:

0.

I BN TR o

From this we get

() Z4[3n% —1(1 +1)]

Tt +2/2)(1 +)[21(1 +2) - 3/2]

8. The uncertainty of the radius
The uncertainty of the radius is defined by
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(Arf =(r*)~(r)’
:%n2[5n2+1—3l(l+1)]— a

47

[3n% —I(1 + DT’

43.222 [n*(n* +2) - 17(1 +1)?]

and

ArnP(n?+2) = 12(1 +1)°
(ry 3n’-1(+1)

The value of Ar/(r) is calculated for each pair of n and I and is listed in Table below

Table
Ar
n I —
(r)
1 0 (s) 0.57735
2 0 (s) 0.408248
2 1(p) 0.447214
3 0 (s) 0.368514
3 1(p) 0.389872
3 2 (d) 0.377964
4 0 (s) 0.353553
4 1 (p) 0.366354
4 2 (d) 0.377964
4 3(f) 0.333333
((Mathematica))

Here we use N instead of n.
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Kramer' s relation

Clear["Global %"];

2
((2¢ +1)%2- (s+1)?) a F[s-1]
ZZ

S+2 a s+1
eql=——F[s+1] - (2s +3) — F[s] +
N2 yA

eqll=eql /. s-n;

eg2 = RSolve[{eqll == 0, F[0] == a0, F[1] ==al}, F[n], n];

a
rute1 = {a0 > 1, als — (3N*- ¢ (¢ +1))}5

F[n ] =F[n] /. eg2[[1]] /- rulel;
F[O]

1

F[1]

a(3N* -7 (1+7))
27

F[2] // Simplify

a’N® (1+5N°-37-3/°)
27°
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F[3] // Simplify

a’N? (35N*-5N? (-5+6/+6¢%) +37 (-2-¢+2¢*+7%))
8 z°

F[4] // Simplify

a*N* (12 +63N* - 507 -35/%+30/% +15¢* -35N* (-3 + 2/ +2/%))
8 z*

F[5] // Simplify

1
—— a’N* (231N° - 105N* (-7 +37+37%) +
16 Z

21N° (14-257-20/°+10/°+5/*) -5¢ (12+4¢-15¢/° -5/ + 37"+ /%))

F[6] // Simplify

e a®N® (180 + 429 N°® - 882 ¢ - 497 /% + 735 /% + 280 /* - 105 /° -

35/° - 231N* (-10+37+3¢%) + 21 N* (101 - 105¢ - 90 ¢* + 30 ¢° + 15 /%) )

9.

Summary

()= Z4[3n% —1(1 + )]
nsa’l(1 +1/2)(1 + )[21(1 +1) - 3/2]’

8\ VA
<r >_ na’l(1+1/2)(1 +1)’

o\ Z?
(r >_n3a2(l+1/2)'
Wz
<r >_n2a’
)1

a 2
<r> :§[3n =1(1+1)],
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2

<r2>= 2azz n?[5n® +1-3I(1 +1)],

3

(r*) = saz3 n?[35n* —5n2(61(1 +1) —5) + 3(1 = DI + 1)(I + 2)],

4.4

(r*) =21 [63n* ~35n%(21% + 21 -3) +151* + 301° - 351% 501 +12],
82*

5 4
(r*) =%[231n6 —~105n*(31% + 31 — 7) + 21n2(51* +101° — 2012 — 25| +14)

—5I(1° +31* = 51° —151* + 41 +12)]

10.  Quantum mechanical analog of the virial theorem
The average of the kinetic energy is given by

2.2 2.2 2.2
<K>=E —-<V >:—Z(29 +Zze =Z§ =—1<V>,
2n‘a  n‘a 2n‘a 2

where
Ze®  Z%ue* Z%* 7R
E,=- T o72202  omla a2 !
2r, 2h°n 2n“a n
and
2.2
<V >= —Ze2<l> = —Zezé _ L 2e :
r n‘a n“a
with
z
ry=—"—,
()=
REFERENCES
Stephen Gasiorowicz, Quantum Mechanics, third edition (John Wiley & Sons, Inc., New York,
2003).

19



Richard L. Liboff, Introductory Quantum Mechanics, 4th edition (Addison Wesley, New York,
2003).

Julian Schwinger, Quantum Mechanics (Springer, Berlin, 2001). ISBN 3-540-41408-8

A.S. Davydov, Quantum Mechanics (Pergamon Press, Oxford, 1965).

M.S. Rogalski and S.B. Palmer, Quantum Physics (Gordon and Breach Science Publishers,
1999).

APPENDIX
Wavefunction of hydrogen-like atom

Normalization of the wavefunction;

1= [l (r)dr,
with

w(r) =R, (NY,"(6,4).
Then we get

1= [dre?R, ([ [dQ"(©@.9) = [drr?R, (N -
We define P dr as
Pdr= r2|Rn,(r)|2dr
or
P.=r?R, (r).
We define
Uy (1) = 1R, (r).
P, is described as
P, =|u, (N[
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We note that

Ri(N=Ae""p'L2"" (0),

where
d>2 2 d 1 n I(1+1
$28 20 DR ()=,
dp* pdp ~ 4 p p
with
A - 2237 |(n=1-1)! |
' n%a¥?\ (n+1)!
L2 (p) : associated Laguerrel polynomial
Z
=2KT with =—.
r» T ha

We define a new function given by
Di(p) =P P2 (),
or

Li(p) =" p 0 20 p),

DL (p)=e "L (p),
d> 1 L 2p+q+1 q

CI)q 0.
[dp 2t 2p ] (p)=
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