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Here we discuss the properties of spherical harmonics. 
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1. Formulation 

The relation between the spherical coordinates and Cartesian coordinates are 

schematically shown below. 



 
 

Fig.1 Spherical coordinates. 
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The spherical harmonics: 
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The closure relation: 
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where the solid angle, 
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The  and  dependence of ml,n  is given by 
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Equation (2) shows that 
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It is required that the eigenfunction must be single valued 
 

e
im  e

im ( 2 )
, 

 
which means that m = 0, ±1, ±2,    (integers). Equation (1) can be rewritten as 
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When we change the variable; 
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Then we have the differential equation (the Legendre differential equation) as 
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l  is the associated Legendre function;  
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The orhogonality relation ',',,',' mmllmlml  leads to 
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Note that this differential equation (Sturm-Liouville type) can be solved by using the 

series expansion method (see later). 
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where Cl  is a normalization constant. 
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The result for m≥0 is 
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and we define Yl
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where somewhat peculiar choice of sign is conventional. The definition of ( , )m
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0m   arises from the property of time-reversal operator;  
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where ̂  is the time-reversal operator. We note that 
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*ˆ, , , ,l m l m      from the definition (see the Time reversal operator in the 

lecture note of Quantum Mechanics, Graduate course), 

 

http://bingweb.binghamton.edu/~suzuki/QM_Graduate/Time_reversal_I_operator.pdf 

 

Angular momentum in spherical coordinate is  
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The angular momentum Lx, Ly, and Lz (Cartesian components) can be described by 
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We define L+ and L- as 

 

)cot(














 ieiiLLL i

yx ℏ , 

 

and 

 

)cot(














 
 ieiiLLL i

yx ℏ . 

 

2. Dirac delta function 

The Dirac delta function can be described by 
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Here, we note that 

 

0

*

0

0

' ( ') , , '

( ', ') ( , )

2 1
( ')

4

l

l m l

l
m m

l l

l m l

l

l

l m l m

Y Y

l
P



   





 



 





  




 







n n n n n n

n n

, 

 

where we use the addition theorem 
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Fig.2 Angle  such that 
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In summary, the Dirac delta function is expressed by 
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This formula will be useful in the theory of scattering from a spherical potential. 

 

((Note)) 

 

)(xPl  is the l-th Legendre polynomial which is defined by the Rodrigues formula 



 

3. Associate Legendre function 
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The Rodrigues' formula: 
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4. Parity operator ̂   

 

 
 

Fig.3 Space reflection on parity.     .     . 
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For n to -n, we have  
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((Note-1)) 

 

Note that 
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In other words, lml ,  has an even parity if l is an even number and odd parity if l is an 

odd number. 

The ladder operators yx LiLL ˆˆˆ  are even parity operators; 
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So that 1,  lml  has the same parity as 1,  lml . Since all the ml,  for a given l 

can be obtained by repeated application of L̂  to lml , , it follows that they all have 

the same parity, (-1)l. 

 

5. Determination of the parity with the use of Mathematica 

 

We evaluate the parity  
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((Mathematica-1)) 

 

Table of { , ,l m the parity}; the parity is assumed to be ( 1)l . We make sure of this 

prediction using the Mathematica. 

 

 
Clear "Global` " ;

P L , m :
SphericalHarmonicY L, m, ,

SphericalHarmonicY L, m, ,

Simplify;

Column Table L, m, P L, m , L, 0, 5 ,

m, L, L, 1 , Left

0, 0, 1

1, 1, 1 , 1, 0, 1 , 1, 1, 1

2, 2, 1 , 2, 1, 1 , 2, 0, 1 , 2, 1, 1 , 2, 2, 1

3, 3, 1 , 3, 2, 1 , 3, 1, 1 ,

3, 0, 1 , 3, 1, 1 , 3, 2, 1 , 3, 3, 1

4, 4, 1 , 4, 3, 1 , 4, 2, 1 , 4, 1, 1 ,

4, 0, 1 , 4, 1, 1 , 4, 2, 1 , 4, 3, 1 , 4, 4, 1

5, 5, 1 , 5, 4, 1 , 5, 3, 1 ,

5, 2, 1 , 5, 1, 1 , 5, 0, 1 , 5, 1, 1 ,

5, 2, 1 , 5, 3, 1 , 5, 4, 1 , 5, 5, 1  
 

6. Recurrence relation 



For m = 0, 
 

l

l

l

l

l

l
d

dl

l
Y

20
)(sin

)(cos4

12

!2

)1(
),( 





  

 
which can be written in the form 

 

)(cos
4

12
),(

0 


 ll P
l

Y


 , 

 

where 
 

l

l

l

l

l

l
d

d

l
P

2
)(sin

)(cos!2

)1(
)(cos 





 , 

 
or 

 

Pl(x) 
(1) l

2
l
l!

d l

dx
l (1 x

2
)

l
. 

 

Pl(x) is the l-th order Legendre polynomial. It has l zeros in the interval (-1≤x≤1). Note 

that Pl(1)=1. 
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(recurrence relation) 

 



(ii) ˆ L   

Through the repeat action of ˆ L  , we construct  
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Here we use  
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where )(coslP  is the Legendre polynomial.  

We can find the exact expressions for the spherical harmonics using the above 

recurrence relation, using the Mathematica. We can make sure that 
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7. Useful formula (summary) 
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where we use the addition theorem 

 

*4
( ') ( , ) ( ', ')

2 1

l
m m

l l l

m l

P Y Y
l


   



 
 n n . 

 

8. Calculation of 
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 33 sin5
4

1
0,3ˆ3,3 iemlRml  . 

 


cossin

2

15

2

1
0,3ˆ2,3

22i
emlRml

 . 

 

)3sin5(sin3
16

1
0,3ˆ1,3   iemlRml . 

 

)3cos5cos3(
8

1
0,3ˆ0,3   mlRml . 

 

)3sin5(sin3
16

1
0,3ˆ1,3   iemlRml . 

 


cossin

2

15

2

1
0,3ˆ2,3

22i
emlRml  . 

 

 33 sin5
4

1
0,3ˆ3,3 iemlRml  . 

 

where 

 




  333

3 sin
35

8

1
),(

i
eY  . 

 




 
cossin

2

105

4

1
),(

222

3

i
eY  . 

 

)1cos5(sin
21

8

1
),(

21

3  


 i
eY . 

 

)cos3cos5(
7

4

1
),(

30

3 


 Y . 

 

)1cos5(sin
21

8

1
),(

21

3   


 i
eY . 

 






 
cossin

2

105

4

1
),(

222

3

i
eY

  . 

 




  333

3 sin
35

8

1
),(

i
eY

  . 

 

(d) l = 4 
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See the Table of spherical harmonics (in detail) 

http://en.wikipedia.org/wiki/Table_of_spherical_harmonics 

 

9. Addition theorem 

Let  

 

1 1 1 1 1
ˆ( , ) ( , )z zR      n e e  

 

with the geometrical rotation defined by 

 























11

11111

11111

1111

cos0sin

sinsincossincos

cossinsincoscos

)()(),(





 yz  

 

















 



100

0cossin

0sincos

)( 11

11

1 


z ,  

























cos0sin

010

sin0cos

)( 1y  

 

The unit vector n1 is defined by 

 

1 1 1

1 1 1 1 1

1 1 1 1 1

1 1

1 1

1 1

1

( , )

cos cos sin sin cos 0

cos sin cos sin sin 0

sin 0 cos 1

sin cos

sin sin

cos

z 

    
    

 

 
 





  
     
    

 
   
 
 

n e

 

 

Another ket 2n  is defined by 

 

2 2 2 2 2
ˆ ( , ) ( , )z zR      n e e  

 

where the geometrical rotation matrix is given by 

 























22

22222

22222

2222

cos0sin

sinsincossincos

cossinsincoscos

)()(),(





 yz  

 

Note that 

 

2 2 2

2 2 2 2 2

2 2 2 2 2

2 2

2 2

2 2

2

( , )

cos cos sin sin cos 0

cos sin cos sin sin 0

sin 0 cos 1

sin cos

sin sin

cos

z 

    
    

 

 
 



 

  
     
    

 
   
 
 

n e

 

 

Then we have the inner product as 
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Since 
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it is found that 
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In other words,   is the angle between 'n  and ze  and it is also the angle between 1n  and 

2n . 

 



 
 

Fig.4 Three vectors 1 1 1( , ) z n e . 2 2 2( , ) z  n e . 

1

1 1 2' ( , ) ( , ) z      n n e . The Mathematica is used for this figure. 

 601 .  452 .  301 .  502 . Without Mathematica, it is hard 

for me to get the line for the unit vector n’. 

 

Using the closure relation, we get 
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Equation (1) relates spherical harmonics in three different directions. The most useful 
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which leads to the addition theorem for the spherical harmonics 
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10. SphericalPlot3D of 
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(i) 0,0  mln  
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Fig.5 SphericalPlot3D of 
2

0

0 ),( Y  

 

(ii) ml ,1n  (m = 1, 0, -1) 
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l = 1, m = ±1 l = 1, m = 0 

 

Fig.6 SphericalPlot3D of 
2

1 ),( m
Y  with m = 1, 0, -1. 

 

(ii) mln ,2  (m = 2, 1, 0, -1, -2) 
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l = 2, m = ±2 l = 2, m = ±1 l = 2, m = 0 

 

Fig.7 SphericalPlot3D of 
2

2 ),( m
Y  with m = 2, 1, 0, -1, -2. 

 

(iii) ml ,3n  (m = 3, 2, 1, 0, -1, -2, -3) 
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l = 3, m = ±3 l = 3, m = ±2 l = 3, m = ±1 l = 3, m = 0 

 

Fig.8 SphericalPlot3D of 
2

3 ),( m
Y  with m = 3, 2,  1, 0, -1, -2, -3 

 

((Mathematica-3, SphericalPlot3D)) 



 

 
 

_______________________________________________________________________ 

l = 0 (m =0): SphericalPlot3D 

 

Fig.9 

 
 

_____________________________________________________________________ 

l = 1 (m =1, 0): SphericalPlot3D 

 

Fig.10 



 
 

 
 

________________________________________________________________________ 

l = 2 (m =2, 1, 0): SphericalPlot3D 

 

Fig.11 



 
 

 
 



 
 

________________________________________________________________________ 

l = 3 (m = 3, 2, 1, 0): SphericalPlot3D 

 

Fig.12 

 
 



 
 

 
 



 
 

________________________________________________________________________ 

l = 4 (m =4, 3, 2, 1, 0): SphericalPlot3D 

 

Fig.13 

 
 



 
 

 
 



 
 



 
 

 

 

____________________________________________________________ 

l = 6, m = 6, 5, 4, 3, 2, 1, 0: SphericalPlot3D 

 

Fig.14 



 
 

 
 

 
 



 
 

 
 



 
 



 
 



 

11. Contour plot of )],(Re[ m

lY  on the Bloch sphere 

Here we show a contour plot of )],(Re[ m

lY  for several spherical harmonics, where 

the contours of )],(Re[ m

lY =constant are drawn on the unit sphere (the Bloch sphere). 

Since the spherical harmonics are functions on the unit sphere, the figures show a series 

of balls with contours drawn on them. We show the plot contours on which the squares of 

the real part of the spherical harmonics is constant. The contours on which 

0)],(Re[ m

lY  are denoted by red lines, while the contours on which 0)],(Re[ m

lY  

are denoted by blue lines. For large l, )],(Re[ l

lY  is significantly non-zero only where 

1sin  , i.e., around the equator. As m decreases from m = l to m = 0, the region of the 

unit sphere in which )],(Re[ l

lY  is significantly non-zero gradually spreads from the 

equator towards the poles. For large l the phase of )],(Re[ l

lY  changes rapidly with . 

As m decreases, the change of the phase of )],(Re[ l

lY  becomes smaller. 

 

((Mathematica-4)) 

 

 
 



(i) ml ,3  state 

 

(a) l = 3, m = 0 

 

 
 

(b) l = 3, m = 1 

 

 
 

(c) l = 3, m = 2 

 



 
 

(d) l = 3, m = 3 

 

 
 

(ii) ml ,15  state 

 

(a) l = 15, m = 2 

 



 
 

(b) l = 15, m = 7 

 
 

(c) l = 15, m = 15 



 
 

Fig.15 Contour plot of )],(Re[ m

lY  on the Bloch sphere 

 

12. Rotational motion 

We define the unit: Kaiser (cm-1) as 
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This is the relation between energy (erg) and Kaiser (cm-1). When one discusses the 

optical spectrum, the unit (Kaiser, cm-1) is conventionally use. 

The Hamiltonian for the rotation is given by 
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where Ix, Iy, and Iz are the moment of inertia. 
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ml,  is the eigenket of 2ˆ \L  with the eigenvalue )1(2 llℏ ; 
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where m = l, l-1,...., -l+1, and -l. The energy level is given by 
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The degeneracy of the energy level is (2l + 1). Note that 
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The wave function is given by 
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(b) yx II  , but xz II   

 
2 2 2 2 2 2ˆ ˆ ˆ ˆ ˆ ˆ

ˆ
2 2 2 2

x z z z z

x z x z

L L L L L
H

I I I I

 
   

L
. 

 

Since 2ˆ ˆ[ , ] 0zL L , ml,  is the simultaneous eigenket of 2L̂  and zL̂  with the eigenvalue 

)1(
2 llℏ  and mℏ , respectively. 
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13. Spherical harmonics in the Cartesian coordinate  

Using the relation given by 
 

 cossinrx  ,   sinsinry  ,  cosrz  , 

 

the spherical harmonics can be expressed as follows, 
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((Mathematica-5)) Spherical harmonics using the Cartesian co-ordinate (x, y, z) 

 



 



 





 
 

14. Example-1 

((Sakurai 3-15)) The wave function of a particle subjected to a spherically symmetrical 

potential V(r) is given by  

 

)()()( rfzyx r  

 

(a) Is )(r an eigenfunction of L2? If so, what is the l-value? If not, what are the 

possible values of l we may obtain when L2 is measured? 

(b) What are the probabilities for the particle to be found in various m states? 

 



Noting that 
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we have 
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Then, )(r can be rewritten as 
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This implies that 
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which is independent of m. 

 

15. Example-2 

A particle moving in a potential is described by the wave packet 

 

)](exp[)()( 2222 zyxzxyzxyr    

 

What is the probability that a measurement of L2 and Lz yields the results 6ℏ2 and ℏ, 

respectively? 



 

((Solution)) 

We note that 
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Thus, the wave function can be rewritten as 
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The probability that a measurement of L2 and Lz yields the results 6ℏ2 and ℏ, respectively 

(l = 2, m = 1) is 
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16. The Series expansion of the Legendre differential equation 

 

We note that 

 

0]ˆ,ˆ[ L , and 0]ˆ,ˆ[
2 L , 

 

where ̂  is the parity operator and L̂  is the orbital angular momentum. Then we have a 

simultaneous eigenket of ̂  and 
2

L̂  such that 
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We obtain 
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This means that under the parity operation, we get 
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Here we consider the case of m = 0. The function ( )y x  is defined as 
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where 

 

cosx  . 

 

The function ( )y x  is either even or odd function of x , 

 

( ) ( )y x y x    . 

 

depending on the value of l. The function ( )y x  satisfies the differential equation 
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where  is the eigenvalue to be determined. So it is reasonable to assume that 
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where 0)0( a  and the index p is expected to be either 0 (even function) or 1 (odd 

function). We solve the second order differential equation by using the series expansion. 

Then we have 
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From the first equation, we have  
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In general, we have the recursion relation 
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Then the series terminates. The solution is just the Legendre polynomial. 
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((Mathematica-6))  Series expansion method 

 

Clear@"Global`∗"D;
eq1 = I1 − ξ2M D@ϕ@ξD, 8ξ, 2<D − 2 ξ D@ϕ@ξD, ξD + L HL + 1L ϕ@ξD;
DSolve@eq1 � 0, ϕ@ξD, ξD êê Simplify

88ϕ@ξD → C@1D LegendreP@L, ξD + C@2D LegendreQ@L, ξD<<

eq2 = I1 − ξ2M D@ϕ@ξD, 8ξ, 2<D − 2 ξ D@ϕ@ξD, ξD + λ ϕ@ξD;

f1@x_D := x p ‚
k=0

6

a@2 kD x2 k
; rule1 = 8ϕ → Hf1@
D &L<;

eq3 = ξ2−p
eq2 ê. rule1 êê Simplify;

list1 = Table@8 n, Coefficient@eq3, ξ, 2 nD<, 8n, 0, 5<D êê
FullSimplify;

f2@x_D := x p ‚
m=−3

3

a@ 2 k + 2 mD x2 k+2 m;

rule2 = 8ϕ → Hf2@
D &L<;

eq4 = ξ8−p−2 k Heq2 ê. rule2L êê FullSimplify;

list2 = Table@8 n, Coefficient@eq4, ξ, 2 nD<, 8n, 2, 6<D êê
Simplify;

seq1 = list2@@3, 2DD � 0;

seq11 = Solve@seq1, a@2 + 2 kDD êê FullSimplify;  



seq12 = seq11 ê. p → 1

::a@2 + 2 kD →
I2 + 6 k + 4 k2 − λM a@2 kD

H2 + 2 kL H3 + 2 kL >>

seq13 = seq12 ê. p → 0

::a@2 + 2 kD →
I2 + 6 k + 4 k2 − λM a@2 kD

H2 + 2 kL H3 + 2 kL >>

list1 ê. p → 0 êê TableForm

0 0

1 λ a@0D + 2 a@2D
2 −H6 − λL a@2D + 12 a@4D
3 −H20 − λL a@4D + 30 a@6D
4 −H42 − λL a@6D + 56 a@8D
5 −H72 − λL a@8D + 90 a@10D

list1 ê. p → 1 êê TableForm

0 0

1 −H2 − λL a@0D + 6 a@2D
2 −H12 − λL a@2D + 20 a@4D
3 −H30 − λL a@4D + 42 a@6D
4 −H56 − λL a@6D + 72 a@8D
5 −H90 − λL a@8D + 110 a@10D

 
 

(b) Legendre function determined from the series expansion 
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Note that the value of a(0) can be determined from the normalization such that 
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(c). Legendre function (Mathematica) 

 

((Mathematica)) 

 



Clear@"Global`∗"D;

Table@8L, LegendreP@L, ξD<, 8L, 0, 10<D êê TableForm
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I3 − 30 ξ2 + 35 ξ4M

5
1

8
I15 ξ − 70 ξ3 + 63 ξ5M

6
1

16
I−5 + 105 ξ2 − 315 ξ4 + 231 ξ6M

7
1

16
I−35 ξ + 315 ξ3 − 693 ξ5 + 429 ξ7M

8
1

128
I35 − 1260 ξ2 + 6930 ξ4 − 12012 ξ6 + 6435 ξ8M

9
1

128
I315 ξ − 4620 ξ3 + 18018 ξ5 − 25740 ξ7 + 12155 ξ9M

10
1

256
I−63 + 3465 ξ2 − 30030 ξ4 + 90090 ξ6 − 109395 ξ8 + 46189 ξ10M
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APPENDIX:  Recursion formula 

 

ˆ ˆ ˆ
x yL L iL   ,  ˆ ˆ ˆ

x yL L iL   . 

 

ˆ , ( )( 1) , 1L l m l m l m l m     ℏ . 

 

ˆ , ( )( 1) , 1L l m l m l m l m     ℏ . 

 

(a) Method-I: the use of L̂  

Suppose that ,l m ln  is given exactly. We determine the exact form of ,l mn  in 

the following way. 

 



ˆ ,0 ( 1) ,1L l l l l  ℏ  

 

ˆ ,1 ( 1)( 2) , 2L l l l l   ℏ  

 

ˆ , 2 ( 2)( 3) ,3L l l l l   ℏ  

 

………………………………………………………………………. 

 

ˆ , 2 ( 2)( 1) , 1L l m l m l m l m       ℏ  

 

ˆ , 1 ( 1)( ) ,L l m l m l m l m     ℏ  

 

By multiplying terms of both sides separately, we have 
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where L  is the differential operator and is given by 

 

( cot )iL e i 
 

 
 

 
ℏ  

 

In Mathematica, this differential operator is given by 

 

( [#, ] cot [#, ]) &iL e D i D     ℏ  

 



(b) Method-II: the use of L̂  

Suppose that ,l m ln  is given exactly. We determine the exact form of ,l mn  in 

the following way. 

 

ˆ , 2 1 , 1L l l l l l   ℏ , 

 

ˆ , 1 (2 1) 2 , 2L l l l l l     ℏ , 

 

ˆ , 2 (2 2) 3 , 3L l l l l l     ℏ  

 

………………………………………………………………………………. 

 

ˆ , 2 ( 2)( 1) , 1L l m l m l m l m       ℏ  

 

ˆ , 1 ( 1)( ) ,L l m l m l m l m     ℏ  

 

By multiplying these terms of both sides separately, we have 
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where L  is the differential operator 

 

( cot )iL e i 
 




 
  

 
ℏ  



 

In Mathematics, the differential operator is given by 

 

( [#, ] cot [#, ]) &iL e D i D   
   ℏ  

 

((Note)) 

 

( cot )iL e i 
 

 
 

 
ℏ , 

 

( cot )iL e i 
 




 
  

 
ℏ , 

 

with 

 

(sin cot cos )xL i   
 
 

 
 

ℏ . 

 

( cos cot sin )yL i   
 
 

  
 

ℏ . 

 

zL i
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(a) 

 

Differential operator: 

 

* ( cot )iL e i L 
 


 

 
   

 
ℏ . 

 

For the operators in quantum mechanics 

 

ˆ ˆ ˆ ˆ
x yL L iL L

    ,  ˆ ˆ ˆ ˆ
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Note that 

 

L̂ L 
  n n , 
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  n n . 

 

(b) 
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((Mathematica)) 









 


