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Here we discuss the eigenstates of 2D isotropic simple harmonics using the creation and 

annihilation operators. The eigenstates are the simultaneous ones of the Hamiltonian and angular 
momentum. 
 
1. Hamiltonian and angular momentum in terms of creation operator and annihilation 

operator and angular momentum 
We consider the Hamiltonian for the 2D motion of a particle of mass  in a isotropic 

harmonic oscillator potential 
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We introduce the creation and annihilation operators such that 
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where 



 

1ˆ  nnna , 11ˆ  nnna , 

 

00ˆ a , 01ˆ a , 122ˆ a ,  233ˆ a , 

 

10ˆ a , 221ˆ a , 332ˆ a ,  423ˆ a . 

 
Then the Hamiltonian van be written as 
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where 
 

1̂]ˆ,ˆ[ 11 aa , 1̂]ˆ,ˆ[ 22 aa . 

 
The energy eigenstate is defined by  
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where 
 

)1()( 0  nnE  , 

 
with integer n (=0, 1, 2, …) such that 
 

nnn  21 . 

 
The angular momentum is also written as 
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From a symmetry argument, we find that 0]ˆ,ˆ[ zLH . Then we have a simultaneous eigenket of 

Ĥ  and zL̂  such that 

 

 EH ˆ  and  mLz ˆ . 

 

2. The eigenstates of 2E  with the combination of states 10 , 01 ) 

When 02 E , there are two states 0,1 21  nn  and 1,0 21  nn . These two states are 

degenerate states  with the same energy. The combination of these two states leads to the 

eigenstate of Ĥ . 
 

0110ˆˆ10)ˆˆˆˆ(10ˆ
212121  iaaiaaaaiLz    

 

1001)ˆˆ)(01)ˆˆˆˆ(01ˆ
212121  iaaiaaaaiLz    

 








 


0

0ˆ
i

i
Lz  . 

 

under the basis of 10  and 01 . The eigenstate and eigenvalue for zL̂  is evalued with the use of 

Mathematica. 
For 1m  
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((Note)) 



We assume that 
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Since 0]ˆ,ˆ[ zLH ,   is also the eigenstate of zL̂ ; 

 

 zL̂ . 

 
Since 
 

1,00,1ˆ iLz  , 0,11,0ˆ iLz  , 

 

we have the matrix representation of zL̂  under the basis of 0,1  and 1,0 , 
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Therefore the eigenvalue and eigemstate of zL̂  is 
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((Mathematica)) 



 
 
((Plot3D)) 
We make a plot3D of the probability density: 
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as a function of x and y, where 
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3. The eigenstates of 3E  with the combination of states 20 , 11 , and 02 ) 

When 03 E , there are three states 0,2 21  nn , 1,1 21  nn , and 2,0 21  nn . 

These three states are degenerate states with the same energy. The combination of these three 

states leads to the eigenstate of Ĥ . 
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under the basis of 20 , 11 , and 02 . We use the Mathematica to get the eigenstates and 

eigenvalues. 
For 2m  
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((Plot3D)) 
We make a Plot3D of the probability density: 
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in the x and y plane where 
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4. Eigenstates of 4E  with the combination of states 30 , 21 , 12 , and 03 ) 

When 04 E , there are four states 0,3 21  nn , 1,2 21  nn , 2,1 21  nn , and, 

3,0 21  nn . These four states are degenerate states with the same energy. The combination of 

these four states leads to the eigenstate of Ĥ . 
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under the basis of 30 , 21 , 12 , and 03 . We use the Mathematica to get the eigenstates and 

eigenvalues. 
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For m = 1 
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For m = -1 
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For m = -3 
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((Plot3D)) 
We make a Plot3D of the probability density, 
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