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We discuss the quantum mechanics of the 3D isotropic simple harmonics using the Cartesian co-
ordinates and spherical co-ordinates 
 
1. Representation in the Cartesian co-ordinates 

The Hamitonian of the 3D isotropic simple harmonics is described by 
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The eigenvectors of the Hamiltonian Ĥ  are also eigenvectors of xĤ , yĤ , and zĤ . 
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Let us introduce three pairs of creation and annihilation operators. 
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2. Expression of the Angular momentum in terms of operators Râ  and  Lâ  

Here we note that 
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3. Simultaneous eigenkets of Ĥ  and zL̂  

zLR NNN ,,  is an eigenvector of Ĥ  and zL̂  with the eigenvalues  

 

00 )
2

3
()

2

3
(    nNNN zLR   (eigenvalue of Ĥ ) 
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___________________________________________________________________________ 
The wave function of the simple harmonics for the one dimension 
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(iii) The second excited states 
 




22

2

0

2

4/304/3

2
0

)24[
!22

1
)(0,0,2

rm

zyx ex
mm

nnnxyz


 









 , 

 




22

2

0

2

4/304/3

2
0

)24[
!22

1
)(0,2,0

rm

zyx ey
mm

nnnxyz


 









 , 

 




22

2

0

2

4/304/3

2
0

)24[
!22

1
)(2,0,0

rm

zyx ez
mm

nnnxyz


 







 , 

 









2

2

0

2

4/304/3

2

2

0

2

1

4/304/3

2
0

2
0

24
!22

1
)(

2
!12

1
)(0,1,1

rm

rm

zyx

xye
mm

xye
mm

nnnxyz









































 

 









2

2

0

2

4/304/3

2

2

0

2

1

4/304/3

2
0

2
0

24
!22

1
)(

2
!12

1
)(1,1,0

rm

rm

zyx

yze
mm

yze
mm

nnnxyz









































 

 









2

2

0

2

4/304/3

2

2

0

2

1

4/304/3

2
0

2
0

24
!22

1
)(

2
!12

1
)(1,0,1

rm

rm

zyx

zxe
mm

zxe
mm

nnnxyz









































 

 
Thus we have 
 

(i) 2,2  ml  

 



 

10 
 

2
2

222

2

0

2

4/304/3

2
0

)2(4
!22

1
)(

0,1,12

0,2,00,0,2

Y

eixyyx
mm

nnnxyzi

nnnxyznnnxyz

rm

zyx

zyxzyx

















 




 

 
 

(ii) 1,2  ml  

1
2

2

2

0

2

4/304/3

2
0

)(24
!22

1
)(

1,1,01,0,1

Y

eiyzzx
mm

nnnxyzinnnxyz

rm

zyxzyx















 



  

 

(iii) 0,2  ml  

 

0
2

2222

2

0

2

4/304/3

2
0

)2(4
!22

1
)(

0,2,0

0,0,22,0,02

Y

eyxz
mm

nnnxyz

nnnxyznnnxyz

rm

zyx

zyxzyx

















 




 

 

(iv) 1,2  ml  

 

1
2

2

2

0

2

4/304/3

2
0

)(24
!22

1
)(

1,1,01,0,1



















Y

eiyzzx
mm

nnnxyzinnnxyz

rm

zyxzyx





  

 

(v) 2,2  ml  

 



 

11 
 

2
2

222

2

0

2

4/304/3

2
0

)2(4
!22

1
)(

0,1,12

0,2,00,0,2





















Y

eixyyx
mm

nnnxyzi

nnnxyznnnxyz

rm

zyx

zyxzyx






 

 
Note that 
 

2

22

2

2
222

2

2

2

15

4

1)(

2

15

4

1
sin

2

15

4

1

r

ixyyx

r

iyx
eY i 










 , 

 

2
1

2

)(

2

15

2

1
cossin

2

15

2

1

r

iyxz
eY i 







 , 

 

2

222

2

2222
20

2

)(25

4

1)(35

4

1
)1cos3(

5

4

1

r

yxz

r

zyxz
Y











, 

 

2
1

2

)(

2

15

2

1
cossin

2

15

2

1

r

iyxz
eY i 

 





 , 

 

2

22

2

2
222

2

2

2

15

4

1)(

2

15

4

1
sin

2

15

4

1

r

ixyyx

r

iyx
eY i 




 





 , 

 
and 
 

2

22
2

2
2

2 2

15

2

1

r

yx
YY


 


, 

 

2
2

2
2

2 2

15

r

xy
iYY


  , 

 

2
1

2
1

2 2

15

r

yz
iYY


  , 
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2
1

2
1

2 2

15

r

zx
YY


  . 

 

For the second excited states, we find that the angular factors contain mY2  (m = 2, 1, 0, -1, -2) and 
0

0Y . The six degenerate states can be re-expressed in terms of the five states with l = 2 and one 

state with l = 0. 
 
4. Representation in the spherical co-ordinates 
 




rrr
p

r EV  )ˆ(
2

ˆ 2

, 

 
or 
 







rrLrr ErV
r

r
rrr








 )(ˆ
2

1
)(

1

2
2

2

2
, 

 
or 
 




rr ErV
r

ll
r

rrr











 )](
2

)1(
)(

1

2
[

2

22 
, 

 
where 
 

22
02

1
)( rrV   

 
Here we assume that 
 

),()()( ,  m
llE YrR rr  

 
(separation variable) with 
 

),(, m
lYml n . 

 
RE, l(r)  depends only on E and l, but not on m. 
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)()(]
2

1

2

)1(
)(

1

2
[ ,,

22
02

22

rERrRr
r

ll
r

rrr lElE 









 



 

 
We assume that 
 

RE, l(r) 
u(r)

r
, 

 

0)(]
)((2)1(

[)("
22







 ru
rVE

r

ll
ru




, 

 
or 
 

)(
2

)(
)1(

)("
2

2
2

22

2
ru

E
ruru

r

ll
ru







 . 

 
We now introduce a new variable 
 

r


0  ,  
0

2






E
 . 

 
Then we get the differential equation 
 

)()()(
)1(

)(" 2
2




 uuu
ll

u 


 . 

 

In the limit of 0 , u is assumed to have the power form su  )( . The substitution of this 

form into the above differential equation gives rise to 
 

sss llss    22 )]1()1([ , 

 
or 
 

0)]1()1([2  llsss . 

 
So we get 1 ls . 

In the limit of  , the differential equation can be approximated as 
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0)()(" 2   uu . 

 

We assume that )2/exp()( 2 u .  

 

)()()()1()()(" 222  uuuuu  , 

 

This is almost the same as the original differential equation; 0)()(" 2   uu . These suggests 

that our solution )(u can be expressed by the form 

 

)()( 2/1 2

  feu l  . 

 

Then we have the differential equation for f() as 
 

0)()32()(')1(2)(" 2   flflf . 

 
We solve this problem by using the series expansion 
 







0

)()(
k

kkCf  . 

 
Using the Mathematica, we get 
 

0)1()1(2  Cl , 

 
0)2()23(2)0()23(  ClCl  , 

 
0)3()2(6)1()25(  ClCl  , 

 
0)4()25(4)2()27(  ClCl  . 

 
Then we have 
 

0...)5()3()1(  CCC . 

 

In other words, )(f  is an even function of . So we assume that 
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





0

2)2()(
k

kkCf  , 

 
Then we have 
 

0))2()32(

)2()2()1(2)2()12)(2(

0

12

1

122

1

12





















k

k

k

k

k

k

kCl

kCklkCkk




 

 
or 
 

0))2()32()4)(2(

)2()]1(212[2

0

12

1

12

1

12





















k

k

k

k

k

k

kClkkC

kClkk




 

 
Using the relation 
 








 
0

12

1

12 )12()]1(212)[22()2()]1(212[2
k

k

k

k kClkkkClkk   

 
(conventional mathematical procedure)  

 








 
0

12

1

12 )4)(2()4)(2(
k

k

k

k kkCkkC    (no change with the addition of k = 0 term) 

 
this can be rewritten as 
 





0

12 0)}2()324()22()322)(1(2{
k

kkClkkClkk   

 
From this we get the recursion relation, 
 

)2(
)232)(1(2

)324(
)22( kC

lkk

lk
kC







, 

 
When 
 

 lnr 243  (nr = 0, 1, 2, 3, ...), 
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the co-efficient )22( rnC   should be equal to zero, corresponding to the termination of the 

power series. Then, from the recursion relation, we have 
 

0....)24()22(  rr nCnC . 

 
So the energy quantization condition is that 
 

0

2
243






E
lnr  , 

 
or 
 

0)2
2

3
(),( lnlnE rr  . 

 
We define the principal quantum number n as 
 

0)
2

3
(  nE n , 

 

with lnn r  2 . 

 
 

n l nr Degeneracy 
0 0 0 1 
_______________________________________________ 
1 1 0 3 
_______________________________________________ 
2 0 1 1 
2 2 0 5 
_______________________________________________ 
3 1 1 3 
3 3 0 7 
_______________________________________________ 
4 0 2 1 
4 2 1 5 
4 4 0 9 
_______________________________________________ 
5 1 2 3 
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5 3 1 7 
5 5 0 11 
_______________________________________________ 
6 0 3 1 
6 2 2 5 
6 4 1 9 
6 6 0 13 
_______________________________________________ 

 

 
 

n 0

n 1

n 2

n 3

n 4

n 5

n 6

n 7
E

l 0 l 1 l 2 l 3 l 4
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Fig. The energy levels )
2

3
(  nEn  of the 3D isotropic simple harmonics, showing the 

degeneracy. The degeneracy is 1 (n = 0), 3 (n = 1), 6 (=1 + 5) (n = 2), 10 (=3 +7) (n = 3), 
15 (1 + 5 + 9) (n = 4), 21 (n = 5), 28 (n = 6). 

 
5. Hypergeometric function 

We use the Mathematica to solve the differential equation given by 
 

0)()(2)(')1(2)(" 2   flnflf  

 
The solution is given by 
 

)(f Hypergeometric1F1 ],
2

3
,

2
[ 2l

nl



 

 
This function is dependent on n and l, where nr is given by 
 

lnn r  2  

 
 

n l nr f() 
_______________________________________________ 
0 0 0 1 
_______________________________________________ 
1 1 0 1 
_______________________________________________ 

2 0 1 
3

2
1

2
  

2 2 0 1 
_______________________________________________ 

3 1 1 
5

2
1

2
  

3 3 0 1 
_______________________________________________ 

4 0 2 
15

4

3

4
1

42 
  

4 2 1 
7

2
1

2
  

4 4 0 1 
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_______________________________________________ 

5 1 2 
35

4

5

4
1

42 
  

5 3 1 
9

2
1

2
  

5 5 0 1 
_______________________________________________ 

6 0 3 
105

8

5

4
21

64
2    

6 2 2 
63

4

7

4
1

42 
  

6 4 1 
11

2
1

2
  

6 6 0 1 
_______________________________________________ 

 
______________________________________________________________________________ 
APPENDIX 
Spherical harmonics 

(i)  0,0 mln  

l=0 m=0 ),(0
0 lY  

 
 

 
l = 0, m = 0 

 
 

(ii)  mln ,1  (m = -1, 0, 1) 

l=1 m ),(1 m
lY   

 

0 0 1
2 



 

 

 

 
l 

 

(iii) n

l=

 

________
 

1

1

1

2

2

2

2

2

 

= 1, m = ±1 

 mln ,2  

=2 m 

__________

1 1 1
2


1 0 1
2

1 1  1
2

2 2 1
4


2 1 1
2


2 0 1
8

2 1  1
2

2 2 1
4


(m = -2, -1

),(2 m
lY   

___________

  3
2

3


Cos

  3
2

2  
2

  15
2

5


1 

  1
2

2   1
2

l = 1, m = 0

1, 0, 1, 2) 

__________

3


Sin



3


Sin

15
2 

Sin

5


Cos

 3 Cos2

15


Cos

15


Sin

20 

 

 

0 

___________





2

 Sin

2 

 Sin

2

 
__________





__________________________ 
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APPENDIX SphericalPlot3D of the probability 

The probability is defined by 
 

222

zyx nnnP  , 

 
where 
 

x  , y  , z  , 

 
where 
 


0 m

 . 

 
We change the co-ordinates of the system from the Cartesian to the spherical by the relation, 
 

 cossinrx  ,  sinsinry  , cosrz  .  

 
For convenience we assume that 1r . Using the Mathematica, we make a S.phericalPlot3D of 

the probability P as a function of  and , where  0  and  20  . 
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