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We now consider the solution of the two dimensional isotropic simple harmonic 
oscillator. 
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((Cohen Tannoudji et al)) 

The quantum mechanical problem is exactly soluble and does not involve 
complicated calculations. Furthermore, this subject provides an opportunity to study a 

simple application of the properties of the orbital angular momentum L̂ , since the 
stationary states of such an oscillator can be classified with respect to the possible values 

of the observable zL̂ .  

 
1. Definition 

The operators x̂  and xp̂  are given by 
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Similarly, the operators ŷ  and yp̂  are defined by 
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The angular momentum along the z axis is defined by 
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where 
 

1̂]ˆ,ˆ[ 
xx aa , 1̂]ˆ,ˆ[ 

yy aa , 

 

0̂]ˆ,ˆ[ 
yx aa , 0̂]ˆ,ˆ[ 

xy aa . 

 
The Hamiltonian is invariant under the rotations along the z axis. 
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Then we have 
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So it is concluded that 
 

0̂]ˆ,ˆ[ zJH . 

 
2. Number operators 

The Hamiltonian is given by 
 

)1̂ˆˆ()1̂ˆˆˆˆ(ˆ
00  

yxyyxx NNaaaaH   , 

 
where the number operator is defined as 
 

xxx aaN ˆˆˆ  , yyy aaN ˆˆˆ  . 

 

We assume that the usual commutation relations among { yxyyxx NNaaaa ˆ,ˆ,ˆ,ˆ,ˆ,ˆ  } hold for 

oscillations of the same direction. 
 

xxx aaN ˆ]ˆ,ˆ[  , yyy aaN ˆ]ˆ,ˆ[   

  xxx aaN ˆ]ˆ,ˆ[ ,   yyy aaN ˆ]ˆ,ˆ[  

 

Since 0]ˆ,ˆ[ yx NN , we can build up simultaneous eigenkets of xN̂  and yN̂  with 

eigenvalues xn  and yn , respectively.  
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yxxyxx nnnnna ,1,ˆ  , 

 

yxxyxx nnnnna ,1,ˆ  , 

 

1,1,ˆ 
yxyyxy nnnnna , 

 

1,,ˆ  yxyyx nnnnna y , 

 

00,0ˆ xa  00,0ˆ ya . 

 

0,0 : vacuum ket 
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_____________________________________________________________________ 
3. Simultaneous eigenket 

There are simultaneous eigenkets of Ĥ and zL̂ . In other words, if   is the eigenket 

of Ĥ , then it is also the eigen-ket of zL̂ . Note that  
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with the energy eigenvalue 
 

)1(),( 0  yxyx nnnnE   

 

Then yx nn ,  is not the simultaneous eigenket of Ĥ  and zL̂ , since the matrix of zL̂  under 

the basis of },{ yx nn  is not a diagonal matrix. 

 
Energy  ket vectors 
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02    linear combination of 0,1  and 1,0  

03    linear combination of 0,2 , 1,1  and 2,0  

04    linear combination of 0,3 , 1,2 , 2,1 , and 3,0 . 

05    linear combination of 0,4 , 1,3 , 2,2 , 3,1 , and 4,0  

 
________________________________________________________________________ 

(a) States with energy 2 : 10 , 01  

 

1,00,1ˆ iLz  , 

 

)0,11,0ˆ iLz  . 

 

Under the basis of { 0,1 , 1,0 }, zL̂  corresponds to y̂ , where y̂   is the Pauli spin 

operator 
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Then we have the eigenkets and eigenvalues for zL̂  
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Energy eigenvalues:  
 

RRH 02ˆ  , LLH 02ˆ  . 

 
The unitary operator: 
 

10ÛR  ,  01ÛL   

 



 

6 
 

with 
 












ii

U
11

2

1ˆ  

 

(b) States with energy 03  : 20 , 11 , 02  

 

)1,12(0,2ˆ iLz   

 

)0,222,02(1,1ˆ  iLz  

 

)1,122,0ˆ iLz   

 

The matrix zL̂  under the basis of 20 , 11 , 02  
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Eigenvalue  2  0,2ˆ)2,01,10,2(
2

1
1 Ui  . 

 

Eigenvalue 0  1,1ˆ)2,00,2(
2

1
2 U . 

 

Eigenvalue -2  2,0ˆ)2,01,10,2(
2

1
3 Ui  . 

 
Energy eigenvalues:  
 

101 3ˆ  H , 

 

202 3ˆ  H , 

 

303 3ˆ  H . 
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The unitary operator Û  is given by 
 




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
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((Mathematica)) 

Clear"Global`";

exp_  :

exp . Complexre_, im_  Complexre, im;

Lz  — 2
0  0
 0 
0  0

;

eq1  EigensystemLz
2 —, 2 —, 0,

1,  2 , 1, 1,  2 , 1, 1, 0, 1

1  Normalizeeq12, 2
1

2
,



2
, 

1
2


2  Normalizeeq12, 3
 1

2
, 0,

1

2

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3  Normalizeeq12, 1
1

2
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

2
, 

1
2


1.2, 2.3, 3.1
0, 0, 0

UT  1, 2, 3;

U  TransposeUT; UH  UT;

1
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
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2
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U  MatrixForm

1
2

1
2

1
2



2
0  

2

 1
2

1
2

 1
2

UH.U

1, 0, 0, 0, 1, 0, 0, 0, 1

UH.Lz.U

2 —, 0, 0, 0, 0, 0, 0, 0, 2 —  
 

(c) States with energy 04  : 30 , 21 , 12 , 03   

 

)1,23(0,3ˆ iLz  , 

 

)0,332,12(1,2ˆ  iLz , 

 

)1,223,03(2,1ˆ  iLz , 
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)2,133,0ˆ iLz  . 

 

The matrix zL̂  under the basis of 0,3 , 1,2 , 2,1 , and 3,0  
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Eigenvalue  3  0,3ˆ)3,02,131,230,3(
22

1
1 Uii   

 

Eigenvalue   1,2ˆ)3,032,11,20,33(
22

1
2 Uii   

 

Eigenvalue -  2,1ˆ)3,032,11,20,33(
22

1
3 Uii   

 

Eigenvalue -3  3,0ˆ)3,02,131,230,3(
22

1
4 Uii   

 
Energy eigenvalues:  
 

101 4ˆ  H , 

 

202 4ˆ  H , 

 

303 4ˆ  H , 

 

404 4ˆ  H . 

 

The unitary operator Û  is given by 
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((Mathematica)) 
 

Clear"Global`";

exp_  :

exp . Complexre_, im_  Complexre, im;

Lz  —

0  3 0 0

 3 0  2  0

0 2  0   3

0 0  3 0

;

eq1  EigensystemLz
3 —, 3 —, —, —,

,  3 ,  3 , 1, ,  3 ,  3 , 1,

,
1

3
,



3
, 1, ,

1

3
, 



3
, 1

1   Normalizeeq12, 2  Simplify

 1

2 2
,

1
2


3
2

, 

3
2

2
, 



2 2

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2   Normalizeeq12, 4  Simplify


3
2

2
,



2 2
,

1

2 2
,

1
2


3
2


3    Normalizeeq12, 3


3
2

2
, 



2 2
,

1

2 2
, 

1
2


3
2


4   Normalizeeq12, 1

 1

2 2
, 

1
2


3
2

, 

3
2

2
,



2 2


1.2, 2.3, 3.4, 1.3, 1.4,

2.4
0, 0, 0, 0, 0, 0  
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UT  1, 2, 3, 4;

U  TransposeUT; UH  UT;

U  MatrixForm

1
2 2

3
2

2

3
2

2
1

2 2

1
2
 3

2


2 2
 

2 2
 1

2
 3

2



3
2

2
1

2 2
1

2 2


3
2

2

 

2 2
1
2
 3

2
 1

2
 3

2


2 2

UH.U

1, 0, 0, 0, 0, 1, 0, 0,

0, 0, 1, 0, 0, 0, 0, 1

UH.Lz.U

3 —, 0, 0, 0, 0, —, 0, 0,

0, 0, —, 0, 0, 0, 0, 3 —  
 
_________________________________________________________________ 
4. Circularly polarized light 
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  yy aay ˆˆ
2
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)ˆˆˆˆ(ˆˆˆˆˆ
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Here we introduce new operators 
 

)ˆˆ(
2

1
ˆ   yxR aiaa ,  )ˆˆ(

2

1
ˆ   yxL aiaa , 

 
or 
 

)ˆˆ(
2

1
ˆ yxR aiaa  ,  )ˆˆ(

2

1
ˆ yxL aiaa  . 

 
The commutation relations: 
 

1̂]ˆˆ,ˆˆ[
2

1
]ˆ,ˆ[  

yxyxRR aiaaiaaa , 

 

1̂]ˆˆ,ˆˆ[
2

1
]ˆ,ˆ[  

yxyxLL aiaaiaaa , 

 

0]ˆˆ,ˆˆ[
2

1
]ˆ,ˆ[  yxyxLR aiaaiaaa , 

 

0]ˆˆ,ˆˆ[
2

1
]ˆ,ˆ[  

yxyxLR aiaaiaaa , 

 

0]ˆˆ,ˆˆ[
2

1
]ˆ,ˆ[  

yxyxRL aiaaiaaa . 

 
The angular momentum is expressed by 
 

)ˆˆˆˆˆˆˆˆ(
2

1
)ˆˆ)(ˆˆ(

2

1
ˆˆ xyyxyyxxyxyxRR aaiaaiaaaaaiaaiaaa   , 
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)ˆˆˆˆˆˆˆˆ(
2

1
)ˆˆ)(ˆˆ(

2

1
ˆˆ xyyxyyxxyxyxLL aaiaaiaaaaaiaaiaaa   , 

 

)ˆˆˆˆ(ˆˆˆˆ xyyxLLRR aaaaiaaaa   , 

 

)ˆˆ()ˆˆˆˆ()ˆˆˆˆ(ˆ
LRLLRRyxyxz NNaaaaaaaaiL  

 . 

 
The Hamiltonian is expressed by 
 

)1̂ˆˆ(

)1̂ˆˆˆˆ(

)1̂ˆˆˆˆ(ˆ

0

0

0










LR

LLRR

yyxx

NN

aaaa

aaaaH













 

 

The simultaneous eigenket of Ĥ  and L̂  is given by LR NN , ; 

 

LRLRLRLRLRz NNNNNNNNNNL ,)(,)ˆˆ(,ˆ   , 

 

LRLRLRLRLRz NNNNNNNNNNH ,)1(,)1̂ˆˆ(,ˆ
0   , 

 
where 
 

0,0
!!

)ˆ()ˆ(
,

LR

N
L

N
R

LR
NN

aa
NN

LR

 . 

 
______________________________________________________________________ 
 

LR NN ,  E Lz 

______________________________________________________________________ 

0,0  0  0 

0,1  02      (right-hand circulary ket) 

1,0  02      (left-hand circularly ket) 

______________________________________________________________________ 

0,2  03   2  
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1,1  03   0 

2,0  03   2  

______________________________________________________________________ 

0,3  04   3  

1,2  04     

2,1  04     

3,0  04   3  

______________________________________________________________________ 
 
5. ContourPlot of the probability in the x-y plane 
 

Using the Mathematica, we make a ContourPlot of 
 

222
,, yxyx nnnn   , 

 

as a function of  and , where the wavefunction of the simple harmonics is given by 
 

)()!(2 2/2/14/12/ 2

 
x

x
nx

n
x Henn  , 

 
and 
 

)()!(2 2/2/14/12/ 2

 
y

y

ny
n

y Henn  . 

 

The dimensionless parameters  and  are related to the co-ordinates x and y as 
 

x  , y   

 

with 


0 m
 . 

 

(a) 
2

0,0,  yx nn  
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n1,n2 0, 0

303

3

0

3  
 

(b) 
2

0,1,  yx nn  

 
n1,n2 1, 0

303

3

0

3  
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(c)  
2

1,0,  yx nn  

 
n1,n2 0, 1

303

3

0

3  
 

(d) 
2

0,2,  yx nn  
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n1,n2 2, 0

303

3

0

3  
 

(e) 
2

1,1,  yx nn  

 
n1,n2 1, 1

303

3

0

3  
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(f) 
2

2,0,  yx nn  

 
n1,n2 0, 2

303

3

0

3  
 

(g) 
2

0,3,  yx nn  
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n1,n2 3, 0

303

3

0

3  
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Mathematica 
 



 

21 
 

Clear"Global`";

Defintion of operators

Ax 


2
x  

—

m 
D, x &; Ay 



2
y  

—

m 
D, y &;

Cx 


2
x  

—

m 
D, x &; Cy 



2
y  

—

m 
D, y &;

CR : 
1

2
Cx   Cy &; AR : 

1

2
Ax   Ay &;

CL :
1

2
Cx   Cy &; AL :

1

2
Ax   Ay &;

H1 : —  CRAR  CLAL   &; H0 : —  CxAx  CyAy   &;

Lz1 :  — AxCy  CxAy &; Lz2 : — CRAR  CLAL &;

rule1    m 

—
;

Haniltonian H:

H1fx, y  H0fx, y . rule1  Simplify

0

H0fx, y . rule1  Simplify

m2 x2  y2 2 fx, y  —2 f0,2x, y  f2,0x, y
2 m

H1fx, y . rule1  Simplify

m2 x2  y2 2 fx, y  —2 f0,2x, y  f2,0x, y
2 m

Commutation relation
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ARCRfx, y  CRARfx, y . rule1  Simplify

fx, y

ALCLfx, y  CLALfx, y . rule1  Simplify

fx, y
Angular momentum  Lz:

Lz1fx, y . rule1  Simplify

 — x f0,1x, y  y f1,0x, y

Lz2fx, y . rule1  Simplify

 — x f0,1x, y  y f1,0x, y

Lz2fx, y  Lz1fx, y . rule1  Simplify

0  


