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We now consider the solution of the two dimensional isotropic simple harmonic
oscillator.
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((Cohen Tannoudji et al))
The quantum mechanical problem is exactly soluble and does not involve
complicated calculations. Furthermore, this subject provides an opportunity to study a

simple application of the properties of the orbital angular momentum L, since the
stationary states of such an oscillator can be classified with respect to the possible values

of the observable I:Z :

1. Definition
The operators X and p, are given by
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Similarly, the operators y and p, are defined by
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where
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The angular momentum along the z axis is defined by

L, = %p, - 9P,
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where

The Hamiltonian is invariant under the rotations along the z axis.
(wIRlw) = (w[R,(560) AR, (@O)|w) = (w[H|w)

where

R,(50) = exp(—%j 50) ~1- —%j 50



Then we have
HR, (56) = R, (56)H

or
An oA ~ A A
HQ1-—-J3,00)=[1-—J,00)]H .
(i---3,60) =[1-—3,50)]
So it is concluded that
[H,3,]1=0.

2. Number operators
The Hamiltonian is given by

- e e n A~ A A
H=hw,@,a,+a,a,+1)=hwo,(N, +N, +1),
where the number operator is defined as
N,=a,a,, N,=aa,.

We assume that the usual commutation relations among {&;,4,,4,,4,,N,,N, } hold for
oscillations of the same direction.

N,&4]=-4,  [N,41=-4
[N.&1=4;, [N,.a,1=4,

Since [NX, Ny] =0, we can build up simultaneous eigenkets of NX and Ny with

eigenvalues n, and n, respectively.
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3. Simultaneous eigenket
There are simultaneous eigenkets of H and I:Z. In other words, if |:,//> is the eigenket

of H, then it is also the eigen-ket of I:Z. Note that
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with the energy eigenvalue

E(n,,n,)=nha,(n, +n, +1)

Then

nx,ny> is not the simultaneous eigenket of H and I:Z , since the matrix of I:Z under

the basis of ﬂnx,ny>} IS not a diagonal matrix.

Energy ket vectors



2ha, linear combination of [1,0) and [0,1)

3haw, linear combination of [2,0), [11) and (0,2)
4hao, linear combination of [3,0), [21), |1,2), and |0,3).
Sha, linear combination of [4,0), [31), |2,2), [1,3), and |0,4)

()  States with energy 27w : |10}, |01)
L,[1,0) = irj0,1),
L,|01) = -i#[1,0)) .

Under the basis of {|1,0), [0,1)}, L, corresponds to ho,, where &, is the Pauli spin
operator
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Then we have the eigenkets and eigenvalues for I:Z

. 1 . 1 .
Eigenvalue 7 $[|10>+ i|01)] _ﬁ” X)+iy)=|R).

Eigenvalue - - [10)=ij0) = 1}x)~i|y)1=|L).
Energy eigenvalues:

H|R)=2ha,|R),  H|L)=2ha,|L).
The unitary operator:

[R)=Uf0). L) =Uloy



with
u :%[ul -1 ij
(b)  States with energy 3na,: |20), |11), |02)
L,|2,0) = in(v/2[11))
L,[L1) = in(~/2|0,2) - +/2|2,0))
£,]0,2) = -inv/2|11))

The matrix L, under the basis of [20), [11), [02)

Eigenvalue 27

Eigenvalue 0n

Eigenvalue -27%

Energy eigenvalues:
I"|\|}(1> :3ha’o|ll>’
HA|7(2> = 3ha)o|lz>1

HA|;(3>:3ha)0|;(3>.



The unitary operator U is given by

1 2 1
Lj:%iz 0 —iv2
-1 Y2 -1

((Mathematica))
Clear["Global «"];

*

exp_* =

exp /- {Complex[re , im_] »» Complex[re, -im]};
O -1 O

Lz=n«/?[i 0 —1'1]
O 1 O

eql = Eigensystem[Lz]
{{-2n, 2h, 0},

{{-1,3v2,1}, {-1, -iV2, 1}, (1, 0, 1}}}

x1 = -Normalize[eql[[2, 2]]]
11 1
{2’\5"2}

x2 = Normalize[eql[[2, 3]]1]

1 1
{ﬁ’o’ﬁ}



x3 = -Normalize[eql[[2, 1]]1]
i 1

{2’ 2 ‘2}

{x1".x2, x2".x3, x3".x1}

{0, 0, 0}

UT = {x1, x2, x3};

U = Transpose[UT]; UH = UT*;

I

NI =

(3.4 4. (.. L) 5. 2.

U // MatrixForm

1 1 1

2 V2 2

V2 0 - 2

I S S &

2 2 2
UH.U

{{1, o, 03, {0, 1, 0}, {0, 0, 1}}

UH.Lz.U
{{2n, 0, 0}, {0, 0, 0}, {0, 0, -2A}}

(c)  States with energy 4he,: |30), [21), [12),]03)
L,[3,0) = in(+/3/2,1)) ,
L,|2.1) = in(21.2) - v/3[3,0)),

L,[1,2) = in(+/3/0,3) - 2|2,1),



L,]0.3) = -in+/31,2)).
The matrix L, under the basis of [3,0), [21), [1.2), and [0,3)

0 -iv3 0 0

[ —»n iv/3 O —2i -0
0 2i 0 —|J§

0 0 W3 0

4

Eigenvalue 37

Eigenvalue 7

Eigenvalue -7

Eigenvalue -37

Energy eigenvalues:
Hlg) = 4nanldi).
H|4,) = 4ha|d,),
Hlgs) = 4 gs),
H|¢,) = 4hy|g, ).

The unitary operator U is given by



1 3 3 1

Go 1 ivV3 i —i -3
242|-v3 1 1 -3
i W3 i3 i
((Mathematica))

Clear["Global «"];

*

exp_* :=

exp /. {Complex[re , im ] = Complex[re, -im]};
0 -iv3 o0 0

iv3 0  -2i 0
0 21 0 -ivV3

0 o 143 o0

eql = Eigensystem|[Lz]

Lz=nr

[(-3n,3n, -n, 0y,

{{_j, ~/3,i+3,1}, {i, /3, -i1V3, 1},
[i. v% =1 {5 % =1}

x1 =-1 Normalize[eql[[2, 2]]] // Simplify

LE-F ﬁ i
{2\5’21 2’_2’_2ﬁ}
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x2 = 1 Normalize[eql[[2, 4]]1] // Simplify
F

(o a5 243
2 72427 2427

x3 = -1 Normalize[eql[[2, 3]]]
F

s AP A D
2 7 2427 2427 2

x4 = 1 Normalize[eql[[2, 1]]]

3
ek
15’_2’2\/5}

{x1*.x2, x2*.x3, x3"-x4, x1".x3, x1*.x4,
x2* . x4}

{06, 0,0, 0,0, 0}
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UT = {x1, x2, x3, x4};
U = Transpose [UT]; UH = UT*;

U // MatrixForm

3 3

1 2 2

22 2 2
1. 3 i __ 1 _1
2 2 22 22 2

S|y

N [
I\)IH

e

{{3,0,0,0}, {0,1, 0, O},
{0,0,1,0}, {0,0,0,1}}

UH.U

UH.Lz.U

{{3n, 0, 0, 0}, {0, n, O, O},
{0, 0, -h, 0}, {0, 0,0, -3n}}

22

Circularly polarized light
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n 1 ma, (~ -+
=— a, — ,
y /2ﬂ i ( y y )
L, =%p, - 9, =in(4,4,” —4,4,)

Here we introduce new operators

~ 1 . . ~ ar in
a, =——=(a, +ia)), a =—— (4, -ia))

V2 oo

or

~ 1 . .. ~ 1 .,. ..

ag = —ﬁ(aX —ia,), a, :ﬁ(aX +ida,).
The commutation relations:

R P i

[ag, a5 _E[ax—lay,axﬂay]_ ,

[aL,aL]:E[axHay,aX—|ay]:1,

[éR’é‘L]:_

~ ~ 4+ 1 ~ - A At A

[a;.a, ]:—E[ax—lay,aX —ia;]=0,

~ A+ 1 ~ A At A

[a,,a; ]:—E[ax+|ay,aX +ia;]=0.

The angular momentum is expressed by

ain Lo A ia 1 n  sin iaia inia
aza, :E(ajﬂa;)(ax—lay):z(a*a +a'a,—iaa, +iaa



S e PN 1 .~ A
a‘a, =§(aX —ia))(a, +ia ):E(a*a +4
dza, —a/a =-i(a;a,-4a,a,),

L, =in(8,a," -4, 8,) =h(4;a, —4'4,)=h(N; —N,).

The Hamiltonian is expressed by
H =hao,(8;4, +44, +1)
= hay (854, + 878, +1)
=ha)0(NR+NL+1)
The simultaneous eigenket of H and L is given by [N, N, );
EZ|NR’NL>:h(NR_NL)|NR’NL>:h(NR_NL)|NR'NL>’
H,|Ng, Ny ) = o (N + N +D)|Ng, N ) = A(N + N, +1)[Ng, N,

where

|NR’ NL> @M @A™ |0,0>.

—JININ!

INg,NL) E L,

0,0) hao, 0

11,0) 2ha, i (right-hand circulary ket)
0.1) 2ha, —h (left-hand circularly ket)
2,0) 3ha, 2h
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L1) 3ha, 0

0,2) 3ha, —2n
3,0) dha, 3h
21) 4ha, h
11,2) 4he, —n
0,3) 4ha, —3n

5. ContourPlot of the probability in the x-y plane

Using the Mathematica, we make a ContourPlot of

o) =g,

as a function of £and 7, where the wavefunction of the simple harmonics is given by

(&.m]n

(€ln)=2""2" (0, 21, (8),

and
(nfn,) =27 40, 267 P, ().

The dimensionless parameters &and 7 are related to the co-ordinates x and y as

& =pX, n=p
with g = mh“’(’.
@ & -0)f
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APPENDIX
Mathematica
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Clear["Global " %"];

Defintion of operators

Ax = — (x# +iD[#, x])&; Ay=i (y o+ iD[#, y])&;
V2 mw V2 mw
Cx=%(x#-;—wD[#,x])&;Cy=%(y#—miwD[#,y]]&;
CR := —é (Cx[#] + 2Cy[#]) &; AR == —é (AX[#] - L AYy[#]) &;
CL := é (Cx[#] - 4 Cy[#]) &; AL == é (AX[#] + L AY[#]) &;

Hl :=hw (CR[AR[#]] + CL[AL[#]] + #) &; HO := A w (CX[AX[#]] +CY[AY[#]] + #) &;
Lzl ;=1 A (AX[Cy[#]] - CX[Ay[#]]) &; Lz2 := & (CR[AR[#]] - CL[AL[#1]) &;

rulel:{/s-hl %}

Haniltonian H:

H1[f[x, y]] -HO[F[X, Y]] /- rulel // Simplify
0

HO[F[X, y]1] /- rulel // Simplify

m? (x% +y?) o® F[x, y] - 0% (FO2 [x, y] + 20 [x, y])
2m

H1[F[Xx, y]] /- rulel // Simplify

m? (X% +y?) W FIx, y] - n® (FO2 [x, y] + F20 [x, y])
2m

Commutation relation
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AR[CR[F[X, Y111 -CR[AR[F[X, Y111 /- rulel // Simplify
fIx,y]

AL[CL[F[X, Y1]] -CL[AL[F[X, y1]] /- rulel // Simplify
fix, y]

Angular momentum Lz:
Lz1[F[X, y]] /- rulel // Simplify

Lz2[F[X, y]] /- rulel // Simplify
in (-xFOVx, y) ey £8Y x, v

Lz2[f[X, Y]] - Lz1[f[X, y]] /- rulel // Simplify
0
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