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Here we discuss the property of the spherical Bessel function which is the wave function of
the free particle in the spherical co-ordinates, based on the book written by R.H. Dicke and J.P.
Wittke (Introduction to Quantum Mechanics, Addison-Wesley, 1966).

1. Propertles of vector operator
Suppose that V isavector and J isan angular momentum in the quantum mechanics. As is
already discussed before, we have the following commutation relations.
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vV, J,1=0, NV, J,1=-inv,, NV, 3 1=inv,,
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N, J,1=inv,, v, 3 1=0, N, J,1=-inV,,
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V., J,1=-inv,, N, J,]1=inv,,

We introduce the operators as

A A A

V, =V, +iV J, =3, %iJ,.
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Using the above relation, we get
+vjx]:N V j] Ny’j\x]:h\iz’

_iNy’jx] = _h\iz '

V_,J,1=IV, -iV,,J,]

A~

V., J,1=lV, +iV,,J,1=V,,J,]1=iV,,
V.3,1=, -V,,3,1=V,.J,]1=inV,,
V.. J,1=N, +iV,,J,1=V,,J,1+iV,,3,1=-AV, .
V.J,1=I,-V,.3,1=IV,.J,1-iV,.J,]=1V .
These relations in turn can be shown to lead to

IV,,J,]1=-hV,, V.,J,]1=mV_,



~ A

IV,,J,1=0, V.,J ]=0,
V.,J 1=2mV,, N_,J.1=-2nV,.

Note that V is the vector operator. The momentum vector p and position vector f are the
vector operators.
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We also have the commutation relation for the scalar product \7l :
[V, V,]=0

or

This can be proved as follows.

((Proof))

[‘j\x'\ilx\72x +\71y\72y +\7 \7 ] [Ax \7 ]\7 X!
+ [T VL N,, +V,, 5x
_[le"]x]VZX \7 [\; jx]_ ly’jx 2y _Vly[VZy"Jx]

=0

2. Eigenket |2, j,m)
From the above formula, we can derive the following relations,

We assume that



H|4, j,m)=E |4, j,m),
L*[2, j,m) =% j(j+1)| 4, j,m),
I:Z|/1, j.my=nm|4, j,m).
where |/1, j,m> is the simultaneous eigenket of the Hamiltonian H , the angular momentum ( L2,
L,).
We now show that
V|4, jm=j) = |4, j+,m=j+1)

((Proof))
In order to verify this, we use the relation

[32V,]4 jm=j)=2r(V.3, -V,3,)|A, j.m= j)+ 20N |4, j,m= j),
or

IN |0 )= JG VA J) =202 V|4, 00 §) -V, 3, 40 §) + 20V | 44, ),
or

IV, )= JG+DV| 4, b, §) = 202 V|4, J, §)+ 20V | 4, ], ),
since j+|/1, j,j)=0. Then we get

IV, 0) = G+ +2V, |4, ] ).
We also use the relation

[J,V.]=hV,.
Then we have

[3,V14.0.0) =@V, VI 4 j i) =mV ] ),

or



A

IN|A 3, ) =h(i+ V|4, ), J).
These indicate that
V4 i) =4 i +1j+1).
As a trivial example of the usefulness of vectors, we assume that
V.=p..
Then we have
AL |41 +11+1)
Here we use the notation for the wave function
W () =(r|2,1,m)
Then we get the relations

PV ,00(r) = w (1),

p+2‘///1oo (N =y,5(r),

D, W00 (1) =y (1),
Since
Woan(1) = L "y (r)
we get
L™, W00 (1) = L "y (1) (1)

G Spherical Bessel function as wave function of free particle
We use the relation

(1BJwr) =05 +1 2w =0 i) v



or
: ..1d
Py (r) =—ia(x+iy)=—w(r)
rdr
We repeat this process,

. ..10
p.“w(r) =—ihp, (X +iy) =—w(r)
ror

. . 10
= —in(x+1iy)p, Fgl//(r)

_ iy (x+ iy){%} v ()

r

Similarly we have
: _af1dY
'w(r) = (=ih) (x +i '(——j r.
p, w(r)=(=ih) (x+iy) e w(r)
Here we note that
[p,,x+iy]=0,
or

[p, . X+iy]=0. (commutation relation)

This relation can be checked using Mathematica.
When

w(r)= f(r) (independent of #and ¢, an arbitrary function of r)

We get

dr

pf1dY
:YI r (Fa) f(r)

0. (1) = (iR} (x + iy)'G d j 10

where



Y, ~e" (sin6) :[X”yj _xy)
r

r
Since

p+ll//zoo(r) =y (r),
with

_sin(kr)

Vi = kr

we obtain
. o (1d)
p+|l//},00 = ("h)l (x+ W)l(Faj ¥ 00
1dY
:Yllrl(FEj ¥ 100
=¥ =Y R,(r)
Then
rY(1d)Y

R,(r) = (E] (Faj V00,

or
| | .
. 1 d ) sin(kr)
kr)~ (-1 = | [=2 | SN0

(k)= ( )(kj (r drj kr

Where

1
Yy (0.4) = Tan
4, Summary

This radial function is a spherical Bessel function. Combining these radial functions with the
spherical harmonic gives as the wave function for a free particle.

Wam (1) = R, (NY,"(0,9) .



Eigenvalue problem for free particle:

21,2

hk
Hy (1) = B (1) = —— 24 Yoam (),

LZ‘///llm (r) = h2|(| +1)W1Im(r) ’
Lz‘//ﬂlm (r) = mh V//llm (r) ’
where

2 2 2 2
(= VS Wi (R

H = r 2 - 2 2
21 2ur 2uror 2ur

Schrodinger equation:

K2 1 o° R +1 h’k?
_Z_FaI‘Z( ,um) 2fur2 )l//llm = 2u Wam(1).

When | =0 (thus m = 0),

2

V(KT (] =0,

or

sm(kr)

/100( )_

Instead of considering the radial differential equation for states other than | = 0, one can find a
way of generating all the other wave functions from the state of | = 0. The momentum operator is
a vector operator. We introduce the operator

P, = P, +ip,
p, commutes with the Hamiltonian.

F(r) = sm(kr)



p. f(r)=(p,+ip,) (1)

_h o 0
= (6x+|6y)f(r)

vt e
i ror

7] ..10
p.2f(r) == p. (x+iy)=—f(r)
i ror

{ﬁ](xny) p. 22 ()]
i ror

=[§j (x+iy)2[13j £(r)
i ror

In general,
p 101 (22 10
_ ? Ir'e”¢sin'0(Fa—j £(r)
(oo (L] 102va=Yens0
o

' sin(kr)
gl(r)_r(F—) Hr=r ( 8rj kr

or

i (k) = (- 1)( j(i j'r] i)

((Note))

The definition of the spherical Bessel function:

109 = (1'% (lij' 1)

X dx X



. sin x
JO(X) = '
X

. Sin X — X cos X
h(X) :T

5. Mathematica for the Spherical Bessel function.
Here we compare two functions,

oo aia(1d Y sin(x)
00 =012 ]

dx X

and a standard function provided by Mathematica: SphericalBesselJ[L, X]

((Mathematica))

P1:= 1 D[#, X] &;
X

I, %1 := (-1)" x" Nest[P1, SInixJ L]
X
J[0, x] 7/ Simplify

Sin[Xx]
X

J[1, x]1 // Simplify

-XCos[X] +Sin[X]

X2

J[2, x] // Simplify

3xCos[x] + (-3 +x?) Sin[x]
- 3

X



J[3, x] // Simplify

X (-15+x?) Cos[x] +3 (5-2x%) Sin[x]

X4

J[4, x] // Simplify
1

5

(5x (-21+ 2x2) Cos[x] +
X

(105 - 45x? + x*) Sin[x])

Plot[ Evaluate[J[4, x]], {x, 0.01, 20},
PlotStyle » {Red, Thick}]
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T2 = Plot[ SphericalBesselJ[4, x],
{x, 0, 20}, PlotStyle - {Blue, Thick}]
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