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In every physical theory, we are confronted with the need to obtain approximate
solutions to the equations, because exact solutions are usually be found only for the
simplest models of the physical situations. Nevertheless, the approximations are often
useful since they may serve as a key starting point for understanding the physics lying in
the complicated equations of the actual system. The perturbation method are examples of
such an approach. Here we discuss the perturbation theory with the time-independent
Hamiltonian. There are two types of methods, (i) the non-degenerate system where the
eigenstates of the unperturbed system are not degenerate, (ii) the degenerate system
where the eigenstates of the unperturbed system is degenerate.

Here the Rayleigh-Schrodinger perturbation theory (conventional method) and the
Brillouin-Wigner perturbation theory (alternative method) will be discussed. For the
elementary application of lowest-order perturbation to atoms, there is no distinction
between these two schemes.

1. Perturbation theory: non-degenerate case
(Rayleigh-Schrodinger method)

We consider the Hamiltonian of the system
A =R+,

where I:IO is an unperturbed Hamiltonian and IEI1 is the perturbation. The parameter 4 is
assumed to be real and is very small.
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Fig. Energy eigenstates for the unperturbed Hamiltonian H , (non-degenerate case).

HO H0+/\H1

Fig.  Shift of the energy levels when the perturbed Hamiltonian (AH ,) 1s added to the
system.

Here, we discuss an approximate solution of the ﬁl(l) eigenvalue equation (non-
degenerate case). We start with the eigenvalue problem

Iy

H

v,)=E,|w,),

where %> is the eigenket of A with the energy eigenvalue En. %> is a non-degenerate

state. We assume that
E =EY+E" + ?E" +....

and

v,)=

1//,,(1)> '

) A+ By ®)
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where

A

H,

%(0)> —E© %(0)>_

The energy eigenvalue En(o) is different for different states (the non-degenerate case).
Then we get

Ay + 20w, )+ 2w, )+ 2]y, )+ )
=(E," +2E," + 2E,% + . )w, )+ Alw, )+ 2w, P )+ ).
For the 0-th order terms in A,

A

(I:Io_En(O))‘//n(O)>:0a or H,

l//n(0>> =E,,(°)‘l//,,(0)>.

For the 1st-order terms in A,

(H, =By, )+ (- E")

v, ") =0. (1)
For the 2nd-order terms in A,

(H,~E,")

l//n(2)> + (I:Il - En(l))

For the 3rd-order terms in A,

(H,~E,")

l//n(3)> + (I:Il - En(l))

l//n(2>> . E”(z)

v.")=E ") =0 )
For the 4-th order terms in A,

(A, ~E,"w, )+, -E,")

%(3>> _En(2>‘%(2>> _En(3>‘%(1>>
— En(4)‘ l//n(0>> ~0 @

((Mathematica))
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Perturbation theory : nondegenerate case

10 10
Clear["Global «"]; eql = (HO + X H1) [qu »,:m[q]] - [qu En[q]] [

4=0

10
es 'Jm[q]]]:

q=0 q=0

eq2 = Table[{n, Coefficient[eql, A, n]}, {n, 0, 4}] // FullSimplify;
eq?2 // TableForm

(HO -En[0]) yn[0]

(H1 -En[1]) yn[0] + (HO-En[0]) yn[1]

-En[2] yn[0] + (H1 -En[1]) yn[1] + (HO -En[0]) ¥n[2]

-En[3] yn[0] -En[2] yn[l] + (H1 -En[1]) yn[2] + (HO - En[0]) yn[3]

-En[4] yn[0] -En[3] yn[1] -En[2] yn[2] + (H1 -En[1]) yn[3] + (HO-En[0]) yn[4]

= M= O

2. The first-order energy shift
The eigenket

y/n(o)> forms the complete set. We start with Eq.(1) and take the inner

(0)

product with <1//”

(. E ™)+ (e~ £y, ) =0,

or

A

B =l

v

The first-order correction of Eq.(1) with <1//k(0)‘ for k # n.

<l//k(0) FIO —E,,(O)‘l//,,(l)>+<l//k(0) ﬁl _E”a) l//n(0>> -0.
Since

<!//k(0) ‘%(0)> =0 fork#n
the above equation can be rewritten as

(E" _En(O))<l//k(0)‘l//n(l)>+<l//k(0) a, l//n(0>> ~0,

or
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© ©)
<‘//k(0) ‘%(1)> _ <‘//Ek (Ollfl‘El//(no) > C hem)
n k

. 0 0 . 0
since £, # E,'” . If we use the basis states ‘1//,{( )> to express ‘1//”(1)> as

‘lﬂ (l)> z l//k(o)><lpk(0) l//”(1)>, (closure relation)
or '
‘ (1>> ‘!// (0>><%(0> ‘%(1>> +;‘%(O>><%(0>‘%(l>>
= Z‘ ,/,k(0>> <'//k(0) ‘ '//n(l)> '
k#n
if

1l =0.

So we need to show the validity of this condition from the normalization-I as shown
below.

In conclusion, we have
0 0 0
E, E()+/1< ()‘ 1‘%()>

and

‘%(1>> _ z‘ '//k(o)><%(0) ‘%(1>>

k+#n

v, O A w ©
=2 ‘ ,//k(o>> < ;ﬂ(o‘) _ll‘?k(o) >

((Normalization-I))
Here we need to show that

< (0)‘1// (1)> 0.

from the normalization condition

(w,|w,)=0
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where

|1//n> =‘l//n(°)>+l‘l//n(l)>+lz ‘l//n(z)>+....

((Proof))

We start with the condition of normalization.

t=(w,lw) = (v, ")+ 2w, ", ") + (v,

VY

v

+ 2y, )+ ("

Since <1//n(0) ‘1//”(0)> =1, through the first order in 4, we must have

(n

!//,,“’> + <!//,,“’ w

=0,
or
), = 2Rty =0
Then we have
(v, p,") =ia (@ real), ie. (purely imaginary)
This means that
v, ) =iay, ) +|9, ).
where |, ") is any ket, satisfying the condition

wlo)=0.

Then we have

w,)=|w, )+ Aia|w, )+, N+ 22|, D) +...
D], @)+ 2] )42,

=y )+ 2|0+ 2]y, .
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where we use

é* =1+iad+..=1+ial for |a/1| <<1.

For convenience, we assume that a = 0:

"

o) =ia=0

Then, we have

or

v, =|v, )+ 2w, )+ 2, )
With
Note that
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v,>

n

b)Y =3y o

k#n

Fig. (p,"” w,").

w,") =0,

((Note)) Townsend, Sakurai and Napolitano

As will be discussed later, we use the concept of the renormalization wave function
such that <;//n(°) w,)=1. To the first order of A, the same

y/n>=1, instead of <W”

condition<t//n(0) ‘1//,1> =1 can be derived from the condition for the renormalization wave

function <1//n(0) y/n> =l
(v, ”]w,) =1
= (.|, ")+ 4w, O |w, )+ 2y, )+
1 A, )+ 2 (0|, ) .
leading to
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0=A1 <1//n(°) ‘1//,1(1)> + A2 <1//n(°) ‘1//,1(2)> +...

For arbitrary A, we have

<1//n(0) 1//”(1)> = <1//n(0) 1//”(2)> =..=0.
3. The second-order energy shift (nondegenerate case)
=(0) P

i A\
<eOWHilg> [ \ <41 42>
~(0) / \ 140 >

Second order perturbation for nondegenerate case

Fig. Second order energy shift (nondegenerate case). E'” # E” . The state ‘w§°)> is

nondegenerate, but the state ‘1//,50)> is either non-degenerate or degenerate.
We start with

(H,~E,"w,”)+(H,~E)

w,")-E|p,") =0, @)

We take the inner product of Eq.(2) with the bra <1//”(0)‘
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(a0~ £y, 4y, -

W (1>>_E(2> ~0.
Since <1//n(0) ‘1//”(1)> =0, we have
£ =y, ")

= (v, |4, z‘%<o>><‘/’

(0) ﬁl v, (0>>

EO_EO
. 1]y ) v | A lw, )
= ; EO_EO

gl
- pom En(o) _Ek(0>

w.©la w ©
=Z < I;EH(L _I‘Ek(m >

k#n

In summary

(0) H (0) (0) I:[ n(0) n(0) I_A[ (0)
B 0 S A 0T LG

k#n

with

| (1)> Z| >< o Ek(:;) >
4. Wave-function renormalization (we use here)
)=[w, )+ Ay, ) 2l ) B, )+

Here we need to specify how the states ‘Wn(0)> and |1//n> overlap. Since |1//n> is

considered not to be very different from ‘1//,1(0)>, we have

) =1

It is convenient to depart from the usual normalization condition that
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Rather we set

< © ‘yf > (this is the definition we use here)
even for A# 0. Then we get

(0. ) = ) 2, o, 20, 20, ) e
with

< (0)‘W(0)> ’ < (0)‘1//(1)> 0. <Wn(0>‘%(2>>=0,....

In other words, ‘%(k)> (k=1,2,3,4,..) is orthogonal to ‘Wn(0)>

g
P>

0
>

Fig. <1//n(0)‘1// (k)> 0 where k=1,2,3,.
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In such conditions, we have
Wl =+ 2y 2,2 200
) A 2 2
:<%(0>‘%(0>>+/1[< (0)‘!# (1>> < (0)‘!# (1>>

+/12[<%(0> %(2>> < m‘W (0>> <W M %(1>>]+_”
=1+ 2(p," |y, ") + O(2)
(v
:1+/12; L) +O0(2%)
since
‘l// (1)> z l//k(0)><l//k(0) l//”(l)> z l//k(o)><'//k(0) [:11 '//,,(0)>

(0) (0)
E n - E k
In other words, |1//”> 1s, to the first order, normalized to 1, with the first correction

occurring in the second order.
Here we define |l//n>  Which satisfies the usual normalization.

v =VZv)

where
W >:‘%(0>>+/1‘W (1)>+/12‘!// (2)>+/13‘!// (3>>
Z, is called as the wave function normalization constant.

v lw.) =1=2Z{(v,|v,)

or
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RySRm

=1-2* ("

vi)+
vi")+0(2%)

")

2

+O(A%)

Then we have
(w."v.), =2, (v, |w.) =z,

P is the probability of observing |l//n> , In the unperturbed state ‘l//n(o)> ,

2

RY IR i Ly
n N - “n -

Kl// 0)
! k#n (En(O) _Ek(O))2

The second term is to be understood as the probability for leakage to state other than
‘1//,1(0)> . Note that Z, is less than 1.

Note that the energy E, is given by

E =E" + /1<W,,(°’ H,

Wn(0)> + 2‘2 Z
k#n

The derivative of E, with respect to E,,(O) is given by
H

B KW O [y (0>>2
n 1. ) k 1 n _
aEn(O) Z (E,,,(O) _ Ek(O))z n?

k#n

where the matrix element of A, is assumed to be independent of E,” .

5. Derivation of the expression of ‘1//”(2)>

Now we take the inner product of Eq.(2)

(H,~E,")

v,”)+ (8, - E")

w,") =, |v,*) =0, )
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with the bra <1//k(0) ‘ (k#n)

or

or

or

A A R A S A

B ) ) )=,

AR AT
E©-E©®

(Ek(O) - En(O))<Wk(O) ‘ Wn(2)> + z
I#n

eoghrleeriien)

v ) v,
(E,”=E")

(En(t)) _Ek(O))<!//k(0)‘l//n(2)> _ z<
I#n

s lwOlf |y ©
—En(l); - <EW:(0>‘_ bil‘(gn >

where <l//k(0) ‘l//,(o)> =05,

O O

<%(°)\%(”>:z<(E,,<°>—E,<°’>(E,f°>—E,f°>> SRR AL

I#n

Here we use the relations

0) | 17 (0)
4 ‘Hl‘l//n >
(0) o) °
En _El

‘%(1>> _ lz‘%(0>><

Thus, we have
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) = Y, o )
k#n
= S )
k#n

O E | OV | B |y, © v O A |y ©
_%‘Wk(0)>< k(En(")I—Ei(")Z(<E:(°)—Ek(°)) >_En(l);"//km)><(gn(0>‘_lllk(0>)z>]

")

—_

(v B v} | (v |8, |, ") v, | 5w, )

- %‘Wk(0)> (En(0> _Ek(0>)(En(0> _l;l(m) B ;‘Wk(0)> (En(0> _Ek(0>)2

or
W 0|7 l//(O) l//(O) Vs l//n(O) W O l//n(O) l//n(O) Vet l//n(O)

"//"(2)> = ;‘%(0)>[;< (];5”(0) i E;‘°)>)<( E:‘O) _;31(0)) > _< - E E® 2<Ek(0))z : >] :
Her we use

£ =] )
and

..} =0
6. Summary

Summarizing the above results, we may write the energy eigenvalue and eigenstates
of the perturbed Hamiltonian to the second order in A as

(a) Energy eigenvalue
E =EY+E" + 2E” +0(1),
with

A

En(l) = <l//n(0) Hl

%(O>> ’

2

oy

(b)  Energy eigenstate
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)=l )

v, ")+ 2,7 )+ 0.

with
O [y ©
‘l//”(l)> _ ;‘Wk(0)> <‘//b1:”(0) _1El/:(0) > ’
and
(w1 W, )

b= TN

k#n

(En(o) _Ek(o))(En(O) _EI(O))

(v | w, Y, |, )
B (En(m _Ek(o>)z ]

We note that

to obtain the normalization factor.

1//”> is not normalized, so an extra calculation must be performed in order

7. Formal theory of perturbation ((Sakurai))
We start with the Schrodinger equation given by

(H, +Mf11)|l//n>=En

v,),

where E, is the energy eigenvalue (non-degenerate case). When the perturbation
vanishes, we get

") =E,ly,).
We define
A, =E, —E".
Then we get
(Hy+2H)y,) = (A, +E, 7w, ),
or

(E, —H|y,)=(1H, -A,)

V), (1)
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We introduce the projection operators, M and P such that

M= W”(0>><%(0> . pP=i- ‘//n(o)><l//n(0) =; l//k(o)><l//k(0) _
We note that
P+M =1 M y/n(o)>= y/n(o)>, P y/n(o)>:0

Multiplied by P from the left in Eq.(1)

PQH, -A\w,)=P(E," = Hy\w,)=(E," = Hy)Ply,) .
So we get
Ply,)= PQH, -A)\v,).

(0)
En - HO

A suitable final form is

v,)=Mly,)+ Py,)
1 R
(0)
=¥ >+E(0)_ ~—P(AH, An)l//n>
n 0
P
= l//n(0)>+E(0) _ /3 (X‘Hl An)l//n>
n 0
= y/n(o)> +1 y/n(l)> + 4 l//n(2)> + e
where
1 5 s 1 _p 1 ~
En(o) A, - En(o) ~ A, - En(o) A, ’
or simply
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Multiplied by <l//,,<°> ‘ from the left in Eq.(1)

(v " |E, = Hyw,) = 0=y, |41, = A,)|w,)
or

A, =AY+ PN+ AP 1
= 1<Wn(0) ‘FI1|V/n>

I PRy R PR PR R AL A VA O
Here we have

=l ),

8=y,

AP = <l//,,(0) ‘ﬁl‘%(2>> _

(1) Coefficient the powers of A:

0.,

‘l//n(l)> - En(O)P_ A, H,

leading to
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A

.
n 0

A

8=,

)

(i)  Coefficient the powers of A°:

A A

P ~ P
@\ _ M\ _ oy, @
‘l//n > - En(o) _I:IO Hl l//n > En(o) _I:IO An l//n >
ﬁ 3 ﬁ 3 (0) ﬁ (O] ﬁ 3 (0)
= Hl ©) 5 Hl V., >_ ©) 5 An 0 5 Hl V. >
En HO En _HO En _HO En _HO
_ ﬁ 3 ﬁ g (0) ﬁ 0) | 73 (0 ﬁ g (0
= En(o) _I:IO Hl En(()) _[:IO Hl l//n > EH(O) —I:IO <l//” Hl l//n > ”(0) [—AIO Hl l//n >
8. Example, Hamiltonian with 2x2 matix.

We consider a two-dimensional problem. In a given orthonormal basis the
Hamiltonian is represented by the matrix

A A A 1 0 0 ¢
H=Hy+H =+ o]
&

under the basis of {|1> and |2> }, where ¢ is negligibly small. First we find the exact

eigenvalues of H

1-4 &

or

:3i\/1+4g2

2

A

This can be expanded in a binomial series:
A=2+¢&*,or A=1-¢g".

Next we use the second order perturbation to determine the eigenvalues.

2

2

2|A, 1
‘<| 1) S0+ =1-¢,

EO-E® 1-2

E =E” +(1|H 1)+
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2
2

(114,]2) P
WZZ'FO'F;:Z'FE

2

E,=EY +(2|H,|2)+

Then the second order corrections are the same as the result of the series expansion.

9. Simple harmonics
We consider the system whose Hamiltonian consists of the un-perturbed Hamiltonian
of the simple harmonics, given by

A 1 . 2 A
Hy=—p>+—ma, *°,
2m 2

and the perturbing Hamiltonian given by

A X o
H, =Eema)02x2 =§ha)0(a +a’y’.

We note that

Hofn)=E,"|n).,

with
£ = (ns by
n 2 0
PAI1|n>=%Eha)o[w/n(n—l)|n—2>+(2n+l)|n>+1/(n+1)(n+2)|n+2>]
<n+2|ﬁ1|n>=%£ha)01/(n+l)(n+2)
(A |n) = 2 oy + 1)
: 270 2
<n—2|ﬁll|n>=%gha)oq/n(n—l)
Then
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n = n < E (0> _E, (0>
or
A 2 A 2
H|n=2) |((n )
O (17 k” ! ‘
E,=E," +(n|H|n)+ EO_g O + EO_F O
or
1 1. &
E=E+ Lo+l + £ 01y =+ 1)(n+2)]
2 2 32
or
1 1 1
En = ha)o(n +E)(l +E€ —gé‘z +...)
((Note))
7 n> =(- n>
Since
7 = —x: odd parity
AR = AXARXA = X : even parity
Here

A

7t =1, A=z
<n|fcz|m> #0 for both » and m being odd and for both » and m being even.

When 7 is fixed, m shouldbe m =nand m = n £ 2.

((Note)) Exact solution
~ 1 ) 1 2
H=—p +—mo, (1+&)x
2m

Then we have
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E, =haoyNl+&(n +%) =E"l+e

:E,,(O)(l+lg—lg2 +ig3 —i84 +L85 +...)
2°78° T16° T128° " 236

10. Anharmonic oscillator
We calculate the eigenstates of the anharmonic oscillator whose Hamiltonian consists
of the unperturbed Hamiltonian given by

A 1 1
Hy=—p +—ma, %",
0 2mp > b X

and the perturbed Hamiltonian

n . K . . )
H, =Ki'= (@a+a")*. (anharmonic term)

4

The unperturbed system:

Hfn)=£,"n),

with
E® :(n+l)ha)
n 2 0°
H|n)= 4124 [\n(n = 1)(n —2)(n—3|n — 4) + 2(2n —)\fn(n = 1)|n - 2)
+3(142n+2n*)n) + (6 +4n)\(n+2)(n +1)|n +2) )
+(n+4)(n+3)(n+2)(n+1)|n+4)]
E, :En(O) |H| ml‘? ©_F ‘(0>
or
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)

, (11— k)

b= sl T
o

Hl
i Pw afnf Y2l fne2linfa) | ) }
ha,| [n—(n-4)] [n—(n-2)] [n—(n+2)] [n—(n+4)]

“E© +{n

n

+ —_ —_
2 2 4

+
St
[S—
g
1

\<n—4|ﬁ1|n>r ‘<n—2|l:ll|n>‘2 ‘<n+2|l:ll|n>‘2 \<n+4|ﬁl|n>q
4

where

H

(n

1n>:

(n=alf|n) =

(=2t |n) =

\<n+z|ﬁl|n>f -

(n =4l =

((Note))
Formula: matrix element of the simple harmonics for the perturbation calculation

ma,
P

The annihilation and creation operators

B P
a=—"=x+i—),
L)
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FI:th(N+%),

aln>=-In|n-1>,
a'|ln>=~n+1ljn+1>,

Nin>=n|n>,

a)'0>,

n>=—(
Jn!
[N.d] =-a,
[N,a" ]=a".
The parity operator:

Alns=1)"|n>,

)e:\/%ﬁ(awa),

., mo, a-a

p_ l (\/Eﬁ)’
fcn>:\/_%ﬁ(\/;|n—l>+«/n+l|n+l>),

2;)2 (r(n=D|n=2)+Q2n+D|n)+[(n+1)(n+2)|n+2)),

m)=

~2
X
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~3

+(n+1)(n+2)(n+3)|n+3)

a4
X

4p
+3(2n° +2n+1)|n) + (6 + 4n)y/(n +1)(n +2)|n +2)

+J(n+D)(n+2)(n+3)(n+4)|n+4)

o]

1
n)= T (Jn(n=1)(n—2)(n-3)(n—4)|n-5)
+5(n—1)y/(n = 2)(n = Dn|n —3)+ 52n* + Dvn|n - 1)

&|n) =ﬁ2'83(1/n(n —D)(n=2)|n-3)+3n"*|n—-1)+3(n+1)"*|n+1)

n) = ! L (n(n=D(n-2)(n-3)|n—4)+2/(n-Dn(2n-1)|n-2)

+502n° +4n+3Wn +1|n +1) +5(n+ 2)/(n + D)(n+ 2)(n +3)|n + 3)

+J(n+1)(n+2)(n+3)(n+4)(n+5)|n+5)

11. Projection operator as a formulation of the perturbation theory

We consider the Schrodinger equation given by

Hly,)=E,|p,).
with
H=H,+H,.
Note that
Ay, ) =E"w,").
Now we assume that
v =|w, ") +|@)
and
i)
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Fig. Schematic diagram.

1//”(0)> + |(I)> with <1//n(0) ‘(I)> =0.

v,)=

From the normalization condition of <1,//n 1//”> =1, we get

v,) =, [+ (@)(w,”)+[®)
:<%(0> !//,,(0)>+<!//,,(0)‘q)>+<®

=1+(®|D)~1

(v,

v, ")+ {@]@)

Here we define the projection operator given by

N

A

M =

where

A

M

L)

)
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(1) M is the Hermitian operator.
R S P R

M‘%(0>> _ ‘%(0>>

or

<%(0> ‘A;I* :<%(0>‘
or

(y. it =,
() M*=M

4y, )= iy, )= il
(iii)  The projection operator P
P=1-M,
which is the complementary projection operator.
MP=M1-M)=0.

We note that

13‘ 1//”(0)> =0
Plo)=|®)
((Proof))

Py, ) = =|w, ) w, )

)=

Alo) =~y Nw,” )|@) =|o)
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(iv)  The commutation relation
[M,H,]=0.
since

Mﬁo _FIOM:‘V/n(O)><l//n(O) Flo _Flo

(iv)  The commutation relation

since

b o)

_ Eﬂ(O)‘%w) ><%(0> ‘ _ Eﬂ(O)‘%w) ><%(0> ‘ —0

12.  Brillouin-Wigner series

(see J.M. Ziman, Element of Advanced Quantum Mechanics)

We start with the Schrodinger equation given by

A

Hly,)=E,

v,)
with

H=H,+H,

Note that £ is the energy eigenket of H . Then we get

(I:IO+I:II)|W/1> =E, Wn>
or

(H,+H,)

v, )40}

v, ")+ @) = E,(

or
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E, D)= (H,+H))

v,")+E, v, ")+ (H,+ H)|®))

=By, )4 ) + A1y, + 7o)
= £y, ")+ A,[0) + Aly,)
Finally, we have
Projecting on both sides with P
P(E, - H)|0) = PA|w,)~(E, - E,")Plw,”)

Noting that 15‘ l//n(o)> =0 and 15|CI)> = |CI)> , and [13, I:IO] =0, we get

(E, —H,)P|®)=PH\|y,)
or

(E,— H,)|®) = PH |y, )
or

Thus we get the final form

V)

v,)=

Wn(0)> +(E, _I:Io)_lﬁl:ll

We solve this by iteration method,
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where

A A

[H,,P]=0.

13.  Energy shift

What is the energy shift due to the perturbation? To this end, we start with

(E,~Hylv,)=Hlv,)
Projecting on both sides with A

M(E,~H,)y,)=MH|y,)
or

(E,—H)M|y,) = MH |y,),
or

(En _I:Io)

V/n>’

) = i
where we use the commutation relation,
[M,H,]=0.

Multiplying on both sides with <1//n(0)‘

(v, &, - A1)y, ) = (w," M|y,
Then the energy shift is obtained as
En - En(O) = <Wn(0) Mﬁl V/n> = <Wn(0) Fll V/n>

Through the iteration method, we have
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(0) (0) (0) ) | 15 (0)
E E <l//n n > + <l//n 1 n >
0 Noa=l DD 0
n <‘//n( ) ( >> n
(0) 5
+(y,

(1) The first-order energy shift:

" (0>>

The second-order energy shift:

En(” =<W Q) I_‘I

(i)
(2) O) | 75
En = <Wn 1

S

k#n

i
Sl

k#n
e

k#n En

)

b

o

b

q

o)

v

Jo.)

H

H

Ay

_E©

©
e

since ﬁ‘l//”(o)>:0. When En—>En(°), we get a “Rayleigh-Schrodinger series of

conventional perturbation theory.” Then the final form of the second order of the energy

shift is given by

)
(2 _
E z (0) (0) )

k#n

or

Ny,

(0) (0)
En - Ek

E® :z<'// 7, k(0)>

n

k#n

where £, > E, ©

(ii1))  The third order of the energy shift:
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En(a) :<V/n(0) A1 1,)" P A1 Wn(0)>
= . ZI <V/n(0) A1 (0)><V/k(0) ‘ﬁl (En - ﬁo)'lﬁ‘l//z(o)><¢//z(0) I:Il Wn(0)>
| <V/ (0 (0)><Wk(0) 2 (0)><‘//1(0) Al Wn(0)>

»>

k#n.l#n (En - Ek(O))(En - EI(O))

or

where E, > E,*.

(iv)  The fourth-order of the energy shift:

where E, - E,*.

14.  The form of |®)

Next we discuss the from of |<I)> .

(1) The first order of wave function:

(1)>

(0)>

= Z(En - Ho)_IP‘V/k(O)><‘//k(O)

bl

a,

)

i)

1

or

where E, - E,*.

(i)  The second order of the wave function:
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‘Wn(2)> = (E,, —ﬁo)-llsl:ll(En _FIO)—IISFII‘W"(O)>
= z (E, —15[0)-1 13‘ ‘/’k(O)><!//k(O) ‘ FII (E, - I:Io)_l 13‘ *//1(0)><!//,(0)

k#n,l#n
i z ‘ Wk(0)><Wk(0) FII *//1(0)><‘//1(0) FII Wn(0)>

T (En(O) _Ek(O))(En(O) _ EI(O))

A

H,

v

where E, - E,'*.

(ii1)  The third order of the wave function:

(iv)  The fourth order of the wave function:

15.  Degenerate case (simple case)
Here is the procedure of calculation for the perturbation with degeneracy. We have
now g-degenerate states with

(0)
¢n,ﬂ >

A

H,

)\ _ (0)
¢n,,u >_En

with

¢n,,u(0)> (lu = 17 27 39 LRXEY) g)
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ng
EY (g—degeneracy) |
(1)

Enl

Fig. Energy level with the g-degeneracy for the unperturbed system (FIO) . Under the

perturbation (H .), the energy level splits into various energy levels.

The new Hamiltonian H is given by

H=H,+H,. (I:I1 is the perturbation).
In order to get the energy eigenvalue of H we need to calculate ﬁl ?,. H(0)> .
) The simplest case

a, ¢”,H(0>> —¢, %,H(0>>’

where &, are different for different u. The perturbed energy is given by En(o) +¢&,. since

(I:IO +I:Il) ¢n,y(0)>

¢n,,u(0)> = (En(O) + 8/4)

(i1) Simple case.

Suppose that we get

1:11 ¢n,1(0)> = All ¢n,1(0)> + Alz ¢n,2(0)>
1:11 ¢n,2(0)> = 4,, ¢n,1(0)> + 4,5, ¢n,2(0)>
H, (on,ﬂ(0)>:eﬂ (on,ﬂ(0)> withu=34,.., g
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In this case, we already know that

. 0 .
the energy eigenvalue £, + & .- Here we consider the case where

A

Hl

(0)
¢n,2 >

(0)
¢n,2 >

¢n,1(0)> = All ¢n,1(0)> + Alz

A

Hl

¢n,2(0)> = 4,,

(0)
Dy > + 4y

We introduce the matrix notation;

21 22

we get new eigenstates ‘1//”,1(0)> and ‘l//,,,z(o)>,

A

Hl

0\ _ (0) y 0\ _ (0)
l//n,l > - 81 l//n,l > b Hl l//n,z > - 52"//”,1 >

Using the Unitary matrix
o0 U)
Uy Uy,

we have

‘Wﬂ,l(0)>20¢n,1(0)>:(U11 Ulzj 1J=(U11J
U21 Uzz 0 U21

‘l//n,z(O)> _ U ¢”,2(0)> _ (Ull U12 (OJ _ (UIZJ
UZI U22 1 U22

) For A= g,

A

Hl

O\ _ (0)
Wn,l > _El l//n,l >’

or

A0

(0)
(on,l >

(0) 5
D1 > =g, U

(0)
(on,l >

or
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LAH AIZJLU“J _ s LU“J (eigenvalue problem)
4, A,\U, : U,,

(i) Forid=g,

) =ty ),
or
A010,,") =6.0]0,.°)
or
(All A J(UﬂJ = ¢, (U”J (eigenvalue problem)
4, 4, )\U, Uy

16. Degenerate case (general case):

degenerate state

gistates
with the same energy

In the absence of the perturbation, we assume that there are g-states with the independent
eigenstates given by

20" =1,2,3,..,9)

What happens to these eigenvalues and eigenstates when the perturbation H , 1s applied
to the system?

(H,+AH,)(

)

=(E" +E"" + PE,” +...)(

W,,(l)> ny

)

v, )+
%(1)> ny

e
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For the 0-th order terms in A,
(Hy~E,"w,") =0, (1)
For the 1st-order terms in A,

(A, -E,"w, ")+ (A, -E,")

v,")=0, 2)
For the 2nd-order terms in A,

(A, ~E, "y, )+ (1, - E,")

v,")=E|w,")=0, )
For the 3rd-order terms in A,

(A, ~E,"y,”)+ (- E,")

%(2>> . Eﬂ(Z)‘%(1>> _En(3>‘%(0>> —0

where we assume that

<1//n(0)‘l//”(1)>=0, <1//n(0)‘l//”(2)>:0, ........

0
>
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17. Degenerate case: the first order (formulation)
We have now g-degenerate states with

v, ") >0, ). w=1.23 .9

where

A

H,

O\ _ 0 (0)
(on,,u > - En (on,,u > .

o, ﬂ(0)> is different state for different .

EY (g—degeneracy)

Fig. g-degeneracy.

For the 1st-order terms in A,

(Hy—E,w,")+ (A, -E,")

v.") 0.
By taking an inner product of <¢)”, ﬂ(o)‘ and Eq.(1), we get

(H,-E,")

0. |(Hy=E, v, )+ (0, v, )=0,
u u

or

(0) I:I
1

<¢ W(O)>=E(l)<¢? (0)‘W(0)>-
o n n o n

Using the closure relation, we have
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A

Hl

i<%,ﬂ(0>

v=l

0 (0>><¢ (0)‘W (°)>:E (1><¢ ((»‘W (0>>

We need to calculate the matrix elements;

<¢n’ﬂ(0) I:Il ¢n’v(0)>'
0
loi)> *
(0) 11y 1.0
* *wfv,LiHﬁwf,,Lz g-degeneracy
0
o) >

Fig. The first order perturbation for the degenerate state (g-degeneracy). Matrix
element <¢)n,ﬂ(0)‘l:ll

¢n,v(0)> for this system. Note that the energy is the same for

each state.

Then, we solve the eigenvalue problem

g A
2[<¢n,ﬂ(0) ‘Hl
v=l

0 (°)>—E(”§ ]<¢ (0)‘W(0)>=0

where u=1,2,...,g,and v=1,2, ..., g

or

(Y] 0) 0)

H,-E, Hy, Hy .o ng <¢)",1 ‘W"

()]
Hy Hy-£" Hy ... H, |{p,"y,")
=0

H H H H_ -EY Oy, @

gl g2 g3 gg n ¢n,g V.,
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for the eigenvalue En(l) . The Unitary transformation:

U
U

lu

2u

v.,)=0

O\ _
(on,,u > -

U

nu

where the Unitary operator is given by

U, U, .. U,
UZI U22

U=
U, U, . . U,

and the matrix form of the bases are given by

1 0 0

0 1 0

0 0 0

0 0 0
R E I R R B FR—— o, )=

0 0 1

Then we have the resultant energy as

E"+E, " (u=1,2,3,..,9).

Perturbation theory-degenerate case 40 3/28/2022



lu

2u

)\ _
)=

Ugu

18. Degenerate case: second-order correction
Now we consider the second-order correction

(A=, w,? )+ (1, E, "y, )= E,7|w,”) =0

(0.,

(0., = £ w, ) + {0, |, ~ B, w, ") - £, |, ) =0
or

(0., = £, v, )= £, (0, v, =0
or

(0., ]w,")-E"(0,." |v." )= £, (0, [, ) =0 ()
or

(0., |v,") = £ (0, |w,) @)
since

(0.,m") =0

Here we use

(0) (0) fAI n(O)
S Ll

3)
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which is obtained from the perturbation theory for the non-degenerate case, where
(0) 0)
E ' #E,

Thus, we get

A

H (0) (0)
Wn(1)> _ ; <¢n,,u 1 ‘ZEO) zg‘//r(;)

A

(0) H
1

v.")

A

Ol g
1

» €

Here note that

A

H,

A

(0) H
1

b=l

v=1

(0) 0
00" )00

<wk v

We use the closure relation given by

Zg: ¢n,v(0) > < ¢n,v(0) ‘ n Z ‘ Wk(0)><Wk(0) ‘ -1

v=l k#n

and

(0)

(w,w, @) =0 (for k #n).

From Eq.(4), we have

For simplicity, we define the following operator

We need to obtain the matrix element <¢>n, L ‘f\ ¢)n,v(°)>
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FI (0) (0) FI

(0.8, |w, ) (w”| A,
= Z E®-E©

k+#n

(0) (0)
2,.")

(0)
2,,")

A

(0.,

(element of g x g matrix) and solve the eigenvalue problems to determine the shift of
energy.

0) 0
<y 119> <o 1Frlwy>
i
0
|§D:(1,2;> f
] £(0)
] n
nv g-degeneracy

Fig. The second order perturbation for the degenerate state (g-degeneracy). Matrix
© 17:11 Wk(0)> and <Wk(0) ¢n,v(0)> for this system. E” = E” . The

factor 1/[E,” — E,”] is necessary for the final result.

A

H

1

elements <¢n, u

Thus we have

i < %,H(m

v=l

Ao, " Mo,

v

W (0>> -E (2><¢ 0
n n nu
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A, -E® A, Ay ... A U

n 1g n
(2)
AZI Azz _En A23 e AZg U277
=0
H A A A —EP\U
gl g2 g3 - gg n gv

The shift of the energy level is
(0) (2) —
E'+E,, u=12,3,..,92).
: o _
with £, " =0.

19 Example-I
((Sakurai QM 5-10))
Consider a spinless particle in a 2D infinite square well:
(a) What are the energy eigenvalues for the three lowest states? Is there any

degeneracy?
- 0 (0<x<a0<y<a)
e otherwise

(b) We now add a potential

Taking this as a weak perturbation, answer the following:

(1) Is the energy shift due to the perturbation linear or quadratic in A for each of the
three states?

(1))  Obtain expressions for the energy shifts of the three lowest states accurate to
order A. (You need not evaluate integrals that may appear.)

(iii)  Draw an energy diagram with and without the perturbation for the three energy
states. Make sure to specify which unperturbed state is connected to which
perturbed state.

((Solution))
2D quantum box:

Schrodinger equation
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n o> b
(== +—)w(x,y) = Ew(x,
o o 8yz)l//(x y)=Ey(x,y)

where the wave function is given by

v(x,y)=Xx)Y(») (separation variable)

We use the dispersion relation as
hz 2 2
E=—o~(@%+k
2m (ko +E7)
Then we get

h? h?
———(X"Y+ XY") =—(k. + k)XY
x y
2m 2m

or
XH YH 2 2
—t—=—(k"+k
X Y (, 7 )
We assume
X"=—k’X

with the boundary conditions given by
X =0atx=0anda.

Thus, we have
X = Asin(k a)

with

sin(k a)=0 or ka=nnm (nx=1,2,3, ...

Similarly, for ¥, we have
Y"=—k’Y

y

with a boundary condition
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Y=0 aty=0andy=a.
Thus, we have
X = Asin(k,x)
with
sin(k,a) =0 or ka=nzx (ny=1,2,3,....)

So

I
© _ 22, a2y 2 o
E (nxﬂny)_%(;) (nx +ny )_Ea(nx +ny )

2 . (n,7w
o= 22 22
A a a

a

where nx=1,2,3,4,.....,andny=1,2,3,4,....

hz VAND)
E ="
y 2m(a)

(1) Ground state (nx =1, ny = 1)

g1 = 1 (non-degeneracy)
E?(n, = Ln,=1)= E?1,)=2E,

(i1) First excited state (nx =1, ny =2, and nx =2, ny = 1)

g2 =2 (doubly degeneracy)
O, — = O, — 1=
E¥(n,=n,=2)=E"(n,=2,n,=1)=5E,

(iii))  Second excited state (ny =2, ny =2)

g3 = 1 (non-degeneracy)

E®(n, =2,n,=2)= EV(2,2) =8E,

Perturbation theory-degenerate case 46 3/28/2022



BEq (2,2)

5Eq (12 21

2EQ .1

(b) The perturbation
v, =

The matrix element

2aq ' a '
nx,ny> = i[gj '[dxxsin[ 7 x}n[ el xjjdyy sin( e yj sin( el y}
a) s a a ) a a

We calculate the matrix element using Mathematica.

<n ' ny"l}l

x 2

Ground state is non-degenerate

2 2
E=E”UD)+EYAD+EP QL) +....=2E, + /1“7 - 0.00558305;&4

with
EP11)=2E,

2
EC LD = (LAY 1) = 27~
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2

<1’1 /II}I n)r’n >
E(z)(l,l) — z 5 = »
nepeny B (LD = E5 (n,m )

(11|A7]1,2) (1L1]a7]2.1) (11|47]2,2)
= + +
EPAD-EV(12 EVQAH-ETQDH EVALDH-EY(22)

8 ) (256
_ A ) 81z

2 2 2

E, 3 6
/12
=-0.00558305—a"*
where
(L1, 12}——8“2 (L1, 21}——E (L, 22)—256“2
9 1 9 97[2 9 9 1 9 97[2 9 9 1 9 8172'4
Second excited state is non-degenerate
2 12a4

E,=E®22)+E®(2,2)+ E?(2,2) +....=8E, + ,1“7 +0.005583

0
with
E®(2,2)=8E,

2

EV(2,2)=(2,2[9)2,2) = /1“7
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2

(2,2]AV|n,.n
EPQ= Y — - y>
ompean E7(2,2) = E7(n,,n,)

2 2 2

A A A

(2.2]a7)11) (2.2a7)2.0) (2.2a1)1,2)
CECQ2-EVW) EYQ2-EYQ) EYQ)-EY(12)

256 ) (8 Y
_ Aat| 811 L \97’

E, | 6 3
2 4
= 0.00558324
0
where
<221?11>—25—6“2 <221721>——8“2 <221?12>——8“2
s 14 8172'4 s s 1| % 972_2 s s 1+ 972_2

First excited state (doubly degenerate)

E?(n, = Ln, =2) =E9(n, =2,n,=1)=5E,

2 2
(1,271,2) = %, (1,27|2,1) = 2851L‘i ,
T
2 2
(2,177[1,2) =2851L‘i, 212 =4
T

Then we have

1 256
_| 4 81z*
M=2s6 1
81x* 4

in the unit of Aa’. We solve the eigenvalue problem using the Mathematica
Eigensystem[M]

1 256 1 256
{{Z+

=L Z_m}, ({1, 1}, {-1, 1}}}

Then
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@

E" =5E, + Ja’ (l 4 B 64 )=S5E, +1a”0.282446
4 8lx
M\ _ 1 — — — —
v >—ﬁ[nx =Ln, =2)+|n, =2n,=1)]
(i)
E’=5E, + ,wz(l —~ 2564) =5E, +1a’0.217554
4 8lx
@\ _ 1 — — — —
1% >—$[nx =Ln,=2)=|n, =2n,=1)]
((Mathematica))

Solution of Sakurai 5-10
G[nl , ml , n2 , m2 ] :=

Simplify[ [2]2 (J.an Sin[ml—ajr y] Sin[mz—ajr y] dly] (J;ax Sin[ia7r x] Sin[ n2a7r x] dlx) ,

Element[{nl, n2, ml, m2}, Integers] ]

sl = Table[{nl, n2, ml, m2, G[nl, n2, ml, m2]}, {n1, 1, 3, 1}, {n2, 1, 3, 1},
{ml, 1, 3,1}, {m2, 1, 3, 1}];

Grid[sl[[1]], Frame - All]

2 2
{{1, 1, 1,1, aj}, {{1, 1, 2,1, 7232}, ({1, 1, 3, 1, 0},
JU
{1 1.1, 2 7&} {1 1 9 o 256a2} {1, 1, 3, 2, 03},
r Ly r < 9.2 |1 r Ly AR VI (a, 1, .3, 0)}
{1, 1,1, 3, 03} (1,1, 2,3, 0}
8 a? 256 a2
{{1, 2,1, 1, 7%2}, {{1 2, 2,1, 264 } ({1, 2, 3, 1, 0},
{ll 2/ 1/ 2/ 12}/ {l, 2, 2, 2, 78&;}, {l’ 2’ ’ ’ O}I
: o {1, 2, 3, 3, 0}}
2
{l' 2 b3 722&2}} {1' 2020 3, 27556a4 }}
2l 7
{t1,3, 1,1, 03, {113, 2,1, 03, ({1, 3, 3, 1, 0},
24 a2 256 a2 {1, 3, 3, 2, 0},
1, 3,1, 2, - 1, 3, 2, 2, —
’ ’ ’ ’ 25”2 ’ ’ ’ ’ ’ 75”4 ’ {l, 3, , , O}}
2 2
{1.3,1,3 ¢} [1,3,2,3 28]}
4 97
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Grid[sl1[[2]],

Frame - All]

2 2 2
{201, 1,1, -2, 2,1, 2,1, 27}, {2, 1,3, 1, -2},
7T JT
2 2 2
(oo o1, 82), (2002, 2, 22, Ry
JT JT JT
(2,1, 1, 3, o}} (2,1, 2, 3, O}} {2, 1, 3, 3, 0}}L
2 2
{{2, 2,1, 1, B¢ } {2 2,2, 1, 7232}, {2, 2,3, 1, 27556—342}
JT JT JT
2 2
{2/ 2/ 1/ 2/ *Zaz}/ {2 2/ 2/ 2/ a?}l {2’ 2’ 3’ 2’ 7%}’
7T JT
2 2 2
22,13, 25)) (s, 2,2, 5 23] (s, 25,5, 2))
JT JT
{{2, 3,1, 1, O}, {2 3, 2,1, O}, {2/ 3, 3, 1, O}I
2 2
{2,3,1, 2, 22271, {2, 3,2, 2, - 2157}, {2, 3,3, 2, 22271,
JT JU JT
2 2 2
{2.3, 1,3, -25}} {23, 2,3, 2} {2, 3, 3,3, - 231}
JT
Grid[sl[[3]], Frame - All]
2 2
{{31 1, ’ ’ O}I {3 1, 2,1, 75332}, {{3 1,3, 1 a?}'
JU
{31 ll ’ ’ O}I 256 a2 8 a2
(3,1, 1, 3, 0}} {3 o2, 2, 75N4} {3 Lr3e 2, *9#}’
(3, 1, 2, 3, 0}} {3, 1, 3, 3, O}}L
2 2
{{3, 2,1, 1, O}, {3 2, 2,1, 27556%}/ {3 2, 3, 1,—232}1
JT JT
{31 2/ 1/ 2/ O}, 24 a2 a?
{3, 2,1, 3, 0}} {3 2r 20 2, 725n2}’ {3 2 30 2 7}'
2 2
{3 2020 3 2632054a4 }} {3 21 30 3, 7;}&2}}
JT JT
({3, 3,1, 1, 0}, {3, 3,2,1, 0}, {3, 3, 3, 1, 0},
{3, 3,1, 2, 0}, 2304 a2 24 22
{3,3,1, 3, 0}} {3 302020 S5 }’ {3 30302 725#}'
2 2
{3,3, 2,3, -2} {3,333 2}}
25 4
20. Example-II
Consider the so-called spin Hamiltonian:
~ a~, b ~
H==S8""+—( H +H,
hZ z hZ 0 1

for a system of spin § = 1, where 0<h<<a. Such a Hamiltonian obtains for a spin-1 ion
located in a crystal with rhombic symmetry. Find the eigenvalues of this Hamiltonian
using degenerate perturbation theory [Amit Goswami, Chapter 18, p.394 Problem((8))

Eigenvalue of I:IO

A a
Hy=—

K 5.

Perturbation theory-degenerate case

l,m> =am’
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l,m> (m=1,0,-1) is the eigenket of I:IO :

l,J_rl> is the eigenket of ﬁo with energy a (degenerate)

1,0> is the eigenket of I:IO with energy 0 (nondegenerate)

Now we calculate H, l,m> = %(S’f - S’yz) l,m>
| i
0 — 0 0 —— 0
2 NGO
s=nL o L s=n-L o -] s=#Ho
2 V2 2 2 0
| i
0 — 0 o -~ 0
J2 V2

The Hamiltonian H is expressed by

A A

a 0 b a 0 0 0 0 b
H=H,+H,={0 0 0[=|0 0 0|+[0 0 0
b 0 a 0 0 a b 0 0

1) Exact solution
We use the Mathematica to solve the eigenvalue problem.

Eigenvlaue ¢g=a+b

Eigenket:

) = %( L1)+[1,-1))
Eigenvlaue g=a-b
Eigenket )= %( L1) - [1,-1))
Eigenvalue &=0
Eigenket ;) =[1,0)
((Mathematica))
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Clear["Global "] ;

* .

exp = exp /. {Complex[re , im ] :» Complex[re, -im]};
a 0 b

H= (0 0 0f;
b 0 a

eql = Eigensystem[H]

{{OI a*br a+b}l {{OI 1/ O}I {71, Or 1}! {11 Or 1}}}

Y1l = Normalize[eql[[2, 1]]]
{0, 1, 0}

Y2 = Normalize[eql[[2, 2]]]
1 1
{*71 OI 7}
N \ 2
¥3 = Normalize[eql[[2, 3]]]
1 1
{—I OI —}
V2 V2

{w1*. w2, y2*. y3, y3*. y1}

{0, 0, 0}

2) Perturbation method

A

H[L1)=b

1-1)

A

Hl

1L-1)=b

L1)

Matrix of H, of the basis of

- 0 b
H11:b 0

We use the Mathematica to solve the eigenvalue problem.

1,1> and

1,-1) is
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g'=borg=a+b)

[va) =z (L) +[1-1)
and
g'=-b(ore,=a-b)
1
[va) = (L) ==t
((Mathematica))
Clear["Global *"];
exp *:=exp /. {Complex[re , im ] :» Complex[re, -im]};
0 b
H1L = ( b 0 ) ’

eql = Eigensystem[H11]
{{_bl b}l {{_ll l}l {ll l}}}

Y1l = Normalize[eql[[2, 1]]]
{_L L}
NP
Y2 = Normalize[eql[[2, 2]]]
{L L}
NP
{w1*. y2}
{0}

21. Example-IIT

This is a tricky problem because the degeneracy between the first and the second state
is not removed in first order. See also Gottfried 1966, 397, Problem 1.) This problem is
from Schiff 1968, 295, Problem 4. A system that has three unperturbed states can be
represented by the pertrurbed Hamiltonian matrix
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E 0 a
0 E b
a b E

2

where E,>E;. The quantities a and b are to be regarded as perturbations that are of the
same order and are small compared with E,-E;. Use the second-order nondegenerate

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?)
Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order
degenerate perturbation theory. Compare the three results obtained.

((Exact solution))

E 0 a
H=|0 E b
a b E,
Det[H - AI]=0
i:El,
E+E, 1
p= =B~ B + 4ol +[of)
CEAE Vg oy Aal D
== iz(Ez E)[1+ (E, E)]
When |a| << E, - E,, )| << E, - E,,

E+E, E,—E, +(|a|2+|b|2)

l: 1 Zi[ 2 ]
2 2 (E,-E)
or
ol
l EZ El
ol b
> E,-E,

((Perturbation theory))
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sy
[

o o I
o M o
Mo o
N—

H,¢,)=E|4,)

ﬁ0‘¢ﬁ> :E1‘¢ﬁ>

ﬁ0‘¢y>:Ez‘¢y>

H,¢,)=E|4,)

ﬁ0‘¢ﬁ> :E1‘¢ﬁ>

ﬁ0‘¢y>:Ez‘¢y>

|4,)={0
0
0
‘¢ﬁ>: !
0

o)

‘¢y> is the eigenket of ﬁlo with the energy E,. Since this state is nondegenerate, we can

apply the perturbation theory (non-degenerate case) to calculate the energy

The resulting energy is

<¢a |FI1‘¢7>

elale)

E, =E, +<¢7 ‘ﬁl‘¢7>+
ﬁl|¢a>:a*‘¢y>

Perturbation theory-degenerate case
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[:11‘¢ﬁ> :b*‘¢7>
ﬁ1‘¢7>:a|¢a>+b‘¢ﬁ>
|¢,) and ‘¢ﬁ> are degenerate.

This is the degenerate case.

((Second order))
The matrix element of H , in the basis of |¢a> and ‘¢ﬁ> is equal to zero. So we need

to calculate the second order

g

©
> (..
v=1

=

W (°)>:E (2><¢ (0)
n n \Pnu

g, )p,,”

A

A‘ZHI Wk(0)><Wk(0) [:Il B Fll‘¢y><¢y ‘[:11
& E"Y-E" - E -E,

The matrix element

2

(p.|H|8, )8\ E1]6,) (8.|H)8,)8,|H]|8,) q ab’

— R EI_EZ R R EI_EZ R — EI_EZ EI_EZ
L L A A T N B
E —E, E —E, E -E, E -E,
Det[A-A1] = 0.
e
El _Ez El _Ez =0
a'b |b|2 2

R SN 1

(— RN N S S
Ez _El Ez El (E1 _Ez)z

or
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2 2
L g
E,—E

2 M

Then we have

A= 0and 4= L4 *P
Ez _El
The final result is
E, =E,
o el
! 1 Ez _El
i
v Ez _El

22. Typical problems (II)

22.1. A simple harmonic oscillator (in one dimension) is subjected to a
perturbation AH1 = bX (b = -eE). (a) Calculate the energy shift of the ground
state to lowest nonvanishing order. (b) Solve this problem exactly and
compare with your result obtained in (a).

_ ma,
F="%

. o1
1y =hoy(i+2)

aln>=+n|n-1>

a ln>=~n+l|n+1>
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H,|n) =L(—eE)(d+ +4d)

V2

n>=%(ﬁ|n—l>+ﬁ|n+l>)

2

A

Ja— A ‘<n+lf11 n>2 ‘<n—1H1 n>
o =E," +(n[H|n)+ EO_F © + EO_E O
1 2E2 2E2
—hoy(n+=) 4 ——n————(n+1)
2 2phew, 2B ho,
1 ’E?
= oy (n+=) ———
2" 2fhw,
1 ’E?
= hay (n+=) ————
2" 2ma,
((Another solution))
H :2L p’ +%ma)02)22 —eEx
m
1 ., 1 o 2eE  EEP E°E’
=—p +—mw, (- %+ )
2m 2 mao, mw, mw,
2 2
Ziﬁ2+lma)02()?— eEz)z_ e'E .
2m 2 ma, 2m w,

The eigenvalue of His given by

eZ EZ

2
2mw,

1
E, = hoy(n+=)~

See more detail in the Chapter of simple harmonics.

((Classical theory))
The potential energy

1
V(x)= E ma)ozx2 —eEx

V(x) has a local minimum (= -e2E2/2may?) at a position x at which

M=0 at X=Xx,= eEz
dx ma,
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Thus the classical and quantum results are the same.

22.2  Given the matrix for H and for the perturbation H| in the orthonormal basis

|#1>, |$2>, and |#3>, determine the energy eigenvalues correct to second order
in the perturbation.

2.0 0 010
H=[0 2 0|, H=1 01
00 4 010

((Exact solution))
Eigenvalue problem

2 10
H=H,+H=|1 2 1
0 1 4
Eigensystem[H]:
Eigenvalues:

A=0.829914, 2.68889, and 4.48119.

((Perturbation theory))
H,l¢,)=2]4,)
Hy|¢,)=2/¢,)
Hyl¢y)=44,)
H|¢)=|¢.)
H|$,)=|4)+|¢5)

1:11|¢3>=|¢2>

|¢1> and |¢2> are degenerate states: £ =2, E,V =2

|¢3> is a nondegenerate state: E,” =4
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(1)  Non-degenerate case (for the energy E,” =4)
First order
Ez(l) = <¢3 |FI1|¢3> =0

Second order

A 2 ~ 2
@) _ ‘<¢1 Hl ¢3>‘ ‘<¢2 |H1|¢3>‘ _ 0 1 _ 1
BT EOEO EO_EY 4-2 422 2

Then we have
E,=E"“+E" +E"” =4+0.5=4.5 (exact sol. 4.48).
(2)  Degenerate case (for the energy £ =2, E,"” = 2)

First order
The matrix only from the basis {|¢1> and |¢2> }

- Lo 1J
=1 o
Det[H-Al]= A2 - 1=0. or A ==1.
The upper state: £, =2+ 1=3,
1 .
|¢+>=$(|¢1>+|¢2>): H1|¢+>=|¢+>

The lower state: £, =2-1=1,

|¢>=%<|¢l>—|¢z>>: Alg)=-4)

N A 1 ~ 1
<¢3 |H1|¢2>—1, <¢3 |H1|¢+>——2, <¢3 |H1|¢7>—_ﬁ
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The state |¢4,) and |¢_) are now non-degenerate

Second order (non-degenerate case)

. 2 n 2 n 2
EO® :‘<¢+ H1|¢7>‘ +‘<¢3 |H1|¢7>‘ :‘<¢3 |H1|¢7>‘ :_l
B E —-FE, E -F, 1-4 6
Then
E_=1-1/6 =5/6 = 0.83 (exact sol. 0.8299)
N n 2
E®_ ‘<¢7 |H1|¢+> N ‘<¢3 |H1|¢+> _@/2) 1
Y E -E E-E, 3-4 2
Then

E,=3-1/2=5/2=2.5 (exact sol. 2.689)

22.3 Discuss how the threefold-degenerate energy of the two dimensional
harmonic oscillator separate due to the perturbation H, = axy (a is constant).

A

H,

nn,)=E(nn)\n.n,)

The state is denoted by the eigenket

n.,n y> with the energy

E(n,n,)=haw(n, +n,+1)
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(1) The ground state:

0,0> (the nondegenerate state).
E, = E(0,0) =hw,

(i1))  The first excited state:

1,0) and

0,1) (degenerate state).
E =E1,0)= E(0,1)=2hw,

The second excited state:

2,0),

l,l> , and

0,2> (degenerate state).
E,=E2,0)=E(1,1)=E(0,2)=3ha,

The third excited state:

3,0),

nx,ny>

2,1),

1,2),

0,3> (degenerate state).

A

H,

nx,ny>:axy

Here we note that

% nx>=\/_%ﬁ(\/z n,=1)+n, +1|n, +1)

MQ:%{)’(W%_% fi, +1[n, +1))
Then
A1) = aip|11)= 2;2 (0), ++2]2) )(0), ++2[2) )
- 222 (10,0)++/2]0,2) +4/2|2,0) ++/2|2,2))
2005 (2, 4330,
a
35 2|1 ++3[3,1))
A,[02) = (V2[L1) ++/3[1,3)
2p
Matrix of IEI1 = axy in terms of the basis { l,l>, 2,0>, 0,2> }
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with

We use the Mathematica to determine the eigenvalue;

Eigensystem[H]:

()  EY =3haw, —2a

) = 21211 +[2.0)+[0.2)]
(i) E? =3ha,
o\ _ 1
‘1//22 >=ﬁ[_ 2,0)+(0,2)]
(i) EP =3hw, +2a
) =%[\/§ L1 +]2,0)+0,2)]

22.4. Sakurai 5-12 (This is a tricky problem because the degeneracy between the
first and the second state is not removed in first order. See also Gottfried
1966, 397, Problem 1.) This problem is from Schiff 1968, 295, Problem 4. A
system that has three unperturbed states can be represented by the
pertrurbed Hamiltonian matrix
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where E,>E;. The quantities a and b are to be regarded as perturbations that are of the
same order and are small compared with E,-E|. Use the second-order nondegenerate

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?)
Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order
degenerate perturbation theory. Compare the three results obtained.

((Exact solution))

E 0 a
H=|0 E, b
a b E
Det[H - AI]=0
l:El,
E+E, 1
=Pl \/(E ~E) +4(d] +[p")
E +E2 (|a| +|b| )
E,-E)l+———-
S E (E,-E)
When || << E, — E,,|b| << E, - E,,

E+E,  E,—E (a” +[5]")

A= 1 Zi[ ]
2 2 (E,-E))
or
2 2
1o+l
E,-E
el b
> E,-E,

((Perturbation theory))
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E, 0 0 0 0 a
Hy=10 E 0|, H=0 0 b
0 0 E, a b 0
ﬁ0|¢a>:EI|¢a>’ |¢0,>= 0
0
0
H0‘¢ﬁ>=E1‘¢ﬁ>a ‘¢ﬁ>=1
0

0
Hlg,)=] 0 =a‘¢y>
-

0
ﬁ1¢ﬁ> 0 =b*‘¢7>

‘¢y> is the eigenket of ﬁlo with the energy E,. Since this state is non-degenerate, we can

apply the perturbation theory (non-degenerate case) to calculate the energy

The resulting energy is

2

A

H, ¢y>+

(gullo ) (gl )
E, - E E, ~E E, - E

E, =E, +<¢y
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|¢a> and ‘¢ﬁ> are degenerate.

This is the degenerate case.

(i) The First order:

The matrix element of H in the basis of |¢,) and ‘¢ﬁ> is equal to zero. So we need to

calculate the second order

(ii) The second order

i<% H(O) %,V(O>><¢”,V(O> %(O>> E (2><¢” H(O) 1//,,(0)>.
v=1
Ao zﬁl l//k(0)><l//k(0) Fll _ ﬁ1‘¢y><¢y ‘ﬁl
o E”(O) _ Ek(0> E —E,
The matrix element
(¢.E|8,)¢,|H|2.) (2.1H]8,)¢,|H]|8,) o ab
A E -E, E-E _| E-E, E-E,
(ds|F1|8,)(2, [F|8.)  (8,]H|9, >< 4, bs) ab pf
E -E, E -E E —-E, E -E,
Det[A-A1]1 =0
|Cl|2 B ab”
El _Ez El Ez =0
. 2 -
ab |b| 2
El _Ez El _Ez
laf B’ o’
(——+A)(——+ ) —————=
Ez _El Ez _El (E1 _Ez)2
or
sl
2 T
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Then we have

2 2

A=0and A= el + [l
Ez _El
The final result is
E =E,
= o + b
E, |
Ez _El
Ll
y T2
Ez _El

23.  Diagram of the Purturbation by Mathematica

Here we present a method how to solve the problem of the perturbation theory (time-
independent) by using the Mathematica. We consider the two cases; (i) the non-
degenerate case, and (ii) the degenerate case.

23.1 Non-degenerate system

In the presence of only a unperturbed Hamiltonian H 0

EO®

n

)
E;

(i1) [eigenket]
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(iii)  The eigenvalues are different.

Eigen values E®
Eigenkets: ‘W,EO)>
(iii)  Unitary operator (A/a
0,7 =) ).
Ua = Transpose[{‘l//fo)>,‘l//§0)> ..... ‘w£0)>,... 1

In the presence of the perturbation H,, we need to calculate the matrix element of H,

<l//k(0) l//1(0)>

The first order

E® = <%(O>

A

H,

A

)

Wn(1)> _ Z‘Wk(0)> <Wk(0) ‘Fll‘l//n(o)>

(0 ©)
k#n En - Ek

) =Sl

The second order

2

‘ 017 |y ©
En(z) _ ; <WE”(0‘) _I‘Z:(O)> _ ;

A

0) (0)
Hy, ><l//k
FO_L©

n k

b

A

i)

"

(0)

A A A A

7l @V ©lg Hly, "Ny " H
)= D e ey

20

23.2 Degenerate case (consisting of non-degenerate and degenerate states for Hy)
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EQ

Fig. The degenerate energy level (£ k(o)) and the non-degenerate energy level (En(o))
with n#k .

(a) _ Non-degenerate states (E,”) with n#k .
(i) [Ho]
(i1) [eigenket]

(ii1))  Non-degenerate case.
Eigenvalues E0

Eigenkets: -

(b)  Degenerate case (£ k(o))

. 0
Eigenvalues E"

Suppose that there are g independent eigenstates with the same energy E k(o) .
Eigensystem[Ho]

We get the eigenkets: {‘ ¢k1(0)>, ¢k2(0)>,

the the condition of orthogonality is satisfied;

(0)
4o

¢kg(0)>} . We need to check whether

{4."). ¢, )}
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If these do not form the orthonormal kets, we need to obtain the appropriate orthnormal
eigenkets by using the Mathematica program such that

Orthogonalize and Normalize[ {‘ ¢k1(0)>, ¢k2(0)>’

5.1
the normalized eigenstates (orthogonal to each other) thus obtained are

In the presence of the perturbation Hi, we need to calculate the matrix.

(i) The first order

(Hl )k,u,kv = <!//k,u(0)

(i) -[ (H ) 1
(i1) [eigenket]

(iii)

[:11 ‘//kv(O)>

Eigen values EpV
Eigenkets: ‘ CI)§{13>

(iv)  Unitary operator U
U, = { o) of),...|o0).}
Ub = Transpose| {‘®f1)>, d)(21)>,...,

D))

(ii) The second order

Suppose that
_ 0) | A3 )\ _
(Hl)k,u,kv_<!//k,u H\w,, >—0 (n=v)
(Hl )k,u,k/l = <!//k,u(0) PAII !//k,u(O)> =a: independent Oflu (/J = 17 27 eeey g)

In other words,
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a 00 0 0
0 a 00 0
00a 00 - 0

H=[0 00 a 0

00 a0 0
0
000 - 00 a

In this case, the degeneracy cannot be removed under the first order perturbation. So we
need to go to the second order correction.

~ H l//f’l(O) l//f’l(O)
A= ; lEk(0)>—<En(0)

A

H,

where Ek(o) is the energy of the degenerate state and En(o) us the energy of the
nondegenerate state. Calculate the matrix element defined by

(0)
(ok,v > .

A

(0) A

Ak,u,kv = <¢7k,ﬂ

(1) Eigensystem[ A kiky ]
(i)  Normalize[eigenket]

(i)
Eigen values En®
Eigenkets: ‘ N >
(iv)  Unitary operator U

0.7 = o) o), [o@).;
UC = Transpose[{‘®f2)>, CI)§2)>,...,

o))
24, Problem and soluition of Sakurai and Napolitano (5-6) [3" edition0

Problem 5-6
Work out the quadratic Zeeman effect for the ground-state hydrogen atom

(k|n=0,1=0,m=0)=——2—e ",
na,
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242

due to the usually neglected -term in the Hamiltonian taken to first order. Write

2
2m.c

e

the energy shift as

1
A=——yB*.
X4

And obtain an expression for diamagnetic susceptibility y . The following definite
integral may be useful:

Ie’“’r”dr =—
0 a

n+l °

We use 4 as A= %(B Xr) = %(—By,Bx, 0), where the magnetic field B is

applied along the z axis.

((Solution))
Is state for the hydrogen atom ground state

1
<r|1s> = - exp(—L).
m, 4y

The perturbation is

e’ 2 ¢’B’ 2 2
A" = X +97),
2mc? 8mc? ( )

V=

where

A:%Bxf:%B(—j;,fc,O)

The ground state hydrogen atom is a nondegenerate state. Using the theory of
perturbation for the non-degenerate state, we have

E =E9 + AEY + PE® + ..

where
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or

Since
A=——yB*=E"

we have

or

((Note-1)) For hydrogen atom, we have

3a0

a,
(r) _E[ —I(+1)]=
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2

2

2 ay 2 2 2
= Snm+1-3l({+1)]=3
() =15 (+1)]=3a",

((Note-2))

EY = (15| 7|15)

2B2

= <xX’+y*>

2
8mc

or

€ 2
y=- <ri>=-

2
6mc

Evaluation of N,y =-2.37606 x 10° emu/mol=-2.37606 x 10"°® cm*/mol

emu _ er

G G’

((Mathematica))
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Clear["Global *"];
rulel = {kB- 1.3806504x10™*°, NA » 6.02214179 x 10%,

c-2.99792x10°, 1 » 1.054571628 1077,

me » 9.10938215 102, mp > 1.672621637x 107,

mn - 1.674927211x10°%*, ge » 4.8032068x 1077,

eV > 1.602176487x10"?, meV > 1.602176487x107%°,
keV » 1.602176487x107?, MeV » 1.602176487 x 10°¢,
rB - 0.52917720859x 10°°} ;

_ ge® rB?

sl 5

NA //. rulel
2mec

2.37606x10°°

25. Problem and soluition of Sakurai and Napolitano (5-39) [3" edition]

5-39

(a) Consider the positronium problem you solved in Chapter 3, Problem 3.5. In the
presence of a uniform and static magnetic field B along the z axis, the
Hamiltonian is given by

A A eB - A
H=A4S,-S,+(—)(S,.-S,.),
mc

e

Solve this problem to obtain the energy levels of all four states using degenerate
time-independent perturbation theory (instead of diagonalizing the Hamiltonian

matrix). Regard the first and second terms in the expression for H as [:IO and 7,
respectively. Compare your results with the exact expressions

: inglet m = 0
E=—-"hnza iraE y for {5
4 m,chA triplet m =0

for triplet m =+1

where triplet (singlet) m =0 stands for the state that becomes a pure triplet
(singlet) with m=0 as B—0.
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(b)  We now attempt to cause transitions (via stimulated emission and absorption)
between the two m =0 states by introducing an oscillating magnetic field of the
“right” frequency. Should we orient the magnetic field along the z axis or along
the x- (or y-) axis? Justify your choice. (The original static field is assumed to be
along the z-axis throughout.)

(©) Calculate the eigenvectors to first order.

((Solution))

oA A AR, . AR A s
H,=A4S§,-8,= 4 01'02=T(2P12_1)a

where 13]2 is the Dirac spin exchange operator.

. AR & - AW’
H|++) =T(2P12 —D|++)= Z |++)
2
|+ +> is the eigenket of H , with the energy eigenvalue A4 .

Ah?
=)

n AR> A A
H0|__>=T(2P12_1)|__> 1

. . N~ ) An®
|— —> is the eigenket of H,, with the energy eigenvalue 1

)= S @R =D =)o)

Fif-+) =2 @y = D) = A 2} )|+

The matrix of . , under the basis of {|+ —>, — +> }:
. An* (=1 2\ 4n®, ~ .
H, =— = —1+2
( O)suh 4 [2 _lj 4 ( O-x)

Note that the Hamiltonian can be expressed in terms of the Pauli matrix. We solve this
eigenvalue problem. We get the following result
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|+x>=L 1j=L[|+—>+|—+>] with the energy 4

V2

21

|—x>=L ! =L[|+—>—|—+>] with the energy —
V2(-1) V2
In summary
Eigenket Energy eigenvalue

((Triplet, symmetric state)

2
) =[s=1Lm =1)=|++) Eﬁ"’:%.
2
vy =[s =Lm, =-1)=|--) B =20
1
v} =ls=Lm, =0)=—l+-)+|-+)]
g0 AR
1 4
((Singlet, antisymmetric state))
1
) =ls=0m, ~0)=—F-ll+ )|+
£O _ 34n*
! 4
((Perturbation theory))
s~ ehB . . . .
V= (6= 62) = 1B(61. - 62.)
with
eh
My = (Bohr magneton)
2mc
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EI(U}:A/?QM | s> | o>, | s>

O

EV=_3A/14 |y >

(i)  Non-degenerate state (|y,))

3 )|

3
E, = 4Ah2 <‘//4|V|‘//4>+Z‘(0>W

Pl,) = 1,86, — 6,)—= |+ =)~ |- +)
2

1
= 2y38$[|+ =) +[=+)

= 2/JBB| l//3>

Y=0,(y,lVlw.)=2u,B, (w,[V|y,)=

<l//1 7

Then we have

A 2
2B O
4u, ’B?
TR

(ii) Degenerate states (|l//1> ,|l//2> ,|l//3>)

I}|l//1> = /’lBB(é-lz _6-22) ++> =0
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I}|l//2> = 1z B(6,. - 0,.) __> =0

Ply,) = 1, (5. —&zz>%<|+—>+|—+>>

1
-2, 1) ~|-+)

= 2;uBB|l//4>
Ply,) = 1, B(6,. —&zz>%<|+—>—|—+>>

=m@353m";+p+»
= 2;uBB| l//3>

(f//Jff//l} (f//lllflwz) (f//JfW 0
Walllwn) (valPlya) (valPlys) (=] 0
w:llw) (wllv.) (wsllws)) \o

oS O O
oS O O

|

The first order energy shift A is zero. We cannot determine the 0-th order eigenkets. So
we calculate the second-order perturbation (degenerate case) to determine the second

order-energy shift. To this end, we consider the matrix <W;— W 7% j> (G,j=1-3)

A A

14 14
A=% (i=1,2,3)
1 4
i) =Kl
l ’ El _E4
A 2
v \Vy
:‘i‘(}m—l;?())é;,}é}ﬁ
1 T 4
4u,’ B
- ’L;th é‘i,3 7s3
<'//11:\'//1> <'//11:\'//2> <W1|[}|'//3> 00 0
Vs, | MW VL | AW, Vo0 |\Ws) | =
Walilv) alAlvs) (wldlus)|=[0 0 o
(wilAlw) (wsAly,) (wslAlws)) o o 4‘;3—;
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Eigenvalue problem

-4 0 0 e
0o -4 20 ¢, |=0
2
0 My B 5 ey
Ah
(1) A=0,
E12:E1(0)
l//1(0)>—|l//1>, W2(0)>:|W2>
.. 4u ’B?
ii A=-"2
(1) e
4u,°B*  AR®
E,=E©+2 2 (1+a’
Ah
") =)
) R t'3
i¢1z,i¢2/,i4}3/ E1 —A;l I’l-‘|- i‘i”l ’i‘i‘z
lllllllllllllllllllIIIOIIIIlllllllllllllllllllllllllllllllllllllllll
HO H0+V
L, =0
Y7 E‘(]_)—— PAr e s
7
((Note))
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Here we can use the nondegenerate perturbation theory for E; and E,. The energy

level to the second order is given by

A

2
14 2 2 2
E3,:E£+\<w40 %0)\ _An +4y3f
E'—E 4 An
A 2
E/'=E)+ el 3anap,’s

E{-E) 4 An?

((Exact solution-I))

H=H,+V
. Ao 2 AR A«
H0=AS1'S2=Ah O'1'0'2=_h(21:fz_1)
4 4
~ ehB . R R R
V=——(6,-0,.)=uB(c,,-0,.)
2m,
2
FI|++>=AZ |++)

2

|+ +> is the eigenket of H , with the energy eigenvalue

A

H

=)

2

|— —> is the eigenket of H , with the energy eigenvalue
- An’
H|+-) =T(2|—+> —|+=))+2u,B+-)

ﬁ|_+>:%(z|+_>_|_+>>_zﬂ33|_+>

—+>}:

The matrix of H under the basis of {|+ —>,
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N AR* (-1 2 1 0
H) =—"_ +2u,.B
( )sub 4 ( 2 _ IJ ILlB (0 _ IJ

2
_ Ah B6.)
\/ +4us Bz(a -n)
2 2
E(+n))= Ah \/ 5B 2=A:’ [-1+2V1+a’]

An® |4 An’
E(|-n))=- 4 —\/ ? +4u5" B = 7 [-1-2v1+a?]

where n is the unit vector, lying in the z-x plane. The angle between the z axis and n is 6.

((Exact solution-II)) Mathematica with the use of KroneckerProduct

AR . .. AN
H:—4 (01X®02X+01y®02y+012®022)

+,UBB(&12 ®iz _il ®&22)

_4u,B
AR’

Energy Eigenket

i ) =+

i ) =)

2 2 4

LU B O (ol B S AN
4 4 4
0

1 a+V1l+a?

\/2+2a2+2a\/1+a2

lws) =

f—
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4

2 2
A oiva) = (oo +“T+...)

4 4
0
1 a-1+a*
wi)= 1
\/2+2a2 —2a\1+a’
0
((Mathematica))
Clear["Global +"];
SuperStar;
expr * 1= expr /. Complex[a , b ] :» Complex[a, -b]};

ox = PauliMatrix([1];
oy = PauliMatrix[2];
oz = PauliMatrix[3];
I2 = IdentityMatrix[2];

Hl1 =
Al (KroneckerProduct[ox, ox] + KroneckerProduct[oy, oy] +
KroneckerProduct[oz, cz]) +
Bl (KroneckerProduct[oz, I2] - KroneckerProduct[I2, oz]) //
Simplify;

A n? A n?

rulel = {A1 5 —, Bl > « —}; H11 = H1 /. rulel;
4 4

H11 // MatrixForm

( ar2

e e e
w2 :-.2
_ART 1 a2 A 0
4 2 2
2 w2
AR 3]
(%] AL Laan? o
2 4 2
=2
Ah
e e e
4
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eql = Eigensystem[H11]

{{Afz,ﬁfi,%A[-l-zﬁl-az}:% %ﬂ[-1—2ﬂ1-a2}nﬂ,

n

—

{{a, e, 0,1}, (1,0, 0, 0},
;9, a-41+0", 1, B}, "‘FB-’ oa1+0t, 1, EH}

¢l =eql[[2, 1]]; ¢2=eql[[2, 2]]; ¢3 =eql[[2, 3]];
¢4 =eql[[2, 4]];

¢4.44 // Expand

2:20%+2a/1+a?

¢3.43 // Expand

2+20”-20a1+0’
(b)
The matrix element of a perturbation potential between two m = 0 states is given by

(1=1,m =0T

1=0,m=0)

From the Wigner Eckart theorem, we have the selection rule
m'=0

or
T\ = egt

It means that the oscillatory magnetic field should be applied along the z axis. The
angular frequency of the oscillatory magnetic field is
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ho=E(s=1m=0)-E(s=0,m=0)

2 4 2 4
Ah (+a “T+...)—Af (—3—a2+“7+...)

Ah2

(4+2a 2—7+ .)

() Eigenvector to the first order

)=l (no change)

v') =|wa) (no change)

|w;>=|w3>+—"”4§:ijo !
)+ 2By

el o gl e

~ E)-E

|l//3><l//3 >
—|l//4> E E

2
=|‘/’4> :th |‘/’3>

where

<l//3 |I}|l//4> =248, <l//4 |I}|l//3> =2uB
and

E} —E) =—An’

25. Problem and soluition of Sakurai and Napolitano (5-40) [3" edition]

((5-40))
Repeat Problem 5.39 (Section 24), but with the atomic hydrogen Hamiltonian

H=48,-5,+()s, B,
m.c

e
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where in the hyperfine term, A4S, -S, is the electron spin and S, is the proton spin. [Note
that the problem here has less symmetry than the positron case].

((Solution))

o oaoa AR, AR A s
-8, = 4 0'1'62:7(2]312_1)a

where 1312 is the Dirac spin exchange operator.

)

. AR® 5 s An?
H0|++>:T(2Plz—l)|++>:

2

|+ +> is the eigenket of H , with the energy eigenvalue

Ah®
|——>= " (28, - Dl--)==---)-

2

|— —> is the eigenket of H , with the energy eigenvalue

. Ah2 AR?
H[+-)==——@2B,-D|+-)= A=) =l+-D.

. AR? AR?
H0|—+>: (2P, - )|—+> (2|+ —)- |—+>).

The matrix of FIO under the basis of {|+ —>, — +> } s
. An* (-1 2 4w’
H = 1+26
( 0)sub 4 ( 2 _ IJ ( )

The eigenkets and eigenvalues of (H,).,, is

2

1 (1 1 : An
|+x>—$ 1J—$[|+—>+|—+>] with the energy

34n’

1 (1 1 )
|—x>=$ —1J=ﬁ[|+_>_|_+>] with the energy —
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In summary

Eigenket Energy eigenvalue
|1//1> = |s =1,m, = 1> = |+ +> E" = AThz (triplet, symmetric)
|‘//2> = |s =1,m, = —1> = |— —> E" = AThz (triplet, symmetric)

|lp3> = |s =1,m, = 0> = %[H —> + |— +>] E" = AThz (triplet, symmetric)

i =ls=0m =0)=piie-) |- B

B 3AR’
4
(singlet, anti-symmetric)

|¢1> :

1 //BB
| ¢s> % _ B
| 2> :
[
'
'
[
'
A :
'
'
'
'
'
v '
'
| s> v
H, Y
. : AR’
Fig.  The states |W1> , l//3> , and |lp2> are degenerate states with the energy . The

2

state |lp4> is a nondegenerate state with — . Under the perturbation of V

(the first order), the degenerate states are separated into nondegenerate state.

((Perturbation theory))
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= /’IBBGIZ 4

with = Zf:lc

e

(Bohr magneton)

(i)  Non-degenerate state (|y,))

2
3 X )
Ey == An" +{y, |V|W4>+Z‘E<o>w

where
A .1
V|l//4> = HBo,, ﬁ(|+_>_|_+>)
= 1B lle |-
= /JBB|I//3>
<l//1 |V|W4>:Oa<W3 |V|W4>ZHBB > <l//2 |I}|l//4>:0

Then we have

AL

23: (0) E(O) = Ah2 (‘ |V|l//1>‘ ‘<W4|I}|l//2>‘2+‘<l//4 /

k=1

A

D

_ Mg ‘B’
AR?
252
P Y
4 Ah

(ii) Degenerate states (|1//1> ,|1//2> ,|1//3>)
V|p,)= 1, BS,.|++) = B+ +)= ,Blw,)

I}|l//2> = HBB&12|__> = _HBB&12|__> = _;UBB|1//2>
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with

_4uyB
An®

((Exact solution-I))

H=H,+V
2 2
A,=48,-8, -6 6, - 0p _i
4 4
A B . A
V= o 0. = UzBo,,
2mc
- An’ AR’
H|++)=( Z + B+ +)= Z (1+a)|++)
_ 4upB
AR’

2

|+ +> is the eigenket of H , with the energy eigenvalue

- AR’ AR’
A=) =)= )
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2

|— —> is the eigenket of H , with the energy eigenvalue
- AR’
H|+-)= T(2|—+>—|+—>) + p1,B|+—)

Al=+) = @l )|+ saBl)

The matrix of A under the basis of {|+—>, —+>}:
N An* (-1 2 1 0
)= +1u,B
( )sub 4 (2 _lj :LlB (O _lj
AR* ~ AR, .
=— I+ o, +uzBo
4 ( 2 x :LlB z)
An® ~ AR .
=— :‘ 1+ 4h +115° B*(6-n)
An® | A4, AR >
E(+n))=- PR R B’ = J [1+v4+a’]
An® | A4 5, AR >
E(-n))=- 2\ 2 +us B = i [-1-V4+a’]

where n is the unit vector, lying in the z-x plane. The angle between the z axis and n is 6.

((Exact solution-1T)) Mathematica with the use of KroneckerProduct

Ah?

H =—4 (6,,®0,, +6,, ®O'2y +0,,®0,.)+uBo,. ®1,

_4uyB
AR
Energy Eigenket
2
B0 )=l
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1
|l//3>: > 2
\/2+a+a\/4+a2 !
2 0
2 2 4
E, = A:’ (—1—\/4+a2)=ﬂ(—3—%+06‘—4+ )
0
1 a—-a+a’
|w.) = - 2
\/2+—§\/4+a2 !
0

((The second order perturbation))

To the first order of the perturbation, all the four states become nondegenerate. So,
we try to calculate the second order using the second order calculation for the non-
degenerate case. It is interesting to compare our calculation to the exact solution.

For |1//1>
I 2 L2 I A L0 I R T
El = E](O) _(EZ(O) +E§l)) + E](O) _(E3(0) +E3(1)) + E](O) _EAEO) 0
For |w2> (non-degenerate case)
N 5 750 N T O S

+ +
2 (0) (0) © (0) (0) () (0) (0)
EQ—(EY+EY) EO—(EY+EY) E"-E

For |l//3> (non-degenerate case)

Perturbation theory-degenerate case 92 3/28/2022



0 250 O (251 0 e

= + +
3 E3(0) _(EI(O) +E1(1)) E3(0) _(Ez(O) +E§l)) E3(0) _EAEO)
2 17e)
E3(0) _ELEO)
_ /uBsz
AW

2

For |w4> (nondegenerate case)

A A

L 0 L 2
ET—(EO+ED) LT -(ED+ED) EO—(E+ED)

(27w
TEO (VS ED)

@) _
E;~ =

2

- ,uBzB
An?

Note that

under the basis of {‘ l//f0)>, l//§0)>, l//3(0)>, l//§0)>}.
2 2
E~E?+EY = ﬂﬂzBB _An (1+a)
4 4
2 2
E,~EY +E) = %—%3 = Af (1-a)

2 ZBZ 2
EQ+E" = Af +ﬂjh2 = Af (1+a?)

EO -3
4
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So that, we get the result

AR
E = 2 + 1B,
AR’
E2: 4 _/JBB’
2 2 p2
E3:ﬂ+luBlj ’
4  4n
2 22
E =2 4B
4 Ah

So that, the results which are obtained here are in agreement with the exact solutions to
the second order.
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APPENDIX
Mathematica program
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HermitianMatrixQ

HermitianMatrixQ[m]
tests whether m is a Hermitian matrix.

HermitianMatrixQ[m] gives True if m is explicitly Hermitian, and gives False if it is a matrix that is
not Hermitian.

HermitianMatrixQ[m] is effectively equivalent to m == ConjugateTranspose[m].
HermitianMatrixQ works with SparseArray objects.

HermitianMatrixQ works for symbolic as well as numerical matrices.
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Eigensystem

Eigensystem [m]
gives a list {values, vectors} of the eigenvalues and eigenvectors of the square matrix m.

Eigensystem [{m, a}]
gives the generalized eigenvalues and eigenvectors of m with respect to a.

Eigensystem [m, k]
gives the eigenvalues and eigenvectors for the first k eigenvalues of m.

Eigensystem[{m, a}, k]
gives the first k generalized eigenvalues and eigenvectors.

Eigensystem finds numerical eigenvalues and eigenvectors if m contains approximate real or complex
numbers.

For approximate numerical matrices m, the eigenvectors are normalized.
All the non-zero eigenvectors given are independent. If the humber of eigenvectors is equal to the
number of non-zero eigenvalues, then corresponding eigenvalues and eigenvectors are given in

corresponding positions in their respective lists.

If there are more eigenvalues than independent eigenv ectors, then each extra eigenvalue is paired with
a vector of zeros. »

Eigensystem [m, ZeroTest -> test] applies fest to determine whether expressions should be assumed
to be zero. The default setting is ZeroTest -> Automatic.

The eigenvalues and eigenvectors satisfy the matrix equation
m.Transpose [vectors] == Transpose [vectors] .DiagonalMatrix [values]. »

Generalized eigenvalues and eigenvectors satisfy
m.Transpose [vectors] == a.Transpose [vectors] .DiagonalMatrix [values].

{vals, vecs} = Eigensystem[m] can be used to set vals and vecs to be the eigenvalues and eigenvectors
respectively. »

Eigensystem [m, spec] is equivalent to applying Take[..., spec] to each element of Eigensystem [m].

The option settings Cubics -> True and Quartics -> True can be used to specify that explicit radicals
should be generated for all cubics and quartics.

SparseArray objects can be used in Eigensystem. »
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Normalize

Normalize[v]
gives the normalized form of a vector v.

Normalize[z]
gives the normalized form of a complex number z.

Normalize [expr, f]
normalizes with respect to the norm function f.

Normalize([v] is effectively v /Norm [v], except that zero vectors are returned unchanged.
Except in the case of zero vectors, Normalize [v] returns the unit vector in the direction of v.
For a complex number z, Normalize [z] returns z /Abs[z], except that Normalize [0] gives 0.

Normalize[expr, f] is effectively expr/ f [expr], except when there are zeros in f [expr].
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Orthogonalize

Orthogonalize[{vi, v2, ...}]
gives an orthonormal basis found by orthogonalizing the vectors v;.

Orthogonalize[{e, e, ...}, f]
gives a basis for the ¢; orthonormal with respect to the inner product function f.

Orthogonalize[{vy, v2, ...} ] uses the ordinary scalar product v{.vy as an inner product.

The output from Orthogonalize always contains the same number of vectors as the input. If some of
the input vectors are not linearly independent, the output will contain zero vectors.

All nonzero vectors in the output are normalized to unit length.

The inner product function f is applied to pairs of linear combinations of the ¢;.

The ¢; can be any expressions for which f always yields real results.

Orthogonalize[{vy, v2, ...}, Dot] effectively assumes that all elements of the v; are real.
Orthogonalize by default generates a Gram-Schmidt basis.

Other bases can be obtained by giving alternative settings for the Method option. Possible settings
include: "GramSchmidt", "ModifiedGramSchmidt", "Reorthogonalization" and "Householder".

Orthogonalize[list, Tolerance -> t] sets to zero elements whose relative norm falls below .
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Transpose

Transpose [list]
transposes the first two levels in [ist.

Transpose [list, {ny, ny, ...}]
transposes list so that the k™ level in list is the nkth level in the result.

Transpose gives the usual transpose of a matrix.

Transpose[m] can be input as m.

T can be entered as Esctr Esc or \ [Transpose].

»

Acting on a tensor T; _ Transpose gives the tensor T;

11213 211 13

Transpose[list, {ny, ny, ...}] gives the tensor Tinl iny oot

So long as the lengths of the lists at particular levels are the same, the specifications n; do not
necessarily have to be distinct.

Transpose works on SparseArray objects.
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