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In every physical theory, we are confronted with the need to obtain approximate 

solutions to the equations, because exact solutions are usually be found only for the 

simplest models of the physical situations. Nevertheless, the approximations are often 

useful since they may serve as a key starting point for understanding the physics lying in 

the complicated equations of the actual system. The perturbation method are examples of 

such an approach. Here we discuss the perturbation theory with the time-independent 

Hamiltonian. There are two types of methods, (i) the non-degenerate system where the 

eigenstates of the unperturbed system are not degenerate, (ii) the degenerate system 

where the eigenstates of the unperturbed system is degenerate. 

Here the Rayleigh-Schrödinger perturbation theory (conventional method) and the 

Brillouin-Wigner perturbation theory (alternative method) will be discussed. For the 

elementary application of lowest-order perturbation to atoms, there is no distinction 

between these two schemes.  

 

________________________________________________________________________ 

1. Perturbation theory: non-degenerate case 

(Rayleigh-Schrödinger method) 

 

We consider the Hamiltonian of the system 

 

10
ˆˆˆ HHH  , 

 

where ˆ H 0  is an unperturbed Hamiltonian and ˆ H 1  is the perturbation. The parameter  is 

assumed to be real and is very small.  
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Fig. Energy eigenstates for the unperturbed Hamiltonian 0Ĥ  (non-degenerate case). 
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Fig. Shift of the energy levels when the perturbed Hamiltonian ( 1Ĥ ) is added to the 

system. 

 

Here, we discuss an approximate solution of the ˆ H ( ) eigenvalue equation (non-

degenerate case). We start with the eigenvalue problem 

 

nnn EH  ˆ , 

 

where n  is the eigenket of Ĥ  with the energy eigenvalue En. n  is a non-degenerate 

state. We assume that 

 

....
)2(2)1()0(  nnnn EEEE   

 

and 
 

....
)2(2)1()0(  nnnn   
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where 
 

)0()0()0(

0
ˆ

nnn EH   . 

 

The energy eigenvalue 
)0(

nE  is different for different states (the non-degenerate case). 

Then we get 
 

....))(ˆˆ(
)2(2)1()0(

10  nnnHH   

 

...)....)((
)2(2)1()0()2(2)1()0(  nnnnnn EEE  . 

 

For the 0-th order terms in , 
 

0)ˆ(
)0()0(

0  nnEH  , or 
)0()0()0(

0
ˆ

nnn EH   . 

 

For the 1st-order terms in , 
 

0)ˆ()ˆ(
)0()1(

1

)1()0(

0  nnnn EHEH  . (1) 

 

For the 2nd-order terms in , 

 

0)ˆ()ˆ(
)0()2()1()1(

1

)2()0(

0  nnnnnn EEHEH  . (2) 

 

For the 3rd-order terms in , 
 

0)ˆ()ˆ(
)0()3()1()2()2()1(

1

)3()0(

0  nnnnnnnn EEEHEH  . (3) 

 

For the 4-th order terms in , 
 

0

)ˆ()ˆ(

)0()4(

)1()3()2()2()3()1(

1

)4()0(

0





nn

nnnnnnnn

E

EEEHEH




 (4) 

 
((Mathematica)) 

 



Perturbation theory-degenerate case 4 3/28/2022 

 
 
2. The first-order energy shift 

The eigenket 
)0(

n  forms the complete set. We start with Eq.(1) and take the inner 

product with 
)0(

n  

 

0)ˆ()ˆ(
)0()1(

1

)0()1()0(

0

)0(  nnnnnn EHEH  , 

 

or 
 

)0(

1

)0()1( ˆ
nnn HE  . 

 

The first-order correction of Eq.(1) with 
)0(

k  for k ≠ n. 

 

0ˆˆ )0()1(

1

)0()1()0(

0

)0(  nnknnk EHEH  . 

 
Since 

 

0
)0()0( nk    for k ≠ n 

 

the above equation can be rewritten as 
 

0ˆ)(
)0(

1

)0()1()0()0()0(  nknknk HEE  , 

 
or 
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)0()0(

)0(

1

)0(

)1()0(

ˆ

kn

nk

nk
EE

H





 , ( nk  ) 

 

since 
)0()0(

kn EE  . If we use the basis states 
)0(

k  to express 
)1(

n  as 

 


k

nkkn

)1()0()0()1(  , (closure relation) 

or 
 

(1) (0) (0) (1) (0) (0) (1)

(0) (0) (1)

n n n n k k n

k n

k k n

k n

      

  




 






. 

 

if  
 

(0) (1)
0n n   . 

 
So we need to show the validity of this condition from the normalization-I as shown 

below. 
 

In conclusion, we have 
 

)0(

1

)0()0( ˆ
nnnn HEE   

 
and 

 
(1) (0) (0) (1)

(0) (0)

1(0)

(0) (0)

ˆ

n k k n

k n

k n

k

k n n k

H

E E

   

 














 

 

((Normalization-I)) 
Here we need to show that 

 

0
)1()0( nn  . 

 

from the normalization condition                                                                                                                                                                                                       
 

0n n    
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where 
 

(0) (1) 2 (2)
....n n n n           

 
____________________________________________________________________ 

((Proof)) 
We start with the condition of normalization. 

 

....)(1
)0()1()1()0()0()0(  nnnnnnnn   

 

...)(
)2()0()1()1()0()2(2  nnnnnn   

 

Since 1
)0()0( nn  , through the first order in , we must have 

 

0
)0()1()1()0(  nnnn  , 

 
or 

 

0]Re[2
)1()0(

*
)1()0()1()0(  nnnnnn  . 

 

Then we have 
 

iann )1()0(   (a: real), i.e.  (purely imaginary) 

 
This means that  

 
)1()0()1(

nnn ia   . 

 

where 
(1)

n  is any ket, satisfying the condition 

 
(0) (1)

0n n   . 

 
Then we have 

 
(0) (0) (1) 2 (2)

(0) (1) 2 (2)

(0) (1) 2 (2)

( ) ....

(1 ) ...

..

n n n n n

n n n

ia

n n n

ia

ia

e


      

     

    

    

    

   
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where we use 

 

 iaiaeia  1...1  for 1a . 

 
For convenience, we assume that a = 0: 

 

0
)1()0(  iann   

 

Then, we have  
 

(1) (1)

n n   

or 

 
(0) (1) 2 (2)

..n n n n          

 

With 
 

0
)1()0( nn   

 
Note that 

 
(1) (0) (0) (1) (0) (0) (1)

(0) (0) (1)

n n n n k k n

k n

k k n

k n

      

  




 






, 
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»yn
H0L>

»yn
H1L>

 
 

Fig. 0
)1()0( nn  , 

(1) (0) (0) (1)

n k k n

k n

   


 . 

 
____________________________________________________________________ 

((Note)) Townsend, Sakurai and Napolitano 
 

As will be discussed later, we use the concept of the renormalization wave function 

such that 1
)0( nn  , instead of 1nn  . To the first order of , the same 

condition 1
)0( nn   can be derived from the condition for the renormalization wave 

function 1
)0( nn  . 

 
(0)

(0) (0) (0) (1) 2 (0) (2)

(0) (1) 2 (0) (2)

1

...

1 ...

n n

n n n n n n

n n n n

 

       

     



   

   

 

 

leading to 
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(0) (1) 2 (0) (2)0 ...n n n n         

 

For arbitrary , we have 
 

(0) (1) (0) (2) ... 0n n n n      . 

 
3. The second-order energy shift (nondegenerate case) 

 

 

 
 

Fig. Second order energy shift (nondegenerate case). (0) (0)

n kE E . The state 
(0)

n  is 

nondegenerate, but the state 
(0)

k  is either non-degenerate or degenerate.  

 

We start with 
 

0)ˆ()ˆ(
)0()2()1()1(

1

)2()0(

0  nnnnnn EEHEH  , (2) 

 

We take the inner product of Eq.(2) with the bra 
)0(

n  
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0ˆˆ )2()1()1(

1

)0()2()0(

0

)0(  nnnnnnn EEHEH  . 

 

Since 0
)1()0( nn  , we have 

 
(2) (0) (1)

1

(0) (0)

1(0) (0)

1 (0) (0)

(0) (0) (0) (0)

1 1

(0) (0)

2
(0) (0)

1

(0) (0)

2
(0) (0)

1

(0) (0)

ˆ

ˆ
ˆ

ˆ ˆ

ˆ

ˆ

n n n

k n

n k

k n n k

n k k n

k n n k

n k

k n n k

k n

k n n k

E H

H
H

E E

H H

E E

H

E E

H

E E

 

 
 

   

 

 































 

 
In summary 

 
2

(0) (0) (0) (0) (0) (0)
1 1 1(2)

(0) (0) (0) (0)

ˆ ˆ ˆ
k n k n n k

n

k n k nn k n k

H H H
E

E E E E

     

 

 
    

 

with 
 

(0) (0)

1(1) (0)

(0) (0)

ˆ
k n

n k

k n n k

H

E E

 
 




  

 

4. Wave-function renormalization (we use here) 

 

....
)3(3)2(2)1()0(  nnnnn   

 

Here we need to specify how the states 
)0(

n  and n  overlap. Since n  is 

considered not to be very different from 
)0(

n , we have 

 

1
)0( nn  . 

 

It is convenient to depart from the usual normalization condition that 
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1nn  . 

 
Rather we set 

 

1
)0( nn    (this is the definition we use here) 

 

even for 0 . Then we get 

 

....
)3()0(3)2()0(2)1()0()0()0()0(  nnnnnnnnnn  , 

 

with 
 

1
)0()0( nn  , 0

)1()0( nn  , 0
)2()0( nn  ,…. 

 

In other words, 
)(k

n  (k = 1, 2, 3, 4, ...) is orthogonal to 
)0(

n  

 

»yn
H0L>

»yn
Hk L>

 
 

Fig. 0
)()0( k

nn   where k = 1, 2, 3, …. 
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In such conditions, we have 

 

)(
)(

ˆ

1

)(1

...][

][

....)(

...)(

2

2)0()0(

2
)0(

1

)0(

2

2)1()1(2

)1()1(
*

)0()2()2()0(2

*
)1()0()1()0()0()0(

)3(3)2(2)1()0(

)3(3)2(2)1()0(
















O
EE

H

O

nk kn

nk

nn

nnnnnn

nnnnnn

nnnn

nnnnnn



















 

 
since  

 


 


nk kn

nk

k

nk

nkkn
EE

H

)0()0(

)0(

1

)0(

)0()1()0()0()1(
ˆ 

  

 

In other words, n is, to the first order, normalized to 1, with the first correction 

occurring in the second order. 

Here we define 
Nn  which satisfies the usual normalization. 

 

nnNn Z    

 

where 
 

....
)3(3)2(2)1()0(  nnnnn   

 

nZ  is called as the wave function normalization constant. 

 

nnnNnnN Z  1  

 

or 
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2 (1) (1)

2 (1) (1) 2

2
(0) (0)

12 2

(0) (0) 2

1

1

1

1 ( )

ˆ

1 ( )
( )

n

n n

n n

n n

k n

k n n k

Z

O

H
O

E E

 

  

   

 
 






 

 

  


≃

 

 
Then we have 

 

nnnn
N

nn ZZ   )0()0(
 

 

P is the probability of observing 
Nn  in the unperturbed state 

)0(

n , 

 


 


nk kn

nk

n
N

nn
EE

H
PZ

2)0()0(

2
)0(

1

)0(

2
2

)0(

)(

ˆ

1


 . 

 
The second term is to be understood as the probability for leakage to state other than 

)0(

n . Note that Zn is less than 1.  

Note that the energy En is given by 

 


 


nk kn

nk

nnnn
EE

H
HEE

)0()0(

2
)0(

1

)0(

2)0(

1

)0()0(

ˆ
ˆ


 . 

 

The derivative of nE  with respect to 
)0(

nE  is given by 

n

nk kn

nk

n

n Z
EE

H

E

E







 


2)0()0(

2
)0(

1

)0(

2

)0(
)(

ˆ

1


 , 

 

where the matrix element of 1Ĥ  is assumed to be independent of 
)0(

nE . 

 

5. Derivation of the expression of 
)2(

n  

Now we take the inner product of Eq.(2) 
 

0)ˆ()ˆ(
)0()2()1()1(

1

)2()0(

0  nnnnnn EEHEH  , (2) 
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with the bra 
)0(

k  )( nk   

 

0ˆˆ )1()1(

1

)0()2()0(

0

)0(  nnknnk EHEH  , 

 

or 
 

0ˆ)(
)1()0()1()1(

1

)0()2()0()0()0(  nknnknknk EHEE  , 

 
or 

 
(0) (0) (0) (0)

1 1(0) (0) (0) (2)

(0) (0)

(0) (0) (0) (0)

1(1)

(0) (0)

ˆ ˆ
( )

ˆ
0

k l l n

k n k n

l n n l

k l l n

n

l n n l

H H
E E

E E

H
E

E E

   
 

   





 


 






 

 
or 

 
(0) (0) (0) (0)

1 1(0) (0) (0) (2)

(0) (0)

(0) (0)

, 1(1)

(0) (0)

ˆ ˆ
( )

( )

ˆ

k l l n

n k k n

l n n l

k l l n

n

l n n l

H H
E E

E E

H
E

E E

   
 

  





 








 

 

where 
(0) (0)

,k l k l   . 

 

2)0()0(

)0(

1

)0(

)1(

)0()0()0()0(

)0(

1

)0()0(

1

)0(

)2()0(

)(

ˆ

))((

ˆˆ

kn

nk

n

nl knln

nllk

nk
EE

H
E

EEEE

HH










 . 

 

Here we use the relations 

 


 


nl ln

nl

ln
EE

H

)0()0(

)0(

1

)0(

)0()1(
ˆ 

 , 

 

Thus, we have 
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(2) (0) (0) (2) (0) (0) (2)

(0) (0) (2)

(0) (0) (0) (0) (0) (0)

1 1 1(0) (1) (0)

(0) (0) (0) (0) (0) (0) 2

(0) (0) (0) (0

1 1(0)

ˆ ˆ ˆ
]

( )( ) ( )

ˆ ˆ

n n n n k k n

k n

k k n

k n

k l l n k n

k n k

k n k nn l n k n k
l n

k l l n

k

H H H
E

E E E E E E

H H

      

  

     
 

   






 


 



 
  







 

) (0) (0) (0) (0)

1 1(0)

(0) (0) (0) (0) (0) (0) 2

ˆ ˆ

( )( ) ( )

k n n n

k

k n k nn k n l n k
l n

H H

E E E E E E

   


 



   

 

or 

 

 
  





nk kn

nnnk

nl lnkn

nllk

kn
EE

HH

EEEE

HH
]

)(

ˆˆ

))((

ˆˆ

[
2)0()0(

)0(

1

)0()0(

1

)0(

)0()0()0()0(

)0(

1

)0()0(

1

)0(

)0()2(


 . 

 

Her we use 

 
(1) (0) (0)

1
ˆ

n n nE H    

 

and 

 
(0) (2)

0n n    . 

 

6. Summary 

Summarizing the above results, we may write the energy eigenvalue and eigenstates 

of the perturbed Hamiltonian to the second order in  as 

 

(a) Energy eigenvalue 

 

)( 3)2(2)1()0(  OEEEE nnnn  , 

 

with 

 
)0(

1

)0()1( ˆ
nnn HE  , 

 


 


nk kn

kn

n
EE

H
E

)0()0(

2
)0(

1

)0(

)2(

ˆ 
. 

 

(b) Energy eigenstate 
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)(
3)2(2)1()0(  Onnnn  , 

 

with 

 


 


nk kn

nk

kn
EE

H

)0()0(

)0(

1

)0(

)0()1(
ˆ 

 , 

 

and 

 

]
)(

ˆˆ

))((

ˆˆ

[

2)0()0(

)0(

1

)0()0(

1

)0(

)0()0()0()0(

)0(

1

)0()0(

1

)0(

)0()2(

kn

nnnk

nk nl lnkn

nllk

kn

EE

HH

EEEE

HH





  

 






 

 

We note that n  is not normalized, so an extra calculation must be performed in order 

to obtain the normalization factor. 

 

7. Formal theory of perturbation ((Sakurai)) 

We start with the Schrödinger equation given by 

 

nnn EHH   )ˆ( 10 , 

 

where En is the energy eigenvalue (non-degenerate case). When the perturbation 

vanishes, we get 

 

nnn EH  )0()0(

0  . 

 

We define 

 
)0(

nnn EE  . 

 

Then we get 

 

nnnn EHH  )()ˆ(
)0(

10  , 

 

or 

 

nnnn HHE  )ˆ()( 10

)0(  , (1) 
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We introduce the projection operators, M̂  and P̂  such that 

 
)0()0(ˆ

nnM  , 



nk

kknnP
)0()0()0()0(

1̂ˆ  . 

 

We note that 
 

ˆˆ ˆ 1P M   
(0) (0)ˆ

n nM   , 
(0)ˆ 0nP    

 
2ˆ ˆM M ,  ˆ ˆ ˆ ˆ 0MP PM  , 

2ˆ ˆP P  

 

0
ˆ ˆ[ , ] 0M H  , 0

ˆ ˆ[ , ] 0P H  . 

 

Multiplied by P̂  from the left in Eq.(1) 
 

nnnnnn PHEHEPHP  )()(ˆ)ˆ(ˆ
0

)0(

0

)0(

1  . 

 

So we get 
 

nn

n

n HP
HE

P  )ˆ(ˆ1ˆ
1

0

)0(



 . 

 

A suitable final form is 
 

.....

)ˆ(
ˆ

ˆ

)ˆ(ˆ
ˆ

1

ˆˆ

)2()1()0(

1

0

)0(

)0(

1

0

)0(

)0(















nnn

nn

n

n

nn

n

n

nnn

H
HE

P

HP
HE

PM









 

 
where 

 

P
HE

P
HE

PP
HE nnn

ˆ
ˆ

1ˆ
ˆ

1ˆˆ
ˆ

1

0

)0(

0

)0(

0

)0( 






, 

 
or simply 

 

0

)0(

0

)0( ˆ

ˆ
ˆ

ˆ

1

HE

P
P

HE nn 



. 
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Multiplied by 
)0(

n  from the left in Eq.(1) 

 

 

nnnnnn HHE  )ˆ(0)( 1

)0(

0

)0()0(  , 

 

or 
 

.....ˆˆˆ

ˆ

......

)2(

1

)0(3)1(

1

)0(2)0(

1

)0(

1

)0(

)3(3)2(2)1(







nnnnnn

nn

nnnn

HHH

H







. 

 

Here we have 

 
)0(

1

)0()1( ˆ
nnn H  , 

 
)1(

1

)0()2( ˆ
nnn H  , 

 
)2(

1

)0()3( ˆ
nnn H  . 

 

…………………………………………………………. 

 

The final form is given by 

 

.....)(

........]ˆ[
ˆ

ˆ

.....

)2()1()0(

)3(3)2(2)1(

1

0

)0(

)0(

)2()1()0(










nnn

nnn

n

n

nnnn

H
HE

P







 

 

(i) Coefficient the powers of : 

 

)0(

1

0

)0(

)1( ˆ
ˆ

ˆ

n

n

n H
HE

P



 , 

 

leading to 
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)0(

1

0

)0(1

)0()1(

1

)0()2( ˆ
ˆ

ˆ
ˆˆ

n

n

nnnn H
HE

P
HH 


 . 

 

(ii) Coefficient the powers of 2: 

 

)0(

1

0

)0(

)0(

1

)0(

0

)0(

)0(

1

0

)0(1

0

)0(

)0(

1

0

)0(

)1(

0

)0(

)0(

1

0

)0(1

0

)0(

)1()1(

0

)0(

)1(

1

0

)0(

)2(

ˆ
ˆ

ˆ
ˆ

ˆ

ˆ
ˆ

ˆ

ˆ
ˆ

ˆ

ˆ

ˆ
ˆ

ˆ

ˆ

ˆ
ˆ

ˆ

ˆ
ˆ

ˆ

ˆ

ˆ

ˆ
ˆ

ˆ

ˆ

n

n

nn

n

n

nn

n

n

n

n

n

nn

nn

n

n

n

n

H
HE

P
H

HE

P
H

HE

P
H

HE

P

H
HE

P

HE

P
H

HE

P
H

HE

P

HE

P
H

HE

P






























 

8. Example, Hamiltonian with 2x2 matix. 

We consider a two-dimensional problem. In a given orthonormal basis the 

Hamiltonian is represented by the matrix 

 




















0

0

20

01
ˆˆˆ

10 


HHH , 

 

under the basis of { 1  and 2 }, where  is negligibly small. First we find the exact 

eigenvalues of Ĥ   

 

0
2

1









, 

 

or 

 

2

413 2



 . 

 

This can be expanded in a binomial series: 

 
22   , or 21   . 

 

Next we use the second order perturbation to determine the eigenvalues. 

 
2

2
1(0) 2

1 1 1 (0) (0)

1 2

ˆ2 1
ˆ1 1 1 0 1

1 2

H
E E H

E E


       

 
, 
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2

2
1(0) 2

2 2 1 (0) (0)

2 1

ˆ1 2
ˆ2 2 2 0 2

2 1

H
E E H

E E


       

 
 

 

Then the second order corrections are the same as the result of the series expansion. 

 

________________________________________________________________________ 

9. Simple harmonics 

We consider the system whose Hamiltonian consists of the un-perturbed Hamiltonian 

of the simple harmonics, given by 

 

22

0

2

0
ˆ

2

1
ˆ

2

1ˆ xmp
m

H  , 

 

and the perturbing Hamiltonian given by 

 

2

0

22

01 )ˆˆ(
4

ˆ
2

1ˆ  aaxmH 


 ℏ . 

 

We note that 

 

nEnH n

)0(

0
ˆ  , 

 

with 

 

  

En

(0)  (n
1

2
)ℏ0  

 

]2)2)(1()12(2)1([
4

1ˆ 01  nnnnnnnnnH ℏ  

 

)2)(1(
4

1ˆ2 01  nnnHn ℏ  

 

)
2

1
(

2

1ˆ
01  nnHn ℏ  

 

)1(
4

1ˆ2 01  nnnHn ℏ  

 

Then 
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...

ˆ
ˆ

)0()0(

2

1

1

)0( 


 
nk kn

nn
EE

kHn
nHnEE  

or 

 

)0(

2

)0(

2

1

)0(

2

)0(

2

1

1

)0(
2ˆ2ˆ

ˆ

 









nnnn

nn
EE

nHn

EE

nHn
nHnEE  

 

or 

 

)]2)(1()1([
32

)
2

1
(

2

1 0

2

0

)0(  nnnnnEE nn




ℏ
ℏ  

 

or 

 

...)
8

1

2

1
1)(

2

1
( 2

0   nEn ℏ  

 

((Note))  

 

nn n)1(ˆ   

 

Since 

 

xx ˆˆˆˆ  : odd parity 

 
22 ˆˆˆˆˆˆˆˆˆˆ xxxx   : even parity 

 

Here  

 

1ˆ 2  ,   ˆˆ   

 

mxn 2ˆ  ≠0 for both n and m being odd and for both n and m being even. 

 

When n is fixed, m should be m = n and m = n ± 2. 

 

((Note)) Exact solution 

 

ˆ H 
1

2m
ˆ p 

2 
1

2
m0

2
(1 ) ˆ x 

2
 

 

Then we have 
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...)
256

7

128

5

16

1

8

1

2

1
1(

1)
2

1
(1

5432)0(

)0(

0









n

nn

E

EnE ℏ

 

 

______________________________________________________________________ 

10. Anharmonic oscillator 

We calculate the eigenstates of the anharmonic oscillator whose Hamiltonian consists 

of the unperturbed Hamiltonian given by  

 

22

0

2

0
ˆ

2

1
ˆ

2

1ˆ xmp
m

H  , 

 

and the perturbed Hamiltonian 

 

4

4

4

1 )ˆˆ(
4

ˆˆ  aa
K

xKH


. (anharmonic term) 

 

The unperturbed system: 

 

nEnH n

)0(

0
ˆ  , 

 

with 

 

  

En

(0)  (n
1

2
)ℏ0 , 

 

]4)1)(2)(3)(4(

2)1)(2()46()221(3

2)1()12(243)(2)(1([
4

ˆ

2

41







nnnnn

nnnnnnn

nnnnnnnnn
K

nH


, 

 


 


nk kn

nn
EE

kHn
nHnEE

)0()0(

2

1

1

)0(
ˆ

ˆ  

 

or 
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2

1(0)

1

0

(0)

1

2 2 2 2

1 1 1 1

0

(0)

1

2 2 2 2

1 1 1 1

0

ˆ
ˆ

( )

ˆ

ˆ ˆ ˆ ˆ4 2 2 41

[ ( 4)] [ ( 2)] [ ( 2)] [ ( 4)]

ˆ

ˆ ˆ ˆ ˆ4 2 2 41

4 2 2 4

n n

k n

n

n

k H n
E E n H n

n k

E n H n

n H n n H n n H n n H n

n n n n n n n n

E n H n

n H n n H n n H n n H n









  


 

        
        
  

 

         
  


ℏ

ℏ

ℏ

 

 

where 

 

)366(
4

ˆ 2

41  nn
K

nHn


, 

 

)3)(2)(1()
4

(ˆ4 2

4

2

1  nnnn
K

nHn


, 

 

)]1()12(4[)
4

(ˆ2 22

4

2

1  nnn
K

nHn


, 

 

)1)(2()46()
4

(ˆ2 22

4

2

1  nnn
K

nHn


, 

 

)4)(3)(2)(1()
4

(ˆ4 2

4

2

1  nnnn
K

nHn


. 

 

((Note)) 

Formula: matrix element of the simple harmonics for the perturbation calculation 

 

ℏ

0


m
 . 

 

The annihilation and creation operators 

 

)
ˆ

ˆ(
2

ˆ
0


m

p
ixa  , 
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)
ˆ

ˆ(
2

ˆ
0


m

p
ixa  , 

 

1]ˆ,ˆ[ aa , 

 
ˆ N  ˆ a 

 ˆ a , 

 

)
2

1ˆ(ˆ
0  NH ℏ , 

 

 1||ˆ nnna , 

 

 1|1|ˆ nnna , 

 

 nnnN ||
⌢

, 

 

  0|)ˆ(
!

1
| na

n
n , 

 

  [
⌢ 
N , ˆ a ]   ˆ a , 

 

[ ˆ N , ˆ a 

]  ˆ a 


. 

 

The parity operator: 

 

 nn n |)1(|̂ , 

 

)ˆ(
2

1
ˆ aax  ⌢


, 

 

)
2

ˆˆ
(ˆ 0


 


aa

i

m
p , 

 

)111(
2

1
ˆ  nnnnnx


, 

 

)2)2)(1()12(2)1((
2

1
ˆ

2

2  nnnnnnnnnx


, 
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3)3)(2)(1(

1)1(3133)2)(1((
22

1
ˆ 2/32/3

3

3





nnnn

nnnnnnnnnx
  

 

4)4)(3)(2)(1(

2)2)(1()46()122(3

2)12()1(24)3)(2)(1((
4

1
ˆ

2

4

4







nnnnn

nnnnnnn

nnnnnnnnnnx


 

 

5)5)(4)(3)(2)(1(

3)3)(2)(1()2(511)342(5

1)12(53)1)(2()1(5

5)4)(3)(2)(1((
24

1
ˆ

2

2

5

5









nnnnnn

nnnnnnnnn

nnnnnnnn

nnnnnnnx


 

 

_________________________________________________________ 
11. Projection operator as a formulation of the perturbation theory 

We consider the Schrödinger equation given by 

 

nnn EH  ˆ . 

 

with 

 
ˆ H  ˆ H 0  ˆ H 1 . 

 

Note that 

 
)0()0()0(

0
ˆ

nnn EH   . 

 

Now we assume that 

 

 )0(

nn   

 

and 

 

0
)0( n . 

 



Perturbation theory-degenerate case 26 3/28/2022 

»yn
H0L>

»F>

»yn>

 
 

Fig. Schematic diagram.  )0(

nn   with 0
)0( n . 

 

From the normalization condition of 1nn  , we get 

 

11

))((

)0()0()0()0(

)0()0(







nnnn

nnnn





 

 

Here we define the projection operator given by 

 
)0()0(ˆ

nnM   

 

where 

 
)0()0(ˆ

nnM    
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(i) ˆ M  is the Hermitian operator.  

 

MM nnnn
ˆ)(ˆ )0()0()0()0(     

 
)0()0(ˆ

nnM    

 

or 

 
)0()0( ˆ

nn M    

 

or 

 
)0()0( ˆ

nn M    

 

(ii) MM ˆˆ 2   

 
)0()0()0()0(2 ˆˆˆˆ

nnnn MMMM    

 

(iii) The projection operator P̂  

 

MP ˆ1̂ˆ  ,  

 

which is the complementary projection operator. 

 

0)ˆ1̂(ˆˆˆ  MMPM . 

 

We note that 

 

0ˆ )0( nP  

 

P̂  

 

((Proof)) 

 

0)1̂(ˆ )0()0()0()0(  nnnnP   

 

 )1̂(ˆ )0()0(

nnP   

 



Perturbation theory-degenerate case 28 3/28/2022 

(iv) The commutation relation 

 

0]ˆ,ˆ[ 0 HM . 

 

since 

 

0

ˆˆˆˆˆ

)0()0()0()0()0()0(

)0()0(

00

)0()0(

00





nnnnnn

nnnn

EE

HHMHHM




 

 

(iv) The commutation relation 

 

[ ˆ P , ˆ H 0 ]  0 

 

since 

 

0]ˆ,ˆ[)ˆ1̂(ˆˆ)ˆ1̂(ˆˆˆˆ
00000  HMMHHMPHHP  

 

______________________________________________________________________ 

12. Brillouin-Wigner series  

(see J.M. Ziman, Element of Advanced Quantum Mechanics) 

 

We start with the Schrödinger equation given by 

 

nnn EH  ˆ  

 

with 

 

10
ˆˆˆ HHH   

 

Note that nE  is the energy eigenket of Ĥ . Then we get 

 

nnn EHH   )ˆˆ( 10  

 

or 

 

)())(ˆˆ(
)0()0(

10  nnn EHH   

 

or 
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nnn

nnn

nnnn

HHE

HHHE

HHHHEE







10

)0()0(

1

)0(

10

)0()0(

10

)0(

10

)0(

ˆˆ

ˆˆˆ

))ˆˆ()ˆˆ(







 

 

Finally, we have 

 
)0()0(

10 )(ˆ)ˆ( nnnnn EEHHE    

 

Projecting on both sides with ˆ P  

 
)0()0(

10
ˆ)(ˆˆ)ˆ(ˆ

nnnnn PEEHPHEP    

 

Noting that 0ˆ )0( nP  and P̂ , and [ ˆ P , ˆ H 0 ]  0, we get 

 

nn HPPHE 10
ˆˆˆ)ˆ(   

 

or 

 

nn HPHE 10
ˆˆ)ˆ(   

 

or 

 

nn HPHE 1

1

0
ˆˆ)ˆ(

  

 

Thus we get the final form 

 

nnnn HPHE  1

1

0

)0( ˆˆ)ˆ(
  

 

We solve this by iteration method, 

 

...ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(

)ˆˆ)ˆ((ˆˆ)ˆ(

)0(

1

1

01

1

01

1

01

1

0

)0(

1

1

01

1

01

1

0

)0(

1

1

01

1

0

)0(

1

1

0

)0(

1

1

0

)0(

1

1

0

)0(





















nnnnn

nnnn

nnn

nnn

nnnnnn

HPHEHPHEHPHEHPHE

HPHEHPHEHPHE

HPHEHPHE

HPHE

HPHEHPHE










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where 

 

0]ˆ,ˆ[ 0 PH . 

 

13. Energy shift 

What is the energy shift due to the perturbation? To this end, we start with 

 

nnn HHE  10
ˆ)ˆ(   

 

Projecting on both sides with ˆ M  

 

nnn HMHEM  10
ˆˆ)ˆ(ˆ   

 

or 

 

nnn HMMHE  10
ˆˆˆ)ˆ(  , 

 

or 

 

nnn HMHE  1

)0(

0
ˆˆ)ˆ(  , 

 

where we use the commutation relation, 

 

0]ˆ,ˆ[ 0 HM . 

 

Multiplying on both sides with 
)0(

n  

 

nnnnn HMHE  1

)0()0(

0

)0( ˆˆ)ˆ(   

 

Then the energy shift is obtained as 

 

nnnnnn HHMEE  1

)0(

1

)0()0( ˆˆˆ   

 

Through the iteration method, we have 

 



Perturbation theory-degenerate case 31 3/28/2022 













)0(

1

1

01

1

01

1

01

)0(

)0(

1

1

01

1

01

)0(

)0(

1

1

01

)0()0(

1

)0()0(

ˆˆ)ˆ(ˆˆ)ˆ(ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆˆ

nnnnn

nnnn

nnnnnnn

HPHEHPHEHPHEH

HPHEHPHEH

HPHEHHEE







 

 

(i) The first-order energy shift: 

 
)0(

1

)0()1( ˆ
nnn HE  . 

 

(ii) The second-order energy shift: 

 
































nk kn

kn

nk

nkknn

nnnnn

nk

nkknn

nnnn

EE

H

HPHEH

HPHEH

HPHEH

HPHEHE

)0(

2
)0(

1

)0(

)0(

1

)0()0(1

01

)0(

)0(

1

)0()0(1

01

)0(

)0(

1

)0()0(1

01

)0(

)0(

1

1

01

)0()2(

ˆ

ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆ











 

 

since 0ˆ )0( nP . When En  En

(0)
, we get a “Rayleigh-Schrödinger series of 

conventional perturbation theory.” Then the final form of the second order of the energy 

shift is given by 

 
2

(0) (0)

1(2)

(0) (0)

ˆ
k n

n

k n n k

H
E

E E

 




 . 

 

or 

 
(0) (0) (0) (0)

1 1(2)

(0) (0)

ˆ ˆ
k n n k

n

k n n k

H H
E

E E

   




  

 

where En  En

(0)
. 

 

(iii) The third order of the energy shift: 
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


















nlnk lnkn

nllkkn

nlnk

nllnkknn

nnnnn

EEEE

HHH

HPHEHPHEH

HPHEHPHEHE

.
)0()0(

)0(

1

)0()0(

1

)0()0(

1

)0(

.

)0(

1

)0()0(1

01

)0()0(1

01

)0(

)0(

1

1

01

1

01

)0()3(

))((

ˆˆˆ

ˆˆ)ˆ(ˆˆ)ˆ(ˆ

ˆˆ)ˆ(ˆˆ)ˆ(ˆ







 

or 


 


nlnk lnkn

nllkkn

n
EEEE

HHH
E

.
)0()0()0()0(

)0(

1

)0()0(

1

)0()0(

1

)0(

)3(

))((

ˆˆˆ 
 

 

where En  En

(0)
. 

 

(iv) The fourth-order of the energy shift: 

 




 


nm
nlnk mnlnkn

nmmllkkn

n
EEEEEE

HHHH
E

.
)0()0()0()0()0()0(

)0(

1

)0()0(

1

)0()0(

1

)0()0(

1

)0(

)4(

))()((

ˆˆˆˆ 
 

 

where En  En

(0)
. 

 

14. The form of   

Next we discuss the from of  . 

 

(i) The first order of wave function: 

 




















nk kn

nkk

nk

nkkn

nnn

EE

H

HPHE

HPHE

)(

ˆ

ˆˆ)ˆ(

ˆˆ)ˆ(

)0(

)0(

1

)0()0(

)0(

1

)0()0(1

0

)0(

1

1

0

)1(







 

 

or 

 


 


nk kn

nkk

n
EE

H

)(

ˆ

)0()0(

)0(

1

)0()0(

)1(


  

 

where En  En

(0)
. 

 

(ii) The second order of the wave function: 
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


















nlnk lnkn

nllkk

nlnk

nllnkkn

nnnn

EEEE

HH

HPHEHPHE

HPHEHPHE

,
)0()0()0()0(

)0(

1

)0()0(

1

)0()0(

,

)0(

1

)0()0(1

01

)0()0(1

0

)0(

1

1

01

1

0

)2(

))((

ˆˆ

ˆˆ)ˆ(ˆˆ)ˆ(

ˆˆ)ˆ(ˆˆ)ˆ(







 

 

or 

 


 


nlnk lnkn

nllkk

n
EEEE

HH

,
)0()0()0()0(

)0(

1

)0()0(

1

)0()0(

)2(

))((

ˆˆ 
  

 

where En  En

(0)
. 

 

(iii) The third order of the wave function: 

 




 


nm
nlnk mnlnkn

nmmllkk

n
EEEEEE

HHH

,
)0()0()0()0()0()0(

)0(

1

)0()0(

1

)0()0(

1

)0()0(

)3(

))()((

ˆˆˆ 
 . 

 

(iv) The fourth order of the wave function: 

 




 


nm
nlnk pnmnlnkn

nppmmllkk

n
EEEEEEEE

HHHH

,
)0()0()0()0()0()0()0()0(

)0(

1

)0()0(

1

)0()0(

1

)0()0(

1

)0()0(

)4(

))()()((

ˆˆˆˆ 
 . 

 

_____________________________________________________________________ 

15. Degenerate case (simple case) 

Here is the procedure of calculation for the perturbation with degeneracy. We have 

now g-degenerate states with 

 
)0(

,

)0()0(

,0
ˆ

  nnn EH   

 

with 

 
)0(

,n  (µ = 1, 2, 3, ...., g) 
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En
H0L Hg-degeneracyL

En1
H1L

Enh
H1L

Eng
H1L

 
 

Fig. Energy level with the g-degeneracy for the unperturbed system 0
ˆ( )H . Under the 

perturbation 1
ˆ( )H , the energy level splits into various energy levels. 

 

The new Hamiltonian H is given by 

 

10
ˆˆˆ HHH  .  ( ˆ H 1  is the perturbation). 

 

In order to get the energy eigenvalue of Ĥ  we need to calculate 
)0(

,1
ˆ

nH . 

 

(i) The simplest case 

 
)0(

,

)0(

,1
ˆ

  nnH  , 

 

where µ are different for different µ. The perturbed energy is given by En

(0)   . since 

 
)0(

,

)0()0(

,10 )()ˆˆ(   nnn EHH   

 

(ii) Simple case. 

 

Suppose that we get 

 
)0(

2,12

)0(

1,11

)0(

1,1
ˆ

nnn AAH    

 
)0(

2,22

)0(

1,21

)0(

2,1
ˆ

nnn AAH    

 
)0(

,

)0(

,1
ˆ

  nnH     with µ = 3,4,..., g. 
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In this case, we already know that 
)0(

,n  with µ = 3,4,..., g  is the eigenket of Ĥ  with 

the energy eigenvalue )0(

nE . Here we consider the case where 

 
)0(

2,12

)0(

1,11

)0(

1,1
ˆ

nnn AAH    

 
)0(

2,22

)0(

1,21

)0(

2,1
ˆ

nnn AAH    

 

We introduce the matrix notation; 

 











2221

1211

1
ˆ

AA

AA
H , 

 

we get new eigenstates 
(0)

,1n  and 
(0)

,2n , 

 
)0(

1,1

)0(

1,1
ˆ

nnH   , 
)0(

1,2

)0(

2,1
ˆ

nnH    

 

Using the Unitary matrix 

 

ˆ U 
U11 U12

U21 U22









’ 

 

we have 

 




























21

11

2221

1211)0(

1,

)0(

1,
0

1
ˆ

U

U

UU

UU
U nn   

 




























22

12

2221

1211)0(

2,

)0(

2,
1

0
ˆ

U

U

UU

UU
U nn   

 

(i) For = 1, 

 
)0(

1,
1

)0(

1,1
ˆ

nnH   , 

 

or 

 
)0(

1,

)0(

1,1

)0(

1,1
ˆˆˆ

nnn UUH    

 

or 
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A11 A12

A21 A22











U11

U21









 1

U11

U21









  (eigenvalue problem) 

 

(ii) For = 2, 

 
)0(

2,
2

)0(

2,1
ˆ

nnH   , 

 

or 

 
)0(

2,1

)0(

2,1
ˆˆˆ

nn UUH    

 

or 

 



























22

21

2

22

21

2221

1211

U

U

U

U

AA

AA
   (eigenvalue problem) 

 

16. Degenerate case (general case):  

 

 
 

In the absence of the perturbation, we assume that there are g-states with the independent 

eigenstates given by 

 
)0(

,n   ( = 1, 2, 3, ..., g) 

 

What happens to these eigenvalues and eigenstates when the perturbation 1Ĥ  is applied 

to the system? 

 

....)....)((

....))(ˆˆ(

)2(2)1()0()2(2)1()0(

)2(2)1()0(

10





nnnnnn

nnn

EEE

HH




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For the 0-th order terms in , 

 

0)ˆ(
)0()0(

0  nnEH  , (1) 

 

For the 1st-order terms in , 

 

0)ˆ()ˆ(
)0()1(

1

)1()0(

0  nnnn EHEH  , (2) 

 

For the 2nd-order terms in , 

 

0)ˆ()ˆ(
)0()2()1()1(

1

)2()0(

0  nnnnnn EEHEH  , (3) 

 

For the 3rd-order terms in , 

 

0)ˆ()ˆ(
)0()3()1()2()2()1(

1

)3()0(

0  nnnnnnnn EEEHEH   

 

where we assume that 

 

0
)1()0( nn  , 0

)2()0( nn  , ........ 

 

»yn
H0L>

»yn
Hk L>

 
 

______________________________________________________________ 
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17. Degenerate case: the first order (formulation) 

We have now g-degenerate states with 

 
(0) (0)

,n n   ,  (µ = 1, 2, 3, ...., g) 

 

where 

 
)0(

,

)0()0(

,0
ˆ

  nnn EH  . 

 
)0(

,n  is different state for different . 

 

En
H0L Hg-degeneracyL

En1
H1L

Enh
H1L

Eng
H1L

 
 

Fig. g-degeneracy. 
)0(

,n  state ( = 1,2,…, g) with the same energy (0)

nE  

 

For the 1st-order terms in , 

 

0)ˆ()ˆ(
)0()1(

1

)1()0(

0  nnnn EHEH  . (1) 

 

By taking an inner product of 
)0(

,n  and Eq.(1), we get 

 

0)ˆ()ˆ(
)0()1(

1

)0(

,

)1()0(

0

)0(

,  nnnnnn EHEH   , 

 

or 

 
)0()0(

,

)1()0(

1

)0(

,
ˆ

nnnnn EH    . 

 

Using the closure relation, we have 
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)0()0(

,

)1(

1

)0()0(

,

)0(

,1

)0(

,
ˆ

nnn

g

nnnn EH  


 


. 

 

We need to calculate the matrix elements; 

 
)0(

,1

)0(

,
ˆ

  nn H . 

 

 
 

Fig. The first order perturbation for the degenerate state (g-degeneracy). Matrix 

element 
)0(

,1

)0(

,
ˆ

  nn H  for this system. Note that the energy is the same for 

each state. 

 

Then, we solve the eigenvalue problem 

 

0]ˆ[
1

)0()0(

,

)1()0(

,1

)0(

, 


g

nnnnn EH


  , 

 

where  = 1, 2, ...., g, and  = 1, 2, ...., g 

 

or 

 

0

.

.

.

.

...

.......

.......

.......

.......
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)0()0(

,

)0()0(
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)0()0(

1,

)1(
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for the eigenvalue 
)1(

nE . The Unitary transformation: 

 































 

n

nn

U

U

U

U

.

.ˆ
2

1

)0(

,

)0(

,  

 

where the Unitary operator is given by 

 

























gggg

g

UUU

UU

UUU

U

..

.....

.....

...

..

ˆ

21

2221

11211

 

 

and the matrix form of the bases are given by 

 



































0

.

.

.

0

0

0

1

)0(

1,n , 



































0

.

.

.

0

0

1

0

)0(

2,n , ........................, 



































1

.

.

.

0

0

0

0

)0(

,gn  

 

Then we have the resultant energy as 

 

)0(

nE
)1(

,nE   ( = 1, 2, 3, ..., g). 
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
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
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18. Degenerate case: second-order correction 

Now we consider the second-order correction 

 

0)ˆ()ˆ(
)0()2()1()1(

1

)2()0(

0  nnnnnn EEHEH   

 
)0(

,n × 

 

0)ˆ()ˆ(
)0()0(

,

)2()1()1(

1

)0(

,

)2()0(

0

)0(

,  nnnnnnnnn EEHEH    

 

or 

 

0)ˆ(
)0()0(

,

)2()1()1(

1

)0(

,  nnnnnn EEH    

 

or 

 

0ˆ )0()0(

,

)2()1()0(

,

)1()1(

1

)0(

,  nnnnnnnn EEH    (1) 

 

or 

 
(0) (1) (2) (0) (0)

, 1 ,
ˆ

n n n n nH E       (2) 

 

since 

 
(0) (1)

, 0n n     

 

Here we use 

 


 


nk kn

nkk

n
EE

H

)0()0(

)0(

1

)0()0(

)1(
ˆ 

  (3) 
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which is obtained from the perturbation theory for the non-degenerate case, where 

 
)0()0(

kn EE   

 

Thus, we get 

 
(0) (0) (0) (0)

, 1 1(0) (1)

, 1 (0) (0)

ˆ ˆ
ˆ n k k n

n n

k n n n

H H
H

E E




   
 




   (4) 

 

Here note that 

 





g

nnnknk HH
1

)0()0(

,

)0(

,1

)0()0(

1

)0( ˆˆ


   

 

We use the closure relation given by 

 

(0) (0) (0) (0)

, ,

1

1̂
g

n n k k

k n

 


   
 

    

 

and 

 
(0) (0)

0k n    (for k n ). 

 

From Eq.(4), we have 

 

)0()0(

,

)2(

1
)0()0(

)0()0(

,

)0(

,1

)0()0(

1

)0(

,
ˆˆ

nnn

g

nk kn

nnnkkn

E
EE

HH












 

 

 

For simplicity, we define the following operator 

 


 


nk kn

kk

EE

HH

)0()0(

1

)0()0(

1
ˆˆ

ˆ


 

 

We need to obtain the matrix element 
(0) (0)

, ,
ˆ

n n    
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(0) (0)

1 1(0) (0) (0) (0)

, , , ,(0) (0)

(0) (0) (0) (0)

, 1 1 ,

(0) (0)

ˆ ˆ
ˆ

ˆ ˆ

k k

n n n n

k n n k

n k k n

k n n k

H H

E E

H H

E E

   

 

 
   

   





 








  

 

(element of g x g matrix) and solve the eigenvalue problems to determine the shift of 

energy. 

 

 
 

Fig. The second order perturbation for the degenerate state (g-degeneracy). Matrix 

elements 
(0) (0)

, 1
ˆ

n kH   and 
(0) (0)

1 ,
ˆ

k nH    for this system. (0) (0)

n kE E . The 

factor (0) (0)1/ [ ]n kE E  is necessary for the final result. 

 

Thus we have 

 

)0()0(

,

)2(
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)0()0(

,

)0(

,

)0(

,
ˆ
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g

nnnn E  


 
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The shift of the energy level is 

 

)0(

nE (2)

,nE    ( = 1, 2, 3, ..., g). 

 

with (1)

, 0nE   . 

 

19 Example-I 

((Sakurai QM 5-10)) 

Consider a spinless particle in a 2D infinite square well: 

(a) What are the energy eigenvalues for the three lowest states? Is there any 

degeneracy? 

 







0

V  
otherwise

ayax )0,0( 
 

 

(b) We now add a potential 

 

xyV 1   

 

Taking this as a weak perturbation, answer the following: 

(i) Is the energy shift due to the perturbation linear or quadratic in  for each of the 

three states? 

(ii) Obtain expressions for the energy shifts of the three lowest states accurate to 

order . (You need not evaluate integrals that may appear.) 

(iii) Draw an energy diagram with and without the perturbation for the three energy 

states. Make sure to specify which unperturbed state is connected to which 

perturbed state. 

_______________________________________________________________________ 

((Solution)) 

2D quantum box: 

 

Schrödinger equation 
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),(),()(
2 2

2

2

22

yxEyx
yxm

 








ℏ

 

 

where the wave function is given by 

 

)()(),( yYxXyx    (separation variable) 

 

We use the dispersion relation as 

 

)(
2

22
2

yx kk
m

E 
ℏ

 

 

Then we get 

 

XYkk
m

XYYX
m

yx )(
2

)""(
2

22
22


ℏℏ

 

 

or 

 

)(
"" 22

yx kk
Y

Y

X

X
  

 

We assume 

 

XkX x

2
"   

 

with the boundary conditions given by 

 

0X  at x = 0 and a. 

 

Thus, we have 

 

)sin( akAX x  

 

with 

 

0)sin( akx   or  xx nak   (nx = 1, 2, 3, …..) 

 

Similarly, for Y, we have 

 

YkY y

2
"   

 

with a boundary condition 
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0Y   at y = 0 and y = a. 

 

Thus, we have 

 

)sin( xkAX y  

 

with 

 

0)sin( aky   or  yy nak   (ny = 1, 2, 3, …..) 

 

So 

 

)()()(
2

),(
22222

2
)0(

yxayxyx nnEnn
am

nnE 
ℏ

 

 

















 y

a

n
x

a

n

a
yx

yx
nn yx


 sinsin

2
),(,  

 

where nx = 1, 2, 3, 4,….., and ny = 1, 2, 3, 4,….  

 

2
2

)(
2 am

Ea

ℏ
  

 

(i)  Ground state (nx = 1, ny = 1) 

 

g1 = 1 (non-degeneracy) 

 

ayx EEnnE 2)1,1()1,1( )0()0(   

 

(ii) First excited state (nx = 1, ny = 2, and nx = 2, ny = 1) 

 

g2 = 2 (doubly degeneracy) 

 

ayxyx EnnEnnE 5)1,2()2,1( )0()0(   

 

(iii) Second excited state (nx = 2, ny = 2) 

 

g3 = 1 (non-degeneracy) 

 

ayx EEnnE 8)2,2()2,2( )0()0(   
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(b) The perturbation 

 

yxV ˆˆˆ
1   

 

The matrix element 

 

 











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
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
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






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a
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a

x
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a

n
y

a

n
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a

n
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a

n
dxx

a
nnVnn

00

2

1 sin
'

sin
'

sin
2

,ˆ','


  

 

We calculate the matrix element using Mathematica. 

 

Ground state is non-degenerate 

 

4
22

)2()1()0(

1 00558305.0
4

2.....)1,1()1,1()1,1( a
E

a
EEEEE

a

a


   
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aEE 2)1,1()0(   

 

4
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2

1

)1( a
VE    
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where 
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Second excited state is non-degenerate 
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where 
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First excited state (doubly degenerate) 

 

ayxyx EnnEnnE 5)1,2()2,1( )0()0(   
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Then we have 
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4

1

81

256
81

256

4

1

4

4



M  

 

in the unit of 2a . We solve the eigenvalue problem using the Mathematica 

 

Eigensystem[M] 

 

99 1

4
+

256

81 π4
,

1

4
−

256

81 π4
=, 881, 1<, 8−1, 1<<=

 
 

Then 
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(i) 

282446.05)
81

256

4

1
(5 2

4

2)1(

1 aEaEE aa 


   

 

]1,22,1[
2

1)1(

1  yxyx nnnn  

 

(ii) 

217554.05)
81

256

4

1
(5 2

4

22

1 aEaEE aa 


   

 

]1,22,1[
2

1)2(

1  yxyx nnnn  

 

 

((Mathematica)) 

 
Solution of Sakurai 5-10

G@n1_, m1_, n2_, m2_D :=

SimplifyB 2

a

2

‡
0

a

y SinB m1 π

a
yF SinB m2 π

a
yF �y ‡

0

a

x SinB n1 π

a
xF SinB n2 π

a
xF �x ,

Element@8n1, n2, m1, m2<, IntegersDF
s1 = Table@8n1, n2, m1, m2, G@n1, n2, m1, m2D<, 8n1, 1, 3, 1<, 8n2, 1, 3, 1<,

8m1, 1, 3, 1<, 8m2, 1, 3, 1<D;
Grid@s1@@1DD, Frame → AllD

::1, 1, 1, 1,
a2

4
>,

:1, 1, 1, 2, −
8 a2

9 π2
>,

81, 1, 1, 3, 0<>

::1, 1, 2, 1, −
8 a2

9 π2
>,

:1, 1, 2, 2,
256 a2

81 π4
>,

81, 1, 2, 3, 0<>

881, 1, 3, 1, 0<,
81, 1, 3, 2, 0<,
81, 1, 3, 3, 0<<

::1, 2, 1, 1, −
8 a2

9 π2
>,

:1, 2, 1, 2,
a2

4
>,

:1, 2, 1, 3, −
24 a2

25 π2
>>

::1, 2, 2, 1,
256 a2

81 π4
>,

:1, 2, 2, 2, −
8 a2

9 π2
>,

:1, 2, 2, 3,
256 a2

75 π4
>>

881, 2, 3, 1, 0<,
81, 2, 3, 2, 0<,
81, 2, 3, 3, 0<<

:81, 3, 1, 1, 0<,

:1, 3, 1, 2, −
24 a2

25 π2
>,

:1, 3, 1, 3,
a2

4
>>

:81, 3, 2, 1, 0<,

:1, 3, 2, 2,
256 a2

75 π4
>,

:1, 3, 2, 3, −
8 a2

9 π2
>>

881, 3, 3, 1, 0<,
81, 3, 3, 2, 0<,
81, 3, 3, 3, 0<<
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Grid@s1@@2DD, Frame → AllD
::2, 1, 1, 1, −

8 a2

9 π2
>,

:2, 1, 1, 2,
256 a2

81 π4
>,

82, 1, 1, 3, 0<>

::2, 1, 2, 1,
a2

4
>,

:2, 1, 2, 2, −
8 a2

9 π2
>,

82, 1, 2, 3, 0<>

::2, 1, 3, 1, −
24 a2

25 π2
>,

:2, 1, 3, 2,
256 a2

75 π4
>,

82, 1, 3, 3, 0<>

::2, 2, 1, 1,
256 a2

81 π4
>,

:2, 2, 1, 2, −
8 a2

9 π2
>,

:2, 2, 1, 3,
256 a2

75 π4
>>

::2, 2, 2, 1, −
8 a2

9 π2
>,

:2, 2, 2, 2,
a2

4
>,

:2, 2, 2, 3, −
24 a2

25 π2
>>

::2, 2, 3, 1,
256 a2

75 π4
>,

:2, 2, 3, 2, −
24 a2

25 π2
>,

:2, 2, 3, 3,
2304 a2

625 π4
>>

:82, 3, 1, 1, 0<,

:2, 3, 1, 2,
256 a2

75 π4
>,

:2, 3, 1, 3, −
8 a2

9 π2
>>

:82, 3, 2, 1, 0<,

:2, 3, 2, 2, −
24 a2

25 π2
>,

:2, 3, 2, 3,
a2

4
>>

:82, 3, 3, 1, 0<,

:2, 3, 3, 2,
2304 a2

625 π4
>,

:2, 3, 3, 3, −
24 a2

25 π2
>>

 
Grid@s1@@3DD, Frame → AllD

883, 1, 1, 1, 0<,
83, 1, 1, 2, 0<,
83, 1, 1, 3, 0<<

::3, 1, 2, 1, −
24 a2

25 π2
>,

:3, 1, 2, 2,
256 a2

75 π4
>,

83, 1, 2, 3, 0<>

::3, 1, 3, 1,
a2

4
>,

:3, 1, 3, 2, −
8 a2

9 π2
>,

83, 1, 3, 3, 0<>

883, 2, 1, 1, 0<,
83, 2, 1, 2, 0<,
83, 2, 1, 3, 0<<

::3, 2, 2, 1,
256 a2

75 π4
>,

:3, 2, 2, 2, −
24 a2

25 π2
>,

:3, 2, 2, 3,
2304 a2

625 π4
>>

::3, 2, 3, 1, −
8 a2

9 π2
>,

:3, 2, 3, 2,
a2

4
>,

:3, 2, 3, 3, −
24 a2

25 π2
>>

883, 3, 1, 1, 0<,
83, 3, 1, 2, 0<,
83, 3, 1, 3, 0<<

:83, 3, 2, 1, 0<,

:3, 3, 2, 2,
2304 a2

625 π4
>,

:3, 3, 2, 3, −
24 a2

25 π2
>>

:83, 3, 3, 1, 0<,

:3, 3, 3, 2, −
24 a2

25 π2
>,

:3, 3, 3, 3,
a2

4
>>

 
 

20. Example-II 

Consider the so-called spin Hamiltonian: 

 

  

ˆ H 
a

ℏ
2

ˆ S z
2 

b

ℏ
2 ( ˆ S x

2  ˆ S y
2
)  ˆ H 0  ˆ H 1   

 

for a system of spin S = 1, where 0≤b<<a. Such a Hamiltonian obtains for a spin-1 ion 

located in a crystal with rhombic symmetry. Find the eigenvalues of this Hamiltonian 

using degenerate perturbation theory [Amit Goswami, Chapter 18, p.394 Problem((8)) 

 

Eigenvalue of ˆ H 0  

 

mammS
a

H z ,1,1ˆˆ 22

20 
ℏ
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m,1  (m = 1, 0, -1) is the eigenket of ˆ H 0 : 

1,1   is the eigenket of ˆ H 0 with energy a (degenerate) 

0,1  is the eigenket of ˆ H 0 with energy 0 (nondegenerate) 

 

Now we calculate mSS
b

mH yx ,1)ˆˆ(,1ˆ 22

21 
ℏ

 

 

























0
2

1
0

2

1
0

2

1

0
2

1
0

ℏxS , 





























0
2

0

2
0

2

0
2

0

i

ii

i

S y ℏ , 




















100

000

001

ℏzS  

 

The Hamiltonian H is expressed by 

 




















































00

000

00

00

000

00

0

000

0

ˆˆˆ
10

b

b

a

a

ab

ba

HHH  

 

(1) Exact solution 

We use the Mathematica to solve the eigenvalue problem. 

 

Eigenvlaue 1= a + b 

Eigenket: 

)1,11,1(
2

1
1   

 


Eigenvlaue  = a - b 

Eigenket  )1,11,1(
2

1
2   

 

Eigenvalue  3= 0 

Eigenket  0,13   

 

((Mathematica)) 
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Clear@"Global`∗"D;
exp_ ∗

:= exp ê. 8Complex@re_, im_D � Complex@re, −imD<;

H =

a 0 b

0 0 0

b 0 a

;

eq1 = Eigensystem@HD
880, a − b, a + b<, 880, 1, 0<, 8−1, 0, 1<, 81, 0, 1<<<

ψ1 = Normalize@eq1@@2, 1DDD
80, 1, 0<

ψ2 = Normalize@eq1@@2, 2DDD
:− 1

2
, 0,

1

2
>

ψ3 = Normalize@eq1@@2, 3DDD
: 1

2
, 0,

1

2
>

9ψ1∗. ψ2, ψ2∗. ψ3, ψ3∗. ψ1=
80, 0, 0<  

 

__________________________________________________________________ 

(2) Perturbation method 

 


















00

000

00

ˆ
1

b

b

H  

 

1,11,1ˆ
1  bH  

 

1,11,1ˆ
1 bH   

 

Matrix of 1Ĥ  of the basis of 1,1  and 1,1   is  

 

ˆ H 11 
0 b

b 0









 

 

We use the Mathematica to solve the eigenvalue problem. 
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1' = b (or 1 = a + b) 

 

)1,11,1(
2

1
1   

 

and 

 

1' = -b (or 2 = a - b)  

 

)1,11,1(
2

1
2   

 

((Mathematica)) 
Clear@"Global`∗"D;
exp_ ∗ := exp ê. 8Complex@re_, im_D � Complex@re, −imD<;
H11 = J 0 b

b 0
N;

eq1 = Eigensystem@H11D
88−b, b<, 88−1, 1<, 81, 1<<<

ψ1 = Normalize@eq1@@2, 1DDD
:− 1

2
,

1

2
>

ψ2 = Normalize@eq1@@2, 2DDD
: 1

2
,

1

2
>

9ψ1∗. ψ2=
80<  

 

________________________________________________________________________ 

21. Example-III 

This is a tricky problem because the degeneracy between the first and the second state 

is not removed in first order. See also Gottfried 1966, 397, Problem 1.) This problem is 

from Schiff 1968, 295, Problem 4. A system that has three unperturbed states can be 

represented by the pertrurbed Hamiltonian matrix 
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















2

**

1

1

0

0

Eba

bE

aE

 

 

where E2>E1. The quantities a and b are to be regarded as perturbations that are of the 

same order and are small compared with E2-E1. Use the second-order nondegenerate 

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?) 

Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order 

degenerate perturbation theory. Compare the three results obtained. 

 

((Exact solution)) 

 


















2

**

1

1

0

0

Eba

bE

aE

H  

 

Det[H - I] = 0 

 

= E1,  

 

2/1

2

12

22

12
21

222

12
21

]
)(

)(4
1)[(

2

1

2

)(4)(
2

1

2

EE

ba
EE

EE

baEE
EE














 

 

When ,12 EEa   ,12 EEb   

 

]
)(

)(

2
[

2 12

22

1221

EE

baEEEE










  

 

or 

 

12

22

1
EE

ba
E




  

 

12

22

2
EE

ba
E




  

 

((Perturbation theory)) 
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H0 

E1 0 0

0 E1 0

0 0 E2

















,  

















0

00

00

**

1

ba

b

a

H  

 

  10
ˆ EH    


















0

0

1

  

 

  10
ˆ EH    


















0

1

0

  

 

  20
ˆ EH    


















0

1

0

  

 

  10
ˆ EH    


















0

0

1

  

 

  10
ˆ EH    


















0

1

0

  

 

  20
ˆ EH    


















0

1

0

  

 

  is the eigenket of ˆ H 0 with the energy E2. Since this state is nondegenerate, we can 

apply the perturbation theory (non-degenerate case) to calculate the energy 

 

The resulting energy is 

 

12

22

2

12

2

1

12

2

1

12

ˆˆ
ˆ

EE

ba
E

EE

H

EE

H
HEE

















  

 

  *

1
ˆ aH   
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  *

1
ˆ bH   

 

  baH 1
ˆ  

 

  and   are degenerate. 

 

This is the degenerate case. 

 

((Second order)) 

The matrix element of 1Ĥ  in the basis of   and   is equal to zero. So we need 

to calculate the second order 

 

)0()0(

,

)2(

1

)0()0(

,

)0(

,

)0(

,
ˆ

nnn

g

nnnn E  


 


 

 

21

11

)0()0(

1

)0()0(

1
ˆˆˆˆ

ˆ
EE

HH

EE

HH

nk kn

kk





 



 
 

 

The matrix element 

 



















































21

2

21

*

21

*

21

2

21

11

21

11

21

11

21

11

ˆˆˆˆ

ˆˆˆˆ

EE

b

EE

ba

EE

ab

EE

a

EE

HH

EE

HH

EE

HH

EE

HH









 

 

Det[-I] = 0. 

 

0

21

2

21

*

21

*

21

2















EE

b

EE

ba

EE

ab

EE

a

 

 

0
)(

))((
2

21

22

12

2

12

2








 EE

ba

EE

b

EE

a
  

 

or 
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0][
12

22







EE

ba
  

 

Then we have 

 

 = 0 and 
12

22

EE

ba




  

 

The final result is 

 

12

22

2

12

22

1

1

~

~

~

EE

ba
EE

EE

ba
EE

EEa















  

 

_______________________________________________________________________ 

22. Typical problems (II) 

22.1. A simple harmonic oscillator (in one dimension) is subjected to a 

perturbation H1 = bX (b = -eE). (a) Calculate the energy shift of the ground 

state to lowest nonvanishing order. (b) Solve this problem exactly and 

compare with your result obtained in (a). 

 

ℏ

0


m
  

 

)
2

1
ˆ(ˆ

00  nH ℏ  

 

 1||ˆ nnna  

 

 1|1|ˆ nnna  

 

 

)ˆ(
2

1
ˆ aax  ⌢


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)111(
2

)ˆˆ)((
2

1ˆ
1 


  nnnn

eE
naaeEnH


 

 

2

0
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0

0

2

22

0

0

2
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0

2
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0

)0(

1

)0(
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1

)0(
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)0(

2

1

1

)0(

2
)
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1
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2
)
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1
(

)1(
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)
2

1
(

ˆ1ˆ1
ˆ










m

Ee
n

Ee
n

n
Ee

n
Ee

n

EE

nHn

EE

nHn
nHnEE

nnnn

nn



















ℏ

ℏ
ℏ

ℏℏ
ℏ

 

 

((Another solution)) 

 

2

0

22
2

2

0

2

0

2

4

0

2

22

4

0

2

22

2

0

22

0

2

22

0

2

2
)ˆ(

2

1
ˆ

2

1

)ˆ
2

ˆ(
2

1
ˆ

2

1

ˆˆ
2

1
ˆ

2

1ˆ









m

Ee

m

eE
xmp

m

m

Ee

m

Ee
x

m

eE
xmp

m

xeExmp
m

H







 

 

The eigenvalue of ˆ H is given by 

 

  

En  ℏ0 (n 
1

2
)

e2 E2

2m0

2  

 

See more detail in the Chapter of simple harmonics. 

 

((Classical theory)) 

The potential energy 

 

V(x) 
1

2
m0

2
x

2  eEx  

 

V(x) has a local minimum (= -e2E2/2m0
2) at a position x0 at which 

 

0
)(


dx

xdV
  at 

2

0

0 m

eE
xx   
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Thus the classical and quantum results are the same. 

 

________________________________________________________________________ 

22.2 Given the matrix for H
0
 and for the perturbation H

1
 in the orthonormal basis 

|1>, |2>, and |3>, determine the energy eigenvalues correct to second order 

in the perturbation. 

 

 

H0 

2 0 0

0 2 0

0 0 4

















, H1 

0 1 0

1 0 1

0 1 0

















 

 

((Exact solution)) 

Eigenvalue problem 

 

H  H0  H1 

2 1 0

1 2 1

0 1 4

















 

 

Eigensystem[H]:  

Eigenvalues: 

 = 0.829914, 2.68889, and 4.48119. 

 

((Perturbation theory)) 

 

110 2ˆ  H  

 

220 2ˆ  H  

 

330 4ˆ  H  

 

211
ˆ  H  

 

3121
ˆ  H  

 

231
ˆ  H  

 

1  and 2  are degenerate states: E1

(0)  2, E2

(0)  2 

3  is a nondegenerate state: E3

(0)  4  
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(1) Non-degenerate case (for the energy E3

(0)  4 ) 

 

First order 

 

0ˆ
313

)1(

3   HE  

 

Second order 

 

2

1

24

1

24

0
ˆˆ

)0(

2

)0(

3

2

312

)1(

1

)0(

3

2

311)2(

3 












EE

H

EE

H
E


 

 

Then we have 

 

E3  E3

(0)  E3

(1)  E3

(2)  4  0.5  4.5 (exact sol. 4.48). 

 

(2) Degenerate case (for the energy E1

(0)  2, E2

(0)  2) 

 

First order 

The matrix only from the basis { 1  and 2 } 

 

˜ H 1 
0 1

1 0









 

 

Det[H1-I]= 2 -  = 0. or  = ±1. 

 

The upper state: E+ = 2 + 1 = 3, 

 

)(
2

1
21   :   1Ĥ  

 

The lower state: E+ = 2 - 1 = 1,  

 

)(
2

1
21   :   1Ĥ  

 

1ˆ
213  H , 

2

1ˆ
13  H , 

2

1ˆ
13  H  
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2

3

1

4

 

 

The state   and   are now non-degenerate 

 

Second order (non-degenerate case) 

 

6

1

41

ˆˆˆ
2

13

3

2

13

2

1)2( 





















 H

EE

H

EE

H
E  

 

Then 

 

E- = 1-1/6 = 5/6 = 0.83 (exact sol. 0.8299) 

 

2

1

43

)2/1(
ˆˆ

3

2

13

2

1)2( 


















EE

H

EE

H
E


 

 

Then 

 

E+ = 3-1/2 = 5/2 = 2.5 (exact sol. 2.689) 

 

________________________________________________________________________ 

22.3 Discuss how the threefold-degenerate energy of the two dimensional 

harmonic oscillator separate due to the perturbation ˆ H 1  aˆ x ̂  y  (a is constant). 

 

yxyxyx nnnnEnnH ,),(,ˆ
0   

 

The state is denoted by the eigenket yx nn ,  with the energy  

 

  
E(nx ,ny )  ℏ 0(nx  ny 1)  
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(i) The ground state: 0,0  (the nondegenerate state).  

 

  
E0  E(0, 0)  ℏ0  

 

(ii) The first excited state: 0,1  and 1,0  (degenerate state). 

 

  
E1  E(1,0)  E(0,1)  2ℏ0  

 

The second excited state: 0,2 , 1,1 , and 2,0  (degenerate state). 

 

02 3)2,0()1,1()0,2( ℏ EEEE  

 

The third excited state: 3,0,2,1,1,2,0,3  (degenerate state). 

 

yxyx nnyxannH ,ˆˆ,ˆ
1   

 

Here we note that 

 

)111(
2

1
ˆ  xxxxx nnnnnx


 

 

)111(
2

1
ˆ  yyyyy nnnnny


 

 

Then 

 

)2,220,222,020,0(
2

)220)(220(
2

1,1ˆˆ1,1ˆ

2

21








a

a
yxaH

yyxx

 

 

)1,331,12(
2

1)3312(
2

0,2ˆ

2

21








a

a
H

yxx

 

 

)3,131,12(
2

2,0ˆ
21 


a

H  

 

Matrix of ˆ H 1  aˆ x ̂  y  in terms of the basis { 2,0,0,2,1,1 } 
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
















00

00

0

ˆ
1





H  

 

with 

 

22


a
  

 

We use the Mathematica to determine the eigenvalue; 

 

Eigensystem[H1]: 

 

(i)  23 0

)1(

2  ℏE  

 

]2,00,21,12[
2

1)0(

21   

 

(ii) 0

)2(

2 3 ℏE  

 

]2,00,2[
2

1)0(

22   

 

(iii)  23 0

)3(

2  ℏE  

 

]2,00,21,12[
2

1)0(

23   

 

 
 

________________________________________________________________________ 

22.4. Sakurai 5-12 (This is a tricky problem because the degeneracy between the 

first and the second state is not removed in first order. See also Gottfried 

1966, 397, Problem 1.) This problem is from Schiff 1968, 295, Problem 4. A 

system that has three unperturbed states can be represented by the 

pertrurbed Hamiltonian matrix 
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E1 0 a

0 E1 b

a
*

b
*

E2

















 

 

where E2>E1. The quantities a and b are to be regarded as perturbations that are of the 

same order and are small compared with E2-E1. Use the second-order nondegenerate 

perturbation theory to calculate the perturbed eigenvalues. (Is this procedure correct?) 

Then diagonalize the matrix to find the exact eigenvalues. Finally, use the second-order 

degenerate perturbation theory. Compare the three results obtained. 

 

((Exact solution)) 

 

H 

E1 0 a

0 E1 b

a
*

b
*

E2

















 

 

Det[H - I] = 0 

 

= E1,  

 

2/1

2

12

22

12
21

222

12
21

]
)(

)(4
1)[(

2

1

2

)(4)(
2

1

2

EE

ba
EE

EE

baEE
EE














 

 

 

When ,, 1212 EEbEEa   

 

]
)(

)(

2
[

2 12

22

1221

EE

baEEEE










  

 

or 

 

12

22

1
EE

ba
E




  

 

12

22

2
EE

ba
E




  

 

((Perturbation theory)) 
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
















2

1

1

0

00

00

00

E

E

E

H ,  

















0

00

00

**

1

ba

b

a

H  

 

  10
ˆ EH  ,  


















0

0

1

  

 

  10
ˆ EH  ,  


















0

1

0

  

 

  20
ˆ EH  ,  


















1

0

0

  

 

  *

*

1 0

0

ˆ a

a

H 















  

 

  *

*

1 0

0

ˆ b

b

H 















  

 

  bab

a

H 

















0

ˆ
1  

 

  is the eigenket of ˆ H 0 with the energy E2. Since this state is non-degenerate, we can 

apply the perturbation theory (non-degenerate case) to calculate the energy 

 

The resulting energy is 

  

12

22

2

12

2

1

12

2

1

12

ˆˆ
ˆ

EE

ba
E

EE

H

EE

H
HEE

















  
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  and   are degenerate. 

 

This is the degenerate case. 

 

(i) The First order: 

 

The matrix element of H1 in the basis of   and   is equal to zero. So we need to 

calculate the second order 

 

(ii) The second order 

 

)0()0(

,

)2(

1

)0()0(

,

)0(

,

)0(

,
ˆ

nnn

g

nnnn E  


 


. 

 

21

11

)0()0(

1

)0()0(

1
ˆˆˆˆ

ˆ
EE

HH

EE

HH

nk kn

kk





 



 
 

 

The matrix element 

 



















































21

2

21

*

21

*

21

2

21

11

21

11

21

11

21

11

ˆˆˆˆ

ˆˆˆˆ

EE

b

EE

ba

EE

ab

EE

a

EE

HH

EE

HH

EE

HH

EE

HH









 

 

Det[-I] = 0. 

 

0

21

2

21

*

21

*

21

2















EE

b

EE

ba

EE

ab

EE

a

 

 

0
)(

))((
2

21

22

12

2

12

2








 EE

ba

EE

b

EE

a
  

 

or 

 

0][
12

22







EE

ba
  

 



Perturbation theory-degenerate case 68 3/28/2022 

Then we have 

 

 = 0 and 
12

22

EE

ba




  

 

The final result is 

 

12

22

2

12

22

1

1

~

~

~

EE

ba
EE

EE

ba
EE

EEa















  

 

________________________________________________________________________ 

23. Diagram of the Purturbation by Mathematica 

Here we present a method how to solve the problem of the perturbation theory (time-

independent) by using the Mathematica. We consider the two cases; (i) the non-

degenerate case, and (ii) the degenerate case. 

 

23.1 Non-degenerate system 

 

In the presence of only a unperturbed Hamiltonian 0Ĥ  

 

E1
H0L

En
H0L

 
 

(i) Eigensystem[H0] 

(ii) Normalize[eigenket] 
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(iii) The eigenvalues are different. 

Eigen values  En
(0) 

Eigenkets:  
)0(

n  

(iii) Unitary operator aÛ  

,...},...,,{ˆ )0()0(

2

)0(

1 n

T

aU   

}],...,...,,[{ˆ )0()0(

2

)0(

1 na TransposeU   

 

In the presence of the perturbation 1Ĥ , we need to calculate the matrix element of 1Ĥ  

 
)0(

1

)0( ˆ
lk H    

 

The first order 

 
)0(

1

)0()1( ˆ
nnn HE   

 


 


nk kn

nk

k

nk

nkkn
EE

H

)0()0(

)0(

1

)0(

)0()1()0()0()1(
ˆ 

  

 

The second order 

 


 





nk kn

nkkn

nk kn

kn

n
EE

HH

EE

H
E

)0()0(

)0(

1

)0()0(

1

)0(

)0()0(

2
)0(

1

)0(

)2(
ˆˆˆ 

 

 

 
  





nk kn

nnnk

nl lnkn

nllk

kn
EE

HH

EEEE

HH
]

)(

ˆˆ

))((

ˆˆ

[
2)0()0(

)0(

1

)0()0(

1

)0(

)0()0()0()0(

)0(

1

)0()0(

1

)0(

)0()2(




 

 

23.2 Degenerate case (consisting of non-degenerate and degenerate states for H0) 
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Ek
H0L

E1
H0L

 
 

Fig. The degenerate energy level (
)0(

kE ) and the non-degenerate energy level (
)0(

nE ) 

with kn  . 

 

(a) Non-degenerate states (
)0(

nE ) with kn  . 

 

 (i) Eigensystem[H0] 

(ii) Normalize[eigenket] 

(iii) Non-degenerate case. 

Eigenvalues  En
(0) 

Eigenkets:  
)0(

n  

 

(b) Degenerate case (
)0(

kE ) 

Eigenvalues  
)0(

kE  

 

Suppose that there are g independent eigenstates with the same energy 
)0(

kE . 

 

Eigensystem[H0] 

 

We get the eigenkets: { },......,,,
)0()0(

3

)0(

2

)0(

1 kgkkk  . We need to check whether  

the the condition of orthogonality is satisfied; 

 

},......,,,{
)0()0(

3

)0(

2

)0(

1 kgkkk   
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If these do not form the orthonormal kets, we need to obtain the appropriate orthnormal 

eigenkets by using the Mathematica program such that 

 

Orthogonalize and Normalize[ },......,,,{
)0()0(

3

)0(

2

)0(

1 kgkkk  ] 

 

the normalized eigenstates (orthogonal to each other) thus obtained are 

 

},......,,,{
)0()0(

3

)0(

2

)0(

1 kgkkk   

 

In the presence of the perturbation H1, we need to calculate the matrix. 

 

(i) The first order 

 

  )0(

1

)0(

,1
ˆ

  kkkk
HH   

 

(i) Eigensystem[    kk
H

,1 ] 

(ii) Normalize[eigenket] 

(iii)  

Eigen values  Ek
(1) 

Eigenkets:  
)1(

k  

(iv) Unitary operator Û  

..},...,,{ˆ )1()1(

1

)1(

1 kgkk

T

bU   

}],...,,[{ˆ )1()1(

2

)1(

1 kgb TransposeU   

 

(ii) The second order 

Suppose that 

 

  0ˆ )0(

1

)0(

,1    kkkk
HH  (   ) 

 

  aHH kkkk
 )0(

1

)0(

,1
ˆ

  : independent of   ( = 1, 2, ..., g). 

 

In other words, 
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











































a

a

a

a

a

a

a

H

00000

00

0000

0000

00000

0000

0000

1  

 

In this case, the degeneracy cannot be removed under the first order perturbation. So we 

need to go to the second order correction. 

 


 


kn nk

nn

EE

HH

)0()0(

1

)0()0(

1
ˆˆ

ˆ


 

 

where 
)0(

kE  is the energy of the degenerate state and 
)0(

nE  us the energy of the 

nondegenerate state. Calculate  the matrix element defined by 

 
)0(

,

)0(

,,
ˆ

  kkkk  . 

 

(i) Eigensystem[  kk , ] 

(ii) Normalize[eigenket] 

(iii)  

Eigen values  Ek
(2) 

Eigenkets:  
)2(

k  

(iv) Unitary operator Û  

..},...,,{ˆ )2()2(

1

)2(

1 kgkk

T

cU   

}],...,,[{ˆ )2()2(

2

)2(

1 kgc TransposeU   

 

24. Problem and soluition of Sakurai and Napolitano (5-6) [3rd edition0 

 

Problem 5-6 

Work out the quadratic Zeeman effect for the ground-state hydrogen atom  

 

0/

3

0

1
0, 0, 0

r a
n l m e

a
   r , 
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due to the usually neglected 
2 2

2
2 e

e

m c

A
-term in the Hamiltonian taken to first order. Write 

the energy shift as 

 

21

2
B   . 

 

And obtain an expression for diamagnetic susceptibility  . The following definite 

integral may be useful: 

 

1

0

!r n

n

n
e r dr






 . 

 

We use A as  
1 1

( ) ( , ,0)
2 2

A By Bx   B r , where the magnetic field B is 

applied along the z axis. 

 

((Solution)) 

1s state for the hydrogen atom ground state 

 

)exp(
1

1
0

3

0
a

r

a
s 


r . 

 
The perturbation is 

 

)ˆˆ(
82

ˆ 22

2

22
2

2

2

yx
mc

Be

mc

e
V  A , 

 
where 

 

 0,ˆ,ˆ
2

1
ˆ

2

1
xyB  rBA  

 

The ground state hydrogen atom is a nondegenerate state. Using the theory of 
perturbation for the non-degenerate state, we have 

 

...)2(2)1()0(  nnnn EEEE   

 

where 
 



Perturbation theory-degenerate case 74 3/28/2022 















))(
2

exp(
8

1

)exp(
1

)(
8

)exp(
1

1)ˆˆ(
8

1

1ˆ1

22

0

2

22

3

0

0
3

0

22

2

22

0
3

0

22

2

22
*

)1(

yx
a

r
d

mc

Be

a

a

r

a
yx

mc

Be

a

r

a
d

syx
mc

Be
sd

sVsEn

r

r

rrr





 

 

or 
 

2

2

0

22

5

02

22

3

0

0

3

0 0

4

2

22

3

0

)1(

4

2
8

1

sin)
2

exp(
8

1

mc

aBe

a
mc

Be

a

d
a

r
drr

mc

Be

a
En





 










 

 
Since 

 

)1(2

2

1
nEB    

 

we have 
 

2

2

0

2

2mc

ae
  

 

or 
 

2 2

26

e r

mc
    

 
((Note-1)) For hydrogen atom, we have 

 

10 r , 

 

20 03
[3 ( 1)]

2 2

a a
r n l l

Z
    , 
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2
2 2 2 20

2
[5 1 3 ( 1)] 3

2

a
r n n l l a

Z
     , 

 
((Note-2)) 

 
(1)

2 2
2 2

2

2 2
2

2

2 2
2

2

2

ˆ1 1

8

2

8 3

12

1

2

nE s V s

e B
x y

mc

e B
r

mc

e B
r

mc

B



   

  

  

 

 

 

or 
 

2 2 2
2 2 2

0 02 2 2
3

6 6 2

e e e
r a a

mc mc mc
         

 

Evaluation of AN  = -2.37606 x 10-6 emu/mol=-2.37606 x 10-6 cm3/mol 

 

3

2

emu erg
 =  = cm

G G
  

 
((Mathematica)) 
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Clear "Global` " ;

rule1 kB 1.3806504 10
16
, NA 6.02214179 10

23
,

c 2.99792 10
10
, 1.054571628 10

27
,

me 9.10938215 10
28
, mp 1.672621637 10

24
,

mn 1.674927211 10
24
, qe 4.8032068 10

10
,

eV 1.602176487 10
12
, meV 1.602176487 10

15
,

keV 1.602176487 10
9
, MeV 1.602176487 10

6
,

rB 0.52917720859 10
8
;

s1
qe2 rB2

2 me c2
NA . rule1

2.37606 10
6

 
 

________________________________________________________________________ 
25. Problem and soluition of Sakurai and Napolitano (5-39) [3rd edition] 

 
5-39 

(a) Consider the positronium problem you solved in Chapter 3, Problem 3.5. In the 
presence of a uniform and static magnetic field B along the z axis, the 

Hamiltonian is given by 
 

1 2 1 2
ˆ ˆ ˆ ˆ( )( )z z

e

eB
H A S S

m c
   S S , 

 

Solve this problem to obtain the energy levels of all four states using degenerate 
time-independent perturbation theory (instead of diagonalizing the Hamiltonian 

matrix). Regard the first and second terms in the expression for Ĥ  as 0Ĥ  and V̂ , 

respectively. Compare your results with the exact expressions 

 
2

2( )[1 2 1 4( )
4 e

A eB
E

m c A
   

ℏ

ℏ
  for 

singlet 0

triplet 0

m

m





  

 
2

4

A
E 

ℏ
  for triplet 1m     

 

where triplet (singlet) 0m   stands for the state that becomes a pure triplet 

(singlet) with 0m   as 0B  . 
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(b) We now attempt to cause transitions (via stimulated emission and absorption) 

between the two 0m   states by introducing an oscillating magnetic field of the 

“right” frequency. Should we orient the magnetic field along the z axis or along 

the x- (or y-) axis? Justify your choice. (The original static field is assumed to be 
along the z-axis throughout.) 

 
(c) Calculate the eigenvectors to first order. 

 
((Solution)) 

 

)1̂ˆ2(
4

ˆˆ
4

ˆˆˆ
12

2

21

2

210  P
AA

AH
ℏℏ

σσSS , 

 

where 12P̂  is the Dirac spin exchange operator. 

 


4

)1̂ˆ2(
4

ˆ
2

12

2

0

ℏℏ A
P

A
H  

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 


4

)1̂ˆ2(
4

ˆ
2

12

2

0

ℏℏ A
P

A
H  

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 

)2(
4

)1̂ˆ2(
4

ˆ
2

12

2

0 
ℏℏ A

P
A

H  

 

)2(
4

)1̂ˆ2(
4

ˆ
2

12

2

0 
ℏℏ A

P
A

H  

 

The matrix of 0Ĥ  under the basis of {   , }: 

 

)ˆ21̂(
412

21

4
)ˆ(

22

0 xsub

AA
H 














ℏℏ
 

 
Note that the Hamiltonian can be expressed in terms of  the Pauli matrix. We solve this 

eigenvalue problem. We get the following result 
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][
2

1

1

1

2

1









 x  with the energy 

4

2
ℏA

. 

 

][
2

1

1

1

2

1











 x  with the energy 

4

3 2
ℏA

 . 

 

In summary 
 

Eigenket   Energy eigenvalue 
 

((Triplet, symmetric state) 
 

 1,11 sms   
4

2
)0(

1

ℏA
E  . 

 

 1,12 sms   
4

2
)0(

1

ℏA
E  . 

 

][
2

1
0,13  sms  

4

2
)0(

1

ℏA
E  . 

 
((Singlet, antisymmetric state)) 

 

][
2

1
0,04  sms  

4

3 2
)0(

4

ℏA
E  . 

 

((Perturbation theory)) 
 

)ˆˆ()ˆˆ(
2

ˆ
2121 zzBzz

e

B
cm

Be
V  

ℏ
 

 

with 
 

cm

e

e

B
2

ℏ
   (Bohr magneton) 
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(i) Non-degenerate state ( 4 ) 

 


 


3

1
)0()0(

4

2

4

44

2

4

ˆ
ˆ

4

3

k k

k

EE

V
VAE


ℏ  

 

3

214

2

)[
2

1
2

)(
2

1
)ˆˆ(ˆ







B

B

BV

B

B

zzB







 

 

0ˆ
41  V , BV B 2ˆ

43  , 0ˆ
42  V  

 

Then we have 

 

2

22

2

34

2

24

2

142

3

1
)0()0(

4

2

4

4

)ˆˆˆ(
1

ˆ

ℏ

ℏ

A

B

VVV
AEE

V

B

k k

k











  

 

2

22

2

4

4

4

3

ℏ
ℏ

A

B
AE B

  

 

(ii) Degenerate states ( 1 , 2 , 3 ) 

 

0)ˆˆ(ˆ
211  zzB BV   
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0)ˆˆ(ˆ
212  zzB BV   

 

4

213

2

)[
2

1
2

)(
2

1
)ˆˆ(ˆ







B

B

BV

B

B

zzB







 

 

3

214

2

)[
2

1
2

)(
2

1
)ˆˆ(ˆ







B

B

BV

B

B

zzB







 

 


































000

000

000

ˆˆˆ

ˆˆˆ

ˆˆˆ

332313

322212

312111





VVV

VVV

VVV

 

 

The first order energy shift 
)1(  is zero. We cannot determine the 0-th order eigenkets. So 

we calculate the second-order perturbation (degenerate case) to determine the second 

order-energy shift. To this end, we consider the matrix ji  ̂  (i, j = 1 – 3) 

 

4 4

(0) (0)

1 4

ˆ ˆV V

E E

 
 


  (i = 1, 2, 3) 

 

3,3,2

22

3,3,

41

2

43

41

44

4

ˆ

ˆˆ
ˆ

)0()0(

)0()0(

ji
B

ji

ji

ji

A

B

EE

V

EE

VV










ℏ








 

 












































2

22

332313

322212

312111

4
00

000

000

ˆˆˆ

ˆˆˆ

ˆˆˆ

ℏA

BB


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Eigenvalue problem 

 

0

4
00

00

00

3

2

1

2

22












































c

c

c

A

BB 





ℏ

 

 

(i) 0 , 

 
)0(

12,1 EE   

 

1

)0(

1   , 2

)0(

2    

 

(ii) 
2

22
4

ℏA

BB
   

 

)1(
4

4 2
2

2

22
)0(

13 



ℏ

ℏ

A

A

B
EE B

 

 

3

)0(

3    

 

E4

0
3A

2
4

1 , 2 , 31 , 2 , 3

4

4

3

1 , 2E1
0

A
2

4

0
H0 H0 V

 
 

((Note)) 
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Here we can use the nondegenerate perturbation theory for 3E  and 4E . The energy 

level to the second order is given by 

 

2

222

0

4

0

3

2

340

33

4

4

ˆ

'
ℏ

ℏ

A

BA

EE

V
EE B




  

 

2

222

0

3

0

4

2

430

44

4

4

3
ˆ

'
ℏ

ℏ

A

BA

EE

V
EE B




  

 

((Exact solution-I)) 

 

VHH ˆˆˆ
0   

 

)1̂ˆ2(
4

ˆˆ
4

ˆˆˆ
12

2

21

2

210  P
AA

AH
ℏℏ

σσSS  

 

)ˆˆ()ˆˆ(
2

ˆ
2121 zzBzz

e

B
cm

Be
V  

ℏ
 

 


4

ˆ
2

ℏA
H  

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 


4

ˆ
2

ℏA
H  

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 

 B
A

H B2)2(
4

ˆ
2

ℏ
 

 

 B
A

H B2)2(
4

ˆ
2

ℏ
 

 

The matrix of Ĥ  under the basis of {   , }: 
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)ˆ(4
4

1̂
4

)ˆ2ˆ
2

(1̂
4

10

01
2

12

21

4
)ˆ(

22
422

22

2

nσ 


























B
AA

B
AA

B
A

H

B

zBx

Bsub







ℏℏ

ℏℏ

ℏ

 

 

]121[
4

4
44

)(
2

2
22

422

 
ℏℏℏ A

B
AA

E Bn  

 

]121[
4

4
44

)(
2

2
22

422

 
ℏℏℏ A

B
AA

E Bn  

 

where n is the unit vector, lying in the z-x plane. The angle between the z axis and n is . 

 

((Exact solution-II)) Mathematica with the use of KroneckerProduct 

 

)ˆ1̂1̂ˆ(

)ˆˆˆˆˆˆ(
4

ˆ

2121

212121

2

zzB

zzyyxx

B

A
H








ℏ

 

 

2

4

ℏA

BB
   

 

________________________________________________________________________ 

Energy Eigenket 

 

4

2
ℏA

 1  

 

4

2
ℏA

 2  

 

...)
4

1(
4

)121(
4

4
2

2
2

2





ℏℏ AA

 
























0

1

1

0

1222

1
2

22
3




  

 



Perturbation theory-degenerate case 84 3/28/2022 

...)
4

3(
4

)121(
4

4
2

2
2

2





ℏℏ AA

 

 


























0

1

1

0

1222

1
2

22
4




  

 

((Mathematica)) 
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(b) 

The matrix element of a perturbation potential between two m = 0 states is given by 

 

0,00,1
)1(

'  mlTml m  

 

From the Wigner Eckart theorem, we have the selection rule 

 

0'm  

 

or 

 

zeT ˆ)1(

0   

 

It means that the oscillatory magnetic field should be applied along the z axis. The 

angular frequency of the oscillatory magnetic field is 
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...)
2

24(
4

...)
4

3(
4

...)
4

1(
4

)0,0()0,1(

4
2

2

4
2

24
2

2


















ℏ

ℏℏ

ℏ

A

AA

msEmsE

 

 

(c) Eigenvector to the first order 

 

11 '     (no change) 

 

22 '     (no change) 

 

423

0

4

0

3

344

33

2

ˆ
'









ℏA

B

EE

V

B




 

 

324

0

3

0

4

433

4

3

1
00

4

4

44

2

ˆ

ˆ
'












ℏA

B

EE

V

EE

V

B

k k

kk







 



 

 

where 

 

BV B 2ˆ
43  , BV B 2ˆ

34   

 

and 

 
20

3

0

4 ℏAEE   

 

__________________________________________________________________ 

25. Problem and soluition of Sakurai and Napolitano (5-40) [3rd edition] 

 

((5-40)) 

Repeat Problem 5.39 (Section 24), but with the atomic hydrogen Hamiltonian 

 

1 2 1( )
e

eB
H A

m c
   S S S B , 
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where in the hyperfine term, 1 2A S S  is the electron spin and 2S  is the proton spin. [Note 

that the problem here has less symmetry than the positron case]. 

 

((Solution)) 

 

)1̂ˆ2(
4

ˆˆ
4

ˆˆˆ
12

2

21

2

210  P
AA

AH
ℏℏ

σσSS , 

 

where 
12P̂  is the Dirac spin exchange operator. 

 


4

)1̂ˆ2(
4

ˆ
2

12

2

0

ℏℏ A
P

A
H  

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 


4

)1̂ˆ2(
4

ˆ
2

12

2

0

ℏℏ A
P

A
H . 

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 

)2(
4

)1̂ˆ2(
4

ˆ
2

12

2

0 
ℏℏ A

P
A

H , 

 

)2(
4

)1̂ˆ2(
4

ˆ
2

12

2

0 
ℏℏ A

P
A

H . 

 

The matrix of 0Ĥ  under the basis of {   , } is 

 

)ˆ21̂(
412

21

4
)ˆ(

22

0 xsub

AA
H 














ℏℏ
. 

 

The eigenkets and eigenvalues of 
0

ˆ( )subH  is 

  

][
2

1

1

1

2

1









 x  with the energy 

4

2
ℏA

. 

 

][
2

1

1

1

2

1











 x  with the energy 

4

3 2
ℏA

 . 
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In summary 

 

Eigenket     Energy eigenvalue 

 

 1,11 sms    
4

2
)0(

1

ℏA
E   (triplet, symmetric)  

 

 1,12 sms    
4

2
)0(

1

ℏA
E   (triplet, symmetric) 

 

][
2

1
0,13  sms  

4

2
)0(

1

ℏA
E   (triplet, symmetric) 

 

][
2

1
0,04  sms  

4

3 2
)0(

4

ℏA
E   

 (singlet, anti-symmetric) 

 

H0 V

A
2

4

2

3

1
BB

BB

 
 

Fig. The states 1 , 3 , and 2  are degenerate states with the energy 
2

4

Aℏ
. The 

state 4  is a nondegenerate state with 
23

4

A


ℏ
. Under the perturbation of V 

(the first order), the degenerate states are separated into nondegenerate state. 

 

((Perturbation theory)) 
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zBz

e

B
cm

Be
V 11

ˆˆ
2

ˆ  
ℏ

, 

 

with 
cm

e

e

B
2

ℏ
   (Bohr magneton) 

 

(i) Non-degenerate state ( 4 ) 

 


 


3

1
)0()0(

4

2

4

44

2

4

ˆ
ˆ

4

3

k k

k

EE

V
VAE


ℏ  

 

where 

 

3

14

)[
2

1

)(
2

1
ˆˆ







B

B

BV

B

B

zB







 

 

0ˆ
41  V , BV B 43

ˆ , 0ˆ
42  V  

 

Then we have 

 

2

22

2

34

2

24

2

142

3

1
)0()0(

4

2

4

)ˆˆˆ(
1

ˆ

ℏ

ℏ

A

B

VVV
AEE

V

B

k k

k











  

 

2

22

2

4
4

3

ℏ
ℏ

A

B
AE B

  

 

(ii) Degenerate states ( 1 , 2 , 3 ) 

 

111
ˆˆ  BBBV BBzB   

 

2112
ˆˆˆ  BBBV BzBzB   
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4

13

)[
2

1

)(
2

1
ˆˆ







B

B

BV

B

B

zB







 

 

)1(
44

22

1  
ℏℏ A

B
A

E B
 

 

)1(
44

22

2  
ℏℏ A

B
A

E B
 

 

4

2

3

ℏA
E   

 

with 

 

2

4

ℏA

BB
   

 
((Exact solution-I)) 

 

VHH ˆˆˆ
0   

 

)1̂ˆ2(
4

ˆˆ
4

ˆˆˆ
12

2

21

2

210  P
AA

AH
ℏℏ

σσSS  

 

zBz

e

B
cm

Be
V 11

ˆˆ
2

ˆ  
ℏ

 

 

 )1(
4

)
4

(ˆ
22


ℏℏ A

B
A

H B
 

 

2

4

ℏA

BB
   

 

  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 

 )1(
4

)
4

(ˆ
22


ℏℏ A

B
A

H B
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  is the eigenket of 0Ĥ  with the energy eigenvalue 
4

2
ℏA

. 

 

 B
A

H B)2(
4

ˆ
2

ℏ
 

 

 B
A

H B)2(
4

ˆ
2

ℏ
 

 

The matrix of Ĥ  under the basis of {   , }: 

 

)ˆ(
4

1̂
4

)ˆˆ
2

(1̂
4

10

01

12

21

4
)ˆ(

22
422

22

2

nσ 


























B
AA

B
AA

B
A

H

B

zBx

Bsub







ℏℏ

ℏℏ

ℏ

 

 

]41[
444

)( 2
2

22
422

 
ℏℏℏ A

B
AA

E Bn  

 

]41[
444

)( 2
2

22
422

 
ℏℏℏ A

B
AA

E Bn  

 

where n is the unit vector, lying in the z-x plane. The angle between the z axis and n is . 
 
((Exact solution-II)) Mathematica with the use of KroneckerProduct 

 

21212121

2

1̂ˆ)ˆˆˆˆˆˆ(
4

ˆ  zBzzyyxx B
A

H 
ℏ

 

 

2

4

ℏA

BB
   

 

________________________________________________________________________
_ 

Energy Eigenket 
 

)1(
4

2

1 
ℏA

E  1  
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)1(
4

2

2 
ℏA

E  2  

 

)
644

1(
4

)41(
4

422
2

2

3


 

ℏℏ AA
E  


























0

1
2

4

0

4
22

2

1
2

2
2

3






  

 

...)
644

3(
4

)41(
4

422
2

2

4 



ℏℏ AA

E  

 



























0

1
2

4

0

4
22

2

1
2

2
2

4






  

 

((The second order perturbation)) 

To the first order of the perturbation, all the four states become nondegenerate. So, 

we try to calculate the second order using the second order calculation for the non-

degenerate case. It is interesting to compare our calculation to the exact solution. 

 

For 1  

 
2 2 2

(0) (0) (0) (0) (0) (0)

2 1 3 1 4 1(2)

1 (0) (0) (1) (0) (0) (1) (0) (0)

1 2 2 1 3 3 1 4

ˆ ˆ ˆ

0
( ) ( )

V V V
E

E E E E E E E E

     
   

    
 

 

For 2  (non-degenerate case) 

 
2 2 2

(0) (0) (0) (0) (0) (0)

1 2 3 2 4 2(2)

2 (0) (0) (1) (0) (0) (1) (0) (0)

2 1 1 2 3 3 2 4

ˆ ˆ ˆ

0
( ) ( )

V V V
E

E E E E E E E E

     
   

    
  

 

For 3  (non-degenerate case) 
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2 2 2
(0) (0) (0) (0) (0) (0)

1 3 2 3 4 3(2)

3 (0) (0) (1) (0) (0) (1) (0) (0)

3 1 1 3 2 2 3 4

2
(0) (0)

4 3

(0) (0)

3 4

2 2

2

ˆ ˆ ˆ

( ) ( )

ˆ

B

V V V
E

E E E E E E E E

V

E E

B

A

     

 



  
    





ℏ

  

 

For 4  (nondegenerate case) 

 
2 2 2

(0) (0) (0) (0) (0) (0)

1 4 2 4 3 4(2)

4 (0) (0) (1) (0) (0) (1) (0) (0) (1)

4 1 1 4 2 2 4 3 3

2
(0) (0)

3 4

(0) (0) (1)

4 3 3

2 2

2

ˆ ˆ ˆ

( ) ( ) ( )

ˆ

( )

B

V V V
E

E E E E E E E E E

V

E E E

B

A

     

 



  
     


 

 
ℏ

  

 

Note that 

 

0 0 0

0 0 0
ˆ

0 0 0

0 0 0

B

B

B

B

B

B
V

B

B







 
  
 
 
 

  

 

under the basis of  (0) (0) (0) (0)

1 2 3 4, , ,    . 

 
2 2

(0) (1)

1 1 1
(1 )

4 4
B

A A
E E E B      

ℏ ℏ
 

 
2 2

(0) (1)

2 2 2
(1 )

4 4
B

A A
E E E B      

ℏ ℏ
 

 
2 22 2

(0) (1) 2

3 3 2
(1 )

4 4

B
BA A

E E
A


    

ℏ ℏ

ℏ
 

 

(0) 2

4

3

4
E A  ℏ  
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So that, we get the result 

 
2

1
4

B

A
E B 

ℏ
, 

 
2

2
4

B

A
E B 

ℏ
, 

 
2 22

3 24

B BA
E

A


 

ℏ

ℏ
, 

 
2 22

4 2

3

4

B BA
E

A


  

ℏ

ℏ
. 

 

So that, the results which are obtained here are in agreement with the exact solutions to 

the second order. 
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APPENDIX 

Mathematica program 
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HermitianMatrixQ

HermitianMatrixQ@mD 

tests whether m is a Hermitian matrix.

MORE INFORMATION

� HermitianMatrixQ@mD gives True if m is explicitly Hermitian, and gives False if it is a matrix that is 

not Hermitian.

� HermitianMatrixQ@mD is effectively equivalent to m == ConjugateTranspose@mD.

� HermitianMatrixQ works with SparseArray objects.

� HermitianMatrixQ works for symbolic as well as numerical matrices.  
________________________________________________________________________ 
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Eigensystem

Eigensystem@mD
gives a list 8values, vectors< of the eigenvalues and eigenvectors of the square matrix m. 

Eigensystem@8m, a<D
gives the generalized eigenvalues and eigenvectors of m with respect to a. 

Eigensystem@m, kD
gives the eigenvalues and eigenvectors for the first k  eigenvalues of m. 

Eigensystem@8m, a<, kD
gives the first k  generalized eigenvalues and eigenvectors.

MORE INFORMATION

� Eigensystem finds numerical eigenvalues and eigenvectors if m contains approximate real or complex 

numbers. 

� For approximate numerical matrices m, the eigenvectors are normalized.

� All the non-zero eigenvectors given are independent. If the number of eigenvectors is equal to the 

number of non-zero eigenvalues, then corresponding eigenvalues and eigenvectors are given in 

corresponding positions in their respective lists. 

� If there are more eigenvalues than independent eigenvectors, then each extra eigenvalue is paired with 

a vector of zeros.  »

� Eigensystem@m, ZeroTest −> testD applies test to determine whether expressions should be assumed 

to be zero. The default setting is ZeroTest −> Automatic. 

� The eigenvalues and eigenvectors satisfy the matrix equation 

m.Transpose@vectorsD == Transpose@vectorsD.DiagonalMatrix@valuesD.  »

� Generalized eigenvalues and eigenvectors satisfy 

m.Transpose@vectorsD == a.Transpose@vectorsD.DiagonalMatrix@valuesD. 

� 8vals, vecs< = Eigensystem@mD can be used to set vals and vecs to be the eigenvalues and eigenvectors 

respectively.  »

� Eigensystem@m, specD is equivalent to applying Take@…, specD to each element of Eigensystem@mD.

� The option settings Cubics −> True and Quartics −> True can be used to specify that explicit radicals 

should be generated for all cubics and quartics. 

� SparseArray objects can be used in Eigensystem.  »  
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Normalize

Normalize@vD 

gives the normalized form of a vector v. 

Normalize@zD
gives the normalized form of a complex number z.

Normalize@expr, f D
normalizes with respect to the norm function f .

MORE INFORMATION

� Normalize@vD is effectively v êNorm@vD, except that zero vectors are returned unchanged.

� Except in the case of zero vectors, Normalize@vD returns the unit vector in the direction of v.

� For a complex number z, Normalize@zD returns z êAbs@zD, except that Normalize@0D gives 0.

� Normalize@expr, f D is effectively expr ê f @exprD, except when there are zeros in f @exprD.  
 

________________________________________________________________________ 
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Orthogonalize

Orthogonalize@8v1, v2, …<D 

gives an orthonormal basis found by orthogonalizing the vectors vi .

Orthogonalize@8e1, e2, …<, f D
gives a basis for the ei orthonormal with respect to the inner product function f .

MORE INFORMATION

� Orthogonalize@8v1, v2, …<D uses the ordinary scalar product v1 .v2 as an inner product.

� The output from Orthogonalize always contains the same number of vectors as the input. If some of 

the input vectors are not linearly independent, the output will contain zero vectors.

� All nonzero vectors in the output are normalized to unit length.

� The inner product function f  is applied to pairs of linear combinations of the ei .

� The ei can be any expressions for which f  always yields real results.

� Orthogonalize@8v1, v2, …<, DotD effectively assumes that all elements of the vi  are real.

� Orthogonalize by default generates a Gram-Schmidt basis.

� Other bases can be obtained by giving alternative settings for the Method option. Possible settings 

include: "GramSchmidt", "ModifiedGramSchmidt", "Reorthogonalization" and "Householder".

� Orthogonalize@list, Tolerance −> tD sets to zero elements whose relative norm falls below t.  
 

________________________________________________________________________ 
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Transpose

Transpose@listD
transposes the first two levels in list. 

Transpose@list, 8n1, n2, …<D
transposes list so that the k th level in list is the nk

th level in the result. 

MORE INFORMATION

� Transpose gives the usual transpose of a matrix. 

� Transpose@mD can be input as m�. 

� � can be entered as EsctrEsc or \[Transpose]. 

� Acting on a tensor Ti1 i2 i3 … Transpose gives the tensor Ti2 i1 i3 ….  »

� Transpose@list, 8n1, n2, …<D gives the tensor Tin1
in2

…. 

� So long as the lengths of the lists at particular levels are the same, the specifications nk  do not 

necessarily have to be distinct. 

� Transpose works on SparseArray objects.  
________________________________________________________________________ 

 


