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since 00ˆ   (even parity) and xbH ˆˆ
1   is odd-parity operator. 
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Thus, the Hamiltonian consists of the simple harmonics and the additional constant value 
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((5-2)) 

 

 
 

((Solution)) 

The wave function of the unperturbed Hamiltonian is 
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The perturbed Hamiltonian is given by 
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We use the theory of time independent perturbation with nondegenerate states. 
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which is the first-order energy shift, independent of n.  
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We know the eigen values and eigenstates for the unperturbed simple harmonics. 
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Each eigenstate is non-degenerate. We now consider the effect of the perturbed Hamiltonian on 

the energy level of the original simple harmonics. 
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In order to calculate the matrix element, we use 
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((5-4)) 

 

((5-4)) 

A diatomic molecule can be modeled as a rigid rotor with moment of inertia I and an electric 

dipole moment p along the axis of the rotor. The rotor is constrained to rotate in a plane, and a 

weak uniform electric field e lies in the plane. Write the classical Hamiltonian for the rotor, and 

find the unperturbed energy levels by quantizing the angular-momentum operator. Then treat the 

electric field as a perturbation, and find the first nonvanishing corrections to the energy levels. 

 

 
 

((Solution)) 

 

The Hamiltonian is given by 
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 ,  (unperturbed Hamiltonian) 

 

and 

 

cosV p   , (perturbation) 

 

where the electric field is directed along the x axis. p is the electric dipole moment, We use the 

differential operators 
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in the cylindrical coordinates. The Schrödinger equation for the unperturbed Hamiltonian 0H  

 
2 2

2

( )
( )

2
E

I

 
 




 


ℏ
, 

 

or 

 
2

2 2

( ) 2
( ) 0

IE 
 




 
 ℏ

, 

 

or 

 
2

2

2

( )
( ) 0n

 
 




 


, 

 

where ( )  is the wavefunction, and 
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For simplicity, we use the periodic boundary condition, 
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It is found that the normalized wavefunction of the unperturbed system  
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and the energy eigenvalue 
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We have a non-degenerate state at n = 0. We have degenerate states (degeneracy 2) at n  (n = 1, 

2, 3, 4, ….). 

We now use the perturbation theory. The matrix element is 
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So that, we have the selection rule for the transition 
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3. n = 0 (nondegenerate) 



The ground state is non-degenerate.  
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How about the energy eigen state? The first order of 0  is 
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which is the superposition of the three states 0 ,  1 ,  1  . Note that 
(0) (1)

0 0 0    as is 

seen from the perturbation theory (non-degenerate case). The wavefunction is expressed by 
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3. 1n   (g = 2 degeneracy): the first-order and the second-order contributions 

 

((First-order)) 

The first order for the doubly degenerate state n  is zero. The matrix element of V̂  for the 

two states n  and n  
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((Second-order)) 

We now consider the second-order contribution. 
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We need to evaluate the four matrix elements, 
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Both the initial state and the final state are 1 . 
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Fig.2 The matrix element . ( 1, 1)V    Blue line (not allowed transition from the selection 

rule). The selection rule: 1n   . 

 

We get 

(0) (0) (0) (0)

1 2 1 0

2 2

2 2

2 2

2

ˆ ˆ ˆ ˆ1 2 2 1 1 0 0 1
( 1, 1)

1 1
( ) ( )

4 4

3

2 2

3

V V V V
V

E E E E

p p

I I

p I

 



     
   

 

 




ℏ ℏ

ℏ

  

 

(b) ( 1, 1)V    



The initial state is 1  and the final state is 1 . 

 

 
 

Fig.3 The matrix element ( 1, 1)V   . Red and blue lines (not allowed transition). 
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(c) ( 1, 1)V    

The initial state is 1  and the final state is 1 . 



 

 
 

Fig.4 The matrix element ( 1, 1)V   . Blue and red lines (not allowed transition) 

 

We get 

 

(0) (0)

1 0

2

2

2 2

2

ˆ ˆ1 0 0 1
( 1, 1)

2

2

2

V V
V

E E

p

I

p I





 
  



 
 
 



ℏ

ℏ

 



 

(d) ( 1, 1)V    

The initial state is 1  and the final state is 1 . 

 

 
 

Fig.5 The matrix element ( 1, 1)V   . Red line (not allowed transition) 
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So that, we get the matrix element (2x2) as 
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Thus we have the energy eigenvalue and eigenkets as follows 
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We note that 
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4. 2n   (g = 2 degeneracy): first-order and second order contribution 

 

((First order)) 

The matrix element of V̂  for the two states n  and n  
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So that, there is no first-order contribution. 

 

((Second order)) 

Next, we calculate the second-order contribution. 
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(a) ( 2, 2)V    

Both the initial state and the final state are 2 . 

 



 
 

Fig.6 The transition between 2  to 2 . The blue line and the purple line are not 

allowed. 
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(b) ( 2, 2)V    

The initial state is 2  and the final state is 2 . 

 



We note that 
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since all the transitions are forbidden. 

 
 

Fig.7 All transitions from 2  to 2 are forbidden.  

 

(c) ( 2, 2)V    

The initial state is 2  and the final state is 2 . 

 

We note that 
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since all the transitions are forbidden. 

 

 
 

Fig.8 All the transitions from 2  to 2  are forbidden. 

 

(d) ( 2, 2)V     

The initial state is 2  and the final state is 2 . 

 



 
 

Fig.9 The transitions from 2  to 2 . The transitions with red and green lines are 

forbidden. 
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So that, we get the matrix element (2x2) as 
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The new states ( 2  are still degenerate with the same energy shifted from the unperturbed 

Hamiltonian. 

 

5. The energy eigenstate for the degenerate state; n  (n =2, 3, 4,…) 

We use the same discussion for 2 . We use n instead of 2. 
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Note that the non-diagonal matric elements are zero from the selection rule. 

 

So that, we get the matrix element (2x2) as 
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The new states ( n  (n=2, 3, 4,…) are still degenerate with the same energy shifted from the 

unperturbed Hamiltonian. 

 

6. Summary 

We get the eigenvalues and eigenkets for the 2D rotor in the presence of electric field. We 

apply the perturbation theory (both for non-degenerate case and  
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((Solution)) 
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In other words, 
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 is, to the first order, normalized to 1, with the first correction occurring in the second 

order. 
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where the matrix element of 1Ĥ  is assumed to be independent of 
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((Solution)) 

 

Schrödinger equation of particle in a 2D well potential, 
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L L L


  , 

2 2
( ) sin( ) sin( )

y

y

n y
Y y k y

L L L


   

 

2
, , sin( )sin( )

yx
x y

n yn x
x y n n

L L L


  

 

The energy eigenvalue: 

 
22

2 2
( , ) ( )

2
x y x yE k k n n

m L

   
 

ℏ
 

 

where 

 

x
x

n
k

L


 , 

y

y

n
k

L


  

 

The energy levels 

 

(a) The ground state: 

 

, 1,1x yn n     

22
(0)

1 (1,1) 2
2

E E
m L

    
 

ℏ
   (non-degenerate) 

 

(b) The first excited state: 

 



, 1,2 , 2,1x yn n    

22
(0)

2 (1, 2) (2,1) 5
2

E E E
m L

     
 

ℏ
  

(degeneracy:2) 

 

(c) The second excited state 

 

, 2, 2x yn n    

22
(0)

3 (2, 2) 8
2

E E
m L

    
 

ℏ
 

(non-degenerate) 

 

(d) The third excited state 

 

, 1,3 , 3,1x yn n    

22
(0)

3 (1,3) (3,1) 10
2

E E E
m L

     
 

ℏ
  

(degeneracy: 2) 

 

The perturbation 1V xy  

 

11 21
11 12 1 21 22

0

12 22

0

2ˆ, , sin sin

sin sin

L

L

n x n x
n n V n n dxx

L L L

n y n y
dyy

L L

 


 

       
   

       
   




 

 

Using the Mathematica, we calculate the matrix element as 

 

2

1

1ˆ1,1 1,1
4

V L   

 

2

1 1

1ˆ ˆ1, 2 1, 2 2,1 2,1
4

V V L   

 

2

1 1 4

256ˆ ˆ1, 2 2,1 2,1 1,2
81

V V L


   

 

2

2

8
1, 2 1,1 2,1 1,1

9
V V L


     

 

(i) The energy shift of the ground state (non-degenerate) 
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2 2

1 1

22
2

ˆ( ) 1,1 1,1
2

1

4

x yE n n V
m L

L
m L






    
 

   
 

ℏ

ℏ

 

 

eigenstate of ground state = 
(0) (0) (0) (0)

1 2 1 2

1, 2 1, 2 1,1 2,1 2,1 1,1
1,1

V V

E E E E
 

 
 

 
22

(0) (0)

1 2

3

2
E E

m L

     
 

ℏ
, 2

2

8
1, 2 1,1 2,1 1,1

9
V V L


    

 

(ii) The energy shift of the first excited state (degenerate) 

 

1 1 1V E   

 

with the matrix, 

 

4
2

4

4

2

4
4

1,2 1, 2 1, 2 2,1

2,1 1, 2 2,1 2,1

1 256

4 81

256 1

81 4

1024

81

10244

81

V V
V

V V

L

L
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(0)

2 (1,2) (2,1) 5
2

E E E
m L

     
 

ℏ
 

 

We solve the eigenvalue problem by using the Mathematica. 

 

(i) 

 



4
(0) 2

21 2 4

(0) 2

2

1024 81
( )

324

0.282446

E E L

E L








 

 

 

 

Eigenstate: 
1

[ 1,2 2,1 ]
2

  

 

(ii) 

4
(0) 2

22 2 4

(0) 2

2

1024 81
( )

324

0.217544

E E L

E L







 
 

 

 

 

Eigenstate: 
1

[ 1,2 2,1 ]
2

   

 

((Mathematica)) 

 

 
 

 

V1
L2

4 4

4 1024

81

1024

81

4
; Eigensystem V1

L
2

1024 81
4

324
4

,
L
2

1024 81
4

324
4

,

1, 1 , 1, 1



((5-7)) 

 

 
 

((Solution)) 

(a) 

 

)ˆ
2

1
ˆ

2

1
()ˆ

2

1
ˆ

2

1
(ˆ 222222

0 ymp
m

xmp
m

H yx    

 

  ,)}
2

1
()

2

1
({  ,ˆ

0 xxyxxx nnnnnnH   ℏℏ  

 

Ground state:  0 ,0  (non-degenerate state)  ℏ)0 ,0()0(E  

 

First excited state: 0 ,1  (degenerate state)  ℏ2)0 ,1()0( E  

1 ,0  (degenerate state)  ℏ2)1 ,0()0( E  

 

Second excited state 0 ,2  (degenerate state)  ℏ3)0 ,2()0( E  

1 ,1  (degenerate state)  ℏ3)1 ,1()0( E  

2 ,0  (degenerate state)  ℏ3)2 ,0()0( E  

 



 
 

(b) 

 

yxmV ˆˆˆ 2  

 

0 ,0ˆˆ0 ,0ˆ 2
yxmV   

 

1
2

0ˆ
2

0)ˆˆ(
2

0ˆ
 m

a
m

aa
m

x
ℏℏℏ

 
 

 

Then we have 

 

1 ,1
2

1 ,1
2

0 ,0ˆ 2 



 ℏ

ℏ


m
mV  

 

1 ,221 ,0(
2

0 ,1ˆˆ0 ,1ˆ 2  


 ℏyxmV  

 

2 ,120 ,1(
2

1 ,0ˆˆ1 ,0ˆ 2  


 ℏyxmV  

 

since 

 

220(
2

1)ˆˆ(
2

1ˆ  

 m
aa

m
x

ℏℏ
 

E
0
0,0

E
0
1,0

E
0
0,1



 

1
2

0ˆ
m

y
ℏ

  

 

The ground state is non-degenerate. 
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4

0,0

1,1
3

20,0
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0,0
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0,0ˆ
0,0
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0
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ℏ
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(i) First excited state 

The matrix element of V̂  under the basis of { 0,1 , and 1,0 } 

 

xV 











ˆ
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20
2

2
0

ˆ ℏℏ

ℏ
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Eigenvalue 

ℏ

2
  ]1,00,1[

2

1
1   

 

The energy is  

 



)
2

2(
2

2





  ℏℏℏ  

 

Eigenvalue 

ℏ

2
  ]1,00,1[

2

1
2   

 

The total energy is 

 

)
2

2(
2

2





  ℏℏℏ  

 

 

 
 

(ii) Exact solution 

 

Suppose that 

 

 Û'  ,  21
ˆ A  

 

Û  is the unitary operator. Under that basis of ' , the operator Â  can be changed into 

 

2121
ˆˆˆ'ˆ   UAUA  

 

Suppose that RU ˆˆ   (rotation operator) 

 

  RARUAU ˆˆˆˆˆˆ  

 

When VHH ˆˆˆ
0  , 00

ˆˆˆˆ HRHR 
 ( 0Ĥ  is invariant under the rotation around the z axis), 

 

  RVRHRVRRHRRHR ˆˆˆˆˆˆˆˆˆˆˆˆˆ
00  

E
0
1,0

E
0
0,1

2

2

2
2
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When  yxmV ˆˆˆ 2  

 

]ˆˆ)2cos()ˆ ˆ )(2sin(
2

1
[

)ˆ cosˆ sin)(ˆ sinˆ (cos

)ˆˆˆ)(ˆˆˆ(ˆˆˆ

222

2

2

yxyxm

yxyxm
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when 4/  , 

 

)ˆ ˆ (
2

1ˆˆˆ 222 yxmRVR    
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2

1
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1
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2

1
ˆ

2

1

ˆˆˆˆˆˆˆ'ˆ
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m

xmp
m

RVRHRHRH
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Energy eigenvalue of this Hamiltonian is 
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2
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2

1
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2

1
(
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2

1
(1)
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1
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yxyx
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yxyx
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ℏℏ

ℏℏ

 

 

yxyxyxyx nnnnEnnRHRnnH ,),(',ˆˆˆ,'ˆ  
 

 

or 

 

yxyxyx nnRnnEnnRH ,ˆ),(',ˆˆ    

 

yx nnR ,ˆ   is the eigenstate of the Hamiltonian Ĥ  with ),(' yx nnE . 

 



((5-8)) 

 

 
 

((Solution)) 

 

1
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2
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ˆ 1a n n n  , ˆ 1 1a n n n
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ℏ
 

 

2 2

2 2

2

2 2

2

,2 ,0

1ˆ ˆ0 0
2

1 1
ˆ ˆ( ) 0

2 2

1
ˆ ˆ ˆ ˆ ˆ ˆ( ) 0

4

1 ˆˆ ˆ ˆ( ) 1 0
4

1
[ 2 2 0 ]

4

1
[ 2 ]

4
n n

n V m n x

m n a a

n a a aa a a

n a a a

n n

 

 


 

 

 

   



  

 



 

   

  

 

 

ℏ

ℏ

ℏ
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So we have 

 

2ˆ2 0
4

V   ℏ ,   
1ˆ0 0
4

V   ℏ  

 

___________________________________________________________________________ 



((5-9)) 

 
 

((Note)) 

Before solving this problem, I present a brief review on the 3D isotropic simple harmonics. 

 

3D isotropic simple harmonics 

Schrödinger equation: 

 
2ˆ

ˆ( )
2

V E  


 
p

r r r r , 

 

or 

 







rrLrr ErV
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r
rrr








 )(ˆ
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2
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rr ErV
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 )](
2
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2
[

2
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ℏℏ

, 

 

where the potential energy is 

 

2 21
( )

2
V r r  

 

Here we assume that 

 

,( ) ( ) ( , )m

E l lR r Y    r r  



 

where ( , )m

l
Y    is the spherical harmonics. 
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1
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iyx
eY

i )(

2
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2
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2

3
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1

1
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z
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4

3
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4

3
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0

1  , 

 

r

iyx
eY

i )(

2

3

2

1
sin

2

3

2

1
),(

1

1


 





 

. 

 

RE, l (r)  depends only on E and l, but not on m. 

 
2 2

2 2

, ,2

1 ( 1) 1
[ ( ) ] ( ) ( )

2 2 2
E l E l

l l
r m r R r ER r

m r r r mr
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We assume that 

 

RE, l(r) 
u(r)

r
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0)(]
)((2)1(

[)("
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 ru
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r
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ru

ℏ
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2
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2
ru

E
ruru

r
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 . 

 

We now introduce a new variable 

 

m
r


 

ℏ
,  

2E




ℏ

. 

 



Then we get the differential equation 

 

)()()(
)1(

)(" 2

2



 uuu

ll
u 


 . 

 

In the limit of 0 , u is assumed to have the power form su  )( . The substitution of this 

form into the above differential equation gives rise to 

 
sss llss    22 )]1()1([ , 

 

or 

 

0)]1()1([2  llsss . 

 

So we get 1 ls . 

In the limit of  , the differential equation can be approximated as 

 

0)()(" 2   uu . 

 

We assume that )2/exp()( 2 u .  

 

)()()()1()()(" 222  uuuuu  , 

 

This is almost the same as the original differential equation; 0)()(" 2   uu . These suggests 

that our solution )(u can be expressed by the form 

 

)()(
2/1 2

 
feu

l  . 

 

Then we have the differential equation for f() as 

 

0)()32()(')1(2)(" 2   flflf . 

 

We solve this problem by using the series expansion 

 







0

)()(
k

kkCf  . 

 



Using the Mathematica, we get 

 

0)1()1(2  Cl , 

 

0)2()23(2)0()23(  ClCl  , 

 

0)3()2(6)1()25(  ClCl  , 

 

0)4()25(4)2()27(  ClCl  . 

 

Then we have 

 

0...)5()3()1(  CCC . 

 

In other words, )(f  is an even function of . So we assume that 

 







0
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k
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Then we have 
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Using the relation 

 








 
0
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k

k
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(conventional mathematical procedure)  

 










 
0

12

1

12 )4)(2()4)(2(
k

k

k

k kkCkkC   (no change with the addition of k = 0 term) 

 

this can be rewritten as 

 





0
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From this we get the recursion relation, 

 

)2(
)232)(1(2

)324(
)22( kC
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, 

 

When 

 

 lnr 243  (nr = 0, 1, 2, 3, ...), 

 

the co-efficient )22( rnC   should be equal to zero, corresponding to the termination of the 

power series. Then, from the recursion relation, we have 

 

0....)24()22(  rr nCnC . 

 

So the energy quantization condition is that 

 

0

2
243



ℏ

E
lnr  , 

 

or 

 

0
)2

2

3
(),( ℏlnlnE rr  . 

 

We define the principal quantum number n as 

 

0)
2

3
( ℏ nE n , 

 

with lnn r  2 . 

 



 

n l nr Degeneracy 

0 0 0 1 

m = 0 

_______________________________________________ 

 

1 1 0 3 

m = -1, 0, 1 

_______________________________________________ 

2 0 1 1 

m = 0 

 

2 2 0 5 

m =-2, -1, 0, 1, 2 

_______________________________________________ 

 

,

1
, , , ( ) ( , )m

n l lr n l m u Y   


  

 

with 

 

21 /2 1/2

,

!
( ) ( 1) 2 ( )

( 1/ 2)!

n l l

n l n

n
u e L

n l

     
 

 

 

and 

 

m
r r


  

ℏ
. 

 

. '. , '

0

 ( ) ( )n l n l n nd u u   


  

 

_____________________________________________________________________ 

We note that the wave functions can be derived from the wave functions of simple harmonics as 

follows. 

 

 



3/4 2 2 2

3/4 2

, , 0, 0, 0 0 0 0

exp( ) exp( ) exp( )
2 2 2

exp( )
2

x y z x x xx y z n n n x n y n z n

m m x m y m z

m m r

   


 


      

     
 

   
 

ℏ ℏ ℏ ℏ

ℏ ℏ

 

 

which corresponds to  

0, 0 , 0, 0x y zl m n n n       

 

1/4 3/4 1/22 2 2

1/4 3/4 1/2 2

, , 1, 0, 0 1 0 0

4
exp( ) exp( )exp( )

2 2 2

4
exp( )

2

x y z x x xx y z n n n x n y n z n

m m y m m y m z
x

m m m r
x

    
  

  
  

      

             
     

           
     

ℏ ℏ ℏ ℏ ℏ

ℏ ℏ ℏ

 

 

which corresponds to 

 

1, 1 1, 1
1, 0, 0

2
x y z

l m l m
n n n

     
     

 

1/4 3/4 1/2 2

, , 0, 1, 0 0 1 0

4
exp( )

2

x y z x x xx y z n n n x n y n z n

m m m r
y

  
  

      

           
     ℏ ℏ ℏ

 

 

which corresponds to 

 

1, 1 1, 1
0, 1, 0

2( )
x y z

l m l m
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i
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4
exp( )

2
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m m m r
z
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which corresponds to 

 



1, 0 0, 0, 1x y zl m n n n       

 

Note that 

 

0

1

3

4

z
Y

r
 ,  

1 1

1 1

3 1
( )

4 2

x
Y Y

r
   , 

1 1

1 1

3
( )

4 2

y i
Y Y

r
   

 

Thus, we get the relation. For convenience, we use  , 0 , and   

 

1
1, 1 ( 1,0,0 0,1,0 )

2
l m i        

 

1
1, 1 ( 1,0,0 0,1,0 )

2
l m i        

 

0 1, 0 0,0,1l m     

 

((Solution)) 

The Hamiltonian of charged particle with mass m and charge q is given by 

 

2 2 2 2 2 2 2

2
2 2

2 2 2 2 2 2

2
2 2 2 2 2 2

2 2

1 1 1
( ) ( ) (1 )

2 2 2

1
( )

2 2 2

1 1
( ) (1 )

2 2

1 1
( ) ( )

2 2 2 2

q
H m x y m z

m c

q q

m mc mc

m x y m z

q q
m x y z

m mc mc

m z

  

  



 

     

     

   

        



p A

p A p A A p

p A p A A p

 

 

where q is the charge of particle. Note that 

 

(( ))i       p A A p p A A pℏ   

 

We use the gauge, where a constant  magnetic field B is directed along the x-axis. We use the 

gauge such that 

 



0 A , 
1 1

(0, , )
2 2

Bz By   A B r  

 

The Hamiltonian is obtained as 

 

0 1

2 2 2 2 2

2
2 2 2

2

1 1
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2 2

2

H H H

m x y z
m

q q
m z

mc mc



 

 

   

   

p

A A p

 

 

where 
0

H  is the non-perturbed Hamiltonian for the 3D isotropic simple harmonics, and 
1

H  is the 

perturbation. 

 

2 2 2 2 2 2 2 2

0

1 1 1 1
( )

2 2 2 2
H m x y z m r

m m
      p p  

 
2

2 2 2

1 2

2
2 2 2

2

2 2
2 2 2 2

2
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2
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2 2
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2 8

y y z z

z y

x

q q
H A p A p m z

mc mc

q qB
yp zp m z

mc mc

qB q B
L m z y z

mc mc

 

 

 

   

   

    

A
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where xL  is the orbital angular momentum along the x axis. 

 

x z yL yp zp    

 

Here we use the Virial theorem; 
2 2

m z ≃ ℏ . 

 
2 2

m z    ℏ   

 

and define the cyclotron angular frequency (in cgs units) as 

 

c

qB

mc
   

 



We assume that the first term and the second term of 
1

H  are on the same order, 

 

c

q B

mc
  

ℏ
ℏ ≃ ℏ ,  or   c


  

 

The third term of 
1

H  is 

 
22 2 2 2 2 2

2 2 2

2 2 2 2 2
 cq B q B q B

y z
mc mc m m c


  

  
     

ℏ ℏ
ℏ ℏ   

 

which is smaller than the other interaction energies. So we neglect the third term of 
1

H . Thus we 

have 

 

2 2 2

0

1 1

2 2
H m r

m
 p  

 

2 2

1
2

x

qB
H L m z

mc
     

 

In order to simplify the discussion, we change the coordinates such that x z  and z x . Then 

we have 

 

2 2

1
2

z

qB
H L m x

mc
     

 

Now we solve the problem. The first excited states are degenerate. There are three states,  , 0 , 

and   states with the same energy 
5

2
ℏ . We need to calculate the matrix element of 

2 2

1
2

z
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0

H H H
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We note that 
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We also note that 
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ˆ ˆ ˆ[ 1,0,0 1,0,0 0,1,0 0,1,0 ]

2
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2ˆ 0 0x   
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2
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where 
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2
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2
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x x


   

 

where 
m

 
ℏ

. Then the matrix based on the degenerated first excited states is 
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ℏ
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The eigenvalue problem can be solved by the two methods.  

 

(i) Method-1 

 

1
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1
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2
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1
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So 0  is the eigenket of 1H  with the eigenvalue 
1

2
ℏ . We now introduce a new matrix under 

the sub-basis of { , }   
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This can be rewritten as 
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c
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ℏ ℏ

ℏ ℏ

 

 

Then we have the eigenstates and eigen eigenvalues as 
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where   is the angle from the z axis in the z-x plane (y = 0). 
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(ii) Method-2. 

We use the Mathematica (Eigensystem). The result is as follows. 
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((Solution)) 

 

The ground state is non-degenerate. 
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Suppose that the charge of electron is  ( )q e  Under the perturbation ( 1
ˆ ˆH q z  ), we 

have the average value of electric dipole moment ( ˆqz ), 

 
*

1 1 (0) (0)
1 1

,

ˆ, , 1,0,0
ˆ ˆ( 1,0,0 , , ...)( )

( )
s s

n n
l m

n l m z
qz q n l m qz

E E
  



  


  

 

(0) (0)
1 1

,

ˆ, , 1,0,0
( 1,0,0 , , ...)

( )n n
l m

n l m z
q n l m

E E




 


  

 

or 

 
2

2

1 1 (0) (0)
1 1

,

ˆ, , 1,0,0
ˆ 2s s

n n
l m

n l m z
qz q

E E
   



  


  

 

The polarizability  is given by  
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Under the perturbation, the energy to the second order: 
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This value of  is the same as that derived above. 
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((Solution)) 
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where 12P̂  is the Dirac exchange operator. 
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((Solution)) 

 

1,1,  mln  (ignore spin); p-orbital electron 
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((Solution)) 

 

0V  for 0≤x≤a and 0≤y≤a. 

 

V = ∞ otherwise. 
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We calculate the matrix element using Mathematica. 
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Second excited state is non-degenerate 
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Fig. Energy level splitting due to the perturbation.  
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(b) Perturbation 
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We assume that 0 . We apply the perturbation theory (non-degenerate case) to this problem, 
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((Perturbation theory)) 
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  is the eigenket of ˆ H 0 with the energy E2. Since this state is nondegenerate, we can 

apply the perturbation theory (non-degenerate case) to calculate the energy 
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This is the degenerate case. 

 
First order: 

The matrix element of H1 in the basis of   and   is equal to zero. So we need to 
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The matrix element 
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((5-19)) 

 

 
 

 

 
 

Fig. Lamb shift: the energy level of 2S1/2 (doubly degenerate states) is higher than that 

of 2P1/2 (doubly degenerate) by  (= 4.372 x 10-6 eV = 1057 MHz). 

 

The perturbation (Stark effect) 

 

zeH ˆˆ
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This Hamiltonian is invariant under the time reversal. 

 

We now consider the state with n = 2. 

 

n = 2 state (4 states degenerate)  

l = 1 (m = ±1, 0): p-state 

l = 0 (m = 0): s-state. 

 

Addition of spin and orbital angular momentum 
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We define spin angular function in two component form as follows. 
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(ii) 

l = 0, s = 1/2 
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We calculate the matrix elements of the perturbation. 
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________________________________________________________________________ 

Note that the operator ẑ  is Hermitian, Then we have the matrix of )ˆ(ˆ
1 zeH   and Lamb 

shift ( Ĥ ). 

 

 







0302/1,2

0032/1,2

30002/1,2

03002/1,2

2/1,22/1,22/1,22/1,2

02/1

02/1

02/1

02/1

2/12/12/12/1

aeemS

aeemS

aeemP

aeemP

mSmSmPmP











 

 

where  is the Lamb-shift energy 
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The eigenvalue problem 

 

We use the Mathematica 5.2. 
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Energy eigenvalue and eigenket with 03 aep   
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The energy levels (E1=E2, E3=E4) are degenerate. The perturbation (Stark effect) 

zeH ˆˆ
1   is invariant under the time reversal. Since j = 1/2, each level are still doubly 

degenerate (Kramers doublet). 

 

In the limit of p  
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The change of energy is quadratic in . 
 

In the limit of p  

 

3

42

21
12882 pp

pEE


  

 

3

42

43
12882 pp

pEE


  

 

The change of energy is linear in  

 

((Mathematica)) 
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((5-20)) Stark effect 

 

 

 
 

((Solution)) 

Stark effect n = 3 

 is the Hamiltonian of the hydrogen atom. We apply an external electric field  (along the 

z axis) to the hydrogen atom, producing the Stark effect. 

 

 

 

 

 

where -e (e>0) is the electron charge and µe (=-er) is an electric dipole moment. The vector 

r is the position vector of electron, where the proton (e) is located at the origin. 

 

We use this selection rule 
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l = 0, m = 0. 
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Matrix elements mlzml ,,3ˆ'',3  can be calculated using the selection rule and 

((Mathematica)) 
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This matrix consists of three submatrices. 
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((Mathematica)) Stark effect n = 3 

 

See lecture note 6.2 Stark effect. 
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((Solution)) 

 

The perturbation is given by 
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where Vc(r) is a potential due to a central force from nucleus and other electrons. This 

perturbation is a pseudo scalar operator. Using the Wigner-Eckart theorem, 
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From the property of the parity operator associated with the space inversion, the matrix 
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Na: (1s)2(2s)2(2p)6(3s) 
 
The inner 10 electrons can be visualized to form a spherically symmetrical electron cloud. 

We are interested in the excitation of the 11-th electron from 3s to a possible higher state. 
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Fig. Energy levels of Na with and without spin-orbit interaction. The 3P level 

is slightly different from the 3S level (the ground state is 3 2S1/2). 

The 3P level is split into 3 2P3/2 (4 degeneracies) and 3 2P1/2 (3 

degeneracies) due to the spin-orbit interaction. The Lande g-factor is g = 

4/3 for into 3 2P3/2, g = 2/3 for into 3 2P1/2, and g = 2 for into 3 2P1/2.  



 

 

The matrix element of the pseudo potential, 
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We use the perturbation theory (non-degenerate case). Before the perturbation, the 

electron is in the state 2/1,3 2/1 mS .  

 

Perturbation energy (to the second order) 
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Perturbed state 
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Note that the energy is lowered after the application of the electric field. The new state is 

a state where the rotation of the electric dipole leads to the lowering of the energy of the 

system. 
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The wave function of the Hydrogen atom (s state) 
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(b) 

(i) Hydrogen ground state 
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(ii) 3D isotropic simple harmonics ground state 
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((Solution)) 
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We note that 
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From the term ),'( ss mm , we have the selection rule for the spin 

 

ss mm ' , or 0 sm  

 

From the term ll mlnTmln ,,ˆ',','
)2(

2 , we have the selection rule for  

 

ll mlnTmln ,,ˆ',','
)2(

2  

 

2 ,1 ,0 ,1 ,2'  lll  

 

2'  lll mmm  

 

using the Wigner-Eckart theorem. Since 
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we get the selection rule for l  as 
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Similarly, for the term ll mlnTmln ,,ˆ',','
)2(

2 , we have the selection rule as 

 

0 sm , 2 lm , 2 ,0 ,2 l  

 

In summary, we get 

 

0 sm , 2 lm , 0 ,2l  
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The matrix element: 
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In summary, we get 

 

0 sm , 0 lm , 0 ,2l  
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((Solution)) 

1s state for the hydrogen atom ground state 
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The perturbation: 
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The ground state hydrogen atom is a nondegenerate state. Using the theory of perturbation for the 

non-degenerate state, we have 
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((Mathematica)) 

Evaluation of AN  = -2.37606 x 10-6 emu/mol 

 



 
 

 

Clear "Global` " ;

rule1 kB 1.3806504 10
16
, NA 6.02214179 10

23
,

c 2.99792 10
10
, 1.054571628 10

27
,

me 9.10938215 10
28
, mp 1.672621637 10

24
,

mn 1.674927211 10
24
, qe 4.8032068 10

10
,

eV 1.602176487 10
12
, meV 1.602176487 10

15
,

keV 1.602176487 10
9
, MeV 1.602176487 10

6
,

rB 0.52917720859 10
8
;

s1
qe2 rB2

2 me c2
NA . rule1

2.37606 10
6
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