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since 00ˆ   (even parity) and xbH ˆˆ
1   is odd-parity operator. 
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Thus, the Hamiltonian consists of the simple harmonics and the additional constant value 
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((5-2)) 

 

 
 

((Solution)) 

The wave function of the unperturbed Hamiltonian is 
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The perturbed Hamiltonian is given by 
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We use the theory of time independent perturbation with nondegenerate states. 
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which is the first-order energy shift, independent of n.  
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We know the eigen values and eigenstates for the unperturbed simple harmonics. 
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Each eigenstate is non-degenerate. We now consider the effect of the perturbed Hamiltonian on 

the energy level of the original simple harmonics. 
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In order to calculate the matrix element, we use 
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In summary, we get 
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((5-4)) 

 

((5-4)) 

A diatomic molecule can be modeled as a rigid rotor with moment of inertia I and an electric 

dipole moment p along the axis of the rotor. The rotor is constrained to rotate in a plane, and a 

weak uniform electric field e lies in the plane. Write the classical Hamiltonian for the rotor, and 

find the unperturbed energy levels by quantizing the angular-momentum operator. Then treat the 

electric field as a perturbation, and find the first nonvanishing corrections to the energy levels. 

 

 
 

((Solution)) 

 

The Hamiltonian is given by 
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where the electric field is directed along the x axis. p is the electric dipole moment, We use the 

differential operators 
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in the cylindrical coordinates. The Schrödinger equation for the unperturbed Hamiltonian 0H  
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where ( )  is the wavefunction, and 
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For simplicity, we use the periodic boundary condition, 
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It is found that the normalized wavefunction of the unperturbed system  
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We have a non-degenerate state at n = 0. We have degenerate states (degeneracy 2) at n  (n = 1, 

2, 3, 4, ….). 

We now use the perturbation theory. The matrix element is 
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So that, we have the selection rule for the transition 

 

1ˆ 1
2

n V n p     (selection rule) 
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How about the energy eigen state? The first order of 0  is 
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which is the superposition of the three states 0 ,  1 ,  1  . Note that 
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3. 1n   (g = 2 degeneracy): the first-order and the second-order contributions 

 

((First-order)) 

The first order for the doubly degenerate state n  is zero. The matrix element of V̂  for the 

two states n  and n  
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((Second-order)) 

We now consider the second-order contribution. 
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We need to evaluate the four matrix elements, 
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Both the initial state and the final state are 1 . 

 

( 1, 1)V  



 
 

Fig.2 The matrix element . ( 1, 1)V    Blue line (not allowed transition from the selection 

rule). The selection rule: 1n   . 
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(b) ( 1, 1)V    



The initial state is 1  and the final state is 1 . 

 

 
 

Fig.3 The matrix element ( 1, 1)V   . Red and blue lines (not allowed transition). 
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(c) ( 1, 1)V    

The initial state is 1  and the final state is 1 . 



 

 
 

Fig.4 The matrix element ( 1, 1)V   . Blue and red lines (not allowed transition) 
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(d) ( 1, 1)V    

The initial state is 1  and the final state is 1 . 

 

 
 

Fig.5 The matrix element ( 1, 1)V   . Red line (not allowed transition) 
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Thus we have the energy eigenvalue and eigenkets as follows 
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4. 2n   (g = 2 degeneracy): first-order and second order contribution 

 

((First order)) 

The matrix element of V̂  for the two states n  and n  
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So that, there is no first-order contribution. 
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Next, we calculate the second-order contribution. 
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(a) ( 2, 2)V    

Both the initial state and the final state are 2 . 

 



 
 

Fig.6 The transition between 2  to 2 . The blue line and the purple line are not 

allowed. 
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(b) ( 2, 2)V    

The initial state is 2  and the final state is 2 . 

 



We note that 
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since all the transitions are forbidden. 

 
 

Fig.7 All transitions from 2  to 2 are forbidden.  

 

(c) ( 2, 2)V    

The initial state is 2  and the final state is 2 . 

 

We note that 
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since all the transitions are forbidden. 

 

 
 

Fig.8 All the transitions from 2  to 2  are forbidden. 

 

(d) ( 2, 2)V     

The initial state is 2  and the final state is 2 . 

 



 
 

Fig.9 The transitions from 2  to 2 . The transitions with red and green lines are 

forbidden. 
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So that, we get the matrix element (2x2) as 
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The new states ( 2  are still degenerate with the same energy shifted from the unperturbed 

Hamiltonian. 

 

5. The energy eigenstate for the degenerate state; n  (n =2, 3, 4,…) 

We use the same discussion for 2 . We use n instead of 2. 

 



(0) (0) (0) (0)

1 1

2 2

2 2

2 2

2 2

ˆ ˆ ˆ ˆ1 1 1 1
( , )

1 1
( ) ( )

4 4

(2 1) (2 1)
2 2

1

4 1

n n n n

n V n n V n n V n n V n
V n n

E E E E

p p

n n
I I

p I

n

 



 

           
   

 

 
  




ℏ ℏ

ℏ

 

 

 

(0) (0) (0) (0)

1 1

2 2

2 2

ˆ ˆ ˆ ˆ1 1 1 1
( , )

1 1
( )

 

( )
4 4

(2 1) (2

 ,       2 2   

1

                    

)

    

2

 

2

n n n n

V

So that we get the matrix ele

n

ment x as or and where Energy eigenva

n V n n V n n V n V n
n n

E E E

n

lu

E

p p

n
I I

e

 

 

           
   

 

 
  



ℏ ℏ

                                        

 

Note that the non-diagonal matric elements are zero from the selection rule. 

 

So that, we get the matrix element (2x2) as 

 
2 2

2 2

1 01ˆ
0 14 1

p I
V

n

  
    ℏ

  

 

or 

 
2 2

2 2

1ˆ
(4 1)

p I
V n n

n


  

ℏ
  

 

and 

 
2 2

2 2

1ˆ
(4 1)

p I
V n n

n


  

ℏ
  

 

where 

 
2

(0) 2

2
nE n

I
 

ℏ
 



 

Energy eigenvalue     Eigenstate 

 
2 2 2

2 2

2 2 2

1

2 4 1 4 1

p I
n n
I n n

 
  

 
ℏ

ℏ
  n   

 
2 2 2

2 2

2 2 2

1

2 4 1 4 1

p I
n n
I n n

 
  

 
ℏ

ℏ
   ]n  

 

The new states ( n  (n=2, 3, 4,…) are still degenerate with the same energy shifted from the 

unperturbed Hamiltonian. 

 

6. Summary 

We get the eigenvalues and eigenkets for the 2D rotor in the presence of electric field. We 

apply the perturbation theory (both for non-degenerate case and  

 



 
 

Fig.10 No energy shift occurs in the first order perturbation. The energy shifts occur in 

the second-order to the perturbation, 
2

2I
 
ℏ

. 

 

 

Energy eigenvalue   Energy eigenstate 

 
2 2 2

2

1 2
4

15 15

p I

I


   

ℏ

ℏ
  

(0)

2 2     (doubly degenerate) 

 

 

2 2

2

p I
 

ℏ



2 2 2

2

5 5
4

6 2 6

p I

I


   

ℏ

ℏ
  

(0)

1,

1
[ 1 1 ]

2
s        

 
2 2 2

2

1

6 2 6

p I

I


   

ℏ

ℏ
   

(0)

1,

1
[ 1 1 ]

2
a       

 
2 2

2

p I
  

ℏ
    

(1)

0

1
[ 1 1 ]

2
      

 

 



((5-5)) 

 

 

 

((Solution)) 

 

....
)3(3)2(2)1()0(


nnnnn
  

 

Here we need to specify how the states 
)0(

n
  and 

n
  overlap. Since 

n
  is considered not to be 

very different from 
)0(

n
 , we have 

 

1
)0(


nn

 . 

 

It is convenient to depart from the usual normalization condition that 

 

1
nn

 . 

 

Rather we set 

 

1
)0(


nn

   (this is the definition we use here) 

 

even for 0 . Then we get 

 

....
)3()0(3)2()0(2)1()0()0()0()0(


nnnnnnnnnn
 , 

 

with 

 

1
)0()0(


nn
 , 0

)1()0(


nn
 , 0

)2()0(


nn
 ,…. 

 

In other words, 
)(k

n
  (k = 1, 2, 3, 4, ...) is orthogonal to 

)0(

n
  

In such conditions, we have 
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)(

ˆ

1

)(1

...][
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....)(

...)(

2

2)0()0(

2
)0(

1

)0(

2

2)1()1(2

)1()1(
*

)0()2()2()0(2

*
)1()0()1()0()0()0(

)3(3)2(2)1()0(

)3(3)2(2)1()0(
















O
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H

O

nk kn

nk
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nnnnnn

nnnn

nnnnnn



















 

 

since  

 


 


nk kn

nk

k

nk

nkkn

EE

H

)0()0(

)0(

1

)0(

)0()1()0()0()1(
ˆ 

  

 

In other words, 
n

 is, to the first order, normalized to 1, with the first correction occurring in the second 

order. 

Here we define 
Nn

  which satisfies the usual normalization. 

 

nnNn
Z    

 

n
Z  is called as the wave function normalization constant. 

 

nnnNnnN
Z  1  

 

or 

 

)(
)(

ˆ

1
1 2

2)0()0(

2
)0(

1
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2 





O
EE

H

Z

nk kn
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n



 
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Then we have 

 

nnnn
N

nn
ZZ   )0()0(

 

 

P is the probability of observing 
Nn

  in the unperturbed state 
)0(

n
 , 



 


 


nk kn
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n
N
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EE

H

PZ
2)0()0(

2
)0(

1

)0(

2
2

)0(
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ˆ

1


 . 

 

The second term is to be understood as the probability for leakage to state other than 
)0(

n
 . Note that Zn 

is less than 1.  

Note that the energy En is given by 

 


 
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nk kn
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EE
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2
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1
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The derivative of 
n

E  with respect to 
)0(

n
E  is given by 

n

nk kn

nk

n

n
Z

EE

H

E

E











2)0()0(

2
)0(
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)0(
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)(

ˆ

1


 , 

 

where the matrix element of 1Ĥ  is assumed to be independent of 
)0(

n
E . 

 

 



((5-6)) 

 

 
 

((Solution)) 

 

Schrödinger equation of particle in a 2D well potential, 

 
2 2 2

2 2
( ) ( , ) ( , ) ( , )

2
x yx y E k k x y

m x y
 

 
  

 
ℏ

 

 

where the energy eigenvalue 

 
2

2 2
( , ) ( )

2
x y x yE k k k k

m
 
ℏ

 

 

We us the method of separation variable as 

 

( , ) ( ) ( )x y X x Y y  . 

 

Then, we have 

 
2 2

2 2

2 2
( ) ( , ) ( ) ( , ) 0x yx y k k x y
x y

 
 

   
 

 

 

leading to 

 
2 2"( ) ( ) ( ) "( ) ( ) ( ) ( ) 0x yX x Y y X x Y y k k X x Y y     



 

or 

 

2 2"( ) "( )
( ) 0

( ) ( )
x y

X x Y y
k k

X x Y y
     

 

From this equation, we get 

 
2"( ) ( )xX x k X x  ,  2"( ) ( )yY y k Y y    

 

Using the boundary conditions that (0) ( ) 0X X L  , and (0) ( ) 0Y Y L  , we have 

 

2 2
( ) sin( ) sin( )x

x

n x
X x k x

L L L


  , 

2 2
( ) sin( ) sin( )

y

y

n y
Y y k y

L L L


   

 

2
, , sin( )sin( )

yx
x y

n yn x
x y n n

L L L


  

 

The energy eigenvalue: 

 
22

2 2
( , ) ( )

2
x y x yE k k n n

m L

   
 

ℏ
 

 

where 

 

x
x

n
k

L


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y

y

n
k

L


  

 

The energy levels 

 

(a) The ground state: 

 

, 1,1x yn n     

22
(0)

1 (1,1) 2
2

E E
m L

    
 

ℏ
   (non-degenerate) 

 

(b) The first excited state: 

 



, 1,2 , 2,1x yn n    

22
(0)

2 (1, 2) (2,1) 5
2

E E E
m L

     
 

ℏ
  

(degeneracy:2) 

 

(c) The second excited state 

 

, 2, 2x yn n    

22
(0)

3 (2, 2) 8
2

E E
m L

    
 

ℏ
 

(non-degenerate) 

 

(d) The third excited state 

 

, 1,3 , 3,1x yn n    

22
(0)

3 (1,3) (3,1) 10
2

E E E
m L

     
 

ℏ
  

(degeneracy: 2) 

 

The perturbation 1V xy  

 

11 21
11 12 1 21 22

0

12 22

0

2ˆ, , sin sin

sin sin

L

L

n x n x
n n V n n dxx

L L L

n y n y
dyy

L L

 


 

       
   

       
   




 

 

Using the Mathematica, we calculate the matrix element as 

 

2

1

1ˆ1,1 1,1
4

V L   

 

2

1 1

1ˆ ˆ1, 2 1, 2 2,1 2,1
4

V V L   

 

2

1 1 4

256ˆ ˆ1, 2 2,1 2,1 1,2
81

V V L


   

 

2

2

8
1, 2 1,1 2,1 1,1

9
V V L


     

 

(i) The energy shift of the ground state (non-degenerate) 
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2 2

1 1
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2

ˆ( ) 1,1 1,1
2

1

4

x yE n n V
m L

L
m L






    
 

   
 

ℏ
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eigenstate of ground state = 
(0) (0) (0) (0)

1 2 1 2

1, 2 1, 2 1,1 2,1 2,1 1,1
1,1

V V

E E E E
 

 
 

 
22

(0) (0)

1 2

3

2
E E

m L

     
 

ℏ
, 2

2

8
1, 2 1,1 2,1 1,1

9
V V L


    

 

(ii) The energy shift of the first excited state (degenerate) 

 

1 1 1V E   

 

with the matrix, 

 

4
2

4

4

2

4
4

1,2 1, 2 1, 2 2,1

2,1 1, 2 2,1 2,1

1 256

4 81

256 1

81 4
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10244
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V V
V

V V

L

L







 

 
  
 

 
 

  
 
 
 

 
 

  
 
 
 
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(0)

2 (1,2) (2,1) 5
2

E E E
m L

     
 

ℏ
 

 

We solve the eigenvalue problem by using the Mathematica. 

 

(i) 

 



4
(0) 2

21 2 4

(0) 2

2

1024 81
( )

324

0.282446

E E L

E L








 

 

 

 

Eigenstate: 
1

[ 1,2 2,1 ]
2

  

 

(ii) 

4
(0) 2

22 2 4

(0) 2

2

1024 81
( )

324

0.217544

E E L

E L







 
 

 

 

 

Eigenstate: 
1

[ 1,2 2,1 ]
2

   

 

((Mathematica)) 
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4 1024
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4
; Eigensystem V1

L
2
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4
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1024 81
4
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4

,

1, 1 , 1, 1



((5-7)) 

 

 
 

((Solution)) 

(a) 

 

)ˆ
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1
ˆ

2

1
()ˆ

2

1
ˆ

2

1
(ˆ 222222

0 ymp
m

xmp
m

H yx    

 

  ,)}
2

1
()

2

1
({  ,ˆ

0 xxyxxx nnnnnnH   ℏℏ  

 

Ground state:  0 ,0  (non-degenerate state)  ℏ)0 ,0()0(E  

 

First excited state: 0 ,1  (degenerate state)  ℏ2)0 ,1()0( E  

1 ,0  (degenerate state)  ℏ2)1 ,0()0( E  

 

Second excited state 0 ,2  (degenerate state)  ℏ3)0 ,2()0( E  

1 ,1  (degenerate state)  ℏ3)1 ,1()0( E  

2 ,0  (degenerate state)  ℏ3)2 ,0()0( E  

 



 
 

(b) 

 

yxmV ˆˆˆ 2  

 

0 ,0ˆˆ0 ,0ˆ 2
yxmV   

 

1
2

0ˆ
2

0)ˆˆ(
2

0ˆ
 m

a
m
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m

x
ℏℏℏ

 
 

 

Then we have 

 

1 ,1
2
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2
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


 ℏ

ℏ


m
mV  

 

1 ,221 ,0(
2

0 ,1ˆˆ0 ,1ˆ 2  


 ℏyxmV  

 

2 ,120 ,1(
2

1 ,0ˆˆ1 ,0ˆ 2  


 ℏyxmV  

 

since 
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2

1)ˆˆ(
2

1ˆ  

 m
aa

m
x

ℏℏ
 

E
0
0,0

E
0
1,0

E
0
0,1



 

1
2

0ˆ
m

y
ℏ

  

 

The ground state is non-degenerate. 

 

1,1
4

0,0

1,1
3

20,0
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0
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




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
 


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ℏ
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










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ℏ

ℏ

8

3

2
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2

2
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2
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







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
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(i) First excited state 

The matrix element of V̂  under the basis of { 0,1 , and 1,0 } 

 

xV 











ˆ
201
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20
2

2
0

ˆ ℏℏ

ℏ

ℏ

























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Eigenvalue 

ℏ

2
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2

1
1   

 

The energy is  

 



)
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2

2




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
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2
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1
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The total energy is 

 

)
2
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2

2




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(ii) Exact solution 

 

Suppose that 

 

 Û'  ,  21
ˆ A  

 

Û  is the unitary operator. Under that basis of ' , the operator Â  can be changed into 

 

2121
ˆˆˆ'ˆ   UAUA  

 

Suppose that RU ˆˆ   (rotation operator) 

 

  RARUAU ˆˆˆˆˆˆ  

 

When VHH ˆˆˆ
0  , 00

ˆˆˆˆ HRHR 
 ( 0Ĥ  is invariant under the rotation around the z axis), 
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((Note)) 

Before solving this problem, I present a brief review on the 3D isotropic simple harmonics. 

 

3D isotropic simple harmonics 

Schrödinger equation: 
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where the potential energy is 
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In the limit of 0 , u is assumed to have the power form su  )( . The substitution of this 
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(conventional mathematical procedure)  
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We note that the wave functions can be derived from the wave functions of simple harmonics as 

follows. 
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((Solution)) 

The Hamiltonian of charged particle with mass m and charge q is given by 
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where q is the charge of particle. Note that 
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where xL  is the orbital angular momentum along the x axis. 
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   

 

   

  



  

  
 
   
 
   
 

  
 
   
 
   
 

ℏ
ℏ ℏ

ℏ

ℏ
ℏ ℏ

ℏ

 

 

The eigenvalue problem can be solved by the two methods.  

 

(i) Method-1 

 

1

1 1ˆ ( )
2 2

cH        ℏ ℏ ℏ  

 

1

1ˆ 0 0
2

H  ℏ  

 

1

1 1ˆ ( )
2 2

cH         ℏ ℏ ℏ  

 

So 0  is the eigenket of 1H  with the eigenvalue 
1

2
ℏ . We now introduce a new matrix under 

the sub-basis of { , }   

 

 1

1 1

2 2

1 1

2 2

1 1ˆˆ ˆ1
2 2

c

sub

c

x c z

H

  

  

   

  
  

   
 

  

ℏ

ℏ ℏ ℏ

 

 

This can be rewritten as 

 



 1

2 2

2 2 2 2

2 2

1 ˆˆ ˆ( ) 1
2

1 ˆˆ ˆ( ) ( ) 1
2 ( ) ( )

1 ˆˆ( ) 1
2

c z xsub

c
c z x

c c

c

H    

 
    

   

  

  

   
 

   σ n

ℏ ℏ

ℏ ℏ

ℏ ℏ

 

 

Then we have the eigenstates and eigen eigenvalues as 

 

cos
2

sin
2





 
 

   
  
 

n   2 21
( )

2
c   ℏ ℏ   

 

sin
2

cos
2





  
   

  
 

n   2 21
( )

2
c    ℏ ℏ   

 

where   is the angle from the z axis in the z-x plane (y = 0). 

 

2 2
cos

( )

c

c




 



, 

2 2
sin

( )c




 



  

 

(ii) Method-2. 

We use the Mathematica (Eigensystem). The result is as follows. 

Energy eigenvalues and eigenkets: 

 

2 2 2

2 2 2

1

2

5

2 2

2

c

c

 

     

    






  


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ℏ
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ℏ
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     

     

  

 

When 0B   
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2

5 1

2 2
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2
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



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
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ℏ
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2
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In the limit of 0    

 

0
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2

c

c

 






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ℏ
ℏ

ℏ

 

0





  

 

((Mathematica)) 

 

 
 

 



 



((5-10)) 

 

 
 

((Solution)) 

 

The ground state is non-degenerate. 

 

0 1, 0, 0n l m      

 

Suppose that the charge of electron is  ( )q e  Under the perturbation ( 1
ˆ ˆH q z  ), we 

have the average value of electric dipole moment ( ˆqz ), 

 
*

1 1 (0) (0)
1 1

,

ˆ, , 1,0,0
ˆ ˆ( 1,0,0 , , ...)( )
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s s

n n
l m

n l m z
qz q n l m qz

E E
  



  

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1 1
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( )n n
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n l m z
q n l m

E E




 

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2

2

1 1 (0) (0)
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,
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ˆ 2s s

n n
l m

n l m z
qz q

E E
   



  

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The polarizability  is given by  

 
2

2
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1 1

,

ˆ, , 1,0,0
2

n n
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q

E E



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
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Under the perturbation, the energy to the second order: 
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1E R   
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1 0 1 0 1
ˆ ˆ1,0,0 1,0,0 0E H H     
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R

n
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(2) 2 2 2

(0) (0)
1, , 1

ˆ, , 1,0,01

2
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
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or 

 
2

2

(0) (0)
1 1

,

ˆ,1, 1,0,0
2

n n
l m

n m z
q

E E




 

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This value of  is the same as that derived above. 

 



((5-11)) 

 

 
________________________________________________________________________ 

((Solution)) 

(a) 

0,0,2ˆ0'.1',2'  mlnxmln  

 

Spherical tensor of rank 1 

 

)ˆˆ(
2

1ˆ )1(

1 yixT  ,  )ˆˆ(
2

1ˆ )1(

1 yixT  ,  zT ˆˆ )1(

0   

 

or 

 

)ˆˆ(
2

1
ˆ )1(

1

)1(

1   TTx  

 

Then we have 

 

0,0,2ˆˆ0'.1',2'
2

1
0,0,2ˆ0'.1',2' )1(

1

)1(

1   mlnTTmlnmlnxmln  

 

The Wigner-Eckart theorem: 

 

0,,ˆ',','
)( mlnTmln
k

q  unless qmm ' , lkl ' , 1 lk , …., lk   

 

Using this theorem, we have 

 



00,0,2ˆ0'.1',2'
)1(

1   mlnTmln  

 

leading to 

 

00,0,2ˆ0'.1',2'  mlnxmln  

 

(b) 

 

The Hamiltonian of the hydrogen atom is given by 

 

)ˆ(ˆ
2

1ˆ 2 rp VH 
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The commutation relation: 

 

z

zzzz

z

p
i

pzpzpp

zpzH

ˆ

}ˆ]ˆ,ˆ[]ˆ,ˆ[ˆ{
2

1

]ˆ,ˆ[
2

1
]ˆ,ˆ[

2







ℏ






 

 

or 

 

]ˆ,ˆ[ˆ zH
i

pz
ℏ


  

 

mlnzmlnEE
i

mlnzHmln
i

mlnpmln

nn

z

,,ˆ',',')(

,,]ˆ,ˆ[',',',,ˆ',','

' 



ℏ

ℏ





 

 

When nn '  
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(c) 
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Addition of the angular momentum: 
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1
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Clebsch-Gordan co-efficient: 
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(d) 

 

1
singlet ( 0) [ ]

2
m         

 

1
triplet ( 0) [ ]

2
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( ) ( ) ( ) ( )1ˆ ˆ ˆ ˆ( ) triplet ( 0) ( )[ ]
2

1
(
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e e e e

z z z zS S m S S
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(e) 
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ˆˆ
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2
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2
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ℏℏ

σσSS  

 

where 12P̂  is the Dirac exchange operator. 

 

The ground state is expressed by ][
2

1
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((5-12)) 

 

 
 

((Solution)) 

 

1,1,  mln  (ignore spin); p-orbital electron 

 

(a) 

 

)ˆˆ(ˆ 22 yxV     (: real) 

 
)2(

2

)2(

2

22 ˆˆˆˆ  TTyx  

 

where the spherical tensor of rank 2, 

 

)ˆˆ)(ˆˆ(
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1ˆ )2(

2 yixyixT  , )ˆˆ)(ˆˆ(
2

1ˆ )2(
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The matrix element 

 

mlnTTmlnmlnVmln ,1,ˆˆ',1,,1,ˆ',1,
)2(

2

)2(

2    

 

According to the Wigner-Eckart theorem,  

 

mlnTmln ,1,ˆ',1,
)2(

2    is equal to zero unless 2'  mm  

 

We denote 0,1,1,  mln  as 1 , 0 , and 1 .  The matrix of V̂  is as follows. 



 

vVV  1ˆ11ˆ1  

 

since V̂  is Hermitian. 

 

 
 

00ˆ V , 11ˆ  vV , 11ˆ  vV  
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








01

10
ˆˆ vvV x , we have the eigenkets and eignevlaues as 
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1
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
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(b)   (time reversal operator) 

Since mjmj m  ,)1(,  

 

11   

 

00   

 

11   

 

v

v

v

v

l 1



Thus we have 

 

vv    ]11[
2

1
]11[

2

1ˆ  

 

00ˆ   

 

vv    ]11[
2

1
]11[

2

1ˆ  

 

_________________________________________________________________________ 



((5-13)) 

 

 

 
 

((Solution)) 

 

0V  for 0≤x≤a and 0≤y≤a. 

 

V = ∞ otherwise. 

 

Schrödinger equation 
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We assume 

 

XkX x

2
"   

 

)cos()sin( akBakAX xx   

 

with the boundary condition 
 

0X  at x = 0 and a. 

 
B = 0, and 

 

0)sin( akx   or  xx nak   (nx = 1, 2, 3, …..) 

 

Similarly for Y, we have 
 

YkY y

2
"   

 

)cos()sin( akDakCY yy   

 

with a boundary condition 
 

0Y  at y = 0 and y = a. 

 
D = 0, and 

 

0)sin( aky   or  yy nak   (ny = 1, 2, 3, …..) 

 

Then we have 
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where nx = 1, 2, 3, 4,….. and ny = 1, 2, 3, 4,….  
 

2
2

)(
2 am

Ea
ℏ

  

 

(a) 



 
Ground state (nx = 1, ny = 1) 

 
g1 = 1 (non-degeneracy) 

 

ayx EEnnE 2)1,1()1,1( )0()0(   

 
First excited state (nx = 1, ny = 2, and nx = 2, ny = 1) 

 
g2 = 2 (doubly degeneracy) 

 

ayxyx EnnEnnE 5)1,2()2,1( )0()0(   

 
Second excited state (nx = 2, ny = 2) 

 
g1 = 1 (non-degeneracy) 

 

ayx EEnnE 8)2,2()2,2( )0()0(   

 

 
 
(b) 

The perturbation 
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The matrix element 
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We calculate the matrix element using Mathematica. 

 

Ground state is non-degenerate 
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Fig. Energy level splitting due to the perturbation.  
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Thus, we have the eigenvalues of the Hamiltonian H, 
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(b) Perturbation 
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We assume that 0 . We apply the perturbation theory (non-degenerate case) to this problem, 
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These results are compared with the exact results obtained in (a). (We assume )0
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(c) Suppose that 
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We apply the perturbation theory for the degenerate case. 
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which has non-trivial solutions if 
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((Perturbation theory)) 
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Fig. Lamb shift: the energy level of 2S1/2 (doubly degenerate states) is higher than that 

of 2P1/2 (doubly degenerate) by  (= 4.372 x 10-6 eV = 1057 MHz). 
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m = 1/2, -1/2 

 

 

We define spin angular function in two component form as follows. 

 















  ),(

3

2/3
),(

3

2/3 2/1

1

2/1

1

,2/1

1

m

l

m

l

mj

l Y
m

Y
m

y  

or 

 

]),(
3

2
),(

3

1
[2/1;2

1

1

0

121

2/1,2/1

1212/1 


   YYRyRmP
mj

l  

 

or 

 












































1,1,2

3

2

0,1,2
3

1

),(
3

2

),(
3

1

2/1;2
1

121

0

121

2/1

mln

mln

YR

YR

mP




 

 

]),(
3

1
),(

3

2
[2/1,2

0

1

1

21

2/1,2/1

1212/1 


   YYRyRmP l

mj

l  

 
























0,1,2
3

1

1,1,2
3

2

2/1,2 2/1

mln

mln

mP  

 

 

(ii) 

l = 0, s = 1/2 

 

2/12/10 DDD   

 

2S1/2 
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j = 1/2 

m = 1/2, -1/2 

 








   ),(2/1),(2/1,2/1

2/1

0

2/1

0

,2/1

0

m

l

m

l

mj
YmYmymj  

 








 









 



0

0,0,2

0

),(
),(2/1,2

0

0200

020

2/1,2/1

02/1

mlnYR
YRymS

mj 
  

 



















 



0,0,2),(

0
),(2/1,2

0

020

0

020

2/1,2/1

02/1
mlnYR

YRymS
mj


  

 
We calculate the matrix elements of the perturbation. 

 

  0
0,0,2ˆ

0
0,0,202/1,2ˆ2/1,2

2/12/1 










mlnz

mlnmSzmS  

 

  0
0,0,2ˆ

0
00,0,22/1,2ˆ2/1,2

2/12/1 










mlnz

mlnmSzmS  

 

2/1,2ˆ2/1,2
2/12/1  mSzmP  

 






















0,0,2ˆ0,1,2
3

1

0,0,2ˆ

0
0,1,2

3

1
1,1,2

3

2

mlnzmln

mlnz
mlnmln

 

 

2/1,2ˆ2/1,2
2/12/1  mSzmP  

 

00,0,2ˆ1,1,2
3

2

0,0,2ˆ

0
1,1,2

3

2
0,1,2

3

1






















mlnzmln

mlnz
mlnmln

 

 

  0
0

0,0,2ˆ
0,0,202/1,2ˆ2/1,2

2/12/1 






 


mlnz
mlnmSzmS  

 

  0
0

0,0,2ˆ
00,0,22/1,2ˆ2/1,2

2/12/1 






 


mlnz
mlnmSzmS  



 4 

 

2/1,2ˆ2/1,2
2/12/1  mSzmP  

 

00,0,2ˆ1,1,2
3

2

0

0,0,2ˆ
0,1,2

3

1
1,1,2

3

2










 












mlnzmln

mlnz
mlnmln

 

 

2/1,2ˆ2/1,2
2/12/1  mSzmP  

 










 










0,0,2ˆ0,1,2
3

1

0

0,0,2ˆ
1,1,2

3

2
0,1,2

3

1

mlnzmln

mlnz
mlnmln

 

 

________________________________________________________________________ 

Note that the operator ẑ  is Hermitian, Then we have the matrix of )ˆ(ˆ
1 zeH   and Lamb 

shift ( Ĥ ). 

 

 







0302/1,2

0032/1,2

30002/1,2

03002/1,2

2/1,22/1,22/1,22/1,2

02/1

02/1

02/1

02/1

2/12/12/12/1

aeemS

aeemS

aeemP

aeemP

mSmSmPmP











 

 

where  is the Lamb-shift energy 

 

030,0,2ˆ0,1,2 amlnzmln   

 

030,0,2ˆ0,1,2
3

1
amlnzmln   

030,0,2ˆ0,1,2
3

1
amlnzmln   

 

The eigenvalue problem 

 

We use the Mathematica 5.2. 



 5 

 

Energy eigenvalue and eigenket with 03 aep   

 

2

4

2

22

1

 


p
E  

 

]2/1,22/1,2
2

4
[

2

4(
2

1
2/12/1

22

2

22
1 






 mSmP
p

p

p

p




  

 

2

4

2

22

2

 


p
E  

 

]2/1,22/1,2
2

4
[

2

4(
2

1
2/12/1

22

2

22
2 







 mSmP
p

p

p

p




  

 

2

4

2

22

3

 


p
E  

 

]2/1,22/1,2
2

4
[

2

4(
2

1
2/12/1

22

2

22
3 






 mSmP
p

p

p

p






 

 

2

4

2

22

4

 


p
E  

]2/1,22/1,2
2

4
[

2

4(
2

1
2/12/1

22

2

22
3 






 mSmP
p

p

p

p




  

 

The energy levels (E1=E2, E3=E4) are degenerate. The perturbation (Stark effect) 

zeH ˆˆ
1   is invariant under the time reversal. Since j = 1/2, each level are still doubly 

degenerate (Kramers doublet). 

 

In the limit of p  
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3

42

21 
pp

EE   

3

42

43 


pp
EE   

 

The change of energy is quadratic in . 
 

In the limit of p  

 

3

42

21
12882 pp

pEE


  

 

3

42

43
12882 pp

pEE


  

 

The change of energy is linear in  

 

((Mathematica)) 
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 1 

((5-20)) Stark effect 

 

 

 
 

((Solution)) 

Stark effect n = 3 

 is the Hamiltonian of the hydrogen atom. We apply an external electric field  (along the 

z axis) to the hydrogen atom, producing the Stark effect. 

 

 

 

 

 

where -e (e>0) is the electron charge and µe (=-er) is an electric dipole moment. The vector 

r is the position vector of electron, where the proton (e) is located at the origin. 

 

We use this selection rule 

 

0,,ˆ,, 111222 mlnzmln  unless l2 = l1 ± 1, m2 = m1. 

 

For n = 3, there are nine states. 

 

l = 2  m = 2, 1, 0, -1, -2,  

 

2,2,3,1,2,3,0,2,3,1,2,3,2,2,3   

 

l = 1 m = 1, 0, -1 

 

1,1,3,0,1,3,1,1,3   

 

l = 0, m = 0. 

 

0,0,3  

 

Matrix elements mlzml ,,3ˆ'',3  can be calculated using the selection rule and 

((Mathematica)) 

 

 



 2 

000000000,0,3

000000001,1,3

00000000,1,3

000000001,1,3

0000000002,2,3

000000001,2,3

000000000,2,3

000000001,2,3

0000000002,2,3

0,0,31,1,30,1,31,1,32,2,31,2,30,2,31,2,32,2,3

*

*

*

*




















 

 

where 

 

2

9
1,1,3ˆ1,2,3 0a

z  , 0330,1,3ˆ0,2,3 az  ,
2

9
1,1,3ˆ1,2,3 0a

z   

0630,0,3ˆ0,1,3 az  . Note that  = . 
 

0000000,0,3

0000001,1,3

000000,1,3

0000001,1,3

0000001,2,3

0000000,2,3

0000001,2,3

0,0,31,1,30,1,31,1,31,2,30,2,31,2,3


















 

 

This matrix consists of three submatrices. 
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,1,1,31,2,3ˆ

1,2,31,1,3ˆ

,1,2,31,1,3ˆ

,1,1,31,2,3ˆ

0,1,30,2,3ˆ

0,1,30,0,3ˆ

0,0,30,2,30,1,3ˆ





























z

z

z

z

z

z

z

 

 

or 

 

000,0,3

00,1,3

000,2,3

0,0,30,1,30,2,3





 

 

or 

 


















00

0

00

1





M  

 

Eigensystem[M1] 

 

E1 = 9ea0, ]0,0,30,1,3
2

3
0,2,3

2

1
[

3

1
1   

E2= 0,  ]0,0,30,2,32[
3

1
2   

E3 = -9ea0 ]0,0,30,1,3
2

3
0,2,3

2

1
[

3

1
3   

 

 

01,1,3

01,2,3

1,1,31,2,3









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









0

0
2 


M  

 

Eigensystem[M1] 

 

E4 = 
2

9
ea0, ]1,1,31,2,3[

2

1
4   

E5 = -
2

9
ea0 ]]1,1,31,2,3[[

2

1
5   

 

 

01,1,3

01,2,3

1,1,31,2,3


  

 











0

0
3 


M  

 

Eigensystem[M3] 

 

E4 = 
2

9
ea0, ]1,1,31,2,3[

2

1
6   

E5 = -
2

9
ea0 ]]1,1,31,2,3[[

2

1
7   

 

 

 
 

((Mathematica)) Stark effect n = 3 

 

See lecture note 6.2 Stark effect. 



((5-21)) 

 

 
 

((Solution)) 

 

The perturbation is given by 

 

dr

rdV

r
V c

elel

)(ˆˆˆ rσ
Eμ


   

 

where Vc(r) is a potential due to a central force from nucleus and other electrons. This 

perturbation is a pseudo scalar operator. Using the Wigner-Eckart theorem, 

 

0,;,ˆ',';','
)0(

0 
 mjlnTmjln q  unless mm '  and jj '  

 

From the property of the parity operator associated with the space inversion, the matrix 

element is equal to zero unless .1'  ll  

 

Na: (1s)2(2s)2(2p)6(3s) 
 
The inner 10 electrons can be visualized to form a spherically symmetrical electron cloud. 

We are interested in the excitation of the 11-th electron from 3s to a possible higher state. 
 

2/1,2/1;2/1,0
1

2/1

2/1,2/1;2/1,02/1

,2/1;2/1,0,3,3 2/1










sl

sl

mmmsl
m

mmmslm

mjslnmS

 

 

2/1,1;2/1,02/1,3

2/1,0;2/1,02/1,3

2/1

2/1





sl

sl

mmslmS

mmslmS
 

 



2/1,2/1;2/1,1
3

2/3

2/1,2/1;2/1,1
3

2/3

,2/1;2/1,1,3,3 2/1













sl

sl

mmmsl
m

mmmsl
m

mjslnmP

 

 

2/1,0 ;2/1,1
3

1
2/1,1,2/1,1

3

2
2/1,3

2/1,1 ;2/1,1
3

2
2/1,0 ;2/1,1

3

1
2/1,3

2/1

2/1





slsl

slsl

mmslmmslmP

mmslmmslmP

 

 

�=3, � = 1, � = 1ê2

3P

�=3, � = 0, � = 1ê2

3S

Spin-orbit interaction

3 2P1ê2

3 2P3ê2

xÑ2
�ê2

xÑ2H�+1Lê2

 
Fig. Energy levels of Na with and without spin-orbit interaction. The 3P level 

is slightly different from the 3S level (the ground state is 3 2S1/2). 

The 3P level is split into 3 2P3/2 (4 degeneracies) and 3 2P1/2 (3 

degeneracies) due to the spin-orbit interaction. The Lande g-factor is g = 

4/3 for into 3 2P3/2, g = 2/3 for into 3 2P1/2, and g = 2 for into 3 2P1/2.  



 

 

The matrix element of the pseudo potential, 

 

































0002/1,3

0002/1,3

0002/1,3

0002/1,3

2/1,32/1,32/1,32/1,3

2/1

2/1

2/1

2/1

2/12/12/12/1







mP

mP

mS

mS

mPmPmSmS

 

where 

 

2/1,3ˆ2/,3 2/12/1  mPVmS  

 

Or simply 

 

























02/1,3

02/1,3

2/1,32/1,3

ˆ

2/1

2/1

2/12/1




mP

mS

mPmS

V  

 

We use the perturbation theory (non-degenerate case). Before the perturbation, the 

electron is in the state 2/1,3 2/1 mS .  

 

Perturbation energy (to the second order) 

 

)3()3(
)3(

)3()3(

2/1,3ˆ2/,3
2/1,3ˆ2/,3)3(

2/12/1

2

2/1

2/12/1

2

2/12/1

2/12/12/1

PESE
SE

PESE

mSVmP
mSVmSSE











 

 

Note that 

 

0
)3()3( 2/12/1

2


 PESE


 

 

Perturbed state 

 



)3()3(

2/1,3
2/1,3
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Note that the energy is lowered after the application of the electric field. The new state is 

a state where the rotation of the electric dipole leads to the lowering of the energy of the 

system. 

 



((5-22)) 

 

 
 

((Solution)) 

 

)()()](
2

)1(
[)(

1

2
2

2

2

22

rERrRrV
mr

ll
rR

dr

d

rm




ℏℏ

 

 

We assume that 

 

urR   

 

)(
2

)()()](
2

)1(
[

)(

2

22

2

2

2

22

ru
m

rEururV
mr

ll

dr

rud

m

ℏℏℏ



  

 

where 

 

m
E

2

22ℏ
 ,  

2

2

ℏ

Em
  
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In the limit of r  

 

)(
)( 2

2

2

ru
dr

rud
  

 
reru )(  ( r ) 

 

In the limit of 0r , we assume that 

 

)(lim
0
rR

r
=constant, 0)(lim

0



ru

r
 

 

We now calculate 

 

 


























0

0

0

2

0

2

0

22

)(2

2)()(

)]([

dr

du
urdrV

dr

du
urdrVurV

dr

dV
dru

dr

dV
rRdrr

dr

dV

 

 

We note that 

 

urVuu
m

)()"(
2

2
2


ℏ

 



 

 

 

 

2
2

0

2
2

0

2
2

0

222
2

0

222
2

0

222
2

0

2
2

)]0([
2

)'(
2

)'(
2

)'()(
2

'
2

)'(
2

')"(































rR
m

rRR
m

rR
m

rRrR
m

uu
m

uu
dr

d
dr

m

uuudr
mdr

dV

ℏ

ℏ

ℏ

ℏ

ℏ

ℏ

ℏ









 

 

or 

 

2
2

)]0([
2

 rR
mdr

dV ℏ
 

 

The wave function of the Hydrogen atom (s state) 
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(b) 

(i) Hydrogen ground state 
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where aB is the Bohr radius, 
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(ii) 3D isotropic simple harmonics ground state 

The ground state with the energy ℏ
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((Solution)) 
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From the term ),'( ss mm , we have the selection rule for the spin 
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using the Wigner-Eckart theorem. Since 
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The matrix element: 
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((Solution)) 

1s state for the hydrogen atom ground state 
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The ground state hydrogen atom is a nondegenerate state. Using the theory of perturbation for the 
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((Mathematica)) 

Evaluation of AN  = -2.37606 x 10-6 emu/mol 
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