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(5-1)

5.1 A simple harmonic oscillator (in one dimension) is subjected to a perturbation

H] = b

where b is a real constant.
a. Calculate the energy shift of the ground state to lowest nonvanishing order.

b. Solve this problem exactly and compare with your result obtained in (a).

((Solution))
H, =bx
Ground state is not degenerate.

A

Vs 0> = |O> , (even parity)

E,=E"+E"+E® +...
where
0) 1
E&W =n+-)ho
2
£, =(0[1|0) =0

since 7%| 0> = |O> (even parity) and H , =bx is odd-parity operator.
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(o) =b10) = |

Then we have
1 b
E =—ho, ——
C2 T om?
(b)

R A2
H=L 4 - ma’s* + b3
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ﬁz 5 ~ bZ

=+ —mo (x+ 1)° — 1
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When
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mo
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H=2 4 " me’s + b3
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=p—+lm(02)’(\f’2—b—21

2m 2 2mao

Thus, the Hamiltonian consists of the simple harmonics and the additional constant value

bZ
2ma

1
E,=ho(n+—-)—
p =hon+2)
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((5-2))

5.2 A one-dimensional potential well has infinite walls at x = 0 and x = L. The bottom
of the well is not flat, but rather increases linearly from 0 at x =0 to J at x = L.
Find the first-order shift in the energy levels as a function of principal quantum
number #.

((Solution))
The wave function of the unperturbed Hamiltonian is

/2

(0) :
=,|—sin(k x
Wn L (n )

with
k =—— n=1,2,3,4, )

The perturbed Hamiltonian is given by

A

V.
H'=—x
L
We use the theory of time independent perturbation with nondegenerate states.

(0)

(| &

«V
vi") = [y () " (x)
L
_2r j dxxsin® (k, x)
LLY

_2_VL28nz7z2
I? 32n°n?

which is the first-order energy shift, independent of x.



((5-3)

5.3 A particle of mass m moves in a potential well V(x) = maw?x?/2. Treating relativistic
effects to order B? = (p/mc)?, find the ground-state energy shift.

((Solution))
H=R, 4B, == 54t mod - p
0 oom 2 8m’c?
where
2
c\Jm’c’ + p’ =mc2,/l+ ZZ >
m-c
1 p2 1 p4
2
=mc’(l+=——5-— +...
( 2 m*ct 8 mic! )
p 1 p
=mcz+———T
2m 8 m’c

We know the eigen values and eigenstates for the unperturbed simple harmonics.
1
H,|n)= (n+5)ha)|n>

Each eigenstate is non-degenerate. We now consider the effect of the perturbed Hamiltonian on
the energy level of the original simple harmonics.

' _ 1 ~4
<n|H |n>_ 8m3cz <n p

n)
In order to calculate the matrix element, we use

mao

iN2p

A

@-a’)

where



So that, we have

1 mao

‘W[WJ ¥

(n|H |m) =

(a—a")*|n)

We define

12)=G-a)

=(aa+a*a* —2i-1)|n)

= n(n=1)|n=2)+J(n+1)(n+2)|n-2)-2n+1)|n)

where

n>=\/Z|n—l>, a’ n>=x/ﬁ|n+l>

a
The bra vector

(2= (@'Y

=(n=2|\Jn(n=1) +{n-2|\J(n+D)(n+2) - (2n+1){n|

Thus, we get
(x| x)=n(n-D+n+D(n+2)+(2n+1)’
= %(n2 +n +%)
In summary, we get

—_ 0 ©
E=EY+EV+ ..

1 o' 1
(At DO ez )
11 he ., 1
=n+t-—-—— +n+—)]h
[t g e 1 T



((5-4)

((5-4)

A diatomic molecule can be modeled as a rigid rotor with moment of inertia / and an electric
dipole moment p along the axis of the rotor. The rotor is constrained to rotate in a plane, and a
weak uniform electric field e lies in the plane. Write the classical Hamiltonian for the rotor, and
find the unperturbed energy levels by quantizing the angular-momentum operator. Then treat the
electric field as a perturbation, and find the first nonvanishing corrections to the energy levels.

V4

((Solution))
The Hamiltonian is given by

H=H,+V

2

:Z—-S
21 P

2
=——— p&ECos
Y ¢
w0
—EW—pgcos;/ﬁ




with

L’ o
H,= 221 , (unperturbed Hamiltonian)
and
V =—pecosg, (perturbation)

where the electric field is directed along the x axis. p is the electric dipole moment, We use the
differential operators

2
L=——, sz—hza—z,
i o¢

in the cylindrical coordinates. The Schrodinger equation for the unperturbed Hamiltonian /|

R y() _
2 oF Ey(9),

or

Oy (9) , 21E

o "

w(4)=0,

or

82l//(¢) 2 _
“op +n'y(9)=0,

where y/(¢) is the wavefunction, and

, 2IE
:hz’

n

For simplicity, we use the periodic boundary condition,



y(P) =y (p+2n).

It is found that the normalized wavefunction of the unperturbed system

1 ein¢

W”(¢):JZ ,

and the energy eigenvalue

E© :—hznz )
! 21
Note that
0
! N2 '

We have a non-degenerate state at » = 0. We have degenerate states (degeneracy 2) at +n (n =1,
2,3,4,...).
We now use the perturbation theory. The matrix element is

(nV7|m)= [ dgw, (p\=pscospw, ()
L (- pe)l T dge ™™ (e +e ?)e™
2 2%
— i (_pg) .f d¢[ei(m—n+)¢ + ei(m—n—l)aﬁ]

1
=——pe(S
2pE( §

n,n+1

+ 5)71,11—1)

1
= _E p€5n1,nil

So that, we have the selection rule for the transition

Vintl)= —% pe (selection rule)

(n

3. n = ( (nondegenerate)



The ground state is non-degenerate.
E© =0

The energy shit for the first order is
EY =(0|7|0)=0.

So that, we need to evaluate the energy shift for the second order is

E(z) ;f‘? (0) E ‘(0)

A 2
) <+1|V|0>‘ \(—1 14 0>\
- EO(O) _El(O) + EO(O) _E,I(O)

pel
-2

or

E,=E”+E"+E,” +....
pel
—

How about the energy eigen state? The first order of |0> is

‘Wo<l>>:|+1>m+|_l> (-117]0)

Eéo) _EI(O) Eéo) _EI(O)
LU
2 2
[ty )2
Y Y




[wo)=(0)+2]w,")

[0} + £} +1)+|-1)]

which is the superposition of the three states |O>,

+1),

—1). Note that <Wo(0) ‘ Wo(l)> =0 asis

seen from the perturbation theory (non-degenerate case). The wavefunction is expressed by

pel
hZ

I _
[+ 55 e ™)

(Blvo)=(4|0)+
__ 1

N2
1

2z

[(4]+1)+(¢[-1)]

1+ 2;928[ cos @)

3. n=1 (g =2 degeneracy): the first-order and the second-order contributions

((First-order))

The first order for the doubly degenerate state |in> is zero. The matrix element of ¥ for the

two states |n> and |—n>
I}

<n n>=0, <n

((Second-order))
We now consider the second-order contribution.

hZ

3n?
0) ) _ (0) ) _
EQ-E"=—, E9-E"=-"

21 21

We need to evaluate the four matrix elements,

. V(+L,+1) V(+1,-1)
\V(=1,+) V(=1,-1

(a) V(+1,+1)
Both the initial state and the final state are |+l> .



|-2>

|[+2>
|-1>
|[+1>
|0>
Fig.2 The matrix element . V' (+1,+1) Blue line (not allowed transition from the selection
rule). The selection rule: An=+1.
We get
(+1|7[+2)(+2[7|+1)  {(+1|7]|0){0|V|+1)
V(xl+])= EO _f© T L0 _ g0
1 2 1 0
1 1
—(pe) —(pe)’
_4 L4
B
21 21
_pEl
3n?

(b) V(-1,+1)



The initial state is |+l> and the final state is |—l> .

|-2>

|[+2>

|-1>

|[+1>

|0>

Fig.3 The matrix element V' (—1,+1) . Red and blue lines (not allowed transition).
We get

(=117 |0){0[7|+1)
V(-L+1)=
E© —ED

_pEl
20

(c) V(+1,-1)
The initial state is |—l> and the final state is |+l> .



|-2>

|[+2>

|-1>

|+1>

|0>

Fig.4 The matrix element V' (+1,—1) . Blue and red lines (not allowed transition)
We get

SIAIUIARY
EI(O) _EéO)

2
pe
5
=
21
_ngzl

2K

V(+1,-1)=




@ VEL-D

The initial state is |—l> and the final state is |—l> .

|[-1>

[+1> /

|0>

Fig.5 The matrix element V' (—1,—1) . Red line (not allowed transition)

We get

17|24 =2|7]-1) (=17 |o)(o|V|-1
TR R LS ML
lngz lngz
_4 L4
372 5
21 21
_p2€21
Y E

So that, we get the matrix element (2x2) as



pe’l  pE’l 11
P 34> 21 peI3 2
pe’l p’e’l o1
2h 30 2 3
or
2.2
5 pel 3
Vi+l) = +1H+—|-1
and

A 2] 3
e

We note that

V(|+1)+|-1) =

JALIINEY

(1)1 = -2 EL ) |-

Thus we have the energy eigenvalue and eigenkets as follows

0 :h_z

boo2r
Energy eigenvalue Eigenstate
n 5pie’l 1
EYRRTS Wil,s(O)> = $[|+l> +|-1)]
o ople’l o\ 1
—— =— —|-1
T vau") =51+ |1

The wavefunctions are given by

(symmetric state)

(antisymmetric state)



[um—

1 _ _
) S e 4ot
v = g @ e ™ |
. (symmetric state)
=——C0s
N
O\ _ U i i
<¢‘l//il,a >_ (e’ —e™)

(antisymmetric states)

S
¥

=—ising

&y

We note that

l//ﬂ,x(o)> is the eigenket of the o-th order, even if we use the second-order

perturbation for the degenerate case. The new eigenkets

l//ﬂ,x(o)> and y/il,a(o)> are expressed only

by a linear combination of |+1) .

4. n=2 (g =2 degeneracy): first-order and second order contribution

((First order))
The matrix element of ¥ for the two states |n> and |—n>
1% 1%

(n

n>=0, <n

—n> =0
So that, there is no first-order contribution.

((Second order))
Next, we calculate the second-order contribution.

5n’ 3n’
2 E®_E® =21

BB == 21

(a) V(+2,+2)
Both the initial state and the final state are |+2> .



|-3>
|+3>

|-2>
|+2>

|-1>
|+1>

The transition between |+2> to |+2> . The blue line and the purple line are not

Fig.6
allowed.
We get
<+2|I7|+3><+3 14 +2) <+2|I7|+1><+1|I7|+2>
V(+2,+2) = E§°’ _E3(0) + E§°’ —Efo’
1 1
Z(pg)2 Z(pg)2
= +
21 21
B p2€21
157
b) V(2,42

The initial state is |+2> and the final state is |—2>.



We note that

V(=2,+2)=0

since all the transitions are forbidden.
|-3>

|+3>

|-2>

|+2>

|-1>

|+1>

Fig.7 All transitions from |+2> to |—2> are forbidden.

(c) V(+2,-2)
The initial state is |—2> and the final state is |+2>.

We note that



V(42,-2) =0

since all the transitions are forbidden.

|-3>

|+3>

|-1>

|+1>

Fig.8 All the transitions from |—2> to |+2> are forbidden.

@ V(=2,-2
The initial state is |—2> and the final state is |—2>.



|-3>

|+3>

|-2>

|+2>

|-1>

|+1>

Fig.9 The transitions from |—2> to |—2>. The transitions with red and green lines are
forbidden.

(2V-3(31]-2) |, (2l -0-17]2)
V(-2,-2)= I R R T




So that, we get the matrix element (2x2) as

pel 0
| 157 _ple'I(l 0
0 pletr | 1577 (0 1
151
or
2.2
5 pel
Vi+2)= +2
and
2.2
5 pel
Vi-2)= -2
where
po _4n _2n
) |
Energy eigenvalue Eigenstate
200 pietl
115K [+2)
200 pietl
115K =2)]

The new states (|i2> are still degenerate with the same energy shifted from the unperturbed

Hamiltonian.

S. The energy eigenstate for the degenerate state; |J_rn> (n=2,3,4,...)

We use the same discussion for |i2> . We use n instead of 2.



+n|V|+n+1)(+n+1]V |+n +nlV|+n =1 {sn=1|V|+n
V(+i’l, ‘H'l) :< | | E20)>_<E’§3)1 >+< E’50)>_<E’§0)1 | | >
1 1
Z(pg)2 Z(pg)2
= . + P
—E(2n+l) 5(211—1)
B pe’l 1
R 4nt-1
—n|V|+n+ ) {(+n+1|V|-n —n|V|-n+ ) {=n+1|V|-n
= M V) ol o )
1 1
Z(Pg)2 2(195)2
= 3 + P

- @nD) o @n-1)

So that, we get the matrix element (2x2) as or and where Energy eigenvalue

Note that the non-diagonal matric elements are zero from the selection rule.

So that, we get the matrix element (2x2) as

4an* -1 m* (0 1
or
2.2
A pel 1
|4 +n> = > > |+n>
o (4n -1)
and
R 2 2[ 1
_n> =L i 2 |_n>
o (4n”-1)
where
(0) :h_znz

*n

21



Energy eigenvalue Eigenstate

The new states (| in) (n=2, 3, 4,...) are still degenerate with the same energy shifted from the

unperturbed Hamiltonian.

6. Summary
We get the eigenvalues and eigenkets for the 2D rotor in the presence of electric field. We
apply the perturbation theory (both for non-degenerate case and



4a+p/15 |£2>
|£2> aa
a+56/6 @9 >
|£1> g
- Q)
.................................. R [
0-th 2-nd
|0> )
\ -8
0—th 2-nd |0>+|(p((]1)>
Fig.10 No energy shift occurs in the first order perturbation. The energy shifts occur in
2 2.2
the second-order to the perturbation, o = % . p= P hgz !

Energy eigenvalue Energy eigenstate

2 2.2
4a+iﬁ:£+p 821
15 I 15k

wf;’} = | ir2> (doubly degenerate)



u43>=j%n+w+p4n

l//il,a(O)> = %H +1> _| _1>]

i) =51+~



((5-5)

5.5 In nondegenerate time-independent perturbation theory, what is the probability
of finding in a perturbed energy eigenstate (|k)) the corresponding unperturbed
eigenstate (|'?)))? Solve this up to terms of order A2,

((Solution))

|1//n> =‘1//n(0)> +l‘ %(1)> +12‘1,//n(2)> +13‘1//n(3)> +....

Here we need to specify how the states ‘l//n(o)> and |l//n> overlap. Since |l//n> is considered not to be

very different from ‘Wn(0)> , we have

w1,
It is convenient to depart from the usual normalization condition that

(walw)=1.
Rather we set

<l//n(0) ‘ t//n> = | (this is the definition we use here)
even for A4 # 0. Then we get

)= ) 2+ 2 ) 2
with

W) =1 WO )=o) =0...

In other words, Wn(k)> (k=1,2,3,4,...)is orthogonal to ‘1//,1(0)>

In such conditions, we have



Wlv) =, |+ 2y |+ 2 (0,2 |+ 20, |+
x(w, )+ 2, ")+ 2w, )+ 2y, V) + )
i ) )
P N P S e
=1+ 2(p, " |w,") +O(2)

(0)
<Wk !//n >
=1+ ,12; (E,,(O) _Ek(O))z

2

A

(0) H

1

+O0(1%)

since

‘W”(1)> _ z‘wk(0)><l//k(0) ‘Wn(1)> _ Z“//k(o)> <Wk(0) ‘ﬁl‘wn(0)>
[

(0) (0)
k#n En - Ek

In other words, |Wn> is, to the first order, normalized to 1, with the first correction occurring in the second

order.

Here we define |!//n >N which satisfies the usual normalization.

v,y =Z.lv)

Z is called as the wave function normalization constant.

v, =1=2,{(w,|v,)

or

2

SRR O i

+O(1)
<l//n |l//n —~ (En(O) _Ek(O))2

Then we have
(w."v.) =2, (v, |w.) =z,

P is the probability of observing | 1//”>N in the unperturbed state ‘1//”(0)> ,



2

O] ©
2 ‘l// H l//n
=Zn=P=1_’122< k(O) 1 (0>Z :
k#n (En _Ek )

Kw,,(o) v,)

The second term is to be understood as the probability for leakage to state other than ‘ l//n(o)> . Note that Z,

is less than 1.
Note that the energy E, is given by
Kl// Ol |y (0>>2
(0) 2 k 1 n
v, > +4
; EO_E®

H,

B, =5+ 2ly,

The derivative of £ with respect to En(o) is given by

(0)
ﬂzl_fz‘@/" Vo > -
aEn(O) o (E (0) _Ek(o))Z n

2

where the matrix element of /1, is assumed to be independent of En(o) .



((5-6))

5.6 Consider a particle in a two-dimensional potential

Ve — 0 for0<x<L,0<y<L
"7\ otherwise.

Write the energy eigenfunctions for the ground and first excited states. We now add
a time-independent perturbation of the form

Axy for0<x<L,0<y<L
V] = = . )
0 otherwise.

Obtain the zeroth-order energy eigenfunctions and the first-order energy shifts for
the ground and first excited states.

((Solution))

Schrodinger equation of particle in a 2D well potential,

oot
(A W(x,y) = E(kk ,
o' oy W (x,y)=E(k,,k,)p(x,y)

where the energy eigenvalue

h2

Btk k)=

(k; +k)

We us the method of separation variable as
w(x,y)=X()Y(y).
Then, we have

0 & ) )
Sty +k +k Dy (x,y)=0
ox~ Oy

leading to

X"(0Y(»)+ XY "(0) + (k. +k )X ()Y (») =0



or

X0 Y0) L oy
X(x)y Y(» 7

From this equation, we get

X"(x)=—k>X(x), Y"(y)=—kY(p)

Using the boundary conditions that X (0)=X(L)=0, and Y(0)=Y(L)=0, we have

X(x)= \E sin(k,x) = \E sin( mzxx)’ Y(y)= \E sin(k, y) = \Esm( ””Lyy)

<x,y nx,ny> = %sin(mz)‘x)sin(imyy)
The energy eigenvalue:
E(k, k) =%@2 (0 +2)
where
i = n, ’ i = n,
L YL
The energy levels
(a) The ground state:
72
n.n,)=[L1) E"=E1D=_—

(b) The first excited state:

[

T

L

jzz

(non-degenerate)



h? 7z2
2,1 EY =E1,2)=EQ,)=—|=| 5
) " =E(1,2)=E(2,1) 2m(1:j

1,2),

nx,ny>:

(degeneracy:2)

(¢) The second excited state

(Y
_ 0) _ _
nx,ny>— 2,2) E\ _E(z,z)_2 (Lj 8

m
(non-degenerate)

(d) The third excited state

h? 7z2
3,1 EY =E(1,3)=EGB,)=—| =1 10
) " =E(1,3)=E@3,)) 2m(1:j

1,3),

nx,ny>:

(degeneracy: 2)

The perturbation V; = Axy

~ 2 L ' '
<”11a”12|V1 |”zu”zz> = iz.([dxx51n(m21xj51n(m?1xj

L
. (mn,y ) . (7n,y
x| dyy sm( L= jsm (—j
! L L

Using the Mathematica, we calculate the matrix element as

1

(L7, 1,1):2,11:2
(L2|V|1,2)=(2.1]7, 2,1}:%/%2
(L2|V|2,1)=(2,1|7}]1,2) = 21564 AL
T
L2V L) =(2,1|y 1,1):—95;2 AL

(1) The energy shift of the ground state (non-degenerate)



hz T ? 2 2 s
E, :%(Zj (2 +n)+(L1|1;|1,1)
2 2
m\ L 4
: - L2)(L2|V|L1) [2,1)(2,1]V|L1)
eigenstate of ground state = l,l>+ EO_ g0 EO_ g0
E“”—E“”z—ﬁZz L2V L) =21V |L1) =~ 8
b 2m\ L)’ R e o

(i1))  The energy shift of the first excited state (degenerate)
V|W1> :E1|W1>

with the matrix,

(L2[v]1,2) (L2[r|2,1)
V:
2,1|V|,2) (2,1|r|2,1)
1 256
el 4 81z*
256 1
817* 4
. 1024
I T
4741024,
—_— T
81

E© = E(1,2)=E2,1) —h—z(sz 5
? ’ ’ 2m\ L

We solve the eigenvalue problem by using the Mathematica.

@



1024 +817*
E =E© +(— 22 H\1I?
21 2 ( 32472_4 )

=E," +0.282446 A

1,2)+

2,1)]

Eigenstate:

L
2

4
. E,=E"+ (M)w
(1) 324rx

=E," +0.21754470

Eigenstate: %[ 1,2)-[2,1)]
((Mathematica))
2 71_4 1924
Vil = AL 8 |, Ei tem[V1]
= 7 | 1024 , |3 Eigensyste
47 ? 7

L* (1024 + 81 7*) A L? (-1024 + 81 7*) A
i i v
324 71 324 7t

({1, 1}, (-1, 1}}}
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5.7 Consider an isotropic harmonic oscillator in fwo dimensions. The Hamiltonian is

P P ma?

% 2
XS Y )
2m  2m 2 ( )

a. What are the energies of the three lowest-lying states? Is there any degeneracy?
b. We now apply a perturbation

. )
V=0mwxy,

where 0 is a dimensionless real number much smaller than unity. Find the zeroth-
order energy eigenket and the corresponding energy to first order [that is, the
unperturbed energy obtained in (a) plus the first-order energy shift] for each of
the three lowest-lying states.

c. Solve the Hy+ V problem exactly. Compare with the perturbation results obtained

in (b).
((Solution))
(a)
1 A2 2 A2 1 A 2 2A2
o=(2—px +—mo' X))+ (Z—p, +-may’)
m m

IEIO n_,n, > ={ho(n, +%)+ha)(ny +%)} n,n, >
Ground state: 0, 0> (non-degenerate state) E©0,0)=he
First excited state: 1,0) (degenerate state) E(1,0)=2hew
0,1) (degenerate state) E®(0,1)=2hw
Second excited state |2,0) (degenerate state) E®(2,0)=3nw
L1)  (degenerate state) EV(1,1)=3hw

0,2) (degenerate state) E©(0,2)=3nw



) 01,0)

E“’)(o 1)
hw
Y E©(0,0)
(b)
V=0mw’ sy
/ /) A N
'*0 — + + 1
g > 2ma)(a a) V V |

Then we have

) =oner’ 1) =S ho1)
><%d@1®=§ 1) ++4/2)2,1)
><%d@09=§ ,0)+~/2[1,2)
since
hw(a+a+)1>:\/%(|o>+ﬁ|z>




0)= 511

The ground state is non-degenerate.

y

00)+Y |k )(k[7]0,0)

S E©0,0)-E"
0,0) +

|CDO>=

P
E(0,00—-E”1])
éha)

0,0) +—2
hao—3ho

0,0) —g

LI)(L1[7]0,0)

1,1)

11)

2

(L1]r]0,0)
E(0,00— E” (1)

A

710,0)+

E(00) = £ (0,0)+(0,0

B

=hw+
ho-3ho
2
=ho——nhow
(@) First excited state
The matrix element of ¥ under the basis of { 1,0> , and O,l> }

0 —iho
- 0 1
V = 5 2 :éha)( J:éha)&x
i 0 2 1 0) 2
Eigenvalue éhco |l//1>=L[1,0>+ O,1>]
2 V2

The energy is



2hw+éha)= ha)(2+é)
2 2

: o 1
Eigenvalue —Eha) |1//2> = 3[ 1,0> — 0,1>]
The total energy is
Zha)—éha) =hw(2 —é)
2 2
o
(2+— /w)
2
K 2
g0 (1,0) \
’ o
EO0)7) (2-— /)
2

(ii) Exact solution

Suppose that

A

) =U

Y

A‘//2>

), (v,

U is the unitary operator. Under that basis of |l// '> , the operator A canbe changed into

<‘//1|1a|‘//2> :<‘//1'|(j2(j+ l//2>

Suppose that U=R (rotation operator)

When H = I-AI0 +V, RH OIAV —H, 0 (I:I o 1s invariant under the rotation around the z axis),

RAR* = RH,R* + RVR" = H,+ RVR'



When V =8ma’s

RVR* = Sma*(RXR™)(RJR")
= mw*(cos¢ X +sin¢g P)(—sing X+ cos @ )

- é'ma)z[—%sin(2¢)( 32— 7*) +cos(2¢)37]

when ¢=7/4,

A

RVR* = —%éma)z(fcz — %)

A= RAR" = A, + RVR'

l A2 l 2 A2 l A2 l 2 ~2
=—p +—mo (1-0)x"+—p, +—mo (1+56
5 P ) ( ) 5 P,y 5 ( )Y

Energy eigenvalue of this Hamiltonian is

E'(n,,n,)=(n, +%)ha)«/l—5 +(n, +%)ha)«/1 +o

1 5 & 1 5 &
=(n, +ho(l-——-——+..)+(n, +DHho(l+———+..)+
(n + ol -2 2 )+ (n, +)ha(l+2 2 )

=(n,+n, +1)7*za)—§ha)(n)r —n,)+..

H nx,ny> = RHR* nx,ny> =E'(n.,n,) nx,ny>
or
HR* nx,ny> :E'(nx,ny)lé+ nx,ny>
R* nx,ny> is the eigenstate of the Hamiltonian A with E '(n,,n,).
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5.8 Establish (5.54) for the one-dimensional harmonic oscillator given by (5.50) with
an additional perturbation ¥ = Jema?x*. Show that all other matrix elements ¥,

vanish.
((Solution))
f=—L (a+a
V28 ’

&|n>=\/;|n—l>, &+|n>=\/E|n+l>

maw
'B_h

(n]7]0) = eme* (n] [0

_l 2 1 ~ A+N\2
—2€ma) 25 <n (a+a") |0>
:%eha)<n|&2+(&+)2+&&++&+&|O>
:%eha)<n|(&+)2+&+&+i|o>

=%ehw{ﬁ<nl2>+<n|0>]

=%eha)[\/§5”,2 +6,,]
So we have

<2|V|o>=gm, (0[7]0) = he
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5.9 A slightly anisotropic three-dimensional harmonic oscillator has w, = w, = @
and @. = (1 + ¢)w where ¢ < 1. (See Section 3.7.3 for nomenclature and wave
functions.) A charged particle moves in the field of this oscillator and is at the
same time exposed to a uniform magnetic field in the x-direction. Assuming that
the Zeeman splitting is comparable to the splitting produced by the anisotropy, but
small compared to /i, calculate to first order the energies of the components of the
first excited state. Discuss various limiting cases. (This is taken from Problem 17.7
in Merzbacher (1970). You might find it useful to consult Problem 2.16 in Chapter 2
and Problem 3.29 in Chapter 3.)

((Note))
Before solving this problem, I present a brief review on the 3D isotropic simple harmonics.

3D isotropic simple harmonics
Schrédinger equation:

A

<r|§—ﬂll//>+<r| V#hly)=E(rly),

or
10,0 . )
_5;5(5r<r|l//>)+ e (r|Lly)+V(r)r|y) = E(r|y),
or
W10 0 KIdtD _
o o et Orlv) = Elrly),

where the potential energy is
1 2.2
V(r)= 3 HOT

Here we assume that

(rlw) =y (r) =R, ,("Y"(0,0)



where Y," (8, @) is the spherical harmonics.

Y2(0.9) =%

T

1 3 i . 1 3 + .
Yll(e’@:_aﬂge%ln&’:_a ,E(x—rly)’
3 3
Yl°(e,¢>=1/5cow: /Ef
YI—I(H’¢):1 /ie*’”’sin&’:l /iLW)
2\ 27 Nor  r

R, ,(r) depends only on £ and /, but not on m.

S I (52

1 2.2
2mr Or Or 2mr 1R, (r) ()

We assume that

R, (0 ="1,

) [1(1+1) 2u(- l;,l'2+V(r)] 0.
or

=MDy K gy 2 2

We now introduce a new variable

o Mo, a=2E
ho ho



Then we get the differential equation

u"(p) - l(lpt 2 u(p) — p’u(p) = —Au(p).

In the limit of p — 0, u is assumed to have the power form u(p) = p* . The substitution of this

form into the above differential equation gives rise to
P ls(s =) =11+ D= p ==Ap",

or
P (s =D =1([+1)]=0.

So we get s=1[+1.
In the limit of p — o, the differential equation can be approximated as

u"(p) - p’u(p)=0.
We assume that u(p) = exp(-p° /2).
u"(p) = p*u(p) = (p* = Du(p) - p*u(p) = —u(p),

This is almost the same as the original differential equation; u"(p) — p’u(p) = 0. These suggests

that our solution u(p)can be expressed by the form

u(p)=p"e " f(p).

Then we have the differential equation for f{p) as

A (P)+ 21 +1=p*) [ (p)+(A=21=3)pf (p) =0.

We solve this problem by using the series expansion

1) =3 Clh)p* .



Using the Mathematica, we get
2(1+1HC(1) =0,
(=3—20+A)C(0)+2(3+2)C(2) =0,
(=5—20+ A)C()+6(2+1C3) =0,
(=7 =21+ 2)C(2)+4(5+21)C(4) = 0.
Then we have
C)=CB3)=C(5)=...=0.

In other words, f(p) is an even function of p. So we assume that

£(p)=3 CR)p™,

Then we have

D Qk)k-DC2k) ™ +2(1+1- p*)D_(2k)C(2k) p**

k=1 k=1

+(A—-21-3)) Ck)p*" =0

or

D 2k[2k =1+ 2(1 +1)]C(2k) p**

— > CQ2k)(4k)p™ " +(A—-21-3)> C(2k)p™*' =0

Using the relation

D 2k[2k =1+ 2(1 + D]CQ2k)p™ ™ =D (2k + 2)[2k +1+ 2(1 + D]C(2k + 1) p***!

k=1 k=0

(conventional mathematical procedure)



D C(2k)(4k)p™' => C(2k)(4k)p*  (no change with the addition of k=0 term)
k=1 k=0

this can be rewritten as

> A2(k +1)(2k + 21 +3)C(2k +2) — (4k + 21 +3 - A)C(2k)} p**'0

k=0

From this we get the recursion relation,

C(2k+2)= (4k+2[+3-2)
2k +1)(2k+3+2])

C(2k),
When
3+4n +2=1 (n=0,1,2,3,..),

the co-efficient C(2+ 2n,) should be equal to zero, corresponding to the termination of the

power series. Then, from the recursion relation, we have
C2+2n)=C(4+2n)=..=0.
So the energy quantization condition is that

34+44n +2/=1= 2E ,
ho,

or
3
E(n.,l)= (§+ 2n +hao,.

We define the principal quantum number » as



n [ ny Degeneracy

0 0 0 1
m=20
1 1 0 3
m=-1,0,1
2 0 1 1
m=20
2 2 0 5
m=-2,-1,0,1,2

<r, Oy

nl,m)=—u, (p)V"(0.9)
Yol

with

n n! 141 _—p2/2 71+1/2
u =(-1 22— e’ "L
w1 (P)=( )1/ (n+l+1/2)!p A 2))

and

ma
=, . —FrV = pr.
P ) B

.[dp unAl (p)un\l (p) = 5/1,/1'
0

We note that the wave functions can be derived from the wave functions of simple harmonics as
follows.



:0>

mo " mcox2 mwy’ moz’
— | exp(- exp(— exp(—
(ﬁhj p( ) exp( o ) exp( 2h)

mo Y maor*
(Ej X (— )

n,=n, =0,n, =O>

n.=0,n,=0,n, =O>=<x|n)r =0><y|n)r =0><z n

<x,y,z

which corresponds to
[1=0,m=0)—

1/4 ma 3/4 ma)y 1/2 ma)z
(Ej xexp(‘z—w(m) exp(= W‘ )

1/4 3/4 /2 2
(] o) e
7h h 2h

which corresponds to

[I=1lm=-1)-|I=1,m=1)

2

n.=0,n,=1n, =O>=<x n, =O><y|nx =1><Z n =O>

1/4 3/4 1/2 2
4 mo o exp(— maor )
) \an) Can ) 7 2

—>|n.=1n,=0,n, =O>

<x,y,z

which corresponds to

I=1m=-1)+|l=1,m=1)

—>|n,=0,n =1,n, =0
V2(-i) Y )

n.=1n,=0,n =O>=<x|nx =O><y|nx =O><Z n =O>

1/4 3/4 1/2 2
4 mao mao mor
P22 zexp(- ")
T h h 2h

<x,y,z

which corresponds to



[I=1,m=0)—>|n,=0,n,=0,n=1)
Note that
3z 3 x | I 3y 0o ol
2 2oy, [0 /A0 /) VNN N P § /)
A r 1 Ar r ﬁ(l 1) 4 7 ﬁ(l 1)

Thus, we get the relation. For convenience, we use |+> ,

0> , and |—>

1

|+)=[I=1m= >=—$(1,o,o>+i 0,1,0))
|—>=|l=1,m=—1>=%(1,0,0>—i 0,1,0))
0} =|/=1,m =0)=0,0,1)

((Solution))

The Hamiltonian of charged particle with mass m and charge ¢ is given by

1
H=—-(p-L 4y +1ma)2(x2 +y2)+1nm2(1+g)zz2
2m c 2 2

I qz 2 q
=—p +— A —(p-A+ A-
2mp 2mc 2mc (P p)

wL%ma)z(x2 +yz)+%ma)2(l+g)zz2

1 1 2
=P r—m(+ 1+ )+ LA ——L (p- A+ A p)
2m 2 2mc 2mc

+emw’z’
where ¢ is the charge of particle. Note that
p-A-A-p=—ih((p-A+A-p))

We use the gauge, where a constant magnetic field B is directed along the x-axis. We use the
gauge such that



V-A=0, A:%er:%(o,—Bz,By)

The Hamiltonian is obtained as

H=H,+H,

=ﬁp2 vL%rna)z(x2 +y°+2%)

2
+q—2A2 -9 4 prema’z’
2mc mc

where H, is the non-perturbed Hamiltonian for the 3D isotropic simple harmonics, and H, is the
perturbation.

1 1 1 1
Hy=—p +—mo’ (X’ +y* +z°)=— p* +—ma’r’
0T P meT (A ) = pT

2
H = 23102 A —%(Ay P+ A.p.)+ema’s

2
q > gB 2 2
= A - —zp )t+emw 'z
2mc? 2mc p: = 2p,)
2 p2
= —ﬂLX +ema’z” +3 BZ (V* +2%)
2mc 8mc

where L_ is the orbital angular momentum along the x axis.
L =yp.~zp,

Here we use the Virial theorem; ma” <zz> =how.
ema’ <zz> =shw

and define the cyclotron angular frequency (in cgs units) as

_4B
mc

(0

c



We assume that the first term and the second term of H, are on the same order,

B
ﬂ=7la)c, or g:g:a)f

mc @

cho =

The third term of H, is

2 p2 2np2 22 2

B B” h B" h [0)
9 5 <y2+zz>zq > :qzz—:ha) szha)gz
mc mc” mo mc @

which is smaller than the other interaction energies. So we neglect the third term of H,. Thus we
have
1 1

H = p? + L ma™?
I

H, = —ﬂLx +ema’z’
2mc

In order to simplify the discussion, we change the coordinates such that x - z and z — —x. Then
we have

H, = —ﬂLZ +ema’x’

1
2mc

+),]0),

) 5 .
and |—> states with the same energy Eha) We need to calculate the matrix element of

Now we solve the problem. The first excited states are degenerate. There are three states,

H, = —ﬂLZ +ema’x’.
2mc

(tH|+) (+[H]0) (+|H[)
O[H,|+) (0[]0} (0|F,|-)
-|H[+) [0 (-[H]-)

H =

o~ o~

We note that



<l,m

LZ

l,m'>=mh5

We also note that

1

<+|fcz|+>=§[<l,0,0 £°(1,0,0)+(0,1,0|%*[0,1,0)]
(+|#*[0)=0
(+] 2 —):—%[(1,0,0 %*(1,0,0)—(0,1,0/%*|0,1,0)]
(- % —>=%[<1,0,0 £%|1,0,0)+(0,1,0/%*|0,1,0)]
where
(1,0,0]5%|1,0,0) = (1] £*|1)
:2;2 (116> +a* +2a+1]1)
3
=35
0,1,0/%%0,1,0) =(0|£*|0
{
— 2,16’2 (0]@® +a > +24+1|0)
1
=35
(0]£%]0) =(0,0,1|£%[0,0,1) = 12

where f = el Then the matrix based on the degenerated first excited states is



qh—B+8ha) 0 lgha)
2mc
1
H, = 0 Eeha) 0
—chw 0 —qh—B+8ha)
2mc
1
—o.+tswo 0 —EW
2
1
=h 0 — & 0
2
1
—EW 0 —w+tew
2

The eigenvalue problem can be solved by the two methods.

(i) Method-1

H|+)= (%ha)c +hew)|+) +%h€a)|—>

A 1

H1|0>=Ehgw|0>

A 1 1

H, |—> =5h€w|—>+(—5ha)c +h€a))|+>

: : : : 1 : :
So |0> is the eigenket of H, with the eigenvalue Ehga). We now introduce a new matrix under

_>}

the sub-basis of {| +>,

—0, +0 —&w
( l)sub :h 1 1
-0 -0, t+Ew
2 2

= lhew@ +hewl +lha)c6z
2 2

This can be rewritten as



(H,) , = lh(a)c&z +£06 )+ hewl

——h«/a) +(sw)* ( &0
«/a) +(6‘0) \/a)cz+(5a))2
=%h«/0)62+(6‘0))26"n+h6‘0)i

&)+ heol

Then we have the eigenstates and eigen eigenvalues as

COS —

|+n) = ; %h«/a){jz +(ew)* +hew
sin—
2
—sin— 1
|+n) = 02 —Eh«/a)cz +(sw) +hew
cos—
2

where @ is the angle from the z axis in the z-x plane (y = 0).

@ )
cosf) = —-—— sin@ =

)
Jo. +(ew)’ ’ Jo.” +(cw)’

(ii)  Method-2.
We use the Mathematica (Eigensystem). The result is as follows.
Energy eigenvalues and eigenkets:

1
Eeha) |0>
%ha)+ gha)—gw/gza)z +o,] (—o, —\E0 + & )|+)+ eo|-)

o ( , ++Ew +a)2)|+ +€a)|
gha)+5«/g o +o,

When B=0



1

Eeha) |0>
—ho+ lghco _|+\>/J§r|_>

2ghco |+>+|_>

2 N

In the limit of £ > 0

0
S
—ho+{-——w, |+)
2
h |_>
—o
2 c

((Mathematica))

Clear["Global™ "];

f

1
-~ WC+EW e Ew
2 2
1
H1 = (5] S Ew (%) 3
2
1 1
= e w B = wWC+EW
\ 2 2

Eigensystem[H1] // Simplify

([EW 1 1 ]
447_, E.D;'—E’\/E.ZD;'Z—D;'CZJ E-D;'_E.\/E'zmz_mcz JL.'I

{ia: 1,01, {__mc-ﬁfazfgz—-mcz o, 1},
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5.10 A one-electron atom whose ground state is nondegenerate is placed in a uniform
electric field in the z-direction. Obtain an approximate expression for the induced
electric dipole moment of the ground state by considering the expectation value of ez
with respect to the perturbed state vector computed to first order. Show that the same
expression can also be obtained from the energy shift A = —a/|E|?/2 of the ground
state computed to second order. (Nofe: « stands for the polarizability.) Ignore spin.

((Solution))

The ground state is non-degenerate.

lwo)=|n=11=0,m=0)

Suppose that the charge of electron is ¢ (= —e) Under the perturbation (H | =—qEZ), We
have the average value of electric dipole moment ( gz ),

A ,1,m|2[1,0,0) A

<l//1S qz|l//ls>:(<l,0,0 —q8;<n,l,m|<n(EIZ)1)|iE (0))> +..)(q%2)

Im
n,l,m|z|1,0,0
(10045 n,l,m><(El(0)|_E (0))>+...)
I,m
or

1,m|2(1,0,0)"

(v, q2|%>:_2ngz‘<n, ,m|2|1,0, >‘ .

0 0
o El( )_En( )

Im

The polarizability « is given by

(n,1,m|2]1,0,0)[
o =—2q22| E](O) _EO |

n#l
I,m

Under the perturbation, the energy to the second order:

E®=-R



H,

El(l) =<l//0|1:11|l//0>:<1a0a0

1,0,0)=0

2

A

z

<n,l,m

1,0,0)
E(z) — ngz
! n;;,z;m EI(O) _En(O)

where

A 2
z

(n,1,m|£]1,0,0)

(0) (0)
n#l,l,m E] - En
or

z

1,m| 2[1,0,0)’
a= _2q2 <n7 ’ PR
Z El(O) _En(O)

n#l
1Im

This value of « is the same as that derived above.
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5.11 Evaluate the matrix elements (or expectation values) given below. If any vanishes,

explain why it vanishes using simple symmetry (or other) arguments.

a. (n=2,l=1,m=0|x|n=2,l=0,m =0).

b. (n=2,I=1,m=0|p;|n=2,l=0,m=0).
[In (a) and (b), |n/m) stands for the energy eigenket of a nonrelativistic hydrogen
atom with spin ignored.]

c. (L.) for an electron in a central field with j = 3, m =1,/ =4.

d. (singlet,m; = 0|S:~) — SL"/|triplet, m; = 0) for an s-state positronium.

e. (S.S2)) for the ground state of a hydrogen molecule.

((Solution))
(2)
(n'=2,I'=1m'=0[F|n=2,=0,m=0)

Spherical tensor of rank 1

f0=-pem. T =, =
or

% =L(7‘1(1) _FOm

2 T

Then we have
(n'=2,I'=1.m'=0[3|n =2,/ =0,m =0) =%<n'=2,l’=l.m'=0 T -T9|n=2,1=0,m=0)
The Wigner-Eckart theorem:

<n’,l’,m’|fq(k) n,l,m>=0 unless m'=m+q, I'=k+1, k+1-1, ..., k—l|

Using this theorem, we have



(n'=2,0'=1m'=0|T|n=2,1=0,m=0)=0
leading to
(n'=2,I'=1m'=0[§|n =2,/ =0,m=0)=0

(b)

The Hamiltonian of the hydrogen atom is given by

The commutation relation:

A2 A

[H,2]1=—1[p.",%]

1
—I
2pu

I .. . A Ara
= {pz[pz7z]+[pz7z]pz}
2pu

no,
=—P:
L
or
p. =1
<n’,l’,m' D. n,l,m>=%’<n',l’,m'|[ﬁl,2] n,l,m>
:%(En,—En)<n',l',m'|zA n,l,m>
When n'=n
<n',l',m'f92 n,l,m>=0

(©)



rns J=9/2
0o 1/2 {
0 p M2
o-1/2 ®
=4, s=l
2

Addition of the angular momentum:

1 9 1 7
I=RT T I=RT T

Clebsch-Gordan co-efficient:

/ 1
9 7 +m+5
J:—,m:— = —_—
2 2 21 +1
4+z+1
R
22
=——\m,=3,m; =—
LAijg,m:z =£i2 m,z.’a,mq:l +li2 m,=4,m, =—
2 2 3 -2/ 3 ‘
1 1 1
=2\20m, =3,m =—)+—4hlm, =4,m =——
-2/ 3 ‘ 2




<. 9 7., 9 7> (zﬁ 1}{2@‘1} 7
J=Eom=ZILj=—m=—)= | 4, |==n
27" 2 2" 33) 50 )9
(d)
|singlet (m= 0)> = %H + _> - _+>]
|triplet (m= 0)> :%[|+—>+|_+>]
( Sz(ea _ §§e+>)| triplet (m = 0)> =%( gz(eq _ §§e+>)[| +_> +|_ +>]
b R[]
~ ool )
(singlet (m = 0)] (§) — §47) riplet (m = 0)) = —=— (1 _1)[ ! j _h
I 22 -1
(e
T LT PN P
$,-§, = 4 (6,-0,) 4 (2R, -1

where 1’312 is the Dirac exchange operator.

The ground state is expressed by |l//G> = %ﬂ + —> - | - +>]

(8, $lye) =" 2By~ D)
/SN |
R )

BT
I )
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5.12 A p-orbital electron characterized by |n,/ = 1,m = =1,0) (ignore spin) is subjected
to a potential

V=A(x*-)?) (A = constant).

a. Obtain the “correct” zeroth-order energy eigenstates that diagonalize the pertur-
bation. You need not evaluate the energy shifts in detail, but show that the original
threefold degeneracy is now completely removed.

b. Because V is invariant under time reversal and because there is no longer any
degeneracy, we expect each of the energy eigenstates obtained in (a) to go into
itself (up to a phase factor or sign) under time reversal. Check this point explicitly.

((Solution))

nl=1Lm= il> (ignore spin); p-orbital electron
(a)

V=2%-) (A: real)

where the spherical tensor of rank 2,
~(2) 1 A AN A . A ~(2) 1 A ANy A A
T, =5(X+ly)(xﬂy), T =5(x—ly)(x—ly)
The matrix element

<n,l =1, m'|I} n,l=1, m> = /1<n,l =1, m'|f2(2) +ff§)

nl=1, m>
According to the Wigner-Eckart theorem,

(n1=1,m|f2

nl= 1,m> is equal to zero unless m'=m + 2

We denote

nl=1m =i1,0> as |+1>,

O> , and |— 1>. The matrix of ¥ is as follows.



(=)= =17+ 1) =

since V is Hermitian.

|+v>

[=1 Y

710)=0,  V]|+1)=v-1), V|-1)=4+1)
. 5 . 0 1 . .
Since V =vo, = v(l OJ , we have the eigenkets and eignevlaues as
(1) Eigenvalue +v,  eigenket |1//+V = 12
1
ii Ei 1 -V, igenket )=
(11) igenvalue v eigenke |1// v> 7l

(b) ® (time reversal operator)

Since 0| j, m> =(-1)" j,—m>
O+1)=--1)
©[0)=|0)

0-1)=-+1)



Thus we have
R 1 1
Op..) =50+ 1)+ 8- )= )|+ 1=
©[0)=[0)

Oly.) =510/ 1)~el- 1= (-1) |+ 1)<y}
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5.13 Consider a spinless particle in a two-dimensional infinite square well:

o 0 for0<x<a, 0<y<a
" ]e= otherwise.

a. What are the energy eigenvalues for the three lowest states? Is there any
degeneracy?
b. We now add a potential

Vi=Axy,0<x<a,0<y<a.

Taking this as a weak perturbation, answer the following.
(i) Is the energy shift due to the perturbation linear or quadratic in A for each of
the three states?
(ii) Obtain expressions for the energy shifts of the three lowest states accurate to
order A. (You need not evaluate integrals that may appear.)
(iii) Draw an energy diagram with and without the perturbation for the three
energy states. Make sure to specify which unperturbed state is connected
to which perturbed state.

((Solution))
V' =0 for 0<x<a and 0<y<a.
V = oo otherwise.

Schrodinger equation

n ot o
— (—+—)Ww(x,y) = Ew(x,
o G ayz)!//(x »=Ey(x,y)

y(x,y)=X(x)Y(y)

"’ "’
———(X"Y + XY")=—(k,’ + k)XY
2m 2m

XH YH 2 2
v =k +k
7 (k. +k,)



We assume

X'=—k’'X

X = Asin(k_a) + Bcos(k a)
with the boundary condition

X =0atx=0anda.

B =0, and

sin(k a)=0 or ka=nm (nx=1,2,3, .....

Similarly for ¥, we have

Y'=—k,’Y

v
Y =Csin(k,a) + Dcos(k,a)

with a boundary condition
Y=0aty=0andy=a.

D=0, and

sin(k,a) =0 or ka=nmx (ny=1,2,3, ...

Then we have

nor
© _ 2 22y 2 o
E (n)mny)_%(;) (nx +ny )_Ea(nx +ny )

2 . (n,r7w
o= 22 22
A a a

a

where nx=1,2,3,4,.....andny=1,2,3,4,....

W o
E,=-—(")

2m a

(a)



Ground state (nx =1, ny =1)
g1 = 1 (non-degeneracy)

EO(n, =1,n, =1)= EV(11) = 2E,

First excited state (nx =1, ny =2, and nx =2, ny = 1)
g2 = 2 (doubly degeneracy)

EOm =1n,=2)=E%(n, =2,n,=1)=5E
x y x y a

Second excited state (nx =2, ny = 2)

g1 = 1 (non-degeneracy)

E%(n, = 2,n,=2)= E"(2,2)=8E,

8EQ @3

5Eq (1.2} (2.1}

2Ep .

(b)
The perturbation

V=i

The matrix element

2a ' a '
nx,ny> = l[gj dexsin[ s x}'n[mxjjdyy Sin( e kid yj sin( i yj
a s a a N a a

We calculate the matrix element using Mathematica.

4

' '
<nx N,

Ground state is non-degenerate




E® 1) =2E,

with

2

EWGJ)=@JAVJJ>=A%F

2

(L1|AV|n,,n
EP(LD) = Z 0) ) y>
ey EV LD —=ET (n,,n)

(L1A7;|1,2) (L1A¥]2.1) (L1A7}|2,2)

2 2 2

= + +
EP20D-EY12) EPQDH-EPQD) E?01DH-EV(2.2)

r) (o)
A 4l ,97%) | (8lx?

E 3 6

a

/12

4
a

=-0.00558305

a

where

2564*

4

8a’

8 2
a el (11

972’ <1’1

A

VL2 =-

A

4

~

[2,2) =

(11

2,1)=-

81z

Second excited state is non-degenerate

with

E®(2,2)=8E,

2

Emagyﬁzzﬁza=z%-




2

®) <2’2 AN nx’ny>
E7(22)= z o o
empean £ (L) = EX (n,,n)

2 2

A A A

(2.2]a7)11) (2,221 2.1) (2.2)a7)1,2)
CEYQ2-EY) EVQ22)-EVQ) EY(22)-EY(2)

256 ' (8 Y
_ Xd'| (81xt L \97’

2

E, 6 3
2 4
_ 000558324
where
(221?11>—25—6“2 <221721>——8“2 (2,2P1,2) = -
9 1 9 817[4 9 9 1 9 97[2 9 9 1 9 9
First excited state (doubly degenerate)
Emnglmy=2)=Em05=2my=D=5E,
A a’ A 2564*
L,2\V,([1,2) =—, L2\V(2,1) =—fr,
< 1 > 4 < 1 > 817[4
\ 2564 \ a’
(2.17[1.2) = PP (2121 = vy
l 256
Y, 4 817 110+25601
256 1 410 1) 817z*(1 0
81zt 4
in the unit of Aa*
Eigensystem[M]

1 256 1 256
{{ZJFWI Z—m}r {{1, 1}, {-1, 1}}}

Then we have




(i)



Fig.

2 /

Energy level splitting due to the perturbation.

2 2
E =2E, + 2% -0.005583052-q"*
4 E,

E,\' =5E, +1a°0.282446.
E; =5E, + a*0.217554

2

a Aadt
E,=8E_ + /IT +0.005583

a



((Mathematica))
Clear["Global *"];

G[nl_, ml_, n2_ , m2_] :=
212
2]
( a . nl 7w . n2 w
X Sln[ x]Sln[ x]dx
Jo a a

(~a
( Y Sin[
Jo

ml 7

m2 7
q

y] Sin[

dly) // Simplify;

G[1, 1,1, 1]

a2

4

G[1, 1, 1, 2]
_8ef

9 77
G[1, 1, 2, 1]

8 a’

_97@



G[1] 1[ 2/ 2]

256 a’
81 g

G[2] 2[ 2/ 2]

a2

4

G[2] 2[ 1/ 1]

256 a’
81 o

G[2[ 2[ 2/ 1]
8 a’
9 7

G[2[ 1[ 1/ 2]

256 a’
81 e




((5.14))

5.14 The Hamiltonian matrix for a two-state system can be written as

_ (B A
=ik %)

Clearly the energy eigenfunctions for the unperturbed problems (A = 0) are given by

#=() ()

a. Solve this problem exactly to find the energy eigenfunctions ¢’; and ¢’ and the
energy eigenvalues £ and E>.

b. Assuming that A|A| < |EY — EY|, solve the same problem using time-independent
perturbation theory up to first order in the energy eigenfunctions and up to second
order in the energy eigenvalues. Compare with the exact results obtained in (a).

c. Suppose the two unperturbed energies are “almost degenerate,” that is,

|ES — E| < AJA.

Show that the exact results obtained in (a) closely resemble what you would
expect by applying degenerate perturbation theory to this problem with EY set
exactly equal to E9.

((Solution))

1, . 1
S, =5 ho- i, S5 = i5h|ir>n.

(a)
H:(Hu lej
H, H,
1 1
=5(H11 +H22)I+5(H11 - Hy)o.
1 1

+5(H12 +H21)O-x +2_i(H12 _H21)O-y

Since H,=H, =1A, H,=E, H, =E,



H =%(E1° +EN1+AAG, +%(E1° ~ENG. +

~ (BB

1 (B - EDG,
N

X AAG,
%m%jw%w $mu;w%w

]

=%(E1° +E§)i+\/(,m)2 +%(E1° —E(6-n)
where
L - k)
AA 2

n =
) 1
Joar <L -my

b

n =
: 1
Joar L -my

4

We introduce the angle & which is defined by

n AA 2AA
tanf ==+ = I =%
o E ) Bh




Note that

(a-n)|in>=i|in>

@) =[+n) |02) =|-n)
0 . 0 . 0 0
:cosE|+z>+smE|—z> , :—s1n5|+z>+cosa|—z>
0 . 0 . 0 0
- cosa‘¢f°)>+sm5‘¢)§°)> = —51n5‘(01(0)> +COSE‘¢§0)>

Hh%fﬂ%@f£@ﬁ+JMAf+%Uﬁ—Eb%&%HH@

NG +E§)+\/(1A)2 + (B = 2 )

:E1|+n>

H|-), = (& +E§>i+\/<m>2 +3 (B = B2 (-m]|-n)

:ﬂ%U$+Eb—JuAY+%U$—EbﬁF”>
:E2|—n>

Thus, we have the eigenvalues of the Hamiltonian H,

1 1
B= L m s Joay e dos-myy

and

E, =[%(E1° +EY) +\/(AA>2 +%<E1° ~EYY)

E, =[%(E1° +E§>_\/(M)2 +§(E1° ~EYY)

(b) Perturbation

H=H,+H



with  A|A| << |E} - £
El 0
a2
(024
_(m oj
HI) =BV, ) = BV

We assume that A > 0. We apply the perturbation theory (non-degenerate case) to this problem,

47) <[40 + )

)<l + o)

with
2
E = EIO +% ,
El _Ez
2
E,=E)+ (OM) -
Ez _El

These results are compared with the exact results obtained in (a). (We assume El0 > Eg ).

2 l 0 _ 032 :l 0_ 1o { 4(AA)*
\/(JA) +4(E1 E))°] 2(E1 Ey) 1+(E10—E§)2

_ Lo _po LA)Z
- 2(E1 EZ)[1+(E10—E§)

24AA

tand =sinf~ 0~ ——,
1~ £,

0

.0 0 AA
cos—~1, sin—=~— =
2 2 2

E' - E)



Then we have

87) <[40 + 2l

) =)+ )

with
2
E =E’+ (?A) =,
El _Ez
2
E,=E) - (OM) -
El _Ez

(c) Suppose that
E) =E)

We apply the perturbation theory for the degenerate case.
H')=284g7)
H)=28lg")

We assume that

lw)= C1‘¢10> + Cz‘¢zo>

0 AA)C _E C
A0 \¢c,) ¢
which has non-trivial solutions if

—E A
A —E

or



E’- PN =0,
or

E =+JA

For E, = A, or total energy is E + A,
|4) = (\¢ )+ 8 )
For E, =—JA, or total energy is £ — A,

|4) = ( 16°)+|e))

AA

E° Eg

AA

Now these results are compared with those obtained in (a).

tand ~ oo, 0=

(SRS

4)= (\¢ )+|80)

|4) = ( 18°)+|# )
with

E, :%(EIO+E§)+AA



E, =%(E1° +E)) - AA

These results are the same as those obtained above when E/ = E}



((5-15))

5.15 (This is a tricky problem because the degeneracy between the first and the second

state is not removed in first order. See also Gottfried (1966), p. 397, Problem 1.)
This problem is from Schiff (1968), p. 295, Problem 4. A system that has three
unperturbed states can be represented by the perturbed Hamiltonian matrix

E 1 0 a
0 E; b
a b E

where E, > E,. The quantities @ and » are to be regarded as perturbations that
are of the same order and are small compared with E; — E,. Use the second-order
nondegenerate perturbation theory to calculate the perturbed eigenvalues. (Is this

procedure correct?) Then diagonalize the matrix to find the exact eigenvalues.
Finally, use the second-order degenerate perturbation theory. Compare the three

results obtained.

((Solution))
E 0 a
H=|0 E b
a b E
Det[H - AI]=0
ﬂ:El,
E +E, 1
A= \/(E ~E) +4(laf’ +[p[")
4 2 b2
_& +Ez+ (B, B+ Ml 410D
2 (Ez _El)

When |d| << E, - E,,

b|<< E,-E,

G BB BB (|a|2+|b|z)
2 2 (Ez_El)

or



I:Io‘¢ﬁ> =El‘¢ﬁ>
H|¢,)=E|¢,)
‘¢y> is the eigenket of I:IO with the energy E,. Since this state is nondegenerate, we can

apply the perturbation theory (non-degenerate case) to calculate the energy

The resulting energy is

2 2

i @l 8) |(6]H]4)
E, =E,+(¢|H,|4)+ E_E + £ E
of +bf
=FE, +
EZ_EI

I:Il|¢a> :a*‘¢y>
H,|¢,)=0'|4,)
H,|¢,)=alg,)+b|¢,)

|¢a> and |¢a> are degenerate.



This is the degenerate case.

First order:
The matrix element of H1 in the basis of |¢a> and |¢a> is equal to zero. So we need to

calculate the second order

g<¢n,y(0) A ¢n,v(0>><¢n,v(o> ‘//n(o)>=En(2) <¢’n,,,(0) l//n(o)>
. Al M @ a8 B g\ i
T Ei(°)>—<E:(°) - I‘Ej>_<EyJ |

The matrix element

(0.18,6)(8|H8.) (2.I5|8)8|H|8,)) [ of  ab
A= E -E, E -E, _ E —-E, E -E,
<¢ﬁ"[:[1 ¢7><¢7 ﬁl|¢a> <¢ﬁ’ [:Il ¢}/><¢y H, ¢a> a'b |b|2
E -E, E -FE, E-E, E-E,
Det[A-AI] = 0.
|a|2 ) ab’
E - E, E -E, ~0
a’b o] .
El _Ez El _Ez
jaf ol Jaf”Jof
——+ A1 +A)— =
(Ez_El )(Ez_El ) (El_Ez)2
or
o
E,-E,

Then we have






((5-19))

5.19 Compute the Stark effect for the 251, and 2py» levels of hydrogen for a field &

sufficiently weak so that e€’a; is small compared to the fine structure, but take the
Lamb shift 6 (6 = 1057 MHz) into account (that is, ignore 2ps; in this calculation).
Show that for e'ag < 0, the energy shifts are quadratic in &, whereas for e ap > 0
they are linear in &. Briefly discuss the consequences (if any) of time reversal for

this problem. This problem is from Gottfried (1966), Problem 7-3.

- 2
T
! = Split by Zeeman
I affact ]
) . Epa L E
Hyperfing splitting ¥ 7
_ E ™
45%x107 eV 9¢ . : L .
TR _E_.-.-"'_'L'_:_ K
r i _____ 45 ' I.i-:rtwmtrmgmm
pe===== e g 0 2395 MHz7
e —— e — L]
L Ep% ] i -E
™. Lamb shif =
4972 % 1075 oV The Lamb shift is akout
SfL X SV chetenth as large as
or 1007 MHz the hypeting spliing.

Fig. Lamb shift: the energy level of 2S1» (doubly degenerate states) is higher than that
of 2Py, (doubly degenerate) by (= 4.372 x 10° eV = 1057 MHz).

The perturbation (Stark effect)

A

H, =e&
This Hamiltonian is invariant under the time reversal.
We now consider the state with n = 2.

n = 2 state (4 states degenerate)

/=1 (m==l, 0): p-state

[ =0 (m = 0): s-state.

Addition of spin and orbital angular momentum

(1)



[=1,s=1/2
D/ xD,,=D,,,+D,

1/2 3/2 1/2

2P3p

j=32

m=13/2,1/2,-1/2, and -3/2
2P1p

=12

m=1/2,-1/2

We define spin angular function in two component form as follows.

m / m+3/2 ¥ fm+3/2 i
ylj 11/2 _ 1/2(0 ¢) Y 1/2(0 ¢) _

= 1 2
2R,sm= 1/2> = R21yzj 11/2 12 = anl— Y10(€e¢))(+ +\/;Y11(97¢)Z-]

or

or

m— _ 1
2R,,m= _1/2> = R21yzj 11/2 2= ol Yz 1(9=¢)Z+ +\/;Y10(99¢)Z-]

(i1)
[=0,s=1/2
DyxD,,, =D,
281



j=12
m=1/2,-1/2

|j=1/2,m)=y">" =m+1/2Y""2 (0,4 1, +N-m+1/2Y"(0,4) 1.

We calculate the matrix elements of the perturbation.
0
. =0
gn=2,0=0,m=0)

) 0
<2S1/2,m :1/2‘2‘2S1/2,m =_1/2> - (<n =21=0m= 0| O{A n=2,1=0,m =0>J -0

Z|

A

z

(28,,,m=-1/2

1/2°

28,,,m=-1/2)=(0 (n=2,1=0,m=0

(2B,,,m=-1/2

228,,,,m=-1/2)

2 1 0
_(_\g@ =2,/=1,m=-1| \E@ =2,/=1,m =0|Ln o l—Om =o>)

(2P,,,m=1/2[428,,,,m=-1/2)

1/2>

1 2 ’
_(_\E@ =2,/ =1,m=0| \g<”’ =2I=Lm _1|Ln =2,1=0,m =0>J

=\E<n=2,z=1,m=1|2|n=2,1=o,m=o>=o

(28,,,m=-1/2

828,,,m=1/2)=(0 (n=2,1=0,m =o|{2|" =2’l:0’m =0>J=o

A

Z|

(28,,,,m=1/2

28,,,m=1/2)=((n=2,1=0,m=0| o{ﬂ" B 2’130”" :0>J 0



(2B,,,m=-1/2425,,,,m=1/2)
:(—\/Z@ —2,1=1,m=—1| \/I<n —2,1=1,m =0|j(2|” =20=0.m :O>j
3 3 0
:—\E@ =2,l=1,m=-1gn=2,1=0,m=0)=0

(2pP,,,m=1/2|225,,,,m =1/2)

1/2°

:(‘\R” =2.1=1m=0| \/§<n =2, l=1,m =1|j(2|” =2,1=0m =0>j
3 3 0

1
=—\/;<n=2,l=1,m:0

Note that the operator z is Hermitian, Then we have the matrix of H (=e&2) and Lamb

shift (H ).

n=21=0,m=0)=p

Z

12R,,,m=1/2) |2B,,,m=-1/2) |28, m=1/2) 2§, m=-1/2)

(2B,,,m=1/2| 0 0 esfp = ez, 0
(2B,,,m=-1/2] 0 0 0 eca = —3esu,
(28,,,m=1/2|  eghf =+3esa, 0 5 0
(28,,,m=—-1/2] 0 eca = —3eza, 0 5

where Jis the Lamb-shift energy

(n=2,1=1,m=0[%n=2,0=0,m=0)=-3a,

a =\E<n =2,/ =1,m=0[2[n=2,0=0,m=0)=—/3q,

ﬁ:—\g<n=2,z=1,m=o

The eigenvalue problem

n=2,l=0,m=0>=\/§a0

z

We use the Mathematica 5.2.



Energy eigenvalue and eigenket with p = \/geeao

2 2
E, _O N4+
2 2
1 S++4p* +6°
) = [ 2" 2B,,,m=—1/2)+|28,,,m = -1/2)]
2+5(5+1/4p2+52 P
2p2
2 2
Ez :£+L+5
2 2

1 S+44p>+6°
ly,) = — [ * 2Z+ 28,5, m=1/2)+28,,,m=1/2)]
\/2+5(5+«/4€ 5

2p

4 2 2
_9 N4 o

E
) 2

1 S —+J4p*+6°

ly,) = — 2‘;+ 2B,,,m=—1/2) +|25, ,,m = —1/2)]
\/2+5(5—«2/4§ i

P

z _5+1/4p2+52
=2 T

2 2
1 —5+44p> + 57
ly,) = — | * 2; T 2R m =1/2) +|25, 5.m =1/2)]
\/2+5(5—\/4§ 5
2p

The energy levels (E1=E», E3z=F;) are degenerate. The perturbation (Stark effect)
Fll =egZ 1s invariant under the time reversal. Since j = 1/2, each level are still doubly
degenerate (Kramers doublet).

In the limit of 6 >> p



2 4
P p
El:EZ:_7+?
P’ p'
E.=E =6+£-_£_
o s o

The change of energy is quadratic in &

In the limit of 0 << p

58,5
2 P78, T 128y

5, & &
2 PR, 128y

The change of energy is linear in 0

((Mathematica))



Clear["Global +"];
3

6 0 p 0)
© @ 0 -p
p @ 5 0|
e D

eql = E1

gensystem[M] // Simpl
_ plify;
El=eql[l, 1] i
1 e 5 o5
E (qu— '\“.4132-1-{52)

E2 = eql[1, 2]
1

S 5 - wf4p2+52)
E3 = eql[1, 3]

1
— ((_5 + 4 p*+ & )

2



E4 = eql[1, 4]
-;— ((5 + \,f4pz+652)

Ell=El /.61

% (1—\/1+4p2)

E31=E3 /.61
L

1+\;1+4p2)

gl = Plot [Evaluate[ {E11l, E31}], {p, ©, 4},
PlotStyle -» { {Red, Thick},
{Blue, Thick}},
Ticks -» {Range[©, 5, 1], Range[-5, 5, 1]}];



g2 =
Graphics [
{Text[Style["p/&6", Black, Italic, 12],
{3.6, 1}],
Text [Style["E/&", Black, Italic, 12],
{0.2, 3.51}]1}];
Show[gl, g2 ]

ElS

- N W B
" L




((5-20)) Stark effect

5.20 Work out the Stark effect to lowest nonvanishing order for the » = 3 level of
the hydrogen atom. Ignoring the spin-orbit force and relativistic correction (Lamb

shift), obtain not only the energy shifts to lowest nonvanishing order but also the
corresponding zeroth-order eigenket.

((Solution))

Stark effect n =3

is the Hamiltonian of the hydrogen atom. We apply an external electric field ¢ (along the
z axis) to the hydrogen atom, producing the Stark effect.

where -e (€>0) is the electron charge and p, (=-er) is an electric dipole moment. The vector
r is the position vector of electron, where the proton (e) is located at the origin.

We use this selection rule
<n2,12,m2|2|n1,ll,m1> =0 unless / =1 £ 1, my = m;.
For n = 3, there are nine states.

[=2 m=2,1,0,-1,-2,

3,2,2),13,2,1),|3,2,0),3,2,-1),[3,2,-2)
I=1 m=1,0,-1

3,1,1),[3,1,0),3,L,-1)
1=0, m=0.

3,0,0)

Matrix elements <3,l 'm'|2 3,/ ,m> can be calculated using the selection rule and

((Mathematica))



322) [3.21) [3.2,0) [32-1) [3,2-2) [3L1) [3,L0) [3L-1) [3,0,0)
322 0 0 0 0 0 0 0 0 0
(3,21 0 0 0 0 0 a 0 0 0
(320 0 0 0 0 0 0 i 0 0
(32-1 0 0 0 0 0 0 0 y 0
(322 0 0 0 0 0 0 0 0 0
(3,11 0 a’ 0 0 0 0 0 0 0
(3,0 0 0 B 0 0 0 0 0 5
BL-1 o 0 0 y 0 0 0 0 0
(3,00 0 0 0 0 0 0o 5 0 0
where
a=(32123,1)= —9—;‘0 B =(3,2,0/23,1,0) = —3v3a,, 7 = (3,2,-12[3,1,-1) = —9—;0
S =(3,1,0[2[3,0,0) = -3v/64, . Note that &= y.
321) [3,2,0) [3,2-1) 3,L1) [3,L,0) |31-1) [3,0,0)
(32,1 0 0 0 a 0 0 0
(32,0 0 0 0 0 B 0 0
(3,21 0 0 0 0 0 a 0
(3,11 a 0 0 0 0 0 0
(3,1,0 0 B 0 0 0 0 5
(31,1 0 0 a 0 0 0 0
(3,0,0 0 0 0 0 5 0 0

This matrix consists of three submatrices.



Z

3,1,0)= 3
3,0,0)=6

32,00=p

3,2,0)+6
3,1,0)
3,1,0)

3,0,0)

Z

Z

Z

32)=a
3L)=a

3,L,1),
3,2,1),

Z

Z

31-1)=a
32-1)=a

3.2,-1)
3,1,-1),

Z

or

3,2,0)

3,1,0)
0 Vij 0
B 0 5
0 5 0

3,0,0)
(32,0
(3,0
(3,00

:

Eigensystem[M]

or

(e}

B
0
s

S ™™
o O, ©

|

32,-1) [3,1-1)
(32-1 0 a
3lL-1] «a 0



(0 aJ
M, =
a 0

Eigensystem[M]

32,1) |3L1)
321 o a
3Ll o« 0
M, =
a 0
Eigensystem[M3]

/
\

((Mathematica)) Stark effect n =3

See lecture note 6.2  Stark effect.



((3-21))

5.21 Suppose the electron had a very small intrinsic e/ectric dipole moment analogous to
the spin magnetic moment (that is, y , proportional to ¢). Treating the hypothetical
—u,, - E interaction as a small perturbation, discuss qualitatively how the energy
levels of the Na atom (Z = 11) would be altered in the absence of any external
electromagnetic field. Are the level shifts first order or second order? State explicitly
which states get mixed with each other. Obtain an expression for the energy shift of
the lowest level that is affected by the perturbation. Assume throughout that only the
valence electron is subjected to the hypothetical interaction.

((Solution))

The perturbation is given by

A o-rdV.(r
V:_luel‘E:_lLlel_ C( )
7 dr

where V() is a potential due to a central force from nucleus and other electrons. This
perturbation is a pseudo scalar operator. Using the Wigner-Eckart theorem,

<nv,lv;jv,mv|f:](==(;))

n,l;j,m>=0 unless m'=m and j'=j

From the property of the parity operator associated with the space inversion, the matrix
element is equal to zero unless /'=17+1.

Na: (15)2(25)2(2p)6(3s)

The inner 10 electrons can be visualized to form a spherically symmetrical electron cloud.
We are interested in the excitation of the 11-th electron from 3s to a possible higher state.
138,,,,m)=|n=3,1=0,s=1/2;j =1/2,m)
=Vm+1/2|l=0,s =1/2;m, =m—1/2,m =1/2)

-m+1/2

| 1=0,s=1/2%m =m+1/2,m =~1/2)

|38,,,,m=1/2)=|1=0,s=1/2;m,=0,m =1/2)
138,,,m=—1/2)=|1=0,s=1/2m, =1,m, =1/2)



Fig.

3B,,,my=|n=3,l=1s=1/2;j=1/2,m)

__ #V:LS —1/2%m, =m—1/2,m, =1/2)

m+3/2
3

I=Ls=1/2%m =m+1/2,m =-1/2)

|3Pm,m=1/2>=—\E|1=1,s=1/2;m, =0,m, =1/2>+\E|1=1,s=1/2;m, =1,m, =-1/2)

|3P1/2,m=—1/2>=—\/g|l=1,s=1/2,m, =—1,m, =1/2>+\/§|I=1,s=1/2;m, =0,m, =-1/2)

Spin—orbit interaction

3°Psp
n=3,0=1,s=1/2 R 0)2
3p \ ] N
R (0+1))2
y 3 2P1/2

n=3,{=0,s=1/2
3S

Energy levels of Na with and without spin-orbit interaction. The 3P level
is slightly different from the 3S level (the ground state is 3 2Si).

The 3P level is split into 3 *P3» (4 degeneracies) and 3 “Pin (3
degeneracies) due to the spin-orbit interaction. The Lande g-factor is g =
4/3 for into 3 *P3,, g = 2/3 for into 3 *Py», and g = 2 for into 3 ?Py.




The matrix element of the pseudo potential,

|38,,,,m=1/2) |3S,,,,m=-1/2) |3B,m=1/2) [3R,,,m=-1/2)
(38,,,,m=1/2| 0 0 a 0
(38,,,,m=-1/2| 0 0 0 a
(3B,,,m=1/2| a 0 0 0
(3R,,,m=-1/2| 0 a 0 0
where

a=(3S,,,m==%/2V|3B,,,m==+1/2)
Or simply

38,,,,m=%1/2) |3P,,m=+1/2)
V=|(38,,,m==%1/2| 0
(3B,,,m=+1/2| a 0

We use the perturbation theory (non-degenerate case). Before the perturbation, the
electron is in the state |3Sl/2,m = il/2> .

Perturbation energy (to the second order)

5 2
. . 3P, m=2%/2P[3S, ,,m=2%1/2
(3S1/2)+<3S1/2,m:i/2|L |3S1/2’m:i1/2>+‘< 1/2 | | 1/2 >‘

E(3S,,)-EGBR),)
o
E(3S1/2) - E(3P1/2)

=E(3S,,,) +

Note that

o
<
E(3S1/2) - E(3F;/z)

Perturbed state



3B,,,m==%1/2)(3B,,,m=/2[V|3S,,,,m =+1/2)
E(3S1/2) —E(3P1/2)

a|3P,,,m=1%1/2)

E(3S1/2) —E(3P1/2)

138,,,,m =+1/2) +

=[38,,,,m=%1/2)+

Note that the energy is lowered after the application of the electric field. The new state is
a state where the rotation of the electric dipole leads to the lowering of the energy of the
system.



((5-22))

5.22 Consider a particle bound to a fixed center by a spherically symmetric potential V(r).

a. Prove
5 m av
Y(0)]"= <2nf12) <E>

for all s states, ground and excited.

b. Check this relation for the ground state of a three-dimensional isotropic oscillator,
the hydrogen atom, and so on. (Note: This relation has actually been found to be
useful in guessing the form of the potential between a quark and an antiquark. See
Moxhay and Rosner, J. Math. Phys., 21 (1980) 1688.)

((Solution))
L [h D v oRe) = ERO)
We assume that
rR=u
h2 d’u(r)y B’ l(l+1) _h2K2
o +[ o +V()Ju(r) = Eu(r) = - u(r)
where
oo K __ ol
2m h?

For /= 0 (s-state), we have

du(r) 2m
/

=V (u(r) = Ku(r),

or simply



In the limit of » > «©

d’u(r)
dr*

= ku(r)
u(ry=e™” (r—>w)
In the limit of » — 0, we assume that
linolR(r) =constant, linolu(r) =0
We now calculate

)

de

rdr[R(MT =~

dru? ﬂ

|
|
= [V(r)u2 ]: — IdrV(r)2u %

T du
=2ld hitad
2.([ rV (r)u r

We note that

h—z(u”—lczu) =V (r)u
m



2 o0
<d—V> = h—jdr(lczu —u"u'
dr ms,

2 o
L PR NI
2my  dr

- h—z[Kz(rR)z — (R
2m
hz 12
T

P Ry
2m

hz
2m

[R(r=0)

or

v\ _n* a2
<E> = [R(r=0)]

The wave function of the Hydrogen atom (s state)

Voo (F) = R, (Y (0.6) = ﬁ&o(m,

where

1O.0)=

Voo () ==i[R,,o(r)]z

dv n’ 2 _i — P2
<;> =2 Ry = OF =2 4[R, (= 0)

or



27h*

[R,o(r =O)F = == <

(b)

a
dr

(1) Hydrogen ground state

2

V(r):_%a

1 1
¥100(0) = Tra”
B

where ag is the Bohr radius,

1

Wi (F) = Rm(l”)YOO (0,9) = m

hZ
ag =
me
=—2re ", TOH=—
Ry(r)=—=ze ™, 1 (0,0)=—F
B3/2 2\/;
0 2r 4
mz 2 J. zdr——e Be_z
27h 272?1 0 7Z'aB r
2r
__m 4¢* J.dre a
27h*
_om 4e ag
i’ aB 2
1
= 3
mB
2
:|W100(0)|

(i1) 3D isotropic simple harmonics ground state

The ground state with the energy %ha)

w(r)= <xyz n.=0,n

y

mo o

=0,n, = ()> = (M @ysra i

7ih

2

32
ag

e

ap



2 ma .z,
[ (0) _(E)

V(r)z%ma)zrz, — =ma’r

mz d_V = m247z.|.r2dr(m—a))3/zeii
2707\ dr 27h 0 7h
= 2(m—a))7/2.|.r3dr677r
0
mco)7/2 h?
a’ 2mie’
_ (M@ .5/,
( 7Zh)
=y (0’

=2(




((3-23)

5.23 a. Suppose the Hamiltonian of a rigid rotator in a magnetic field perpendicular to the
axis is of the form (Merzbacher 1970, Problem 17-1)

AL’ +BL. +CL,

if terms quadratic in the field are neglected. Assuming B > C, use perturbation
theory to lowest nonvanishing order to get approximate energy eigenvalues.
b. Consider the matrix elements

(n'Umym’|(32% —1?)|nlmms),
(n'I'miml|xy|nlmmy)

of a one-electron (for example, alkali) atom. Write the selection rules for A/, Am;,
and Amy. Justify your answer.

((Solution))
(a)

A

H,= AL’ +BL_, H'=CL

y

[ m> is the eigenket of H,, with

E\ = AR’I(I +1)+ Bhm .

[, m> is non-degenerate state,
_pO 0 p@
E,=E, +E, +E= ~ +...
with

EY =<lm|lfl'|lm>

Im

Here



<lm'|l:1'|lm> = <lm'|Ciy|lm>
C,r 7
= 2—l<lm |L+ —L7|lm>
(L4 1|7 im) =L 41|
1
:gh\/(l—m)(l+m+l)
1

(=1} im) == {1, 1| m)
1

:—gh\/(1+m)(l—m+l)
1

where

L|lLm)y=nJ(l —m)(I +m+1)

l,m+l>

L |l,m)=nJ(l +m) I —m+1)

l,m— 1>
Then we have

E\) = <lm|I:I'|lm> =0

El(mZ) 0) (0) (0) (0)
Elm _El,m+1 Elm _El,mfl
T i
= —m)+m+ )+ S =+ m)( —m+1
13 (I=m)( ) 13 (I+m)( )
'
=—m
2B

(b)

We note that

o Tz(z) _szz)
2i



n,l,m,,ms>=<n',l',m,' m.'

> s

' ' ' L] Eokel
<n JA'om,",m |xy

1 ~
— ?5(ms',ms)[<n',l',m,'|T2(2)
l

n,l,m,>

—<n’,l’,m,’|ff§)

n,lm,)]
From the term &(m,',m ), we have the selection rule for the spin
m'=m_, or Am_=0

N N N

From the term <n’,l’,m,’|7:2(2)

n,l, m,> , we have the selection rule for

<I’l',l', mlv|f'2(2)

n,l,m,>
Al=1'-1=2,1,0,-1,-2
Am, =m,'-m, =2

using the Wigner-Eckart theorem. Since

n,l,m)=(-1)

7 nlm), ATP#=T (even parity)

we get the selection rule for A/ as

Al=2,0, -2

Similarly, for the term (n',/',m, '|ff§) n,l,m,), we have the selection rule as

Am =0,  Am=-2, Al=20,-2

Am =0,  Am=%2, Al=%2,0

Next we consider



_)’(\:2_5124‘22’\2 :7’_‘,(2)
\/g 0

The matrix element;

7:0(2) n,l, m],mx> = 5(mS',m‘v)<n',l',m]'|7:()(2)

<n',l’,ml',ms' n,l,ml>
From the term &(m,',m, ), we have the selection rule for the spin

m'=m_, or Am =0

From the term <n’,l’,ml'|7:0(2)

n,l, ml> , we have the selection rule for

<I’l',l', m, v|f;)(2)

n,l, ml>
Al=0I'-1=2,1,0,-1,-2
Am, =m,'-m, =0

using the Wigner-Eckart theorem. Since

7

n,l,m;)=(-1)

n,l,m), AT 7 =T? (even parity)
we get the selection rule for A/ as

Al=2,0, -2
In summary, we get

Am =0, Am, =0, Al=%2,0



((3-25))

5.25 Work out the quadratic Zeeman effect for the ground-state hydrogen atom due to the
usually neglected ¢>A%/2m.c?-term in the Hamiltonian taken to first order. Write the
energy shift as

A= —%,\’Bz

and obtain an expression for diamagnetic susceptibility, x.

((Solution))
Is state for the hydrogen atom ground state

(r|1s) = ———exp(——)

m, 4
The perturbation:
2 2 p2
~ B . R
V= ¢ 2A2=e 2(szryz)
2mc 8mc
where
A=1Bxi=LB(550)
2 2

The ground state hydrogen atom is a nondegenerate state. Using the theory of perturbation for the
non-degenerate state, we have

E =E9 + JEY + E® 4+ .

where



ED = (15 7]1s)

+ e’B’
= Jdr<r|ls> P~ (* +j/2)<r|ls>
_ 1 _r B>, 1 _r
=| dr—\/”’To} xp(— g Ty )—M exp(—)
1

e’B’ 2r. 5 )
= '[dr exp(—)(x" +y7)
m,” 8mc a,

or

Since

we have

2 2
ea,

2

2mc

((Mathematica))
Evaluation of N,y =-2.37606 x 10 emu/mol



Clear["Global *"];

rulel = {kB—- 1.3806504x10™*°, NA » 6.02214179x 10%,
c->2.99792x10%, 1> 1.054571628 1077,
me » 9.10938215 10°%®, mp > 1.672621637x 10" %,
mn > 1.674927211x10°%*, ge » 4.8032068x 107,
eV > 1.602176487x10 "%, meV » 1.602176487x107%°,
keV » 1.602176487x107°, MeV » 1.602176487 x 10°¢,
rB- 0.52917720859x 10°°} ;

_ ge® rB?

> NA //. rulel

sl
2 mec

2.37606x10°°
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