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We discuss the exact solution for the Zeeman effect using the Kronecker product 
 
The Hamiltonian is given by 
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The magnitude of the spin-orbit coupling and the Zeeman energy for atom with Z 
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The ratio is given by 
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We have the ratio k as 
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Note that 
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at the characteristic field, 
 

)1)(2/1(
25845.6

3

4

0 


llln

Z
BB  [T] 

 
For Na (Z = 11, n = 3, l = 1) 
 

0B 1131.23 T. 

 
((Examnple-2)) 
 
For H (Z = 1. l = 1, n = 2), 
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For Na (Z = 11. l = 1, n = 3), 
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We use the matrices 
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For simplicity we use the unit of 1 . The the Hamiltonian is obtained as 
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Eigenvalues      Eigen vectors: 
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Suppose that 
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We make a plot of the eigenvalue as a function of k, where k is proportional to the magnetic field. 
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______ 
(a) l = 1, s = 1/2. 
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(b) l = 2, s = 1/2 
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((Mathematica)) 
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Clear"Global`"; L  1; —  1; S  1  2;

exp_  : exp . Complexre_, im_  Complexre, im; 1   1
0
;

2   0
1
; 1 

1
0
0

; 2 
0
1
0

; 3 
0
0
1

; I3  IdentityMatrix3;

I2  IdentityMatrix2; j  1;

Jxj_, n_, m_ :
—

2
j  m j  m  1 KroneckerDeltan, m  1 

—

2
j  m j  m  1 KroneckerDeltan, m  1;

Jyj_, n_, m_ : 
—

2
 j  m j  m  1 KroneckerDeltan, m  1 

—

2
 j  m j  m  1 KroneckerDeltan, m  1;

Jzj_, n_, m_ : — m KroneckerDeltan, m;

Lx  TableJxj, n, m, n, j, j, 1, m, j, j, 1;

Ly  TableJyj, n, m, n, j, j, 1, m, j, j, 1;

Lz  TableJzj, n, m, n, j, j, 1, m, j, j, 1;

Sx 
—

2
PauliMatrix1; Sy 

—

2
PauliMatrix2;

Sz 
—

2
PauliMatrix3;
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ES_, _ : Module1, 1, A1, eq1, 1  ; 1  ;

A1  1 KroneckerProductLx, Sx  KroneckerProductLy, Sy 
KroneckerProductLz, Sz 

 1 KroneckerProductLz, I2  2 KroneckerProductI3, Sz;

eq1  EigensystemA1  Simplify; s1  eq11;

p1  ES1, k;

p1

1
2
 2 k,

1
2
 2 k,

1
4
1  2 k  9  4 k  4 k2 ,

1
4
1  2 k  9  4 k  4 k2 ,

1
4
1  2 k  9  4 k  4 k2 ,

1
4
1  2 k  9  4 k  4 k2 

Plotp1, k, 0, 0.2,

PlotStyle  TableHue0.15 i, Thick, i, 0, 10
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Plotp1, k, 0, 1, PlotStyle  TableHue0.15 i, Thick, i, 0, 10
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k = 0.65 
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p2  ES0, k;

Plotp2, k, 0, 10,

PlotStyle  TableHue0.15 i, Thick, i, 0, 10
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