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Abstarct

Here we discuss the phenomenological approach (Ginzburg-Landau (GL) theory) of
the superconductivity, first proposed by Ginzburg and Landau long before the
development of the microscopic theory [the Bardeen-Cooper-Schrieffer (BCS) theory].
The complicated mathematical approach of the BCS theory is replaced by a relatively
simple second-order differential equation with the boundary condition. In principle, the
GL equation allows the order parameter, the field and the currents to be calculated.
However, these equations are still non-linear and the calculations are rather complicated
and in general purely numerical. In this article, we make use of the Mathematica
programs to solve the GL equation numerically. This makes it much easier for students to
understand the essential points of the superconducting behaviors. The time dependent GL
theory is not included in this article.

This article was originally prepared for a lecture (by M.S.) of the Solid State Physics
course (1989). Since then, the note has been revised many times. The use of Mathematica
was immensely useful in preparing this note. The students studying the solid state physics
will avail themselves of the Mathematica for solving problems and visualizing the
propositions. In particular, it is much easier for students to use the command of
VariationalD and FirstIntegral (useful for the variational calculation) the derivation of the
Ginzburg-Landau equation from the Helmholtz free energy.

So far there have been many excellent textbooks on the superconductivity."” Among
them, the books by de Gennes,1 Tinkham,6 and Nakajirna5 (best-seller book in Japan,
unfortunately in Japanese) were very useful for us to understand the phenomena of
superconductivity. There have been also very nice reviews,*’ on the GL theory. It should
be noted that so many useful mathematical techniques are developed by Trott' in the
Mathematica book.
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1. Introduction

It is surprising that the rich phenomenology of the superconducting state could be
quantitatively described by the GL theory,'' without knowledge of the underlying
microscopic mechanism based on the BCS theory. It is based on the idea that the
superconducting transition is one of the second order phase transition.'” In fact, the
universality class of the critical behavior belongs to the three-dimensional XY system
such as liquid “He. The general theory of the critical behavior can be applied to the
superconducting phenomena. The order parameter is described by two components

(complex number y =|t//|ei9). The amplitude |1//| is zero in the normal phase above a

superconducting transition temperature T, and is finite in the superconducting phase
below T.. In the presence of an external magnetic field, the order parameter has a spatial
variation. When the spatial variation of the order parameter is taken into account, the free
energy of the system can be expressed in terms of the order parameter  and its spatial

derivative of y . In general this is valid in the vicinity of T, below T., where the
amplitude |1//| is small and the length scale for spatial variation is long.

The order parameter y is considered as a kind of a wave function for a particle of
charge 4" and mass m". The two approaches, the BCS theory and the GL theory, remained
completely separate until Gorkov'® showed that, in some limiting cases, the order
parameter y/(r) of the GL theory is proportional to the pair potential A(r). At the same
time this also shows that q* = 2e (<0) and m’=2m. Consequently, the Ginzburg-Landau
theory acquired their definitive status.

The Ginzburg-Landau (GL) theory is a triumph of physical intuition, in which a wave

function y(r) is introduced as a complex order parameter. The parameter |!,//(l‘)|2

represents the local density of superconducting electrons, n (r) . The macroscopic

behavior of superconductors (in particular the type II superconductors) can be explained
well by this GL theory. This theory also provides the qualitative framework for
understanding the dramatic supercurrent behavior as a consequence of quantum
properties on a macroscopic scale.

The superconductors are classed into two types of superconductor: type-I and type-II
superconductors. The Ginzburg-Landau parameter « is the ratio of A to & where A is the



magnetic-field penetration depth and & is the coherence length of the superconducting
phase. The limiting value x =1/ V2 separating superconductors with positive surface

energy (x < 1/\/5) (type-I) from those with negative surface energy (x > 1/\/5) (type-
1), is properly identified. For the type-II superconductor, the superconducting and normal
regions coexist. The normal regions appear in the cores (of size &) of vortices binding

individual magnetic flux quanta @, =27zhc/‘q*‘ on the scale A, with the charge

‘q*‘=2|e| appearing in @y a consequence of the pairing mechanism. Since A>E, the

vortices repel and arrange in a so-called Abrikosov lattice. In his 1957 paper, Abrikosov'*
derived the periodic vortex structure near the upper critical field Hg, where the
superconductivity is totally suppressed, determined the magnetization M(H), calculated
the field Hc; of first penetration, analyzed the structure of individual vortex lines, found
the structure of the vortex lattice at low fields.

2. Background
In this chapter we briefly discuss the Maxwell’s equation, Lagrangian, gauge
transformation, and so on, which is necessary for the formulation of the GL equation.

2.1 Maxwell's equation
The Maxwell equations are expressed in the form
V-E=4np

VxE:—lﬁ

ca
V-B=0 ’ @D

VxB= iz j+ 1&
C ca
B: magnetic induction (the microscopic magnetic field)
E: electric field
p: charge density
J: current density
c: the velocity of light
H: the applied external magnetic field
The Lorentz force is given by

Fsz+%waﬂ. (2.2)

The Lorentz force is expressed in terms of fields E and B (gauge independent, see the
gauge transformation below)).
The equation of continuity
ap

V..+—:0’ 2.3

1+ (2.3)

B=VxA, (2.4)

E:—léi—v¢, (2.5)
ca

where A is a vector potential and ¢: scalar potential.



2.2 Lagrangian of particles with mass m* and charge q* in the presence of
electric and magnetic field
The Lagrangian L is given by

L:%m*vz—q*(¢—lv-A), (2.6)
C
where m” and q" are the mass and charge of the particle. Canonical momentum
oL . q
=—=mv+—A. 2.7
P=7, . 2.7)

Mechanical momentum (the measurable quantity)

*

T=mv=p-TA. 2.8)
c
The Hamiltonian is given by
Hep-v-L=mv+LA)vol=tmv iqg=—(p-LA)Y+qg.
c 2 2m c

(2.9)

The Hamiltonian formalism uses A and ¢, and not E and B, directly. The result is that the
description of the particle depends on the gauge chosen.
23 Gauge transformation: Analogy from classical mechanics'>"'®

When E and B are given, ¢ and A are not uniquely determined.
If we have a set of possible values for the vector potential A and the scalar potential ¢, we
obtain other potentials A’ and ¢ which describes the same electromagnetic field by the
gauge transformation,

A=A+Vy, (2.10)
1 oy

g LA 2.11

P=9--3 (2.11)

where y is an arbitrary function of I.
The Newton’s second law indicates that the position and the velocity take on, at every
point, values independent of the gauge. Consequently,
r'=r and v=v,

or
n'=m, (2.12)
Since = m*v=p—%A, we have
p’—q—A'=p—q—A, (2.13)
c C
or
SR PR
p=p+—(A-A)=p+—Vy. (2.14)
C C

In the Hamilton formalism, the value at each instant of the dynamical variables
describing a given motion depends on the gauge chosen.



24 Gauge invariance in quantum mechanics
In quantum mechanics, we describe the states in the old gauge and the new gauge as

We denote |1//> and |l//'> the state vectors relative to these gauges. The analogue of the

relation in the classical mechanics is thus given by the relations between average values.

<t//'|f‘|y/'> = <1// |f‘|1//> (gauge invariant), (2.15)

<w'|fr|l//'> = <t//|ft|l//> (gauge invariant), (2.16)

(wiply) =y b+ Valw). (2.17)
We now seek a unitary operator U which enables one to go from |w> to |l//'> :

lw)=U|y). (2.18)
From the condition, <W'|l//'> = <1//|1//> , we have

Ul =U0"=1. (2.19)
From the condition, <w'|f|y/'> = <1// |f'|w> ,

U'tU =F, (2.20)
or

- . oU
[r,U]=0=ih—. 221
] po (2.21)

U is independent of p .

From the condition, <1//'|f)|l//'> = <1// |f) + %V ;(|1//> ,

A

UpU =p+3dvy, (2.22)
C

or
[p.U]= +%UV;( =?§U . (2.23)

Now we consider the form of U . The unitary operator U commutes with F and x

U = exp(9.4) (2.24)
Ch
The wave function is given by
<r|t//'> = <r 1//> = exp(li—h){)<r|y/>. (2.25)

For the wave function, the gauge transformation corresponds to a phase change which
varies from one point to another, and is not, therefore, a global phase factor. Here we
show that

(wip -1 Aly)

A

U

(wip-LAl). (2.26)
C

Wi+ Lvz= @A voly)=(vip-TA).
(2.27)

(wip-TAly)



since

and

2.5

or

or

or

or

or

or

(wply) = (v b+ Valw).

(I Al = (0" T aUly) = (| A+ Vly).

Hamiltonian under the gauge transformation

.. 0 A
—lw)=H
Ihat|y/> |1//>,
H a " __ AY '
Ih—at|w>—H |1//>,

03
maUW)_H Uly),

u‘*ﬁU:m%w,

(2.28)

(2.29)

(2.30)
(2.31)

(2.32)

(2.33)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)



UpU* = (ﬁ—%V}(). (2.42)

From this relation, we also have

Up-Lan =p-ta-Lvy-p-Ta, (243)
c c c c
1 /A q* 211+ _ra q* 12
U(p—TA) U —(p—?A) ) (2.44)
Then
A T P BRI
ot [2m(P . )" +0 4] (2.45)
or
|_A| — _q_*a_Z_FL*(IS _q_*A')2 + q*¢ = ! - f) _q_*A')2 + q*¢' . (2.406)
c ot 2m c 2m c

Therefore the new Hamiltonian can be written in the same way in any gauge chosen.

2.6  Invariance of physical predictions under a gauge transformation
The current density is invariant under the gauge transformation.

1 A *

J=—Re[(y[p - Aly)]. (247)
m C

{v'p —%A'|V/'> =(y U @ —%A')U|l//>, (2.48)

G p-LaW=p+Lvy-La=p-La, (2.49)

C C C C

7= ey - L Al =L el p- T Ay (2.50)

m’ C m’ C

The density is also gauge independent.

p=[(rlyf = p=[rlw)f (2:51)
3. Basic concepts
3.1 London’s equation

We consider an equation given by

(p) = m*<v>+%A. (3.1)
We assume that <p> =0 or

%*A =0. (3.2)
The current density is given by
*2 2
J= q*|1//|2<v> = —%A . (London equation) (3.3)
This equation corresponds to a London equation. From this equation, we have

m'(v)+




%2 |2 %2

2
q" v q v
VxJ=—""-VxA=——"-"B.
xJ mec m'c (3.4)
Using the Maxwell’s equation
VxB=Y"J and V-B=0,
c
we get
* *2
Vx(VxB)=Fyxg=_4M4 g (3.5)
C mc
where
n = |g//|2 = constant (independent of I)
*\2
ﬂLz = m*c — . penetration depth.
47m q
Then
Vx(VxB):V(VB)—VzB:—%B, (3.6)
L
or
V’B = %B . (3.7

L
In side the system, B become s zero, corresponding to the Meissner effect.

3.2  The quantum mechanical current density J
The current density is given by

% %2 2
hooo. T
L 1 (3.8)
2mi mc
Now we assume that
w =|wle". (3.9)
Since
w'Vy —yVy' =2iy[ve, (3.10)
we have
h e : w2
1=Lpfve-Lay=qplv, (3.11)
m ch
or
wo=4Arm'v, . (3.12)
C

This equation is generally valid. Note that J is gauge-invariant. Under the gauge
transformation, the wave function is transformed as

') =exp( Epyr). (3.13)

This implies that



0—0=0+3%4 (3.14)
he

Since A'= A +Vy, we have
J=nveo-L Ay =nve+ I L A+v1=nve-3-a).G3.15)
ch nc’  ch ch

So the current density is invariant under the gauge transformation.
Here we note that

w (1) = |y (r)]expliO(r)] (3.16)
and

py(r)= ?V{exp[i oYy ()} = ?[i w1V 0(r) + expli OV ly (0)].

(3.17)

If |z//(r)| is independent of r, we have

Py () = [AV Oy (r) (3.18)
or

p=Avo(r). (3.19)

Then we have the following relation

*

p=hV0:%A+m*vs (3.20)

when |z//(r)| is independent of .

3.3. London gauge
Here we assume that |1//|2 =n," = constant. Then we have

*

p=mvo=TArm'v,, (3.21)
C
Jo=q' v, =anv,. (322)
Then
p=rve=2a+ M 3. (3.23)
C S
We define
A= (3.24)
n,q
Now the above equation is rewritten as
p=mvo=LA+qAJ, (3.25)
C
Vxp=d (VxA)+qA(VxJ,)=0, (3.26)
C

or

10



Vx(LA+JS):O, (3.27)
CA

or
LB+V><JS:O. (3.28)
CA
From the expression
p=1A+q'Al, (3.29)
c
and p = 0, we have a London equation
1
J,=—A. 3.30
ST ToA (3.30)

For the supercurrent to be conserved, it is required that V- J = ——AV -A=0 or
c

V-A=0. (3.31)
From the condition that no current can pass through the boundary of a superconductor, it
is required that J_-n =0, or
A-n=0. (3.32)
The conditions (V-A =0 and A-n=0) are called London gauge.
We now consider the gauge transformation: A'= A+Vy

1
J/'=——A", 3.33
=T eA (3.33)
V-J/'=- ! —V.-A'= ——(V A+Viy)=0, (3.34)
CA
Js'-n:—LAA'n———(A n+Vy-n). (3.35)
C

The London equation is gauge-invariant if we throw away any part of A which does not
satisfy the London gauge. A'= A +Vy, where V' ¥y =0 and Vy-n =0 are satisfied,

3.4  Flux quantization
We start with the current density

*h * .
1, =L ve-Lay=qylv,. (3.36)
m Ch
Suppose that ns* = |1//|2 =constant, then we have
vo=—"" 3 19 4, (3.37)
qAn, ch
or
$vo-di= §J d1+—§A dl. (3.38)
q'7in,

The path of integration can be taken inside the penetration depth where J =0.

§v9-d1=g—h§A-d1:g—hj(va)-da=g—th-da=g—hq>, (3.40)

11



where @ is the magnetic flux. Then we find that

k3

A0=92—91:2zzn:2—h (3.41)

where n is an integer. The phase € of the wave function must be unique, or differ by a

multiple of 2 at each point,
27Ch

O =—7 (3.42)
q
The flux is quantized. When |q*| = 2|e|, we have a magnetic quantum fluxoid;
2SN ) 06783372 x 107 Gauss cm’ (3.43)
2 2
4. Ginzburg-Landau theory-phenomenological approach

4.1 The postulated GL equation
We introduce the order parameter y(r) with the property that

' Oy (r)=ny(r), (4.1)
which is the local concentration of superconducting electrons. We first set up a form of
the free energy density F(r),
2

1 B
_ +—, 4.2
2m 8 (42)

where [ is positive and the sign of « is dependent on temperature.

. 2
h

Av-9 Ay
| C

1
F.(r)=F, +05|;//|2 +§ﬂ|l//|4 +

4.2 The derivation iof GL equation and the current density by variational
method
We must minimize the free energy with respect to the order parameter y(r) and the
vector potential A(r). We set

I= j F.(r)dr (4.3)
where the integral is extending over the volume of the system. If we vary
w(r) > w(r)+ow(r) and A(r) > A(r) + 0A(r), (4.4)
we obtain the variation in the free energy such that
J+03.
By setting 63 =0, we obtain the GL equation
. 2
2 1 (& q
ay + +—| =V-——"-A =0, 4.5
v+ Bl v 2m(| ; jt// (4.5)
and the current density
* %2 2
hoo« «~ Qv
J, = a7 1y Vw—!//Vl//]——*|A (4.6)
2mi mec
or
Y= Ev-T Ay -tV LAy, 4.7)
2m I C I c

12



At a free surface of the system we must choose the gauge to satisfy the boundary
condition that no current flows out of the superconductor into the vacuum.

n-J, =0. (4.8)

4.2.1 Derivation of GL equation by variational method
((Mathematica program-1))

Variational method using “VarialtionalD” of the Mathematica 5.2.

(*Derivation of Ginzburg Landau equation¥*)
<<Calculus VariationalMethods"™

Needs ["Calculus VectorAnalysis™ "]
SetCoordinates[Cartesian[x,y,z]]
Cartesian[x,y, z]

A={Al[x,y,z],A2[x,y,z] ,A3[x,y,z]}
{A1[x,y,z],A2[x,y,z] ,A3[x,y,z]}

eql= o (YIX, Y, ZIUCIX, ¥, 21) + 5 B (4IX, ¥, ZI*YCIX, ¥, 21%) +
1
2m

h
(- § Gredycix, y, 211 -

a

(5 eredwix, y, 211 - 2 Awix, y, z1).
i C

%ch[x, Y. 21)) // Expand;

eg2 = VariationalD[edl, yc[X, VY, Z], {X, Y, Z}] // Expand

2 2
ayX, Y, z] + g°AL(X, Y, ZI“¥[X, Y, Z] .

2c2m
P A2(X, Y, 212u(X, Y, 2] A3, Y, Z1PU(X, Y, 2]
2c2m 2c2m
Buix.y. Z12ucix, v, 2]« LARUIX Y, 2] R3OV X, y, 7]
2cm

i qnA3[X,y, z] y OOV x,y, 21  #2y002 x,y, z)

cm B 2m
iqnryix,y, z1 200 x, y, 21 1qnA2ix,y, 21 ¥ 010 %, y, z]

2cm ’ cm B
02y %20 x,y, 2] iqnux,y,z] P00 1x,y, 2]

2m 2cm

iqnALix,y, z] y100 x,y, 2] #n2y200 x,y, 7]

cm B 2m

eqg3=VariationalD[eql, ¥ [x,y,z],{x,y,z}]1//Expand

13



2 2
o YC[X, Y, Z] + qcAL(X, Y, Z]“¥C[X, Y, Z] )

2c2m
o A2(X, Y, Z]?UCIX, ¥, 2] PA3IX, Y, Z12UCIX, Y, Z] |
2c¢2m 2¢c2m
5> iqhycix,y, z] A300D x v, 7

BY[X, Y, Z] YC[X, Y, Z]" - sem -
iqnA3(x, Yy, z] yc@0 x,y, z]  72yc@02 (x,y, 7]

cm B 2m B
iqhycix,y, z] 2050 x v, z1  iqnA2(x,y, z] ycOL0 (x,y, 7]

2cm B cm B
n2yc®20 (x,y, z]  iqaycix,y, z] ALL00 x vy, 7

2m B 2cm B

i qhALX, Y, z] ycO9 x,y, 2] #2yc?00 (%, y, z]

cm B 2m

(*We need to calculate the following*)

OPl:= (E DI#, X] - % AL[X, Y, Z] #&)
1

P2 := (E DI#, ] - 3 A2[x, y, 2] #&)
1 C
OP3 := (E DI#, 21 - 3 A3x, Y, 2] #&)
1 C
eyl =
a¥[X, Y, Z] + B¥[X, Y, Z12¥CIX, Y, Z] +
1

>m (OPL[OP1[¥[X, Y, Z]1] + OP2[OP2[y[X, Y, Z]1] +

OP3[OP3[¥[X, Y, z]11) // Expand
P ALIX, Y, Z]2¥[X, Y, Z] .

ay[X, Y, Z] +

2c2m
2 2 2 2
g-A2(X, Y, Z]“¥[X, Y, Z] . g A3[X, Y, Z]“U[X, Y, Z] .
2c2m 2c2m
i gaw[X, Y, z] A300:D (x vy, Z
BUIX, Yy, Z12uC(x, y, 7] + LAV Y. 2] X Y. 2],
2cm
iqaA3[x,y, z] ¢ 00 x,y, z)  #2y0:02 %, y, 7
cm 2m
iqay(x,y, z) 2050 x, vy, 21 1iqaA2(x,y, z] ¢ @10 x,y, z]
2cm ’ cm B
w2y 020 (x,y, 21 iqnux,y,z1 M0, y, z)
2m 2cm
iqnALix,y, z] y B0 x,y, 21 W2y 200 x,y, z]
cm 2m
eq2-eq4//Simplify
0

4.2.2. Derivation of current density by variational method
((Mathematica Program-2))
(*Derivation of Current density variational method¥*)

14



<<Calculus VariationalMethods ™ ;Needs["Calculus VectorAnalysi
s“ll]

SetCoordinates[Cartesian[x,y,z]];A={Al[x,y,z],A2[x,y,z],A3[x
,¥,z]};H={H1,H2,H3}

{H1,H2,H3}
eql=
1 /n q
o (i— Grad(y1X, ¥, 211 - _ A¥IX, Y, z]).

h
(- © eraduecrx, y, 211 - L Awcrx, v, 21) +

1 (Curl [A]) - (Curll [A]) -i H.Curl[A] // BExpand;
8n 45

eq2 = VariationalDreql, AL[X, Y, z1, {X, Y, 2}] // Expand
P ALIX, Y, Z] ¥[X, Y, Z] ¥C[X, Y, z]  ALO02 %, y, 7]
c2m } 4r
A10-20 % vy, z] iqhyc[x,y, z] 100 [x,y, z]
45 ! 2cm
iqnyix,y, 219 x,y, z1 ALV x,y, 21 A2LLO (x,y, Zz
2¢cm " 4r " 4
(*Current density in Quantum Mechanics*)
eg3 =
1(c P
< (E Curl[Curl[A]] + o Y% Y. Z14CIX, Y, Z A-
gha
i2m
e = eq3[[1]1]1 // Expand
PALIX, Y, Z] ¥[X, Y, Z] ¥C[X, Y, 2]  ALO02 (x, y, 7]

(¥CIX, Y, z] Grad[¥[X, Y, Z]] - ¥[X, Y, Z] Grad[yC[X, Y, Z]])] ;

cZm 4
ALO20 (x y,z] iqnucix,y,z] y00 x,y, 7]
4 " 2cm B
iqayx,y, z] ycB00 x,y, z1 A3LODL x vy, z) A2LL0 (x y, 7
2¢cm ' 4r " 4
eq2-eq4//Simplify
0
5 Basic properties

5.1 GL free energy and Themodynamic critical field H,
A=0and v =y_ (real) has no space dependence. Why i/ is real?
We have a gauge transformation;

A'=A+Vy and ¥'(r) = exp(lq—hz)t//(r). (5.1)
C
We choose A'=A+Vy=A with y = jp = -constant. Then we have

w'(r)= exp(lqc%)l//(r) ,or w(r)= exp(—lqc%)t//'(r) . Even if y'is complex number, y

can be real number.
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F=F+ay,’ +%ﬁu/w4. (5.2)

When :—F =0, F; has a local minimum at
Ve
v, =(-alp)* =(a|/ ). (5.3)
Then we have
2 2
Fof =% __Ho (5.4)
24 87
from the definition of the thermodynamic critical field:
1/2
dro’ T?
Hﬁ( 7 J ZHC(O)(l—T—2)~ (5.5)

Suppose that Zis independent of T, then

__|B P h o oy (L
a = \/;HC(O)(l TC2)~2 47TH°(0)(TC ) %(TC D, (5.6)

where o, =2, /4£HC(O). The parameter « is positive above T, and is negative below T..
V4

Note that #>0. For T<T,, the sign of « is negative:
F = Fu ==+ 57)

where >0 and t = T/T, is a reduced temperature.

((Mathematica Program-3))
(* GL free energy*)
f=a0 (t-1) P+ By *;FL=F/. {a0-3, B> 1}
Plot[Evaluate[Table[Tl, {t, O, 2, 0.2}11, (¥, -2, 2},
PlotRange -» {{-2, 2}, {-3, 3}},
PlotStyle - Table[Hue[0.1 1], {i, O, 10}1,
Prolog - AbsoluteThickness[2] , Background -» GrayLevel [0.7],
AxesLabel - {"'yoo'", "F'}]

-Graphics=-
Fig.1 The GL free energy functions expressed by Eq.(5.7), as a function of v/ . o = 3.
f=1.tis changed as a parameter. t =T/T.. (t=0—2) around t = 1.
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(* Order parameter T dependence*)
eql=Solve [DI[£,y§]1==0,¢]//Simplify

{{L//% 03, {w» (>
V2 /B
Yoo=y/ .eql[[3]]

Plot [yo/.{a0-3,B8-1},{t,0,1},PlotRange-»{{0,1},{0,1.5}},PlotsS
tyle-»Hue[0] ,Prolog-»AbsoluteThickness[2] ,Background-»GrayLeve
1[0.7],AxesLabel->{"t", "§oo"}]

Yoo

1.4
1.2°¢

1L
0.8
0.6 |
0.4}
0.2}

t

0.2 0.4 0.6 0.8 1
-Graphics=-
Fig.2 The order parameter y_ as a function of a reduced temperature t = T/T.. o =3.
=1.

5.2 Coherence length &
We assume that A = 0. We choose the gauge in which i is real.

2 2
a + 3— 5 :0' 5.8
A v 4 (5.8)
Weputw =y T .
2 2
AT oo, (5.9)
2
2m o dx

We introduce the coherence length

2 2 2
o M h_2mh (5.10)

where
2 2
a_z c 5 l//w2=M=ns, (5.11)
2 8« y/j
or
h2 T -1/2
= * -— . 5.12
g ma, | T | (5.12)

Then we have

17



2
afz((jsz +f-f>=0,

with the boundary condition f= 1, df/dx=0atx=o and f=0atx=0.

,df d*f ;. df

= f—f)ot=0

dx dx2+( )dx ’
or

se(ay s r

dx 2 \dx dx 4 27
or

gz(dsz 1 -

ST -y,

2 Ldx 4( )
or

df 1

&:\/—Té(l—fz).

The solution of this equation is given by

f= tanh(\/_%f] .

((Mathematica Program-4))

(* Ginzburg-Landau equation; coherence length¥*)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

eql= F [X] == é (1-f[x12) ; eq2 = DSolve[ {eql, F[O] == 03, F[Xx1, X1;
3

f[x 1=F[x1/-eq2[[1]] // ExpToTrig// Simplify

Tmm{ f ]

V2 ¢
(*tangential line at x = 0%)
eq3=D[£f[x],x]//Simplify
Sam[ X f

J2e

V2 ¢
eqgq4=eq3/.x-0

1

V2 ¢ X
Plot[Evaluate[{f[x] /. {~ 1}, 7z x}], 1%, 0, 5},

PlotStyle - {Hue[0.71, Hue[01}, Prolog - AbsoluteThickness[2],

Background - GraylLevel [0.7] , AxesLabel » {"x/&", "F(x) "},
PlotRange - {{0, 5}, {0, 1.2}}]

18



-Graphics=-
Fig.3 Normalized order parameter f(X) expressed by Eq.(5.18) as a function of x/&.

Plot[eq3/.&-1,{x,0,5},PlotStyle-»Hue[0.7],Prolog-AbsoluteThi
ckness [2] ,Background-GrayLevel [0.7] ,AxesLabel-»>{"x/&","f"' (x)
"}, PlotRange-{{0,5},{0,0.8}}]

-Graphics-
Fig.4 Derivative f'(X) as a function of X/&.

5.3  Magnetic field penetration depth &

* %2

2
qh . . 9y
J=——[w Vy- -——A. 5.19
s 2m|[w y-yVy ] oo (5.19)
We assume that i =y (real).
%2 2
J, = —%A (London’s equation), (5.20)
2 2 *2 2
Vxd, =3 Y yup=_9Y g (5.21)
mc mc
where
4r
VxB=TJS, B=VxA, V-B=0. (5.22)
Then we have
c %2 2
Vx(LvxB)y=-3 ¥ g (5.23)
4r mc

or
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4 *2 2
Vx(VxB)=V(V-B)-VB=-"9 Y= g (5.24)
mc

Then we have London’s equation
1

V’B = FB , (5.25)
where
4 *2 2
=Y. (5.26)
mc
A is the penetration depth
*2 *\2
i:J = [l (527)
47 y,” \4m" o
The solution of the above differential equation is given by
B, (X) =B, (x=0)exp(-x/A1), (5.28)
where the magnetic field is directed along the z axis.
e, e, e,
y=Lvxp=C2 2 2 1_C 4 %8 40. (5.29)
4 4r|lox oy oz 4 OX
0 0 B,x)
The current J flows along the y direction.
cB,(x=0)
J, =—2—Fexp(—Xx/A4). 5.30
y ) p(=x/4) (5.30)

.
. §</ "
e

Fig.5 The distribution of the magnetic induction B(X) (along the z axis) and the current
density (along the y axis) near the boundary between the normal phase and the
superconducting phase. The plane with x = 0 is the boundary.

5.4  Parameters related to the superconductivity
Here the superconducting parameters are listed for convenience.
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2

> _le] S 2, 1o
n=y, =—, H, =4m|a|=4rxlaly, =4r—,
: | ariay. =47
H,' =4zy.'B
H.> H.> 27he
|0l|= cz’ ﬂ: C49 (Do: YR
4y, 4y, q
* 2 *
e |MEB e h o _A_emB
4mq" e 2m’la S ~N2zhq
Then we have
m'c? J2m, h cm'H,
A= |——=, ¢&=""F7=, K=—F=——a>
4/m. q H.vm 227200, |q
AE 1 x V2[a|H, K
— 2 = , — =, —CD =2\/57z|_|0,
D, 24/27H, 2 Ci 20
_Ch
C \/Eq*/,ig'
We also have
2
K:2\/§7fﬂy HC, \/EHCZ (I)O .
D, 27A&
Note:
‘q*‘ =2e (>O) m* =2m, ns* = ns/2'

((Mathematica Program-5))

(*nl=ns*, ql=Abs[g*], al=Abs[a], ml=m* *)

Hc? Hc?

’ = = 5
47nl 4 v n12

rulel = {a1->

n
= —— 3
v 2Zmlal
by
x = " // PowerExpand
cmlv 3
V21 qla
Al=A/.rulel//PowerExpand
cvVml
2+/ni /1 gl
§1l=§/.rulel//PowerExpand
vl /25 n
Hc /' m1
A€

20 /- rulel// PowerExpand

0 27rhC};l= mlLc? g :
ql 4rgl2al
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(5.31)
(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)



1

2+ 2 Hcr
kxl=x/.rulel//PowerExpand
CHcml

2+/2nlrqgln
% /- rulel 7/ PowverExpand
V2 Heql
ch
%mO/-rulel // PowerExpand

2+/2 Her

6. Formulation of GL equation
6.1 General theory’
In summary we have the Ginzburg-Landau equation;

R 2
1 (n
ay + By v+ *(.—V—q— J =0, (6.1)
2m L c
and
c c h q” |2
J.= v @xA) = vv-A) - VA= I vy — vy - LA

4 4 2mi mc

6.2)

B=VxA. (6.3)

The GL equations are very often written in a form which introduces only the following

dimensionless quantities.
B

_ f ) r= 2’ , h =, 6.4
y=v, p V2H, ©4
where
%2
e K 7S R N YL VN WY
mc 2m'a 2mla B BB
(6.5)
D, = @ = _2—7[?(: (since g* = 2e<0), (6.6)
q q
1 2 \[‘ D, A
= 5 2HC/1 =—K, K=—. 6.7
\/EHC/»{IZ ®0K 27[ § ( )
We have
2
(_ivﬁxj f=f-|fPf, (68
ix
where
%o 27é A (6.9)
D,

Here we use the relation
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B 1 1 @,

h= = VXxA=—o V xA=V xA, 6.10
V2H,  A2H, J2H, 27228 ? (6.10)
or
h=V, xA, (6.11)
J, = S Vx(VxA) = [V(V-A)-V?A]
4r 4r
" g l//|2 ; (6.12)
'V -y l-—-A
mi m¢c
¢ Py v, xR)=4", —[fo—fo]—M o [fFA,
4rk° 27é . m'i” mc 27&
(6.13)
Vpx(Vpr):zl—K[f*fo — fvi]-|[A, (6.14)
since
4 %2 2
= Ve (6.15)
mc

and
AxA* 27E Qh 5 1 B AxA’ 27E Q'R 1 mc? _27n& he 1

c @, 2m " A1 ¢ @ om Aam R ©, 20 2

, (6.16
eme 11 o
D, 2‘q*‘ K K
q*2 c
2
: = : 6.17
m'c Anx (6.17)
In summary we have the following equations:
(lv +Ajf—f—||f (6.18)
Ix
~ | % % 2~
V,x(V,xA) =V, 1 - fVf 1-|f[ A, (6.19)
h=V, xA. (6.20)
Gauge transformation:
A=A, +V;(, (6.21)
w(r)= eXp( )V/o(f) (6.22)
Z:z”éA, =y f, (6.23)
(DO
~ = 27 ~ 2781 ~ 1 2r
A=A + Vy=A,+ — =A,+—V (—yp), 6.24
0 ®, X 0 o, 1 oX 0ot p(q)o X) ( )
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iq y i27
f= f = —nf. 6.25
exp( o ) Ty =exp( o, X) (6.25)

2
Here we assume that — aﬁ ¥ =¢,. Then we have
0

. ~ ~ 1
f =exp(ig)f,, A=A, —;Vp(po. (6.26)

We can choose the order parameter f as a real number fy such that f, is real, fy is a
constant. A = KO.

2
(_ivp + Koj fo=f,—f°, (6.27)
1K
V, x(V,xA)=V xh=-f’A,, (6.28)
h=V, xA,, (6.29)
1 - 2
(_—vp +A0j f,=f,—f,°
K (6.30)
1 1

—vaz £, +(A, S 1, L[, (Ao )+ (Ry -V £))]

Using the formula of the vector analysis
V, [V, x(V,xA)]=0=-V -(f ’A))

L~ .2 _ L~ (63D
=-V f, Ay~ 1’V A, =21V f,-A, -’V -A,
or
—2A,-V f= 1,V -A,, (6.32)
We also have
V, (A f)=A,-V, T+ 1V, -A,. (6.33)
We have
, 1, ~ 1 ~ ~
f— 1,0 =——V *f, +(&,) fo+ L6V, &, +2A, -V, f,]
"1 K , (6.34)
~ \2
:—va2f0+( )t
or
1 ~
-V, (A £, =f,— 1, (6.35)
We also have
V,xh=-1’A,, (6.36)
A, = —%vp xh, (6.37)
0
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~ 1
h:Vproz—Vpx[?Vpxh]

0

| | , (6.38)
:—VP(—sz(VP xh)——V x(V , xh)
fO fO
or
2 o 1
h:?Vp OX(vah)—?va(vah), (639)
0 0
or
fﬁh:éivpnxagxh)—vpxagxhy (6.40)
0
In summary,
—ﬁivjf0+?%(vpth=fo—fj, (6.41)
0
gﬁlzéivpgx(vpxh)—vpx(vpxh), (6.42)
0
KO:—%TVpxh. (6.43)

0

6.2 Special case
We now consider the one dimensional case. For convenience we remove the subscript p

and r =(x, y, z) instead of p. We also use A for A, and f for f. f is real.

—;%V”—w%AVthzf—f3, (6.44)
Vh:%VfMVXM—VxWWhL (6.45)
Az—#%Vxh, (6.46)
h=VxA. (6.47)

hig)

=

Fig.6 The direction of the magnetic induction h(x).
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X, ¥ and z are dimensionless.

e, e, e
th:i i i :(O,_%,O),
ox oy oz dx
0 0 hx)
VX(Vxh)=V(V h)-Vh=-Vh=—"7e,
X
1 d*f 1 (dnhY
LN I Ly
K* dx? f{dxj
2
f’h= _2dfdn + d—? for the z component,
f dx dx dx
or
0,1 oh
N
_ 1 dn,
frdx ¥

(a) x«1 (type I superconductor)
1 d*f
2 =0
K dx
The solution of this equation is already given above.

f—f°+

(b) »»1 (type-II superconductor)
2
f—f° —L(@j =0
£\ ox '

7 Free energy
7.1 Helmbholtz and Gibbs free energies

The analysis leading to the GL equation can be done either in terms of the Helmholtz

free energy (GL) or in terms of the Gibbs free energy.
(a) The Helmholtz free energy

It is appropriate for situations in which B =<H>; macroscopic average is held
constant rather than H, because if B is constant, there is no induced emf and no

energy input from the current generator.
(b) The Gibbs free energy
It is appropriate for the case of constant H.

The analysis leading to the GL equations can be done either in terms of the Helmholtz
free energy or in terms of the Gibbs energy. The Gibbs free energy is appropriate for the

case of constant H.
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(6.51)
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g="f —4LB-H (Legendre transformation). (7.1)
T

B is a magnetic induction (microscopic magnetic field) at a given point of the

superconductors.
The Helmholtz free energy is given by
2
1 1 ) B’
=t ol v By o v =T any + 2 (7.2)
2 2m |1 Cc &
The Gibbs free energy is expressed by
N 2
1 4 1 |h q B> 1
=f +aly += +—|(-V-——A)y| +——-—B-H. (73
g, = f, +aly| 2ﬂ|‘//| |GV T AW e (7.3)
(1) At X =-00 (normal phase)
2
f(—0)=f, + H, , (7.4)
87
H 2 H 2 H 2
—0)=q. =f +— ——¢ —_f ¢ 7.5
9()9nn8ﬂ4ﬂn8” (7.5)
(i1) At X = oo (superconducting phase)
0.=0.(@)=f.=f +ay. +Lp “—1‘-0‘—2—f—H°2 (7.6)
S S S n Woo 2 l/loo n Zﬂ n 872' : :

The interior Gibbs free energy

E, = [dr{g,(r)-g,]

2
+B__LBHC]
8T 4r

(7.7)

1
2m’

N 2
h

Ev-L Ay
| C

1
= jdr[fn -g, +a|l//|2 +5ﬂ|l//|4 +

or
2

+L(B - Hc)z] (7.8)
8

2 1 4 h q
E, = [driayl + ] +- <GV --Aw

7.2 Derivation of surface energy
We have a GL equation;

N 2
1 (&
ay + flylv+ *[Tv—q—Aj w=0. (7.9)

2m o

If one multiplies the GL equation by " and integrates over all by parts, one obtain the
identity

jdr[a|y/|2 + ﬂ|g//|4 +

2m

. 2
l*w*[ﬁv—q—A] w]=0, (7.10)
] C

which is equal to
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1

- 1=0, (7.11)

, g
[driafy| + B[ + V- %A)l/f

Here we show that the quantity | defined
N 2
I:jdﬂw{zV—g—AJw—
I C

is equal to 0, which is independent of the choice of w and " The variation of | is
calculated as

3 = j dr[ASy + TSy’ (7.13)

using the Mathematica 5.2 (VariationalD). We find that A =T"=0 for any y and w*. | is
independent of the choice of yand . When we choose w = i = 0. Then we have | = 0.

2

(?V—%A)t// 1. (7.12)

((Mathematica Program-6))
(*Surface energy calculation -integral#*)
<<Calculus VariationalMethods™
Needs["Calculus VectorAnalysis ™ "]
SetCoordinates[Cartesian[x,y,z]]
Cartesian[x,vy, z]
A= (AL[X, Y, Z], A2[X, Y, Z], A3[X, Y, Z]};

eql -
1 h q
oo (3 oredwx, y, 211 - Ay, 21).
h
(- 1 Gradpycrx, v, z]] - % A yc[X, Y, Z])) // Expand;
OP1 := (i Di#, X] - 9 Al[X, Y, Z] #&) ;
i C
OP2:= (T DI, 1 - 1 A21X, Y, 21 #&);
i C
oP3:= (3 Di#, 21 - 3 A3[x, y, 2] #8);
i c
eq2 =
1
ﬁ II,C[Xs ys Z]
(OPL[OPL[¥[X, Y, Z2]1] + OP2[OP2[y¥[X, Y, z]1] + OP3[OP3[¥[X, Y, 2]11) //
Expand;

Gereral ::spelll : Possible spelling error :
new symbol name 'yc' is similar 1o existing symbol . More.

eq3=eql-eq2//Expand
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i QhulX, Y, z] ¥C(X, Yy, z] A30:0:D

2cm
i quA3[X, Y, z] ¥c[X, Y, z] 4OV x, y, z]
2cm B
1 qhA3[X, Y, Z] ¥[X, Y, Z] ¥
2cm
12y 00D x, y, 2] yc®OLx, y, 2] . n?ycix, y, z] v %02 x, y, z)
2m 2m
i qryIX, Y, Z] ¥C[X, y, z] AR2O0-10 x, y, 7]
2cm B

X, Y, Z]

c®0bx, y, 7]

+

i qnA2[X, Y, z] ¥C[X, Y, z] ¢ OO

2cm
i qhA2(X, Y, Z] ¥[X, Y, Z] ¥C
2cm
02y OO x,y, 21 )@tV 1x, y, 21 nPucix,y, 21 w20 (x, y, 2]
2m 2m
i QBy(X, Y, 2] ¥C[X, Y, z] ALE00 (x v, 7]
2cm
i qarAl[X, Y, Z] yC[X, Y, Z] ¥
2cm
i qnAlX, Y, Z] ¥[X, Y, z] ycB00 x, vy, 7]
2cm
12y 100 x, y, z] yc100 (x, y, z] . n?ycix, y, z1 4?00 (x,y, z)
2m 2m
VariationalD[eq3,ycx,y,z]l,{x,y,z}]
0
VariationalDl[eq3,¥[x,y,z],{x,y,z}]
0

X, Y, Z}

019 (x, y, z)

+

L.0.0(x, y, 7]

+

Subtracting Eq.(7.11) from Eq.(7.8), we obtain the concise form
1 4 1
E,=|dr[—— +—(B-H,)*]. 7.14
o = Jarl=2 B[ + - (B=H)'] (7.14)

Suppose that the integrand depends only on the X axis. Then we can define the surface
energy per unit area as .

° 1 4 1
= dX _— +_ B_H 2 ) 7'15
y j [ Al +—(B=H)'] (7.15)
which is to be equal to
y=5iH02. (7.16)
87
Then we obtain a simple expression
0 4
5= jdx[—@m—iy]. (7.17)
—0 l//oo HC

The second term is a positive diamagnetic energy and the first term is a negative
condensation energy due to the superconductivity.
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When f and B/H, are defined by
7
f=

v h=_B
v, V2H,
Here we use X = AX (X is dimensionless). For simplicity, furthermore we use X instead
of X.

Then we have

(7.18)

5= ﬁde[—f“ +(1-+/2h)*] = Zﬂde[%(l— f*)+h>—+/2h]. (7.19)

7.3 Surface energy calculation for the two cases
(a) x«1 (type-I superconductor)

4
When h = 0 for x>0 and % =f* with f = tanh(il , we have
v, V2K
S~ A [dx(1- 1) = 4*35 KA = 4\?)65:1.88565 >0, (7.20)

a result first obtained by Ginzburg-Landau. So the surface energy is positive.

((Mathematica Program-7))
Simplify[ | |1-Tanh
imp |fy[J;) [ anh|

42 x
3

1"l ax, x> 0]
<)

(b) x»1 (type-II superconductor)

Here we assume that A is much larger than &

f“(l—fz):(ahj.

ox
As h must decrease with increasing X, we have
1 ¢oh
=), (721)
and
0,1 ¢oh 0
h=—(F7—)=-——01-1)". 7.22
ax( f? ox ax( ) (7.22)
Here f obeys the following differential equation,
From Eq.(7.22) we have
2
2—2:—%(1— F2)2 (7.23)
Using Eq.(7.21),
oh ol
&:—y(l— )2 =—1-1%"17, (7.24)
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or

2

682(1 f2)l/2:(1_f2)1/2(f2_1+1):(1_f2)l/2_(1_
When u=(1-f*)"?, we have
Uy
o7’ ’
2

[a—uj :uz—lu4+const.

0z 2

When u =0, d—u=0 (atf=1(xx=o0)at d—u:O), so we have
dx dx

2
(d_uj _wodyto uz(l—luz),
dx 2 2

or

du
dx

since du/dx must be negative.

—Ul 1/2’
( 5 u’)

f2)3/2,

We solve the problem with the boundary condition; u = 1 when X=0.

6:/1de[%(1— £4)+h? —y/2h].

or

5= /zjdx[zu (1——) Jaua -2 ”2]
or

5= ﬁ_fdu [2u® (1——) N ”Z]dxdu,

du
5:/ljdu[zuz(l——)—ﬁu(l——)‘/2]+du
1 2 2 —U(l——uz)l/z
2

or

5= 1jdu [2u(l-—)" \/_]du——/I (2 -1)<0,
Thus, for x»1 the surface energy is negative.

((Mathematica Program-8))

fl{zu\[l_ L V2| au
0 2 )
((Mathematica Program-9))
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(7.27)

(7.28)

(7.29)
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(*Negative surface energy*)
Clear [ul

U[X]2 ]1/2

egl=u"[X] = -U[X] (1-

T T
u'[X] = -U[X] \/1- ubg
eq2=DSolve[{eql,ul0]l==1},ulx],x]//Simplify

2(-2+V2) &* 2(2+2) &
{{upa > %} {umx > (—_)}}
-3+2+2 - 2% 3+24/2 + 2%
ulx 1=ulx]/.eq2[[1]1]1//Simplify
2 (—2+\/_2) e
-3+2+/2 - 2%
Plot[ulx],{x,0,5},PlotStyle-Huel[0],Prolog
->AbsoluteThickness[2],

PlotPoints—»100,Background-»GrayLevel [0.7],
AxesLabel-{"x", "u"}]

-Graphics-
Fig.7 Plot of u = (1- f?)"? vs X. x (dimensionless parameter) is the ratio of the distance
to A.

Prolog - AbsoluteThickness[2] , PlotRange- ({0, 5}, {0, 13},
Background - GraylLevel [0.7], Axeslabel - {"'X", "*F"}]

-Graphics-
Fig.8 Plotof f =+1-u® vsx.
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2 2\1/2
Fo2upx2 12 Y9 C g upq (12 Y7 Simplify;
11 5] N2 ur 1t > /! Simplify
Plot[F, {x, O, 103, PlotStyle - Hue[0] ,

Prolog - AbsoluteThickness[2], PlotPoints- 100,

Background -» GrayLevel [0.7], AxesLabel » {"'X'", ""F"}]

-Graphics-

2 2
Fig.9 Plot of the surface energy o, = 2u*(1— u?) —J2u(- u?)” * as a function of X.

Irztegrate [F,{x,0,o}]

_§(_1+47)

%//N

-0.552285

F1=D[F,x]; Plot[F1,{x,0,10},PlotStyle-»Hue[0],Prolog
-»AbsoluteThickness [2],

PlotPoints—-»100, Background-»GrayLevel [0.7],
AxesLabel-{"x", "dFdx"}]

-Graphics-
Fig.10 Plot of the derivative doy/dx with respect to X,

FindRoot [F1==0,{x,1,2}]
{x->1.14622}

7.4  Criterion between type-I and type-II superconductor: x =1/ V2
The boundary between the type-II and type-I superconductivity can be defined by
finding the value of x which corresponds to a surface energy equal to zero.
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o 7.1
— = [dx[=(1-f*H+h?-+2h]. 7.35
. L[Z( )+h? —/2h] (7.35)
It is clear that this value is zero if
%(1— f4)+h*>-+/2h, (7.36)
or
1 1
h——(@1-f*)][h-—=1+ f*)]=0 7.37
[ ﬁ( i ﬁ( )] (7.37)
or
1
h=—(1- f? 7.38
ﬁ( ) (7.38)
Substituting this into the two equations
1 d*f 1 (ohY
f—f34+— ——| =1 =0 7.39
x> dx’ f3(8xj (7.39)
2
f2p-dn_2d0dn (7.40)
dx f dx dx

From the calculation by Mathematica, we conclude that x = 1/42.

((Mathematica Program-10))
(+Determination of x=1/«[§ %)
Clear[f,h] | 1
- _ 3 - ww = - 2 o=
eql=F[x] - F[Xx]°+ 2 U [x] e h™[X] 0
hix?2  F(x
fix)-Fix°- -2 L 2 L0
X - Fx7 - s
2
2= Ffx1%hpx) =h""x] -
€q [XI™N[X] [X] fIx]
X] == - M + h”[x}
Tx]

T [x1h"[x1

eq3=eq1/.rule1//simp%ify
f[X] + T [X] = F[X 3+ 2f'[X}

K2 f[x]
Solve[qu,f"£X]] . :
{{f"[x} R K (—f[X] +f[X1 +2f,[X1 ) }}

fix]
eq4=eq2/.rulel//Simplify
Fix)4+ 2F (x1% = Fix] (F[x] + 2F [x])
Solvel[eqg4,f''[x]]//Expand
, Fx12 i Fx4 s 2F (%2
{Foa- H
2 F[x]
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8. Application of the GL equation
8.1 Critical current of a thin wire or film'*

z

A

1 »
d
¥ >
Fig.11 The direction of the current density.
The direction of current is the X axis.
The direction of the thickness is the z axis.
The following three equations are valid in general.
hon : « 2
3=t vo-Lay=afv., ®.1)
m ch
2
2 1 4 h : B
f—t=apf - B |GV - A+, (8.2)
2 2m | C 81

v () =y (e, (8.3)
We consider the case when

|1y(r)|2 = ns* = constant (8.4)
Then we have

GV =LA =0vo-T Ay =V, (8:5)
and

1 s m, 2 » B?
f—f =alyl += +—| v, +—. 8.6
.~ fo=aly] 2ﬂlt//l 2|!//| St (8.6)

We now consider a thin film. We assume that d«&(T) in order to have |g//|2 = ns* =

constant. |1//| has the same value everywhere. The minimum of f; with respect to |1//| is
obtained for

a+ Bl +m7v52 -0, (8.7)

for a given Vs, where B*/(87) is neglected.

Here a = —|a and |w| =y f with 1//062 =—al/f= |a|/ﬂ . Then we have

*

m?vj ——a— By, 2 =1 f2). (8.8)

The corresponding current is a function of f,
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* * 2
- Bl o
We assume that J, = f?/1-f* .
This has a maximum value when 8J, /of =0; J,,, =——= at f =_[=
33 3
) 2|a| 2

2 n

2 * * 2
JSZ—q o0 * q 0 *
350\ mT a3 me

(8.10)

((Mathematica Program-11))
(* Critical current of a thin wire*)

J= (1- )2

21 R

Plot[J1,{£f,0,1},
PlotStyle-»Hue[0.7] ,Background-»GrayLevel[0.7],
Prolog-AbsoluteThickness[2], AxesLabel-{"f","Jl"}]

-Graphics-
Fig.12 The normalized current density Jyvs f. J, = f*{/1—- f?

H1=D[J1, f] //§E'.mp1ify;£-l_2=Solve [H1==0, f]

CUNLESNNEN

ma%cl=J1/.H2 [[3]]
3V/3

8.2. Parallel critical field of thin film
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e

-

¥

-

Fig.13 Configuration of the external magnetic field H and the current density J.

Helmbholtz free energy:
1 s m, o ., B?
f—f =alyl += +—| Vv, +— 8.11
~fo=ap A+ v o (8.11)
Gibbs free energy:
1 s m, » , B? 1
=f +alyl += +—1y| v, +——-—B-H, 8.12
0. = fo+alyl + 2 Bl + v+ - (8.12)
or
B-H)’ H’
g, = f, +alyl + v +_| Py BT _H (8.13)
8z 8z
So the Gibbs free energy per unit area of film is
d/2 d/2 2
1 4 (B H) _H
= |9.(2)dz = [fn+a|w|2+—,6’|z//| | | —]dz,
J“/z &'-/2 2 87
(8.14)
00
B . R (8.15)
When @ is constant,
(8.16)
B:(O,By(z),O):VxA:(O,&Ag(Z),O). (8.17)
z
or
B,(2) = A2 , (8.18)
oz
or
B, (z )_8&(2) , (8.19)
or
A(2)=Hz, V,=-—Hz, (8.20)
mec
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d/2

= o,
-d/2
d/2 )2 42
= [ U, vyl + vl __+_| |[qﬁ] 22+ B g,
i 87 mec 8
(8.21)
When the last term is negligibly small, we obtain
1 4 H? m, o(fqH)| 2(d
G.~(f +aly| +— ——)d +— — | ==, 8.22
~hyvaf Ll - |w|[mcj (4] e
or
q *H2d2, .
G, ~F +d[(ay| += . . 8.24
(R Y e MU W (824
Similarly,
¢ 2 1 4 my 2 , B?
Fo=F+ [ lalf += Bl +—p v, oz, (8.25)
-d/2 2 2
1 + B> "Hd®
F=F +d(ayl += +— 8.26
= FRorday [+ Al + o+ | . (8.26)
Minimizing the expression of F, with respect to , we find
> q H4d
2 *20 1292 2 2 2 2
LN . o PO W S (8.25)
v, 24m’c’|a] H.* 244 H.* 24
or
HY 24
— | == 1-1?), 8.29
[HC] ~0-17) (8.29)
where
8—9 (8.30)
r .
This is rewritten as
M
fe=1- , 8.31
Hc//2 ( )
where H_, is defined as
H., = 276 at . (8.32)
£

This parallel critical field H_, can exceed the thermodynamic critrical field H. when & is

lower than 2+/6 = 4.899 .
We now consider the difference b etween G, and G,.
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H2

G,=F,——d
87
where
F,=df, and G, =dg,
The difference is given by
*H2g>
G, -G, —(——) fay + Al ——) q 4wl
dmc
or
A I T q H ’d?
Noting that
%2
2 q szz_
@+ | 24m'c?
we obtain

1 1
G, ~G, = B[ + Bl =—Awl >o0.

The superconducting state is energetically favorable.

8.3.  Parallel critical fields of thick films'

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

We now consider the case when an external magnetic field is applied to a thick film
with a thickness d. The field is applied along the plane. We solve the GL equation with
the appropriate boundary condition. The magnetic induction and the current density are

given by
cosh(zj;)
B,(z)=H h—,
cos (55)
and
1 fz
by 8@ et )
* 4z dz 47 fe
cosh(T)
Note that
, m¢’
wl=w.t, V. =
4mq A
fz
+ 1 sinh(—)
RN AL B I s B

*eg02 2 * ’
afy. m'ct cosh(é;)
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sinh(ef)

. —=1
1 1Hqes U g
st2 =7 [VSX(Z)]Zdz:_ ¥ .
< > d(;[/z 2m*c’f? coshz(zf)
Helmholtz free energy:
B 2 1 4 m_* 2 o B_Z,
f,= fn+a|z//| +2,B|g//| + 5 |l//| v, +87z
On minimizing this with respect to |t//|2
of,
i
05+,B|t//|2 +—V52 =0,
or
m;
|',V|2 :f2:|a|_ 2 <V5 >: oom < 2>_1
V. py..’ 28y N
sinh(ef )
faﬂ_EZEQ{HJiLS_g__iLﬂ_l(
*2 2
Yajme® | H, ) f Coshz(zf) 4

H 2 ; ) coshz(j)
(H j =4f°(1-f )—[sinh(é‘f)_l]'
&f

We now discuss the Helmholtz free energy

1 * B 2
fo= e o Ll () B

C

with

a+ ﬂ|t//|2 +m?<vs>2 =0.
Then we have

(5°)

I
fo=fo vyl + Al +lvl o - By +

kY4
¢ L (B
She M
or
f=f, Hsz4+<82>,
8 kY4
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(8.43)

(8.44)

(8.45)

(8.49)

(8.50)

(8.51)
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d/2

<Bz>=l I[By(z)]zdz= & +sinh(ef) H2,
d s, & [1+ cosh(&f )]
and
d/2 2H
(B) =— j B, (2)dz ——tanh(—)
—d/2 &
Gibbs free energy:
2
fop BH_ H () @
4r 87[ 87 4
2
gs:fn_H_c 4 & +sinh(&f) it nh(i)].
RY/a 87r &1+ cosh(ef )] &f 2
Since
H®> BH H*
gn = fn t——— n_ o °
8t  4rn 81
where B = H.

From the condition that g
, & +sinh(&f)

=g, at the critical field H = H,,

~H f*+H —4H2itanh(i):—
& [1+ cosh(ef )] & 2
or
2 .
Ao gy drsinheh) 4 @y =1,
H, g[1+cosh(ef)] & 2
or
pp—
H, I+ &f +sinh(ef) —itanh(i)
g[1+cosh(ef)] & 2
In the limit of f —0,
2
(H' j e 24(———)f2 (—ﬁ 815 O
H, &
From the above two equations, we get
coshz(i) £4
4£501- 19 inh(gf)2 T o +sinh(ef) 4 o
) 1 S — = tanh(2)
f 1+ cosh(ef)]  &f 2
or
f2 1 éf[cosh(ef ) 1]

6(1—f) 3 sinh(&f ) — &f

In the limit of f —>0

Li-5e

Using Mathema‘uca,

+(—+

1
6

4

1260

0

Y+

o[fl°.
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(8.53)

(8.54)

(8.55)

(8.56)

(8.57)

(8.58)

(8.59)

(8.60)

(8.61)

(8.62)

(8.63)

(8.64)



1. we determine the value of f as a function of &.
2. we determine the value of (H,/H_) as a function of f or f* for each &.

There occurs the first order transition because of discontinuous change of order
parameter.

((Mathematica Program-12))

Here we discuss the problem dscribed in the book of de Gennes, page 189
<<Graphics ImplicitPlot”

hy(z_1 = Hﬂ- rulel= {e- Q}-
Cosh[e f]° A’
X[z ] =- 4C Drhyrzi, z1 /7 Simplify
T
cfHSech] T& | Sinh[ 2]
~ 2 2
472 2 32
mc? X
:f = —
|| = Fy0, yO? A
mEaxzZ IX[Z]
rule2 = {z[/O-> i } VSX[Z ] = gy /- rule2

Aqu;xSech[ifj Sinh[%%}
| &l
Vavsg = q Jd/ vsx[z12dz /7 Simplify; eql=F =1+ 21 Vavsq
-d/2 a
H2 g?22 (-d F+ 2 Sinh[ 9T])
L A
2c2dBma (1+Cosh[fe])
rule3= {H - x}; eq2= eql /. rule3
a2 x22 (-dF+ aSinh[ 4T ])
L A
2c2dBma (1+ Cosh[fe])
eq3=Solvel[eq2,x]/.d-»€e A//Simplify
HX 22 (~1+F%) mae (1+Cosh[fe)) H
R 2 22 (Fe - Sinh(Ffe])
47 a? cmp
HE? = 2= T 32 =2
g TNl B o e
4rPar
cm
X/ - 1
}; ego X/ - SHILLLI]

4 a2

B

Calculationof H / HEZ, B = -

4 (-a) q2 22

ruled = {/3—) Zm

/-ruled

222 (X /. eq4[l])
c2ma
1 (o2 5 N
quave:ajd hy[z]1“dz /.d-e A // Simplify
-d/2
H sech[ T< ]2 (fc - Sinh(fe))

2fe

q

ds2
Bl:di d/hy[Z]dlZ/-daeJL//SirrpIify
-d/2
2HTanh| T¢]
2
fe
Fs- Fn. ¢ p, Hooave
8 8
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) PH2 ) stech[%}z (Fe + Sinh[fel)

Fn
7TB 16f7T€
Gs= Fs- 1H
45
FPH2 HZSech[%}z(fe+Sinh[fe]> H2Tanh[%}
Fn- -
871H2+ 16f7T€ 2fﬂ€
Gn=Fn-
) 8
Fno

8
e(-16=GS—GI'1/.H2—)yHC2
P . H2y ) HCZYSech[%E]Z(fmSinh[fe}) ) He2y Tanh [ 1< |
8 8r 16Frne 2Frc
eg7=Solve[eg6==0,y]

(fy- 2T )
2Fe+ FeSech[ T2 ]2 sech[ T ]2 Sinh(fe) - 8 Tanh[ Te ]
eq8=y/.eq7[[1]]1//FullSimplify
¢ (1+Cosh[fe])
fe (2+Cosh[fe]) -3Sinh[fe]
We now consider the solution of de Gennes model
fe (Coshie 1 -1)
6(1-1) 3 (-Fe+Sinh[fe])
Evaluation of critical magnetic field as a function of the thickness €
Series[KI[f,el,{£,0,5}]

(1 e, (1, ]f4+0[f}6

KIf ,e 1:=1+

\6 30/ |6 12600

Ll[e ]:=Modulel[{£fl,gl,el,£f2},el=€e;gl=FindRoot [K[£f1l,€1l]==0, {£

1,0.2,0.99}1;£2=£f1/.g1[[1]1]1]

sl=Table[{e,L1l[el},{€,0.22,10,0.01}];ListPlot[sl,PlotStyle~
{Hue[0] ,PointSize[0.015] },Background-»GrayLevel [0.7],
AxesLabel-{"e","£f"}]

f

0.8 |
0.6 |
0.4

0.2

€]

2 4 6 8 10
-Graphics-

Fig.14(a) The order parameter f vs & (= d/A). f tends to 1 in the large limit of &—o0.
Plot[L1[e], {e, V5, 3}, PlotStyle - {Hue[0] , Thickness[0.015]},

Background - GraylLevel [0.7], PlotRange - {{2.1, 3}, {0, 0.73}},
Axeslabel » {"'e", "F'}]
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-Graphics=-
Fig.14(b) Detail of Fig.14(a). The order parameter f vs & (= d/A). f reduces to zero at
g=5.

Evaluationof (H/ Hc)2vse
Comparison with the approximation for (H/ Hc)?vse : 24/ €
_ 2 (-1+1) e (1+Cosh[Fe])
Hersate , .7 == fe-Sinn[fe]
Series[Hcrsqle, £],{£,0,5}]

24 24 24 24 812 6
§+(?‘§)fz+(‘?* o | T oo

24 -
PIO’t[{Z ? HchQ[es I—1-[6]]}1 {es '\/-5 I’ 8}!
PlotStyle - {{Hue[O], Thickness[0.01]}, {Hue[0.71, Thickness[0.01]}},
Background - GraylLevel [0.7] , PlotRange - {{2, 8}, {0, 6}}]

-Graphics-
Fig.15 (H/H_)* vs &(red line) and the approximation 24/ & vs & (blue line). These agree

well only in the vicinity of ¢ = V5.

Evaluation of £ vs (H/ Hc)? withe asa parameter.

Approximationfor (H/ HI)?vse 1 24/¢&?

<<Graphics "MultipleListPlot"

fsqlle ,hsql ]:=Module[{fl,gl,€el,£f2,
hsqg2},el=e;hsq2=hsql;gl=FindRoot [hsgq2==Hcrsqlel, £1],{£f1,0.6
,1}1;£2=£1/.g1[[1]]1]
The value of f for H/He= 1
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Plot[fsqlle,1],{e,2,10},AxesLabel>{"e","£"},
PlotStyle—»{Hue[0], Thickness[0.01]},

Background-»GrayLevel [0.7]]
f

0.97
0.965
0.9
0.95
0.5
0.945
N—o 6 8 0
-Graphics=-

Fig.16 Plot of f at H/H, =1 as a function of ¢.

fvs (H/He)?withe - V5, 2.5, 3, 4, 4,5, 5, 7, 9, 11, 20, and30

Xlle_] := Table[{Hcrsqle, fsalle, hsqlll, fsqlle, hsql)®},
{hsal, 0, 1, 0.01} ]

MultipleListPlot[X1[V5], X1[2.5], X1[3], X1[4], X1[4.5], X1[5],
X171, X1[9], X1[11], X1[20], X1[30], AxesLabel - {*'(H/Ho)?", "F*"} ]

(H/He)?2

0.98

0.96

0.9

0.92 +

0.9 ¢

0.88

-Graphics=-
Fig.17 Plot of £ vs (H/H.)? with e= /5, 2.5, 3, 4,4.5, 5,7, 9, 11, 20, and 30.

Cosh(z 7]
Cosh[e 7]

Cosh[fte] Sech{%}

hny(t , ¥ ,e 1= /.{)L—)E,Z—ftd}
€

Te, .., 1z d
Inx[t ,f ,e 1= fSedq[T] Slnh[—k] /-{x> 2 z- td}
fSech{%e} Sinh[fte]

Magnetic field distribution
Plot [Evaluate[Table [hny[t,L1l[e]l,el,{e,2.5,10.0,0.2}11,{¢t, -
1/2,1/2},PlotStyle-Table [Hue[0.05
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il,{i,0,20}]1,Prolog-»AbsoluteThickness[1.5],
Background-GrayLevel [0.7] ,AxesLabel-{"x/d","h"}]

-Graphics=-
Current density distribution
Plot [Evaluate [Table [Jnx[t,L1l[el,el,{€,2.5,10.0,0.2}11,{t, -
1/2,1/2},PlotStyle-Table [Hue[0.05
il,{i,0,20}]1,Prolog-»AbsoluteThickness[1.5],
Background-GrayLevel [0.7] ,AxesLabel-»{"x/d4", "J"}]

-Graphics-
Fig.18 Plot of (a) the magnetic field distribution and (b) the current density as a function
of x/A, where e is changed as a parameter. £=2.5 - 10.0. A¢=10.2.

8.4  Superconducting cylindrical film'

We consider a superconducting cylindrical film (radius R) of thickness (2d), where 2d«R.
A small axial magnetic field is applied to the cylinder.
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2d

¥=-d ¥=10 ¥=d
Fig.19 Geometrical configuration of a cylinder (a radius R) with small thickness. R»d.

*h * .
1, =L ve-Lay=qylv,. (8.65)
m ch
Suppose that ns* = |w|2 =y’ =constant, then we have
Ngo="TC 5 i A (8.67)
q q n,

Integrating the current density around a circle running along the inner surface of the
cylinder,

@, 7
—E§V¢9.dl §J di+fA-dl, (8.68)
and
fA-di=[(VxA)-da=[B-da=, (8.69)
where @, is the flux contained within the core of the cylinder. The magnetic flux & is
defined as
— (DO
D, _—Zifve-dl. (8.70)
Then we have
2
L §J Ldl+ @, (8.71)
or
§a,-di= T (@ -0, (8.72)

The phase € of the wave function must be unique, or differ by a multiple of 27 at each
point,

(8.73)

In other words, the flux is quantized.
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When the radius is much larger than the thickness 2d, the magnetic field distribution
is still described by

d 2

d 12
with the boundary condltlon, B,(-d)=H, and B,(d)=H,. The origin x = 0 is shown in
the above Figure.

= _B,(X) ——B (%), (8.74)

X X
_ 1y sinh(—) cosh(-)
B,(X) = H02 H, A HO;Hi 4 (8.75)
sinh(— cosh(—
( ;t) ( /1)
The current density Jy(X) is given by
H. cosh(d — X) -H cosh(d - X)
c dB,(x) ¢ 1 0 P
J,(X)=—— = : (8.76)
y ., .2d
4z dx 47 sinh(=0)
A
The value of current flowing near the inner surface is
H. cosh(ﬁ) -H
J(-dy=-S A " (8.77)
' 474 29y '
A
Then we have
§J dl=27RY, (-d) = (@ - ®), (8.78)
or
c H, cosh(ﬁ) -H, c
27R /;d - (D, -D)), (8.79)
4rA sinh(=2) 4nn
A
or
O, + 2H nRﬂ
smh(—)
H. = (8.80)
ﬂR2(1+Mc th())
R
or
The Gibbs free energy is given by
2
AG = jdr[ﬂ“—(VxB)z +L(B—HO)Z], (8.81)
RY/4 87
or
2 (B,(x))
AG = j{—(z—j +[B,(x) - H, I*ydx, (8.82)
oy 8w\ OX
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where the constant terms are neglected and H; is given by Eq.(8.80). For a fixed Hy, we
need to minimize the Gibbs free energy with respect to the fluxsoid @, .
We find that the solution of 6AG/8CI)f =0 ®d; leads to ®; = ®;, where R/A =10 — 50

and d/A<I.
To prove this, we use the Mathematica for the calculation.

((Mathematica Program-13))
de Gennes book p. 195 Cylinder
HO - Hi SINN[Z]  Ho o Hi Cosh[]

Bz = A
2 sich[9] T 2 cosh[¢]
L Ho i) cosh[ X ] sech| 2]+ L (Ho i) csch[ 4] sinh[ X |
2 A A 2 A A
+ 2HO xR
) sinh[29
rulel = {Hi- = sq )
R2 (1,22 XL
R sim[2d] |

of + 2HO 7 R Csch[ 29 ]
{Hi» A }
o[, 2acoth[24])
7R il+ 7':{)

\

Bz1l=Bz/.rulel//Simplify
(csch| <% (2HOx R Cosh| X

A A
HonRZSinh{d;X}))/(nR

Cl=D[Bzl,x]//Simplify

(cSch[ZTd] (~=F Cosh| ;X

- s Sinh| d;X

R+21Coth[27d]))

+

+

c2asinn[ TX))) /

HOJrR(RCosh[d;X

(7R (R+2AC0th[27dH)

2o, 1 2 e -
Gl= — Cl1°+ — (Bzl-H0y“ // Simplify
8n 8
83
(nz(Ho_ (cSch[zfd} (ZHOHR)LCOSh[ d”‘] +aFSinh d‘x] + HO
\ A A A
 R2Sinh[ 47X ))/(nR(R+2ACoth[27d})))2+
(c;sch[ﬁf(gfmsh[ﬂ] ~HO R R Cosh dexy,
\ X A A

2ASinh{d;X}))2}/(R2

ds2
G2- J’d’ GLax // Simplify; G3= D[G2, =f] // Simplify
-ds2

R+21C0th[2;j])2))
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[sinh[ 9] (Ho Rcash| 29 | - sfcosn| 29 -

HO = R R+RC03h[2—g} QxSinh[i—g +2/\Sinh[g—j})))/
(4,3R2 (2xcosh[E +R5inh[id])21
\ A A )

G4=Solve[G3:=:0,%f] //Simplify
{{@f% HonRSech[sz} (RfRCosh[

+

3d
2

Reosh| 29| -2asinh| 29| L 22 sinh[ 29 ])]]
F1=2f/.G4[[1]]1//Simplify
HonRSech[sz}

(R—RCosh{z—iI

+RCosh{5—d} —ZASinh[s—d
22 22
rulel={d-»e A, Rou A}

{d»e A,R->A u}

F2= F1/ (HO= R) /. rulel // Simplify

1
—(Sech[ze]
U

+2ASinh{%])

(u—uCOSh[E

+uCosh[5—2€] 728inh[3—2€

_ 5¢
+2s|nh[7}))
af is the local m inimumvalue of the Gibbs free energy. Plot
ofif/(HOnRz) vse=d/x=0-1,whereys=R/2=10 - 50
Plot [Evaluate[Table[F2,
{u,10,50,10}11,{e,0,1},PlotRange-{{0,1},{0,1.5}},
PlotPoints-100, PlotStyle-Table[Hue[0.2 i], {i,0,5}1,

Prolog->AbsoluteThickness[1.5], Background-GrayLevel[0.7] ]
1.4

1.2
1
0.8
0.6
0.4
0.2

0.2 0.4 0.6 0.8 1
-Graphics-
Fig.20 Plot of the normalized magnetic flux @/(nR*H,) as a function of & (¢= 0 — 1),
where =10 - 50. Au=10.

8.5  Little Parks experimentsl’4
8.5.1 The case of d«d, &, and d«d

The thickness d of the superconducting cylinder is much shorter than the radius R. It
is also shorter than 4 and & Since d«/, the change of B inside the superconducting layer
is slight. The current density (proportional to derivative of B) is assumed to be constant.
The absolute value of the order parameter is constant in the superconducting layer.
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The following three equations are valid in general.

qn, q° o2
J =Ly (vo-"-A)= v, 8.83
s ml//|( Ch)Q|V/| (8.83)
" 2
1 4 1 | & q B’

f—f =ayl += +—(-V-——A +—, 8.84

c~fo=ap[ A+ GV A (8.84)

w(r) =|y (). (8.85)
We consider the case when

()] =n, = constant or w(r) =|yle’™. (8.86)
Then we have

Ev-Law =avo-Law -y, (8.87)
and

1 s m, o , B?

fo=f +ay| += +—w| Vv, +—, 8.88

= foraly + o B+ v+ (8.88)

v,z wo=LA+m'v,, (8.89)

q C

Then we have

§ave-di=n6)= §%A~d1 +fm'y,-d, (8.90)

where [#] represents the change in phase after a complete revolution about the cylinder.
[0]=27n (n; arbitrary integer).

§A-d1=ﬂ(VxA).da=ﬂB-daﬂ>=7sz5. (8.91)
A A
@ represents the flux contained in the interior of the cylinder.
h @
V,=——(N+—), 8.92
s = R ( cI)0) (8.92)
where
o, =2 (8.93)
q

Here we see from the free energy density that the free energy will be minimized by
choosing n such that |vg| is minimum since f is proportional to 7|:,//|2v52 .

D
—In+—1]. 8.94
e o, ] (8.94)

V, = min[
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Vs / (2m«R)
05

0.4+

0.3

0.1 ¢

/30

3 2 -1 1 2
Fig.21 Plot of the velocity Vs as a function of ®/®,.

The current density is equal to zero when @ =n®d, .

Since v is known, we can minimize the free energy with respect to |1//| and find

of 1ely| =0,
or
2 1 * 2
a+ﬂ|t//| +Emvs =0,
or
|1//|2:—(a+%m*v32)/,[7’20,
or
| |
—a=2—Mmy, or |a|2—m V.
2 2

\ [
\J

(8.95)

(8.96)

(8.97)

(8.98)

Fig.22 Plot of v’ vs ®/®, . The horizontal linse denote y = |a| for several a.

The transition occurs when

1 . 0
] =om v’ = ao[l—T(qT)/Tc],
0

52

(8.99)



where o, = 21/£HC(O).
4r

In the above figure, the intersection of the horizontal line of |a| at fixed T and the curve
Vs2 gives a critical temperature. In the range of ®/®,where the horizontal line is located
above the curve V52 , the system is in the superconducting phase. In the range of

@ /®,where the horizontal line is located below the curve Vsz, on the other hand, the
system is in thenormal phase.

8.5.2 The case of d»A and &

The thickness d of the superconducting cylinder is longer than A and & The current
density (proportional to derivative of B) is zero. The absolute value of the order
parameter is constant in the superconducting layer.

3, =3P wo- L gy =qply, =0, (8.100)
m Ch
or
vo=94A, (8.101)
ch
=69 A g9 _a
§hv9~d1_h[0]_§ A-dl= §B~da_ O, (8.102)
C C C
or
o="h o, (8.103)
q

Then the magnetic flux is quantized.
We consider a superconductingl ring. Suppose that A’=0 inside the ring. The vector
potential A is related to A’ by
A'=A-Vy=0, (8.104)
or
A=Vy. (8.105)
The scalar potential y is described by
;((L)—;((O):jdl-A:jda.(vXA)=jda-B=<1>=<1>

where @ is the total magnetic flux.
We now consider the gauge transformation. A’ and A are the new and old vector
potentials, respectively. ¥’ and y are the new and old wave functions, respectively.

+®@,, (8.106)

ext

A'=A+V(-y)=0, (8.107)
: iq’
') =exp( Ly r). (8.108)
Since A’ =0, v is the field-free wave function and satisfies the GL equation
2
ay'+plw | v'- ;;n* Vi'=0. (8.109)

In summary, we have

53



w(r) = w'(r)eXp[—%z] — (1) expl— L @] = ' (r) exp[27i ], (8.110)
c hc @,

since M = 27 and q <.
e o,

9. Isolated filament: the field for first penetration’
9.1 Critical field H
We have the following equations;

[1v +AJf_f—||f (9.1)
ix
~ i * * ~
V,x(V,xA)=——[1'V,f - Vi 1-|f['A, 9.2)
h=V, xA. (9.3)
The vector potential in cylindrical co-ordinates takes the form
B ~ 27
A=(0,A,,0), h=——, A=—""7A, r=4 9.4
(0,A,,0) NG o, p 9.4)
Stokes theorem
§B-da:§(vXA)-da=§A-dr=2ﬂrA¢=q>, (9.5)
or
y % _9 K¢ (9.6)
2 27mé
or
Far from the center of the vortex,
K¢=£2=i® 1ol 1 9.7)
ro, Apd, « q)o p Kp~
for =0,.
Near the center of the vortex,
A2ar =HO)ar?, or A= ’:I’)‘p H(0). (9.8)
0
We assume that
f=w(p)e™, (9.9)
where y(p) is a real positive function of p.
18 oA,
h=V, XA =e ——(pA)—e —(A +p—) (9.10)
p 0

1 1 8A a A P
V,xh=¢/[— A——(—+p — )] =—e,—I
P’ op T p op

lai(pA M. ©.11)

GL equation can be descrlbed by

_ili( )+(__+A)(// W — (// (9.12)
K’ pd Kp
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The current equation: &, component.

d 1 d ~N 1 ~N 2

——[———(PA)]+ (——+A =0.

dp[p dp(p )]+ ( o 0%

The above equations can be treated approximately when x»1.
We assume that () =1 in the region p>1/x .

d> 1d 1 1~
[—=+————1+I—+A)=0
do” pdp P Kp
The solution of this differential equation is
1 ~
——+ A =cK(p)
Kp
or
~ 1
A¢=—+CIK1(,0)
Kp
1 ~ 06A,. 1.1 1 dK
h, = (B, + p22) =L+ ¢ K, (p) + p(—g + ¢, T2
P op" pKp Kp do
or
c dK c
h, = S [K, (p)+ p S Sk (o] =—c K, ().
P P
or

h, =—c,K,(p),
from the recursion formula

pHULLLK (00 ==K, ().
Yo}

What is the value of ¢;?

When p=0, ng should be equal to zero.
~ 1 1 ¢
A =—+cK (p)x——1=0,
Kp kp P

because K,(p)=1/p. Then we have

C,=—.
K
In fact,
®0
B 271 ) 1
h: = 22 K = 0 K :_K s
\/EHC \/EHC o(P) 27[\/5HC/12 o(P) P 0o(P)
or
1
h:_Ko(p)a
K
since

JoH 7 = Do
2
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(9.19)
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(9.23)
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In summary, we have

~ 1 1
A = P Ki(p)
1 P , (9.26)
h=—K,(p)
K
((Note))
The total magnetic flux through a circle of radius of p »1 is given in the following way.
~ 1 1 1
A =—-—K(p)=—. (9.27)
Kp K Kp
Then we have
D, ~ o, 1
O =27(1p)A, =27lp A, =2rp —=0,. (9.28)
27& 27¢ kp
9.2 The center of vortex*
First we consider the behavior at the center of vortex, as p—0.
1 1d_ d 1~
~S——— (0O + (——+ Ay =y -y, (9.29)
k“ pdp " dp Kp
with
2
~  TIK
A, = % H(0), (9.30)
0
or
11d_ d 1 &
- NN R LAV (0 ) 931)
k- pdp " dp kp @,
We assume that y can be described by series
w=p@a,+ap+ap +a,p +..), (9.32)
where a¢#0. Using the Mathematica 5.2, we determine the parameters;
k=1
a=0
K’ 27E°H (0 K’ H(0),, (9.33)
a,=-a S+ 2= O, oy, HO),
8 D, 8 H,,
a,=0
where H_, = (I)Oz .
2r&
Then we have
K’ p° H(
w(p)=a,pll -2+ DOy (9.34)

8 H,,
The rise of y(p) starts to saturate at p =2/« .

((Summary))
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If the vortex contains 1 flux quantum, we have
f(p)=e"y(p),

K’ p’ H(0)
o [1+ H. 1+...}.

w(p)=a,p{l-

9.3 Far from the center of the vortex

————(p ) vy,
K> pdp

with

This differential equation is simplified as.
%[W"(P) + %w'(p)] +y(p)-y(p) =0.

In the region where y(p) — 1, for simplicity we assume that
y(p)=1-9(p),
[1-p(p)] =1~ p(p) - LI LL).

2
K

This equation can be approximated by

1-3p(p) =1- g(p) - LLLLLLNE),
Kp

or
|
¢"(p)+ ;qo'(p) -2k’p(p)=0.

The solution is given by

9(p) = C,1,(N2px) + C,K,(¥2pr).

Since IO(\/E pK) increases with increasing p, C; should be equal to zero.

Then we have

o(p) = C,K,(+2pK).

For large p,
e’ e’
K,(X)~ \/: s K, (X) = \/: —.
o(X) 2% 1(X) 2 Ux
10. Properties of one isolated vortex line (H = H,;)
10.1 The method of the Green’s function
* 2
Jo=qw| v,,

1

. 2
1* [zv—q—A}/f
2m |\ 1 C

When v = |l//|ei9 and |z,//|2 = n: = independent of r,

87
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(9.35)

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)
(9.42)

(9.43)

(9.44)

(9.45)

(9.46)

(9.47)
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f—f =an +— Qm)ﬂ_—nv +B2

. 10.3
2 (10.3)
v.-J and vxB=2j (10.4)
q n, c
Then the net energy can be written by
E=E, +ijdr[132 + 2(VxB)]. (10.5)
8
When
B—>B+0B,,E—>E+0E, (10.6)
oE =L.|‘dr[B+/12V><(V><B)]-éB. (10.7)
4

The integrand can be calculated by using VariationalD of the Mathematica 5.2.

((Mathematica Program-14)) Variation method
(*Derivation of London's equation*)
<<Calculus VariationalMethods"™
Needs["Calculus VectorAnalysis ™ "]
SetCoordinates[Cartesian[x,y,z]]
Cartesian(x,vy, z]
h={hl[x, vy, 21, h2[x, y, z], h3[X, Y, Z]};
eql=h.h+ AZ(CurI[h]).(Curl[h]) // Expand

hi[x, V., z]2+ h2[X, Y, z]%+ h3[X, Y, 212+ 22 h1 @0V x, v, 7)%
12200, 2

V%, Y, 212002100 x, y, 2172 22202000 (x, y, 2) 30RO x, y, Z] -
2h3 (0,1,0) X, Y, 2}2— 2/\2 hl(O,l,O) (X, Y, Z] h2(1,0,0) (X, Y, Z] +
2200 1y, 2120252100 x, y, 2) 300 [x y, 27 12300 [x y, 212

eq3=VariationalD[eql,h2[x,y,z],{x,y,2}]1/2//Expand;eq4=Variat
ionalD[eql,h3[x,y,z],{x,y,z}]1/2//Expand;eq2=VariationalD [eql
Jhllx,y,zl,{x,y,z}1/2//Expand;

(*London's equation*)

eg5 = h+ 22 Curl[Curl[h]

(hirx, vy, z] + 22 (-h1@9%2 (x, vy, 21 -h1©20 (x,y, 2] + h3E0Y (x, y, z1 + 2550 (x, y, 2]y,
h2(x, y, z] + 2% (-h2%9%2 x, vy, 21 + h3OLY (x, y, 2] + 150 (%, y, ] —h2@00 1 y, z)y,
h3(x, v, z] + 22 205V 1x,y, 21 ~h3 @20 (x, vy, z] + 1OV x, y, z] ~h3?00 (x, v, z])}

eg2-eq5[[1]1]1//Simplify
0

eq3-eq5[[2]1]//Simplify
0

eg4-eq5[[3]1]1//Simplify
0

Demanding that E be a minimum leads to the London equation; 6E = 0,
B+ AVx(VxB)=0. (10.8)
This is called the second London’s equation.

((Note))
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B’ >B*+2B-6B, (10.9)

(VxB)* > (VxB)* +2(VxB)-(VxJB). (10.10)
Then we have
aE=ijdr[B-éB+/12(vXB)-(V><53)]. (10.11)
4
Since
(VxB)- (VxB)=0B-[Vx(VxB)]+V:[Bx(VxB)], (10.12)

aE=ijdr[Bmzvx(VxB)]-aB+ijda-[an(vXB)]. (10.13)
4 4r

The second term is equal to zero.
Here we assume that

(1) .
(i1)) The hard core of radius & is very small, and we shall neglect completely its
contribution to the energy

Fig.23 Top view of the Geometrical configuration of a single vortex.

The line energy is given by

&= dzri[Bzmz(vXB)z]. (10.14)
r>¢& 871-
Demanding that £ be a minimum leads to the London’s equation.
B+ A[Vx(VxB)]=0, (10.15)
for |r| > &

In the interior of hard core, we can try to replace the corresponding singularity by a 2D
delta function.

B+ A[Vx(VxB)]=®e,0(r), (10.16)

jB-da+lzf[Vx(VxB)]-da = I@Oezéz(r)-da =, (10.17)
Using Stokes theorem,

jB-da+/12j(V><B)-d1=jq>0ez52(r)-da=cp0. (10.18)
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da
]

C r
—_— -
Fig.24 The path of line integral

where £<r<< 4.
If the circle of the path integral has a radius r (£ <<r<<4), the first term I; is on the order
of ®,r*/ A and is negligibly small. In the second term I,
di=e,rdg, (10.19)
VxB:—e¢diB(r). (10.20)
r

Then we have

l, =;tzj(V><B).d1:/12 J?[—e¢%8(r)].e¢rd¢

, (10.21)
d
=-A*2a —B(r)=®
ar (=2,

or

dB(r) _ _ <D02 ’ (10.22)

dr 27nAr

or

B(r)= (I)02 [ln(i) +const], (10.23)

27 r

for §<r<< A
We now consider the exact solution

B+ [Vx(VxB)]=®e,0(r), and V-B=0. (10.24)
Note that

Vx(VxB)=V(V-B)-V’B=-V’B. (10.25)
Thus we have

2 1 D,

\Y B—?B=—7ez52(r), (1026)
where 0,(r) 1s a 2D delta function.
((Note)) 2D case Green function
Modified Helmholtz
(@)

(Vlz—kz)G(rl,rz)=—52(r1—r2), (10.27)

1
G(r,,r,) =—K,(Kr,—r,)) . (10.28)
2
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Modified Bessel function

(i)

(V=K (r)=—f(r), (10.29)

w(r)= j G(r,r') f (r"dr', (10.30)

(V2 =Ky (r) = j(v2 —k»)G(r,r") f (r")dr'

) (10.31)
= J.— o(r—r")f(r"dr'=—f(r)
The solution of the equation
p_ L p_ D

V°B ge B yE —e,0,(r), (10.32)
is that

B(r)=e,| G(r,r')%&z(r') —e, % KO(%), (10.33)
or

B(r)= ;D/Iz K ( ) (in general). (10.34)
((Asymptotic form))
For &<r«A,

B(r)= [ln(—) +0.115932]. (10.35)
For ry A,

B(r) =7 oy \/7 (——) (10.36)

The magnetic flux ®(r) inside the circle with a radius r is
r/A

[ PR LAl
d)(r)—!ZﬂrdrB(r)— jrdrK() D, jxde(x) 1=K (]

(10.37)
The current density
J=CvxB=—e, S 9pmn (10.38)
4r * 4z dr . .
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Fig.25 Schematic diagram for the plots of the magnetic induction B (blue line)
and the magnitude of the order parameter (red line) as a function of X (the
distance from the center of the vortex) for an isolated vortex line in a
mixed phase of type-II superconductor.

((Mathematica Program-15))
(* the radial distribution of h(r)*)
Plot[BesselK[0, x], {X, 0, 2}, PlotPoints - 100, PlotStyle- Hue[0.5],

Prolog - AbsoluteThickness[2] , Background - GraylLevel [0.7],
Axeslabel » {"r/ A, "hy (§0/27a2"}]

-Graphics-

Fig.26 Plot of the normalized magnetic induction B(r)/ ZCD/OIZ =K,(r/A) as a function of
TT.

X=r/A.

&= J;X BesselK[0, y] ydy

1-x BesgselK[1, x]

Plot[&,{x,0,10},PlotPoints-100, PlotStyle-Hue[0.5],
PlotRange-{{0,10},{0,1}},Prolog»AbsoluteThickness [2],Backgr
ound-GrayLevel [0.7] ,AxesLabel-s{"r/A","&/80"}]
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-Graphics=-
Fig.27 Magnetic flux d)(r)/d)():[l—%Kl(%)] as a function of X = r/A. O(r)/®,

reducesto 1 as X > .

10.2. Vortex line energy

|
|

|
|

|
|

|
|

SWANA
N
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Cylinder with a radius &

Fig.28 Geometrical configuration of a single vortex. The vortex is approximated by a
cylinder.

Now let us find the line tension or free energy per unit length. neglecting the core, we
have only the contributions

& =jd3ri[B2 + 2(VxB)]. (10.39)
8
Vector identity
(VxB) =B-[Vx(VxB)]+V-[Bx(VxB)]. (10.40)

= [d'B 4 2V X (VXB)) B+ [d 2V [Bx(VxB)],  (10.41)
T 8
or
1 ¢ r
f=g [dr[@,e,5,(r)]- B+ [da-[Bx (VxB)]. (10.42)
T 8

We use the Stokes theorem for the second term.
We now neglect the core contribution (the first term). The integral J.da is to be taken

over the surface of the hard core (cylinder of radius &).

2
& =2—[da-[Bx(VxB)]. (10.43)
8r
Note that
Bx(VxB)= Bz(p)%ep and da=-e da (10.44)
0
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_2 B.(P) A oB (p)
5= [[B.(P) 5y o (cela-= [B( ) —=F2p], .
(10.45)
Since
de(p) — CDOZL (1046)
dp 274 p
we have
Dy ooy Lo Y2
& =5 B _(4”/1) [ln(§)+0.115932]. (10.47)
More exactly
6 = [%] KK ). (10.48)

4

(see the derivation of this equation in the Mathematica Program-16).

((Mathematica Program-16))

(*vortex line energy*)

<<Calculus VectorAnalysis™
SetCoordinates [Cylindricallp, ¢, z]]
Cylindricall[p, ¢, z]

h={ol olhz [D] }

{0,0,hz[p]}
Cross[h,Curl[h]]//Simplify
{hz[p] hz'[p], O, O}

rulel= {hz- (2i BesselK|O, ;] &)}
s0BesselK|0, #1} j}
\
|
)

&
2722
2
el= _8L 27 ¢ hzrg] Drhzgl, €1 /- rulel// Simplify
T
£ 30? BesselK[0, £ ] BesselK[1, <]
A A
16 72 3
1 1 1
T1= - BesselK[0, —] BesselK[1, — ]
X X X
BesselK[0, 1] BesselK[1, 1]
X X

{hZe

—_——

X

Limit [f1-Log[x],x»»]//N

0.115932

(*graph, Comparison with 1In(A/§)+0.115932%*)
Plot[{Log[x] + 0.115932, 1}, {X, 1, 10}, PlotPoints - 100,

PlotRange - {{0, 10}, {0, 2.5}}, PlotStyle -» {Hue[O], Hue[0.51},

Prolog - AbsoluteThickness[2], Background - GrayLevel [0.7],
AxesLabel » {"a/€", “'el/ (a0°/16n° 2"} ]
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-Graphics=-
Fig.29 Plot of &, /(®,/47A) = i K,(1/X)K,(1/x) [blue line] as a function of x=A1/&.

For comparison, the approximation given by (Inx+0.115932) is also shown by a
red line.

10.3. Derivation of H.;
G=F _H hd’r . 10.49

By definition, when H = H,, the Gibbs free energy must have the same value whether the
first vortex is in or out of the system;

Gs|no flux — Gslﬁrst vortex,‘ (1050)
where
Gs|no flux — Fs . (1051)
Gs|ﬁrst vortex — Fs + 51|— - HCI LCDO ) (1052)
4
where L is the length of the vortex line in the system and
de r=L j Bda=L®,. (10.53)
Then we have
F.=FK+¢L- H,, LD, (10.54)
4z
or
dre
He :qTo]’ (10.55)
or
D, A H
= In(—) =—-1In(x). 10.56
o 4 (5) \/EK' (x) ( )

10.4. Interaction between vortex lines
Suppose that there are two vortices in the 2 D plane.

1 )
VZB—?B =—7;[52(r—r1)+52(r—r2)]. (10.57)
Using the Green function
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Ir- r|

G(r, r)——K —1. (10.58)
Then we have
B= jer(r r') O[5 (r—1)+5r—r,)], (10.59)
or
jd K( |)[52(r 1) +6,r-1,)], (10.60)
or
B(r)— oK, (' fi) K(' o) =B )+ By, (10.61)
where
B(1) =2 Ko(|r_“|), (10.62)
27A
D, |r r2|
B,(r) = K, ( ). (10.63)
274
B,(r,) = B,(r)). (10.64)

The total increase in free energy per unit length can be rewritten as

:—C8D° [{B,(r,) + B, ()} + {B,(r,) + B, (r,)}]
Z) : (10.65)
—2B,(r;) +2—"B(r,)
T 8

The first tem is the energy of individual vortex line. We have the interaction energy

U 1( 2)_

where I, = | r|

2/12 ( 2) (10.66)

The interaction is repulsive, in which the flux has the same sense in both vortices.

11. Magnetization curves
11.1 Theory of M vs H
We consider the Gibbs function given by

G-G,=n¢+>U, (11.1)
1 i
i>]

The first term is an individual energy of the lines. Ny is the number of lines per unit area
(cm?).

B=nd,. (11.2)
The second term is a repulsive interaction between vortices.
®,’ i
Ui,-—g zﬂzK(‘) (11.3)

where I, =[r, —r; |

One can distinguish three regimes between H¢; and H,,.
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(a) H~H, :nt«l, r>21
(b) n A »l E<r< i
() H=Hg:n szzl rzrf

G-G,, &+ Uy ——— (11.4)
i>j
(a)
At very low densities (low B) the interaction is small and we neglect it completely.
H
—-—)B. 11.5
( 47[ (11.5)

When b > i or H<H.;, the lowest G is obtained for B = 0.

o, 4r
H : . .
When qg)—l < et we can lower G by choosing B#0. There is some flux penetration.
o 4r
dre,

TR 412 (E) (11.6)
(b) When H > H_,

d: distance between neighboring lines (d>41).
(1) Square lattice
z,=4

B 1 (11.7)

nL =

q)O
d, _\/; (11.8)

(11) Triangular lattice
Z,=6
B 1
nL = =
®, "B
2

or

(11.9)

d’

1/4
=[§j ‘/%=1.074571/% (11.10)

We neglect all contributions except those of the nearest neighbors.

Bz @, Bzd, d
U. = ——K — 11.11
; ij ( jzg 22/2 0( ) 16 22/2 O(ﬂ,) ( )

or

Then we have
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@,

B 1 d
G—GsoZE[(Hcl—HH— e K°(Z)] (11.12)
or
G-G, (H-H,) x/_mcH d
— = [+ K = ——1+K 1,
1. o, 47[[ 12 , ()] . ; ) 0(2)]
2 27h 2 27h
(11.13)
or
G-G, \/_mgH d
: ——1 + Ky ()], 11.14
zH, 4;; S H, HC1 ) 0(,1)] (11.14)
2
or
G-G,, B . \2mH, H o, )"
0 - Z 220 )+ K —0 , 11.15
) 47[[ . (Hc1 ) o(po(Bj )] ( )
\/57[1(‘
where
®, 2+2H
- = . 11.16
12 K ( )
The B vs H curve can be obtained from
oG
—=0. 11.17
B ( )
or
\/_m(H 1d. . d.1
- L D+K (D) ==K (2)==0 11.18
“H Hcl )+ () 27 0(/1)B ( )
or
x/_m(H

1/2 1/2 1/2
D, 1 1({D )]
- ——D+K +—p, —| —2| K —0 =0
ZH Hc1 )+ K, (p (Bj ) ZPOB(B) 1(p0(8] )

c

Here we note that

and

where py = 1 for the square lattice and 1.07457 for the triangular lattice.
Ko' (%) ==K, (X)

11.2  Calculation of M vs H using mathematica

(11.19)

(11.20)

(11.21)

(11.22)

We make a plot of the free energy vs B and B vs H using the Mathematica 5.2.
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((Mathematica Program-17))
(*Gibbs free energy

h=H/Hcl
*)
Fla,bj:= B [BesselK[O, a ]-b (h-1)]
4n | VB J

K[la ,b ]:=Plot[Evaluate[Table[FI[a,b],{h,1,3,0.1}11,{B,0,5},P
lotStyle—»Table[Hue[0.1

il1,{i,0,10}]1,Prolog-»AbsoluteThickness[1.5],Background-GrayL
evel[0.7]]

Table[K[a,1],{a,0.4,1.2,0.4}]

{-Graphics=-, =Graphics=-, -Graphics-}
Fig.30 Gibbs free energy given by ;[—b(h -+ KO(%) as a function of B, where h
7

(=H/H.)) is changed as a parameter (h =1 — 3, 4h =0.1). b (= 1) is fixed.. The
parameter a is chosen appropriately. (a) a= 0.4, (b)a=0.8, and (c)a=1.2.
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Gla , b ]:=
B a
D[[BesselK[O,]-b (h-1)|, B] 7/
47 /B
Simplify
Gla,bl
1

Tt

2b-2bh+

\

aBemeQl,Q%{

2BesselK[0, — | + :
VB VB

<<Graphics ImplicitPlot"

|
|

pll=ImplicitPlot [Evaluate[G[1,1]==0,{h,1,1.15},{B,0.01,0.15}
1,PlotPoints~
50,PlotStyle-{Hue[0],Thickness[0.015] }, Background-GrayLevel
[0.7] ,AxesLabel-» {"h","B";]

-ContourGraphics-
Fig.31 The magnetic induction B vs h (=H/H.;) above h=1.h=1(H=H,)).

pll=ImplicitPlot[Evaluate[G[1.2,1]==0,{h,1,1.03},{B,0.01,0.0
8}1,PlotPoints~

50,PlotStyle-{Hue[0],Thickness[0.015] }, Background-GrayLevel
[0.7] ,AxesLabel-» {"h","B"}]
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-ContourGraphics-
Fig.32 The detail of the magnetic induction B vs h (=H/H.;) nearh=1 (H =H,)).

12. The linearlized GL equation (H = H,,).
12.1. Theory

When the term ,B|¢//|21,// can be dropped in the GL equation, we obtain linearlized GL

equation

. 2
ay + 1*(EV—q—AJ w=0. (12.1)

2m Ui C

This omission will be justified only if |l//|2 <y, = |a|/ p.

2 R
1 (n, q n* 2m’lal 5
m TV —_A = - = ¥ = E s 12.2
2m(| cJW om w2 ¢ ame’ (122)
2 2

where &° =h—*. and E =h—*2.
2m’le] 2m'é
When B = H (//z), we choose the gauge

A =(0,Hx,0). (12.3)
Note that we use A =(Hxr)/2 =(-Hy/2, Hx/2,0). y = Hxy/2,

A —> A+Vy=(0,Hx,0) (gauge transformation).
This problem is reduced to the eigenvalue problem in the quantum mechanics.
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Hy =Ey,

T

1. ) o A
- (67 + (P, — - HRY + p,’].
m C

This Hamiltonian H commutes with f)y and f,.

[H,p,]=0 and [H,p,]=0
Hin.k,.k,})=E ,wz>
and
B[Nk, K, ) =7k [nk .k, )L B[k, k, ) =7k, [n.k .k, )
(x.y.z|py|n.k,.k, ) =7k (x,y.2[n.k .k,).
(x,y,z|p, n,ky,kz> hkz<x, Y,z n,ky,kz>
or
h o
. 6y(y nk,.k,) =1k, (y|nk,.k,), (y[n.k,.k,)~e
?%<x,y, n,ky,kz> hkz<x,yz n,ky,kz> <x,y, n,ky,kz>
Schrédinger equation for (X, Y, z) :<X, y,z|n,k,.k, >

| ho, ho h\

(12.4)

(12.5)

(12.6)
(12.7)

(12.8)

(12.9)

(12.10)

(12.11)

(12.13)

(12.14)

(12.15)

(22 Hx w(x,y,2) =Ew(x,y,2), (12.12
2m*[(i ax) +(I ay )’ +( 8y) lw(x,y,2) =Ew(x,y,2), ( )
(X y,Z) elk y+|kz (X)

/ . |a’H
X:—, with g = ma) L and o, =——

l, m c
chik

=P q*—Hka ks

We assume the periodic boundary condition along the y axis.
y(Xy+L,7)=w(XY,2),
or

or

k :i—ﬂny (ny: intergers).

y
Then we have

¢"(5)=[(s -5’ + ( —2m'E + 77k, )l(s) -

We put
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(12.17)

(12.18)

(12.19)



21, 2
E =ho, (n +1) +2 kz* . (12.20)
27 2m
where n=0, 1, 2, 3, ... (Landau level).
or
. .Y 2qf 7H
2M'E =7k, +2m'ha, (n+%):h2k22 +L(n +%), (12.21)
or
: “7H
E:h—*kzz+L(n+1). (12.22)
2m mc 2
Finally we get a differential equation for ¢(g)
¢"(6)+[2n+1-(5 -5, 1p(5) =0. (12.23)
The solution of this differential equation is
(5—50)°
#(©) =z e 2 H(c-g,), (12.24)
with
ch
Go=- q,ﬁ—Hky =—LkK,, (12.25)

0= - (12.26)
o H

xoz%szgoz—szky (12.27)
The coordinate X, is the center of orbits. Suppose that the size of the system along the x
axis is Ly. The coordinate Xy should satisfy the condition, 0<xy<Ly. Since the energy of
the system is independent of Xo, this state is degenerate.

0<x,=20=7,c =—0,%k <L, (12.28)
B
or
07K, :2—”£H2ny <L, (12.29)
Ly
or
LL,
n, < (12.30)
’ ’ "Hn ’ "Hn
=] *kzz+L(n+1)= f *k22+|q|* (+1). (1231
2mé&-  2m mc 27 2m mc 2
2lg[ H
iz_kzz :_|q| (n+1) _ 4 (n+l). (12.32)
& ch 27 @, 2
or
1y :i(n+1), (12.33)

£ T
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®, - 27[sz ’
q
g 2= _ D0 (12.34)
qH 27H
Then we have
He Do iz—kj . (12.35)
4z(n+1/2)\ &
((Ground state))
If k,=0 and n = 0, this has its highest valueat H=HH_, = (DOZ , (12.36)
2
or
He, =xv2H,. (12.37)

This is the highest field at which superconductivity can nucleate in the interior of a large
sample in a decreasing external field.
11 2zH

: (12.38)
‘52 EHz q)o

12.2 Numerical calculation of wave finctions

((Mathematica Program-18))
(*Simple Harmonics wave functiont*)
(*plot of ¢n[Z]*)
conjugateRule = {Complex[re , im ] :» Complex[re, -im]};
Unprotect[SuperStar] ; SuperStar /: exp_* = exp /. conjugateRule;
Protect[SuperStar]
{SuperStar} ,
win_, e ,2g0 1 :=2"2 x4 (nyy-12 Exp[—%] HermiteH[n, & - £0]
ptl=Plot [Evaluate[Table[¢[0,2,£0]1,{E0,-2,2,0.4}11,{¢&,-
4,4} ,PlotLabel-{0},PlotPoints-»100,PlotRange~»All,PlotStyle~T
able[Hue[0.1
il,{i,0,10}],Background-»GrayLevel [0.7],Prolog-AbsoluteThick
ness[1.5]]
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-Graphics=-
pt2=Plot [Evaluate [Table[y[1,&,£0]1,{¢t0,-2,2,0.4}11,{¢&, -

4,4} ,PlotLabel-{0},PlotPoints-»100,PlotRange—»All,PlotStyle-T
able[Hue[0.1

il,{i,0,10}],Background-»GrayLevel [0.7],Prolog-AbsoluteThick
ness[1.5]]

-Graphics=-
pt3=Plot [Evaluate[Table[y[2,£,£0]1,{£0,0,4,0.4}11,{¢&, -

2,6},PlotLabel—»{0},PlotPoints-»100,PlotRange—~All,PlotStyle-T
able[Hue[0.1

il,{i,0,10}],Background-»GrayLevel [0.7],Prolog-AbsoluteThick
ness[1.5]]

-Graphics=-

Fig.32

Fig.33. Plot of the wave function with the quantum numer (a) n = 0 (an even parity), (b) n

= 1 (an odd parity), and (c) n = 2 (even parity) centered around ¢ = ¢, as a
function of ¢
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13. Nucleation at surfaces: Hg

13.1 Theory
1
") =l ~c)’ +€H2(—?+k5)l¢(g), (13.1)
and the boundary condition: Jg, = 0 at the boundary ({'= 0).
de(c)/dg=0 at £=0. (13.2)

For X, =/,¢c, >> &, the harmonic oscillator function is nearly zero at ¢ = 0 and the

boundary condition is satisfied.

The problem is reduced to a model with a 1D parabolic potential well, where X, is a
constant corresponding to the center of orbit. Let us now consider a double well
consisting of two equal parabolic well lying symmetrically to the plane ¢ = 0: the wave
function is either an even or an odd function). The corresponding wave function should
be an even function since d¢p(s)/dg =0 at {= 0. The ground level of a particle in the
double well is below that in the single wall. The eigenvalue associated with the double
well potential is smaller than the eigenvalues associated with the potential (¢ —¢,)>.

#"(5) =[5 —5,)* + 9)IA(s) - (13.3)
#'(c)=0 at{=0. (13.3)
where
g, =£H2(—§+ k2. (13.4)
When k, =0,
9 = —f% =—(2n+1), (13.5)
4
((Mathematica Program-19))
fl= (x-1)°
(-1+ X)2

2[x 1 1= (x-1)%/; x>0
2[x ] 1= (x+1)%/;x<0
Plot [{f1, f2[x]1}, {x,-2,2},
PlotStyle-»{Hue[0] ,Hue[0.7]},AxesLabel->{"g/L0", "V () "},Prolo

g-»AbsoluteThickness[2], Background-GrayLevel[0.7]]
V(©)

/g0
2§§

-Graphics-
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Fig.34 The harmonic potential (denoted by red line) and the symmetrical potential
(denoted by dark blue line).

From the book of Eugene Merzbacher,'® we have

9"(6)+[2v+1-(c 5 le(¢) =0. (13.6)
We put
2=42(s-5y), (13.7)
where ¢, >0
Then the differential equation can be rewritten as
1z’
P (D) + (v +-=7)9(2)=0, (13.8)
where vis generally not an integer.
The boundary condition:
(1) p(z=0)=0.
(2) ¢'(2=-25,)=0. (13.9)
The solution of this differential equation is
B (/2 v 1 7° z T(-1/2 l-v 3 7°
D, (=2 D g v Lz, 2 TCUD g lov 3z,
I(1-v)/2] 2°2°27 J2T(~v/2) 2 272

(13.10)
where | F, is the confluent hypergeometric (or Kummer) function. For even ¢(z) the

boundary condition is given by
D,'(z=—/2¢,) =0. (13.11)

Imagine the potential well about { = ¢ to be extended by a mirror image outside the
surface. Lowest eigenfunction of a symmetric potential is itself symmetric; ¢'(¢)=0 at

the surface.

(i) gy >
Wave function ¢(z) will be localized around ¢ = ¢y, and nearly zero at the surface.
Therefore the boundary condition will automatically be satisfied.

(i1) ¢, > 0.
The function still satisfies the boundary condition and Eq.(13.8).

13.2  Solution by mathematica

((Mathematica Program-20))
Nucleationof surface superconductivity
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¥z ] =
2v/2 z
Bpl-, ]

Gama[l/ 2] ) v 1 2
Y 1v 1F1[-—, =, =
| cema = | HypergeometriclFl[ 55 2]+
z Gama[-1/2] _ 1-v 3 22 ]
HypergeometriclFl[ ~- ¥, >, £
\Z Garrma['?" [ 2 27 2 ])
21 i 1v 3 Z
2v/2‘13_272 ) V2r zHypergeometrlch1[7, 2, ?] +

k Gamma|[ - - |

Vo Hypergeometrichl[-%, —; 2—2] \l
|
)

Ganal L

eql=y' [z]//Simplify
<<Graphics ImplicitPlot”
pll= InplicitPlot[Evaluate[eql= 0/. z- -+/2 £0, {£0, O, 3},
{v, -0.3, 0.1}], PlotPoints - 50,
PlotStyle - {Hue[0], Thickness[0.01]},
Background - GraylLevel [0.7] , AspectRatio- 1,
Axeslabel » ("0, "v"}]

-ContourGraphics-

Fig.35 Plot of vas a function of ¢, satisfying the condition.D,'(z = —x/EgO) =0.v=0at

¢o = 0, corresponding to the ground-state wave function for the simple harmonic
potential.
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plll= ImplicitPlot|[Evaluate[eql=: 0/. z- -V 2 £0,
{e0, 0.75, 0.80}, {v, -0.2049%, —0.2048}] , PlotPoints - 50,
PlotStyle » {Hue[0], Thickness[0.01]},

Background - GraylLevel [0.7], AspectRatio- 1,
AxeslLabel » {"'g0", "v'""}]

-ContourGraphics-
Fig.36 Detail of Fig.38. The plot of vas a function of ¢ around ¢, = 0.768 (v= v=-

0.20494), satisfying the condition D, '(z = —x/EgO) =0.

p12 = InplicitPlot[Evaluate[eql=0/. {z-» -V 2 £0},
{£0, 0, 5}, {v, 0, 6}], PlotPoints - 50,
PlotStyle - {Hue[O], Thickness[0.01]},
Background - GraylLevel [0.7] , AspectRatio- 1,
Axeslabel » {"'¢0", "v""}]; p13 = Plot| w-1 » {€0, 0, 5}];

2
Show[pll, pl2, pl3]
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-Graphics=-
Fig.37 Plot of vas a function of ¢, satisfying the condition. D,'(z = —x/EgO) =0.v=2

and v=4 at ¢, = 0, corresponding to v for the wave function (N =2 and n =4).
The solid line denotes the curve given by .v = (go2 -1)/2.

Plot of the wave function in the ground state
F=y[V2 (Abs[g]-£0)] /- {v~-0.20494, £0 - 0.768};
Plot[Evaluate[F], {&, -0.1, 0.1},
PlotRange » {{-0.03, 0.03}, {1.21702, 1.217032}},
PlotStyle - {Hue[O], Thickness[0.01]},
Background - GraylLevel [0.7] , AspectRatio- 1,
AxesLabel » {"'g", "y} ]

-Graphics=-
Fig.38 The plot of the ground state wave function with ¢, =0.768 and v=-0.20494.

81



Plot [Evaluate[F],{¢,-5,5}, PlotRange-{{-5,5},{0,
1.2171}},PlotStyle-»{Hue[0],Thickness[0.01]},
Background-»GrayLevel[0.7] ,AspectRatio-1l,
AxesLabel-{"g", "y"}]

-Graphics-
Fig.39 Overview of Fig.41 for the same wave function with ¢, =0.768, v=-0.20494

It is clear by inspection that this new surface eigenfunction must have a lower
eigenfunction that the interior ones, because it arises from a potential curve that is lower
and broader than the simple parabora about ¢ =g, .

The exact solution shows that this eigenvalue is lower by a factor of 0.59.

H,, =% =1.695H_, =1.695(~/2xH,). (13.12)
2 ) "[nH
E=_ S =ho (V+l)=&(v+l). (13.13)
2m & 2 mc 2
When v=n=0,
n__[dfHe (13.14)
2m'Er 2m'c '
or
ch @D,
=G Do 13.15
c2 q* 62 272_52 ( )
where @, =@

((Surface superconductivity))
When v=-0.20494, £ = 0.768,
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* *

n’_apH q [aH
— = ——(-0.20494 + 0.5) = ——~—0.29506 (13.16)
2mé mc mc
or
ch
T2 =(0.29506x2)H_, =0.5901H , (13.17)
q
or
Ch
75 = H., =0.5901H;, (13.18)
qlc
or
H, =1.695H,,. (13.19)

13.3 Variational method by Kittel
We assume a trial function given by
w(x,y) =" exp(-ax?), (13.20)
The parameter a and ky are determined variationally so as to minimize the Gibbs free

energy per unit area
2

1w 1 |h_ Q
=f +aly ++— +— =V Al , 13.21
g, = f, +aly| 2ﬂ|‘//| GV oA (13.21)
or
g~ f + U [—i| |2+(1V+2—”A) 2] (13.22)
T om eV T e, Y '
with A =(0,Hx,0).
X, = K (13.23)
Y :
We now calculate
2
ot 2 |1 2
AG=——|[-—lw| +|cV+=—A dx. 13.24
o l[ g52|w| GVro Av|] (13.24)
After the calculation of AG, we put
1
a= . 13.25
2 ( )
We take a derivative of AG with respect to Xo. We have
g
X, = —=, 13.26
iy ( )

Hyy = | 1 6589H., (13.27)
2rE" N =2

((Mathematica Program-21))
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conjugateRule = {Complex[re , im ] :» Complex[re, -im]};
Unprotect[SuperStar] ; SuperStar /: exp_* = exp /. conjugateRule;
Protect[SuperStar]
{SuperStar}
7X 1= (1 DI#, X] &); ny i= (i DI#, V] + Zr Hx#&);
i i 80
¥IX_, Y1 = Bxp[-ax’] Bxpli kyyl; KL = nx[¥[X, Y11 // Simplify;
K2= ny[y[X, y11 // Sinplify;
1 . . " -2 HX0
K3= & WX, Y1* WX, Y1 + (KLKL* + K2K2) /. {ky - 7} /7 Simplify;
General ::spelll : Possible spelling error @ new
symbol name "ny" is similar to existing symbol “yx''. More.
1= meSdX; G2 = Simplify[GL, a > 0]
0
H2 72 (-8Vax0+V2r (1+4ax0?) ) e2+av2n (-1+ag?) a0
4a3/2 2502

1 - -
G3=0G2/ a->2—§2 implify
I B [ T \ \
ﬁ\/;é i—4H2i—47r3/2X0J§1 §4+ﬁ2(2X02§2+§4)i+@02i
\ \ ) )
B 4 502

G4=Simplify[G3, £>0]

Vo (-4H (-47%2x0 3 1 2x0P e 1 £Y)) 1 20P)
4302

G5=D[G4,x0]//Simplify

AH 72 (Vo x0-€) €

302
G6=G4/.x0- = s/ Sinplify
T
Vo (AW (-2 4 ) €4 - 802
4 £ 302

Solve[G6== 00, H] .
@ 3
HH%—ZFT} {Hez\/__TH

1.6589

14. Abrikosov voirtex states'*
14.1 Theory

(1) All y, are orthogonal because of the different €' factor.
(2) Each of these solutions is equally valid exactly at H = H, and all give the same H.,.
3) ,B|l//|4 term is not longer negligible. We expect a crystalline array of vortices to have

lower energy than a random one.

84



i (g 5¢,)’ (X=X )’
v (%Y) =D C, " exp[-——"—]= Zc e expl-—— =],
k, H
(14.1)
with
—5 122 P _ e 142
; HS s TR 2 ¢, (14.2)
X, =lase & =l x =17k, :Iszn:IszTﬂn, (14.3)
k, :%n =kn, (14.4)
where
k=2Z (14.5)
b’ '
_ 2
VY= 386 expl (Xz'lﬂ], (14.6)
2
0y = 3G, el E B i, (14.7)
n H
Here we assume that C is independent of n.
We define the period in the x direction.
:lek:%”le, (14.9)
(x—na)” a)
W (X,Y)= CZeX [- +inky], (14.10)
H
(X+a-na)® .
z//L(x+a,y):CZexp[—Tany], (14.11)
n H

> 1i(n-Dkyl=e"y, (x,Y),
(14.12)

w, (x+a,y)=_Ce

H

(x na) +27zt|)ny

vy =CXexpl- ]. (14.13)

H

((Mathematica Program 22)) Square vortex lattice
rulel={a-»1,b-1,LH-»0.40}
{a-»1,b->1,LH->0.4}
(X-na)? 2nriny
F[m ] = Sum[Bp[- St b ]
ContourPlot[ Evaluate[Abs[F[20011%] , (X, -1.5, 1.5},
{y, -1.5, 1.5}, AspectRatio- 1, PlotPoints - 100]

{n, -m, m}] /. rulel
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1.5/,

0.5

-1
N -
15 1 05 0 05 1 15
-ContourGraphics-
Fig.40 The spatial configfuration of |1//|2 near H = H, for a square vortex lattice.

a=1.b=1.1y=04

This is a general solution to the linearized GL equation at H = H.,, periodic by
construction. The form of condition chosen by Abrikosov is given by (see also the paper
by Kleiner et al.)"’

(X — Xn)2 ;
v (X, Y):zcn eXP[—T""nkY] (14.14)
n H
C.., =C, (v=integer), (14.15)
_ 2
V0 x,.Y) = 2 C,expl- E 2 inky), (14.16)

H
or

2
w (x+Xx,y)=e""> C e exp[——(x 2:(”2‘“) 1=y (x,Y),
n-v H

(14.17)

i}

[t}

Fig.41 Rectangular vortex lattice
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Each unit cell of the periodic array carriers v quanta of flux.

kd, 27

Hxb=v —=vD,
27k

0=

" 2aH

Lyl @,

2 27zPH

r_ 1

52 £H2

Triangular lattice:
C,,=C,,C =iC,=iC

1 :
v, (X,y)=C[ D exp[- 3 - (x=1,7nk)* +inky]
n=even H
+iy exp[—Lz(x—lenk)2 +inky]
n=odd 2IH

where k=27/b.
We define the period in the X direction

4z 2
a=2lk=—-1I
H b H
We note that b =+/3a for a triangular lattice.

4
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(4.18)

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

(14.25)



Fig.42 Triangular vortex lattice, where red circles denote the centers of vortices.

! (x—1,°nk)?* +inky] +

wa(Xy)=C[ Z exp[— |

2
n=even 2 H

i Z exp[— Il 5

n=even 2 H

(14.26)

(x=1,7(n+1k)* +i(n+ky]

or
1

w,(%Y)=C > {exp[-—(x—1,,"nk)’ +inky]

2
n=even 2' H

1

21,°

+iexp[— (x=1,2(n+Dk)* +i(n+Dky]}

v (x)=C Y fexpl- 2|1 (=27 inky]

n=even H

_(n+Da

> )? +i(n+1)ky]}

. 1
+l1exp[— (x
21,

1
21,

na., .
v, (% Y)=CY {exp[- (x—%) +i2nky]

2

_(2n+Da

+iexp[- 2|1 —(x )2 +i(2n + Dyl

w5 (%, y)=C exp(i2nky) fexp[ Il _(x-na?]
" 2y (14.27)
+ i exp(iky) exp[— 2|1 > (X—(n+ 1/2)a)*]}

H

or

47in
V(. y) =CYexp(~ y

){exp[—%(x— na)’]
2y (14.28)

! (x—-(n+1/2)a)*]}

2
H

+1i exp(ziby) exp[— 5

((Mathematica Program 23)) Triangular vortex lattice
rulel = {a-» 1, b>+/3, LH> 0.31}
{a» 1, b- \/§ , LH- 0.3].}L

fIm ] :=
Sum[EXp[47rEny]
_nay? 2ri (x-(n+7)a)®
(50l e 1o2 BRl T Bl 2

{n, -m, my] 7. rulel
ContourPlot| Evaluate[Abs[F[200]1%], (X, -1.5, 1.5},
{y, -1.5, 1.5}, AspectRatio- 1, PlotPoints - 100]

88



.
aen

‘.
JRe .

-1.5 -1 -0.5 0 0.5 1 1.5

o

-ContourGraphics-

Fig.43 The spatial configfuration of |l//|2 near H = H., for a triangular vortex . a = 1,
b=+/3,and Iy=0.31.

14.2  Structure of the vortex phase near H = H,
We start with the following equation This equation was derived previously.
2

( V——A)z//L 1=0, (14.29)

[artaly [+ B[+ <

where y, is a linear combination of the solutions of the linearized GL equation
A=A +A,.

Ay is the vector potential which would exist in the presence of the field H.,.

Ginzburg-Landau equation for | is given by

. 2
1 (7 q
ay, +—| —V-——"A =0, 14.30
Vi m [I c oj Vi ( )
and
qn q“f
J, T omi v Vv —v Vi 1= m*CL Ay, (14.31)
or
*h * | ) * I " *
J, S L =y, (Vi _iAOl//L)_l//L(VWL +iA0l//L )1 (14.32)
2mi hc
or
* h q* .
J = 2m —lv L(_ __A )‘//L'H//L(__ _?AO)V/L]' (14.33)

Jr. is the current assoc1ated w1th the unperturbed solution.

Denoting quantities of the form \%j by a bar (V is a volume),
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( V——A) (14.34)

ay | + Ay to

Expanding Eq.(14.34) to the first order in A;, we obtain

s s L lhno l——
ap | +Bw | +W‘(TV_FAO)WL oA d=0. (14.35)
((Mathematica Program 24))
Proof of
1 lan_ q ’ "
SV -—A)y, (_ __A WL~ AT (14.35%)
m | C C C

Proof of -<A1 JL>=average of kinetic energy
<<Calculus VariationalMethods"™
Needs["Calculus VectorAnalysis ™ "]
SetCoordinates[Cartesian[x,y,z]]
Cartesian[x,vy, z]

A0={A10[x,y,z],A20[x,y,2],A30([x,y,z] };A={Al[x,y,2],A2[x,y,z2],
A3 [x,y,z] };Al={All[x,y,z],A21[x,y,z2],A31([x,y,z] };rulel={Al>
(A10 [#1,#2,#3]1&) };rule2={A2- (A20 [#1,#2,#3]&) };

rule3= {A3- (A30[#1, #2, #3] & }; rule3= {A3- (A30[#1, #2, #3] &) };

oplx = (— DI#, X] - E A10[X%, Y, Z] #&)
oply := (]-T Di#, y1 - 9 A20[X, Y, Z) #8) ;
oplz := (; DI#, 7] - q A30[x Y, Z] #&)

eql =
1 /n q
oo (Jl Grad[¥[X, Y, Z]]-—Az/;[x Y, Z])

(- 4 oradncix, v, 211 - q A yCIX, Y, Z]) // Expand;
eg2 = VariationalD[eql, Al[x, Y, Z1, {X, Y, z}1 // Expand
1
2m Q- vI[X, Y, Z] ¥C[X, Y, Z]

{A11(X, Yy, z], A21(X, Y, Z], A31[X, Y, 2]} [X, Y, Z
iqnycix,y, z] y100 x,y, 21 iquuix,y, 2] w00 (x,y, z]

2cm 2cm
eq21l=All[x,y,2z] eq2/.rulel//Simplify
c2m (X, ¥, 2] (2qA10(X, Y, Z] ¥[X, Y, Z] UC[X, ¥, Z] +
ich (wex, y, z1 v x, y, 21 —uix, y, 21 uc™0 x, y, 2))))
eqg3=VariationalD[eql,A2[x,y,z],{x,y,z}]//Expand
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2

9°A2(X, Y, Z] ¥[X, Y, Z] ¥C[X, Y, Z] .
cZm
iqrycix,y, 21 v@t0x,y, 21 iqnyix,y, 21 95cO 10 x, y, 7]
2cm B 2cm

eq31l=A21[x,y,z] eq3/.rule2//Simplify
(QA21(X, Y, Z] (29A20(X, Y, Z] ¥[X, Y, Z] ¥C[X, ¥, Z] +

2¢c2m
ich eix,y, z1 vOP0x, y, z1 —uix, v, z1 )¢ @0 (x, y, z]
eg4 Var1at10nalD[eq1 A3[x y,z],{x y,z}]//Expand
A3[X, Y, Z] ¥[X, Y, Z] YC[X, Y, Z
c2m
iqaycix,y, z] yO0Y (x,y,z1  iqayix,y, z] v)c@0D x,y, z]
2cm B 2cm

eq4l=A31[x,y,2z] eq4/.rule3//Simplify
(QA3L[X, Y, Z] (29A30(X, Y, Z] ¥[X, Y, Z] ¥C[X, ¥, Z] +
2¢2m
icn e, y, 21 6%V x, y, 21 —yix, y, 21 ) @OV (x, y, 21)))
seql eq21+eq31+eq41//51mp11fy

202 (19 (21 qA10[(X, Yy, z] A11[X, Y, Z] ¥[X, Y, Z] yC[X, Y, Z] +

21 qA20(X, Y, z] A21[X, Y, Z
2i qA30(X, Y, z] A3l[X, Y, Z
chA3l[x, Y, Z]w (X, Y, ZJw
chA3l(X, Y, Z]
chAZl(X, Y, Z] w [X Y, Jw
chA21(X, Y, Z]
chnAll[Xx, Y, Z]
chAll(X,y, z] ¥ [x, Y, ZJ
(*Current density*)
Jeql =
(_&F
mc

{ Z] YC[X, Y, Z] AD +

gha

¥IX, Y, z] Grad[yc[X, Y, 21])] /7
Simplify

1
(19 (21 qA10[X, Y, Z] ¥[X, Y, Z] ¥C[X, Y, Z] +

OO, y, 2] cuix, v, 21 e (x,y, 7)),

(i q((2i qA20[X, Y, Z] ¥[X, Y, Z1 YC[X, Y, Z

{Zcm
h(-yC[X, Y, Z] ¥

2cm

h (-yC[X, Y, Z] w<°’1’°> (X, Y» Z] + U[X, Y, Z] wc<°'1'°> (X, s 2Z1)))

(1921 qA30[X, Y, Z] ¥[X, Y, Z] ¥C[X, Y, Z] +

2cm

(0,0, (0,0,1)

cix, Y, 210 PPV X,y 21 uix, y, 21 ue PP x, y, 20))) |

Jeql.Al /7 Simplify

h(-y
E
Seq c
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(i q(2i qA10[X, Yy, z] A11(X, VY, Z] ¥[X, Y, Z] YC[X, Y, Z] +

2¢c2m

2i qA20(X, Y, z] A21(X, Y, Z] ¥[X, Y, Z] 4C[X, Y, Z] +
21 qA30(X, Y, z] A3Ll[X, VY, Z] ¥[X, Y, Z] YyC[X, Y, Z] -
chA3lx, Y, z] ¥Cc[X, Y, z] ¥ %0V (x, y, z] +
caA3l(X, Y, z] ¥[X, Y, z] vc' @OV x,y, z] -
chA21(x, Y, z] ¥c[x, ¥, 2] ¥ %0 (x,y, 2] +
chA21(X, Y, z] ¥[X, Y, z] v OO (x, y, z] -
chAll[X, Y, z] yc[X, Y, z] v 100 x,y, z] +
chAll[X, Y, z] ¥[X, Y, z] uc' B0 (x,y, z]))

seqgl-seq

0

((Note))

If one multiplies the linearized GL equation by 1//L* and integrates over all the volume by
parts, one obtain the identity

. 2
21 « h q
a +— —V-——A dr=0 14.36
lanf +— m(i Ao | v (14.36)
or
he g ’
2 q
[ +—| 2v-L A,y | 1dr=0 1437
J[ |V/L| m [I c OJWL ] ( )
or
2
a|y/L| A V—?A W, =0. (14.38)
Then we obtain
1—
A [ - AIL =0, (14.39)
—lA-J __an v, (V q*A)— v *+£A)] (14.40)
T 2mCIl/lL Y- he 0 vy, ne o .
Note that
© _4r M
VxB® ===J, , B"=VxA,, (14.41)
C
1 1 (s) 1 o (s)
—— A, J =———A, VxB® =——[BY-(VxA)-V-(A, xB?)],
C 4z 4r
(14.42)
or
1 I oo po, ! (s)
-——A,-J =—B"Y B +—V-(A xB")]. (14.43)
c 4r 4r
We use the formula of vector analysis
V(A xB®)=B®-(VxA)) —A,-VxB® (14.44)
We note that
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IV (A, xB®).dr = J‘(A1 xB®)-da (Stokes theorem)

boundary surface of the system.
Then we have

1

ﬂ|l/lL|4 _E

B®.B" =0.
What are the expressions for B and B ?
BY=H-H,+B",

where B" gives the effect of the supercurrent.
We introduce the canonical operator,

= p- q—A0 ,
C
which has the commutation relation

A n iq'7
[Hx,Hy]ZT .

. This value becomes zero on the

(14.45)

(14.46)

(14.47)

(14.48)

We introduce the raising (creation) and lowering (destruction) operators.

A, =11, +ifl,, [ =1,-if,,
[ 11,1=2if1,.0,1= 2%,
C
The linearlized GL equation can be described by
ﬁ+ﬁ_l//|_ =0.
((Note))
. 2
1 (7 q
o +—F —V -——A =0,
Y m (I c o] Y
ay, + (17 + 11 Py, =
Since
2412 =1 11, + 79 B,
C
mere-nn -,
C
we have
"o 1 no .
ALy, +——(—7B,+2ma)y, =0,
m C
with
' g’ 2m'c
L -G ‘q‘ (8, - 2™l
2mc 2mc nlq

We also note that
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(14.50)

(14.51)

(14.52)

(14.53)

(14.54)

(14.55)

(14.56)

(14.57)



2m'cla]  ch )

_ =0 —H 14.58
hq* q* é:z 272_52 c2 ( )
1~ o njg’

WH+H—WL + *C (Bz o ch)y/L =0. (1459)

When B, -H_, =0,

.11y, =0. (14.60)

The ground state has the property

Ty, =0. (14.61)
or
hoy, q dy q
I1 =(——t-—A noy. 4 A 0, 14.62
v (i X c L) ( oy 0 WL) ( )
or
L0y g, oy, 9,y
—ih—t-=A —h—t+i—A =0. 14.63
ox VT i A (14.63)
The substitution of y| = |t//L|eig into the above equation leads to
q* X iq* y i 5|I,V|_| 6\|l//L|
-—— +— —ihly, |— + =0.
c A)|l//|—| c A0|!//|-| | ay ay | | OX
(14.64)
The real part of Eq.(14.64) is
AR W, Ty, 6‘9 -0, (14.65)
or
00 q v
( AO) (14.66)
A Y
The imagmary part of Eq.(14.64) is
: 8
Q_Aby| | |'//L| h| | -0, (14.67)
c OX oy
or
060 Oy
(&2 q A=~ Al (14.68)
oy OX
Then the current den51ty is glven by
. 2
m oy Tom oy '
* * 2
qn, 00 q | __a'n o
. = _ _ _ 14.70
Y m il oy AO) m L| X 2m° ox ( )

We see that the current lines are the lines of constant (|1//L|2 =const). We note that V|1//L|2

is perpendicular to the lines of constant (|1//L|2 =const).
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0
V|‘/’L|2 =€ |WL| tey

| |2 _ 2m

*

(J,.e —L.e

(14.71)

ay _ﬁ Ly%x Lx%y
and
) 2m’ 2m’
JLv|l//L| =_E(‘:]Lxex—+_|—Lyey) (‘]Ly X Lx y) _hq_h(JLx‘]Ly_LLxLLy):O'
(14.72)
Since
e, e, e
VXBS 4_7Z-JL = i i 2 — aBS , _ aBS , 0 , (14'73)
c oXx oy oz oy OX
0 0 B,
we have
q' a|‘//L|2 4z _ 0B,
2m- oy ° 2 (14.74)
a'n v | 4z o8,
2m°® ox ¢ OX
or
B, =", (14.75)
mc
or
271"(:]*‘?1 2 H 2
S = e f 14.76
=B R -yt (1476
where
f =Y (14.77)
Ve,
om'c 2710 |l
9l and Ho _ ‘q‘ o (14.78)
nlq 2K mcp
B,=H-H,,+B,, (14.79)
| ---B, [H-H,+B]=0, (14.80)
4r
B[ —i(H ~H_,)B,+B’ =0. (14.81)
4
Since
H
B —_He 14.82
* 2k ( )
we have
a4 1 H. 2 ch 4
pv..'|f] —E[—(H—Hn)ﬁlnl +4—,;|fL| 1=0, (14.83)
or
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AN I BN Bry i BE PO
chzq/w|f|_| +4ﬂ(ch 1)2K2|fL| 4;:4;<4|fL|] 0, (14.84)
or
1 e H ¢
(871 Hﬁzww4_2kz)|fL|4_(l_H [ =0. (14.85)
c2 c2
Noting that
o _, lof

5

H
8K’ Y=g f = 4x 2k = H ?2k%, and £ =
pv., ﬂﬁz V; c H

(14.86)
we get the final form
| E—_— H 2
1- fl —(1- f|'=0. 14.87
( 2Kz)| = ch)| 1 (14.87)

The quantities |fL|2 and |fL|4 may be calculated, depending on the vortex lattice

symmetry and the lattice spacing. It turns out that near H,,, the ratio

S

e — (14.88)
2
()
is independent of H. Then the above equation can be rewritten by
H
I—H—
[ff =—2— (14.89)
l—
ﬂA( 2/(2)
and
H 2
L
if =ﬂA(IfLI2) = T (14.90)
Ball- 2Kz)

((Note)) Here we follow the discussion given by Tinkham. We assume that

| =c|f] (14.91)
where C; ia an adjustable parameter. Then the free energy is expressed by
N e 1 i
(f,— fy)=aly| +Eﬂ|l//| =oc’|f,| +Eﬂcl4| f.| (14.92)
Minimizing this with respect to ¢,%, we find that
f 2
2= _2% (14.93)
Bl

Then the minimum free energy is given by
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a’ [WJZ a’ 1 H 1
f_fy=-2r Vv /o 1 A 1 (14.94)
! 208 P 8¢ fa

If fy is constant, Sy = 1. If f. is not constant, S is larger than 1. The more S increases,
the less favorable is the energy. It is found that Sy = 1.18 for the square lattice and fs =
1.16 for the triangular lattice. The latter case is slightly more stable.

14.3 Magnetic properties near H = chl

We consider the magnetic properties near H = H., based on the discussion given in
the previous section.

(a) The magnetic induction B . It is given by

§=H+§S=H—2H,;§|fL|2=H——\/%°K [ (14.,95)
or

BoH-_Ho=H _y  Ho-H (14.96)

K’ 1 L.(2x* —1)
ﬂA(1—2 2) A
K

Note that B=H at H=H,,,
(b) The magnetization M . It is described by

—47M =H -B —u (14.97)

Ba2x 1)

The magnetization M is negative as expected (since superconductors are diamagnetic)
for H<H.,. It vanishes at H = H.,. The transition at H = H., is of second order.

(c)  The deviation (AB)=VB*-B"

B? , B  and B’—B" are expressed as follows.

— H HH P

B2=(H - 2;; f[)?=H -2 |f "+ ;24 I£,[f (14.98)
_, H, o5 HHC o (e 7Y

B :(H_2K§|fL|2)2: H? - K22|f|.|2+ 41(24 OfLrj ) (14.99)

Then the deviation AB is calculated as

(AB)=vVB2-B" = JﬂA )(|f|j (14.100)

or

(AB) = /B, -1 ﬂ (21« (14.101)

(d) The Helmholtz free energy F is given by
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N 2
1 4 1 | & q 1
F=F+draly| +— +—|(-V-—A)y| +—B’],
o+ [ drialy| 2,3|v1| |GV e Av| 5 B
or
~ F-F 1 7 % 1 =
F= 0 ——— +—B?
Y; LU
~ 1 4 4 1 =2 1 2 4 1 =2
F=—- +—B"=——H_|f | +—B",
2ﬁl)”oo |V/L| 87[ 87[ c | L| 871'
Here we also note that
= Hoie 12 H | —
B—chzH—HC2—2K§|fL| :ch[_(l_ cz)_F“J ].
Since
1 2 H
1-——)|f, | =1-
Prl=g I =1--

we have

H -
B-H, = ‘ﬁ[l + B2k = D] f.[

or

—Y_ 4(B-H,,
|fL| - 2 2 2"
He, 1+ 5,2x" = 1]
Using this relation, we obtain the expression

= 1 H, ypY, 1= Hy Y
et (N Re=Casver ([

87 2K

1 =2 H, (¢ P 5
- (B ‘W(“L' ) (p+1+26B)],

ﬁzl[§2_ (B—Hcg, ]
87 1+ 8,2k 1)
Using this relation, we have
_ (B-H,) _p.ex*-DB+H, y
0B 1+ B,(2x% =1) 1+ B, (2% —1)

or

since
Pa(2x* =B+ H,, =[1+ f,(2x* ~D]H
So we can verify the thermodynamic relation as expected.

(e) The Gibbs free energy G

The Gibbs free energy G is related to the Helmholtz free energy F by

é:ﬁ_iEZL[gz_ (B_Hcg ]_i_
4z 8z 1+ Bk —1) 4x

Using the relation
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(14.102)

(14.103)

(14.104)

(14.105)

(14.106)

(14.107)

(14.108)

(14.109

(14.110)

(14.111)

(14.112)

(14.113)



H,, - H

= H — —2 ,
ﬂA(ZK -1)
we find that

(14.114)

~_ 1 (H-Hy)"
G= Sn[ﬁA(2K2—1)+H 1. (14.115)

It 1s clear that the lower the value of S, the lower the value of G . Thus the triangular
lattice is more stable than the square lattice.

14.4 The wall energy at « = /42!

We show that the wall energy in a type I superconductor vanishes for x =1/ V2. We
consider the 2D GL equation, where the magnetic field is directed along the z axis.

- (02 + 102y + ay + B[ w =0, (14.116)
where
- (ho ) -~ _(ro ¢ N
Inm,=—-—— = _ I, = ——— = - ,

X(iax ch] [px cA‘] y(lay CAY] [py cAy
(14.117)

IT, =11, +iIT,, I =11, -il,. (14.118)
We note that

[T1_,T1, ] ==2i[I1,,I1,], (14.119)
or

00, 00,1=00, AL B, T AT=="L[B.AT+LIDLAL  (14.120)

For any arbitrary function f, we have,

A=A (T ) (A )
of noA not _noA

=—A —+— f—A —— 14.121
I 7ox 1 ox Ayi&x I OX ( )
Similarly, we have
A h OA,
AN =——1. 14.122
[Py, AT == Y ( )
Then we get the relation
A oA “h O ing
18 80 N L N SN L M- (14.123)
ci1 ox 1oy c
0
where B, :ﬁ—%.
oX oy
Using this commutation relation, we get
(A1, 11,]=2i[A,.11,]= 2978, (14.124)
C

Since
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I1I1, = (I1, —iI1,)(IT, +il1,) ==IT, + IT; +i[I1,,I1, ], (14.125)

we get
O TRy /|
I, + 11, =111, +—-B,. (14.126)
c
Then the GL equation can be rewritten as
1* A7A+l//+ hq* Bzw+al//+ﬂ|t//|2w:0. (14.127)
2m 2mc
We now look for the solution such that IT .y = 0.
. ho q (ho q
I1 e +if ———— =0, 14.128
+l//(ax c&}/j (i&y CAV]W ( )
or
ow .0y ( .
———l—=—(A +I . 14.129
v o o (A +1A) )y ( )
When ﬁ+w =0, the GL eq. reduces to
M9 B o+ gyl =0 (14.130)
2mc
Note that the current density is given by
3= dv-L Ay rp v Lay (14.131)
2m I Cc I c

Then we have

0B, B 27hg’ . 1 g [ R
VXB:( Z’ — Z, Oj: 9 [l// (—V—g—hA)l//‘f’l//(_Tv_g_hA)l// ])3

oy ox m'c
(14.132)
or
B, 2zq_ .10 (q 10 q :
B, _2m LU e : 14.133
& - me [y (uax Ch&)l/f w( e Ch&)t//] ( )
and
. OB 2;th q
_i98; _ < L. 14.134
OX m'c [ | ay ch Ay) ( Ay) ( )

Then we have

oB, .0B, 27hq .0y .0y Oy oy . 20 . ;
—i—t="= —i +y(i - - +i ,

5 T me [y (8y ax) w( x 8y) o (A+IA)y v]

(14.135)
or

0B, .0B, 2ahq + 0 .0 oy~ .oy’
(B 2 OV GOV OV GOV, (14.136)
oy OX mc oy OX oy OX
This relation must agree with the relation given by
Using the relation (14.130), we have
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0B, .0B, 0o 2mc 0 2m

gy o 5)/ g’ ox h
or

2mc

oy

%2

hzq

Since t x'is deﬁned by

cm'/ B8

*

éJ_h

3

we obtain

cm’ h ‘Q‘ 1

g em TR

((Note))
2m’ c

5, =S ) = e ) -

or

_2m'c

—r (G

;=

where

2
2L*C h* zzi*c_zl_ CDO % (I)OZ_H(:Z:\/EK‘_'C’
Rqg| 2m¢ q|&” 2ach &° 2AE
and
2m'c 2m'c c2717l2 4mhlg’ 2
S gl e = DLy -
c m” c

One can estimate the surface energy given by
F 1 4 1
= |dx[-= +—(B,-H,)*].
y Iw [ 2ﬂlwl o7 (B —Ho]

In our case,

B, \/_KH - |l//
with
o[
p= 2k7 =
m"c?
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nq’ (ae 0B, ]
; By (—w - —!//) ﬂw(—
oy oy
From the comparison between Egs.(14.137) and (14.138), we find that

47h|q
) =2, =

.0 .
I =0,
axl//)]

2mc

*

2m*§2

",

(14.137)

(14.138)

(14.139)

(14.140)

(14.141)

(14.142)

(14.143)

(14.145)

(14.146)

(14.147)

(14.148)

(14.149)



Then the integrand of yis described by

(Bz — Hc)z
8

2

* «]2

S =S| W — e L | -l (14150

c

This is equal to 0 when x = /2, leading to = 0.

CONCLUSION
We show that the phenomena of the superconductivity can be well explained in terms
of the Ginzburg-Landau theory. The superconductors are classed into two types of

superconductors, type I and type-II. The GL parameter x has a limiting value x =1/ V2
separating superconductors with positive surface energy ( x <1/ V2 ) (type-1

superconductors) from those with negative surface energy at large x > 1/~2 (type-11
superconductors. The instability noticed by Ginzburg and Landau allowed the magnetic
field to enter the superconductor without destroying it. This leads to the appearance of the
mixed phase (the Abrikosov phase), where superconducting and normal regions coexist.
The normal regions appear in the cores (of size &) of vortices binding individual magnetic
flux quanta ®( = hc/2e on the scale A, with the charge '2e' appearing in @, a consequence
of the pairing mechanism; since 4>, the vortices repel and arrange in a stable lattice. In
his 1957 paper, Abrikosov derived the periodic vortex structure near the upper critical
field Hc. In 2003, Abrikosov and Ginzburg got the Nobel prize in physics for their
"pioneering contributions to the theory of superconductors.
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Appendix
A. Superconducting parameters
The definition of the parameters are given in the text.

2
Thermodynamic field H, = /47;0{ .

Order parameter v, = n: = |a|/ p.
2 2
The parameters | = at v PB= HC*Z :
47n, 4z,
Quantum fluxoid D, = @ .
q
2 *.2
Magnetic field penetration depth A= m EZ’B , = | S — .
470" |a| 4mn, g
2, h
Coherence length &= L*, &= — .
2m |« H,vm
Ginzburg-Landau parameter K= A = Cm—\/ﬁ* K= LHi* .
& A2rhlq 2\/572'7“’]5 q
Some relations between Hc, H¢i, and He,
a1 w2 H,
D, 2v27H,° 2 Ch
2
<y, x- D2
(DO
NCITE. /T -
2TAE H, +2x
Upper critical field (type II) H., = , =
27né
. d A H
Lower critical field (type II H,=—%In(<)=—""In(x).
(type ID) o T (5) Tox (%)
Surface-sheath field H. =1.695H,.
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A.2. Modified Bessel function
The differential equation for the modified Bessel function is given by

XY"'+xy'—(x* +n’)y =0,
1 n’
y'+—y'-(1+—)y=0,
X X
The solution of this equation is
y=cl,(x)+c,K,(x),
where
1,(x)=i"J,(ix),
Ky (0= Zi 13,00 + N, (0] = 77 H P (i),
Recursion formula:

K0t 0 = Ky 00+ 27K, 00
K,'(¥) = =K, ,(X) —gKn(x)

Kn'<x)=—Kn+l(x)+§Kn<x> :

9 IxK, (0] = XK, (%)
dx

XK, (0] = XK, (0
dx

The parameter yis the Euler-Mascheroni constant: y= 0.57721.
K, (X) = —1n(§)—y — _lnx+1In2—y =—Inx+0.11593718

b

Kl(x) :%

for x=0.

((Mathematica Program 25))

Plot [Evaluate[Table [BesselI[n,x],{n,0,5}1]1,{x,0.1,4},PlotPoi
nts-»50,PlotStyle-»Table[Hue[0.1

il,{i,0,5}]1,Prolog-»AbsoluteThickness[2],Background-GrayLeve
1[0.7]1]
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-Graphics=-

Plot [Evaluate[Table [BesselK[n,x],{n,0,1}11,{x,0.1,1.5},PlotP
oints-»50,PlotStyle-»Table[Hue[0.2

il,{i,0,5}]1,Prolog-»AbsoluteThickness [2],Background-GrayLeve
1[0.711]

-Graphics-
Fig.44Plot of (a) 1,(X) [n =0 (red), 1, 2, 3, 4 (blue)] and K,(X) [n =0 (red) and 1 (yellow)]
as a function of x.
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