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Here we discuss the Fermi-Dirac statistics of free electrons in metals at 0 K. 

 

1. Density of states 

In free electron Fermi gas model, the Density of states is expressed by 
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where the energy dispersion of electron is given by 
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We note that 
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Then the density of states can be rewritten as 
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2. Fermi energy, Fermi wave-number, and Fermi velocity 

The number of electrons is given by 
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where 1)( f  for F   and 0 for F  . Then the Fermi energy is obtained as 

 

  3/22
23/222

3
2

3

2
n

mV

N

m
F 




ℏℏ









 , 

 

where n is the number density; 
V

N
n  . The Fermi temperature is defined by 
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The Fermi wave number is  
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The Fermi velocity is given by 
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((Note)) 
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where 
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Thus we have 
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3. Internal energy and average energy 

The internal energy is given by 
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The total number is 
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Then we have the ratio as 
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At T = 0K, we have 
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or 
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The pressure P: 
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Since 
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the bulk modulus B is 
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4. Numerical calculations 

 

(a) Cu 

face-centered cubic (fcc) with a lattice constant a = 3.597 Å. 

 

There are 4 Cu atoms per cubic lattice (conventional) with the volume 3a . Each Cu atom has one 

conduction electron. 
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The Fermi energy: 
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The Fermi wave number: 

 

  3/123 nkF   = 1.36527 x 108 /cm 

 

The Fermi velocity: 
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The Fermi temperature: 

 

FT 8.2411 x 104 K. 

 

The pressure: 
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Note that in the classical theory the pressure is TnkP B0 . Since FBF Tk , the ratio 0/PP  is 
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The bulk modulus: 
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where the experimental value is 123 GPa, 

 

GPa=109 Pa.  Pa=N/m2=10 dyne/cm2  

1 atm = 1.01325 x 105 Pa. 

 

(b) Al 

face-centered cubic (fcc) with a lattice constant a = 4.046 Å. 

 

There are 4 Al atoms per cubic lattice (conventional) with the volume 3a . Each Al atom has 

three conduction electrons (trivalent). 
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The Fermi energy: 
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The Fermi wave number: 

 

  3/123 nkF   = 1.75055 x 108 /cm 

 

The Fermi velocity: 
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The Fermi temperature: 
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The pressure: 
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where the experimental value is 76 GPa. 

 

(c) Na 

Body-centered cubic (bcc) with a lattice constant a = 4.225 Å. 

 

There are 2 Na atoms per cubic lattice (conventional) with the volume 3a . Each Na atom has one 

conduction electron. 
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The Fermi energy: 
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The Fermi wave number: 

 

  3/123 nkF   = 9.22398 x 107 /cm 

 

The Fermi velocity: 
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The pressure: 
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where the experimental value is 6.3 GPa. 

 

(d) K (potassium) 

Body-centered cubic (bcc) with a lattice constant a = 5.225 Å. 

 

There are 2 K atoms per cubic lattice (conventional) with the volume 3a . Each P atom has one 

conduction electron. 
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The Fermi energy: 
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The Fermi wave number: 
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The Fermi velocity: 
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The pressure: 
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where the experimental value is 3.1 GPa. 

 

(e) Lithium (Li) 

 

Body-centered cubic (bcc) with a lattice constant a = 3.51 Å. 

 

There are 2 Li atoms per cubic lattice (conventional) with the volume 3a . Each Li atom has one 

conduction electron. 
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The Fermi energy: 
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The Fermi wave number: 
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The Fermi temperature: 
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The pressure: 
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The bulk modulus: 
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where the experimental value is 11 GPa. 

 

(f) Lead (Pb) 

 

fcc with a lattice constant a = 4.920 Å. 

 

There are 4 Pb atoms per cubic lattice (conventional) with the volume 3a . Each Pb atom has four 

conduction electrons. 
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The Fermi energy: 
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The pressure: 
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The bulk modulus: 
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where the experimental value is 46 GPa. 

 

 

 
 

Fig. Bulk modulus vs atomic number. Na (11), Al (13), and K (19), and Cu(29), Pb(82). 

 

((Summary)) 



In summary, the electrons in metals have a very large kinetic energy at 0 K, of the order of the 

energy that is attained only at such high temperatures in the classical theory. This arises from the 

Pauli principle, according to which at most two electrons (of opposite spins) cam occupy a state.. 
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