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Frederick Seitz (July 4, 1911— March 2, 2008) was an American physicist and a pioneer of solid
state physics. Seitz was the 4th president of Rockefeller University from 1968—-1978, and the 17th
president of the United States National Academy of Sciences from 1962-1969. Seitz was the
recipient of the National Medal of Science, NASA's Distinguished Public Service Award, and
other honors. He founded the Frederick Seitz Materials Research Laboratory at the University of
Illinois at Urbana—Champaign and several other material research laboratories across the United
States

Seitz studied metals under Eugene Wigner in the Princeton University, gaining his PhD in
1934. He and Wigner pioneered one of the first quantum theories of crystals, and developed
concepts in solid-state physics such as the Wigner—Seitz unit cell used in the study of crystalline
material in solid-state physics.

(a) (b)

(a)
https://en.wikipedia.org/wiki/Frederick Seitz
(b)
http://cache.boston.com/resize/bonzai-fba/Globe Photo/2008/03/06/1204862320 7365/300h.jpg

((Main purpose of this note))



In Spring semester of 2019, we had an opportunity to teach Phys.472-572 (Solid State Physics).
We used a textbook of Charles Kittel Introduction to Solid State Physics (8-th edition). Among so
many interesting topics, we are interested in the explanation of the cohesive energy of metals. The
Wigner-Seitz method was originally developed for the understanding of cohesive energy of
sodium metal, by Wigner and Seitz around 1933-1934. It is a typical example of the application
for quantum mechanics (the Bloch theorem). The introduction of the Wigner-Seitz cell is essential
in this model. It is shown that the energy eigenvalue for the electrons in the system with the
specified boundary condition at the Wigner-Seitz cell is much lower than that of the electron of
the isolated atom. However, it seems rather difficult for undergraduate students to understand the
derivation of energy eigenvalue in the Wigner-Seitz method, without any specific calculation of
wavefunction based on the Schrodinger equation. In the original Wigner-Seitz model, only the
Bloch state with k = 0 was considered for the sake of simplicity. The Bloch state withk # 0 can
be discussed. by using the perturbation theory with k- p as a perturbing Hamiltonian.

In the textbook of Kittel (Introduction to Solid State Physics, 8-th edition), we find a very
interesting figure (Fig.20, p.238) for the evaluation of the ground state energy of electron in a
periodic (attractive) square well potential of the depth U with the width a and the separation b,
where the wavenumber K is equal to zero. We guess that this figure was originally obtained by C.Y.
Fong. We tried to find a possible original paper of Fong, but we could not find so far. Note that
our note presented here is motivated mainly from reproducing the result of Fig.20 using the
Kronig-Penney model.
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Fig.1 Ground orbital (k = 0) energy for an electron in a periodic square well potential of depth

|U0| =2h*/ (maz). The energy is lowered as the wells come closer together. Here a is

hold constant and bi varied. Large b/a corresponds to separated atoms. (Courtesy of
C.Y. Fong). [Fig.20, p.238, C. Kittel, Introduction to Solid State Physics, 8-th edition
(John-Wiley & Sons, 2005).



In this note, we calculate exactly the energy eigenvalue for the one-dimensional square well
potential by the Kronig-Penney model with the use of Mathematica 12.0. This calculation clearly
supports that the result from the Wigner-Seitz model is valid. We use ContourPlot and FindRoot
program of the Mathematica.

There are so many articles of calculations on the Kronig-Penney model. As far as we know
there have few systematic studies of this model for the 1D periodic square well potential with the
width a (kept constant) and the separation b. Here, here we discuss the detail by using Mathematica
(version 12.0): the energy eigenvalue as a function of wave number K, the ratio b/a, the depth of
potential U. We also discuss the effective mass (derived from the perturbation theory) as a function
of the ratio b/a, from the least-squares fit of the energy dispersion in the small value of ka — 0

[the energy is proportional to (ka)’ ]. We think that our calculation may be helpful to our

understanding the essential of the Wigner-Seitz method.
This note consists of two parts.

PartI: Introduction of Wigner-Seitz method (mainly, summary of various textbooks)

PartII. Kronig-Penney model of the 1D periodic square potential. We solve the problem
exactly without any approximation by using the Kronig-Penney model. We also solve
the energy eigenvalue and wavefunction of the 1D square well potential of electron in
a isolated atom directly from the Schrodinger equation. These results will be compared
with those obtained from the Kronig-Penney model (mainly our calculation with the
use of Mathematica; ContourPlot pogram).

Part I Wigner-Seitz model

1. Introduction

There are two approximations to obtain the Bloch orbital: first an approximation that starts
from plane waves and, second a method based on the linear combination of atomic orbitals.
However, these are two limiting cases on the linear combination of atomic orbitals. However, these
are not sufficient enough to discuss real materials. A method which is closer to reality was
proposed by Slater, and Wigner and Seitz. This became the basis for the band calculations that are
presently carried out for many materials. Further, Wigner and Seitz clarified the essential nature
of the metallic bond based on the results of this calculation.

We consider the alkaline metals, sodium (Na) for example. We specify the mean field that a
conduction electron is subject to the periodic potential of the crystal as follows. First, the whole
crystal is divided into atomic polyhedral (Wigner-Seitz cell, or WS cell). When an electron is in
an atomic WS cell, it is subject to the atomic potential of the atom that is contained in the WS cell.
When the electron moves to a neighboring atomic WS cell, it is then subject to the atomic potential
of the atom that is contained therein. As a result, we obtain the potential that is illustrated in Fig.2
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Fig.2 Wigner-Seitz potential (in one dimension). (from the book written by J. Kondo).

This is a rather ingenious idea. In reality, there are contributions in the form of the atomic potentials
of the atoms in other polyhedral than in which the electron is located, and also the potential due to
the other electrons. However, since, on the average, there is one electron in each polyhedron, each
atomic polyhedron is charge neutral, and therefore exerts only a weak potential. Hence we may
neglect them altogether. When an electron moves to a neighboring atomic polyhedron, the electron
that was lying there moves away to somewhere, so that all of the atomic polyhedral other than that
in which the electron that is presently under attention has entered can again be assumed to be
charge neutral. This potential is thus able to account for much of the electronic correlation.
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Fig.3 Typical example of the Wigner-Seitz cell (one of the primitive cells). The dotted line denotes
the perpendicular bisector. The case of two-dimensional lattice.

2. Wigner-Seitz method

Wigner and Seitz showed that for the alkali metals there is no inconsistency between the
electron wavefunctions of free atom and the nearly free electron model of the band structure of a
crystal. Over most of a band the energy may depend on the wavevector nearly as for a free electron.
However, the Bloch wavefunction, unlike a plane wave, will pile up charge on the positive ion
cores as in the atomic wavefunction.

A Bloch function satisfies the wave equation

(i p’+U (r)je””uk<r> =Ee""u,(r),
2m

where Uy (') has the periodicity of the lattice. With the momentum p = —i#V , we have
ple""u ()] =7ke""u, (r)+e"" pu, (r),
p*[e™ u, (r)]= (hk)2 e™"u, (r)+e*" (2nk - p)u, (r)+e*" pu, (r).

Thus the above equation can be written as an equation for Uy (I")

1 2
[%(erhk) +U (N)]u, (r) = Eu, ().
Note that
(p+iKY = p* +7°K> +27K - p,

1 , k> &
—p +——+—k-p+U)u (r)=Eu(r
S P+ T K PHUMM(N) = B (),

or

Pk p UM () = (E, BT
m m 2m



((The case of k = 0))
It is much easier to find a solution at K =0 than at a general k, because at k=0 a
nondegenerate solution will have the full symmetry of U (r), that is, of the crystal. We can then

use Uy(I) to construct the approximate solution

W ()= eik'ruo(r) .

This is of the Bloch form, but it is much easier to find a solution at k = 0 than at a general k,
because at K = 0 a nondegenerate solution will have the full symmetry of U (r), that is, of the

crystal. We can then use Uy(I) to construct the approximate solution
Wi (r) =e""uy(r).

This is of the Bloch form, but UO(I’) is not an exact solution. It is a solution only if we drop the
term in k- p. This term is treated as a perturbation. The k- p perturbation theory is especially

useful in finding the effective mass m".

3. Boundary condition for Uy(X) in the Wigner-Seitz cell

(D Continuity of wave function

V. =¥, ., V¥V , =¥V 4 (continuity of ¥ )
2 2 2 2

(IT)  Bloch theorem

w(x+a)=e“y(x).

(IT1)  Continuity of the derivative of the wave function with respect to x,

LA 4 d_V’J _ (d_*//) oy
( dx jx_la_o _( dx jx——l » > ( dx e = dx - (continuity of W)
2 2 5 5

From the condition (I), we get



or

ka

_jka
., =e u 7 =e ‘U
x=——a+0 X=——a+0 x=——a—-0 x=——a—-0
2 2 2 2
leading to
u =Uu 1
X=—a+0 x=—a-0’ ( )
u =u . 2
x:—la—o X=—a+0 ( )
From the condition (II, Bloch theorem), we get
ika
= u
V a, V _a a, U _a, 3)
2 2
at xz_i_o,and
2
=e' u, =u
l//x:§+0 l//x:—EJrO x:§+0 x:—§+0 (4)
2 2 2 2
at x = — a +0
2
From the condition III (continuity in (31—1//
X

w=eu(x)

oy _. i OUy
—=iky, (x)+e"™ —
ox ¥ (X) o

o =l A , A~ =l = (Continuity)
( OX x:%+0 OX x%—o OX x:—%+0 x:—%—o



at x = E .
2
0 ka ou
(_l//) = IkW a +e 2 ( Kk j

aX x=—240 X=——+0 ax X,_eJrO

ka -ka
—ike 2u +e 2 (%j
X=——a+0 8X 20

(5)... (%) ;
X )pa, \OX)ay’ (5)

(3, 6
8X x=—2_0 - ax x=—240 ( )

From Egs.(1) — (4), we have
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Fig.4 Continuity of wave function I. The boundary condition.
U =U, =U, =U,
We note that
(d_uj — lim (Mj ~0
dX x=a/2 a0 AX
(d—“j - lim (—“2 4 J =0
dX x=-a/2 a0 AX
((General case))
112
Xo
-
a
Fig.5 Continuity of wave function II. The boundary condition.
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Fig.6 Example of wave function in the Wigner-Seitz cell. (from the book written by J.
Kondo). The wavefunction is symmetric with respect to X around the origin.

4. Result from Wigner-Seitz method for sodium (Na)
Here is a result of sodium Na atom obtained from the Wigner-Seitz method.
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Fig.7 A schematic diagram for the 3s orbital of Na. The curve A is for E=E;. Curves B and C

are for deeper (more negative) energies. The derivative of C vanishes at I' =I. (From the
book of C. Kittel, Introduction to Solid State Physics, 4-th edition).

In Fig.7, we first show the values of U, when E is set equal to E3s of the isolated atom as curve A.

This satisfies u, —0 as I —>00. When the value of E is decreased slightly, we obtain curve B. With
further decrease of E at certain value, the curve C, that is, the solution that satisfies U, "0 as
I =1, is obtained. This value corresponds to the energy of the 3s band at k=0, that is, it represents

the position of the bottom of the conduction band. We call this energy E;. As is seen from Fig. it
undergoes a large oscillation in the vicinity of r =0, and this is influenced by the strong atomic
potential. On the other hand, it is almost constant in the vicinity of I' =TI, so that, in this sense, it

behaves like a plane wave with K =0.

((Kittel, Introduction to Solid State Physics, 8-th edition))
The Fermi energy is 3.1 eV. The average kinetic energy per electron is 0.6 (= 3/5) of the Fermi

energy, or 1.9 eV. The ground-state energy calculated for sodium with aUO /or=0 at I, =3.96 3,

is about -8.2 eV, as compared with the experimental atomic ground-state energy of — 5.16 eV.
Thus the 3s energy at kK =0 is lower by 3.1 €V in the metal than in the atom. But the conduction

electrons at finite K in the metal have extra kinetic energy; the mean Fermi energy per electron is

%EF =3.1x0.6 =1.86 eV. Thus we have <Ek> =-8.2+1.9=-6.3¢V, compared with -5.15 eV for

11



the valence electron of the free atom. We therefore estimate that Na metal is stable by about 1.1
eV with respect to the free atom. This result agrees well with the experimental value 1.13 eV.

The cohesive energy: 6.3-5.15=1.15eV
Atom Metal
-5.15eV
Ground state Fermi level
Cohesive energy
-6.3 eV
Average energy
-8.2 eV
|k=0> state
Fig.8 Cohesive energy of sodium (Na) metal is the difference between the average energy of

an electron in the metal (-6.3 eV) and the ground state energy (-5.15 eV) of the valence
3s electron in the free atom, referred to an Na” ion plus free electron at infinite
separation. (from the book of C. Kittel, Introduction to Solid State Physics, 8-th edition).

((Note)) Na metal (bcc)
Conventional cubic lattice constant

a=4225A.

There are two atoms per unit cell (a’).

Bohr radius:

a, =0.52917721067 A.

12
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The nearest neighbor distance between Na atoms:

V3

d :7a =3.65896 A.

The Fermi wave number:
k 2 1/3 2 2 1/3
r=@7n)" =Gr ?) .
Fermi energy:

) 5 2 2/3
R :h_(3,r2n)” (32 2 ) 304076V
2m 2m 2m a

The average kinetic energy per electron

<E>=%EF ~1.9456¢V.

S. Perturbation theory
We start with the Schrodinger equation for the Bloch function, y, (1) = e””uk (r)

wk?
2m

[2i 0+ Kk U () = (E — = (1),
m m

h2 k2
2m

[zi 0+ Kk U () =~y (1),
m m

or

KK?
2m

—%(Vz +2ik-V)u () +U(ru, (r)=(E, ———)u, (1)

We assume that

13



U, (N =Uy(N+u (r)+....

kK’
2m

E =E+ +...

Thus we have

—%(Vz +2iK - V)[U, (1) + U, (N]+U (DU, (N + 0, (1] = E, [u, () +u,* (1]

—%(Vz +2iK-V)[U, () +u (N]+U0)[u, (N +u (N = E[u, (N +u (]
with
", N
[_%V +U(N)-EJu" ()= - K-Vu,(r)
where

o, _
_%v Uy (1) +U (U, (r) = Eguy (r)

We show that a particular solution for U*(r) is given by
ul(a) (r)=(-k- r)uo(r) .

Noting that
V2[(ik - ), (N]= (k- r)V2u, (r) +(2ik) - Vu,(r),,

we have

14



(—h—sz +U(N—-E)u(n= —h—zvzula(r) +U () - Ju(r)
2m 2m

= —%[(—ik . r)Vzuo(r) +(=2ik)-Vu,(N]+[U(r)—E,1(-ik - r)u,(r)
=(—ik-r)[—h—2V2 +U(r)- EO]uO(r)+Ek-Vu0(r)
2m m
:Ek-Vuo(r)
m

where

", _
_%V U, (N +U(ru,(r =Eu,(r).

6. Effective mass (P.W. Anderson)
Using the perturbation theory, we have

A

i

1

(0)

(s
En = Erﬁo) + ;]‘ Er(10) _ EéﬂO)

Perturbation for the non-degenerate case

w0y
En_E0+%k +Zn: EE
2
_E0+h—*k2
2m

I e IR
E_E0+%k +Zn: EE
2
_E, + ke
2m

where m 1s the effective mass of electron

15
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m
s [l Ao
27:n*k2:2h_mk2+; E,—E
or
([ o)
n’ll*:%Jrhzer?zZ‘ E—&
2
E=E, +§ 2’; ey §>

where m" is the effective mass of electron.

7. Cohesive energy

The stability of the simple metals with respect to free atoms is caused by the lowering of the
energy of the Bloch orbital with k = 0 in the crystal compared to the ground valence orbital of the
free atom. The effect is illustrated in Fig.7 for sodium and in Fig.9 for a linear periodic potential
of attractive square wells. The ground orbital energy is much lower (because of lower kinetic
energy) at the actual spacing in the metal than for isolated atoms.

A decrease in ground orbital energy will increase the binding. The decrease in ground orbital
energy is a consequence of the change in the boundary condition on the wavefunction. The
Schrodinger boundary condition for the free atom is y (r) — 0 as r—oo. In the crystal the K =0

wavefunction Uy(I') has the symmetry of the lattice and is symmetric about r = 0. To have this,

the normal derivative of ¥ must vanish across every plane midway between adjacent atoms.

16
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Fig.9 Ground orbital (k =0) energy for an electron in a periodic square well potential of the

hz
depth ‘Uo‘ —-—" . This figure is the same as Fig.1.The energy is lowered as the well

come close together. Here a is held constant and b is varied. The large ratio S=b/a

correspond to separated atoms (C.Y. Fong).

In a spherical approximation to the shape of the smallest Wigner-Seitz cell we use the Wigner-
Seitz boundary condition

(d_WJ _o,
dr r=r

where [ is the radius of a sphere equal to volume to a primitive cell of the lattice. In sodium, [

= 3.95 Iy, or 2.08 A. The spherical approximation is not bad for fcc and bce structures. The

boundary condition allows the ground orbital wavefunction to have much less curvature then free
atom boundary condition. Much less curvature means much less kinetic energy. In sodium the
other filled orbitals in the conduction band can be represented in a rough approximation by
wavefuction of the form with

=e Iruo(r)

17



with

21,2
Ek:E0+hk

Here we show our result for the energy eigenvalue of electron in the 1D periodic square well
potential. The detail of this calculation will be later). The result for the k = 0 state is the same as
that obtained by C.V. Fong.

Fig.10

T —y T T T T T T T T T T T T T T T T T T

0.0 0.6 ]

-0.2r .

- 05

The energy eigenvalue e=£” for f=U /U, (=1) [ €”=E/U,, ¢=E/U ] for an
2
electron in a periodic square well potential of the depth ‘UO‘ = m—aZ , as a function of

the ratio S=b/a. ka=zx withx=0, 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6. Here the width a
is held constant and the separation b is varied. The energy is lowered as the well come
close together. The large ratio S=D0b/a correspond to separated atoms. & = —0.454453 .
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The curve with ka =0 is in good agreement with the result obtained by C.V. Fong (C.
Kittel, Introduction to Solid State Physics).

Partll  Kronig-Penney model for the 1D periodic well potential with the use of
Mathematica

1. One dimensional bound state

As a simple example of the calculation of discrete energy levels of a particle (with mass m) in
quantum mechanics, we consider the one-dimensional (1D) motion of a particle in the presence of
a square-well potential barrier (width a and a depth U) as shown below.

U(x) = 0 for |x|>g,and U for -2 x<2,
2 2 2

where a>0 and U>0. If the energy of the particle E is negative, the particle is confined and in a
bound state. Here we discuss the energy eigenvalues and the eigenfunctions for the bound states
from the solution of the Schrodinger equation.

19



U(X)

-a/2 O al2

X

Fig.11 One dimensional square well potential of width (a) and depth U. For convenience, we
use the symmetric potential with respect to the origin. E = —| E| (<0). U >0. The energy
-U is the bottom of the 1D square well potential.
(a) The parity of the wave function
When potential is an even function (symmetric with respect to X), the wave function should

have even parity or odd parity.

((Proof)) Quantum mechanics
[#,H]=0.
7 is the parity operator.

20



H is the Hamiltonian.

H=Lru®,
2m
and
. p’
AU A = A[—+UR)]%
2m

=L (apay +U(#32)
2m
1, .
(=)’ +U(-})
2m
1 . .
=—p +U(X
5 P (X)
since U (-X) =U (R) . Then we have a simultaneous eigenket:

Hly) = Ely), and #y) = 2y).

Since 7% =1,

2ly)=2dly)=Zly)=|v).
Thus we have A ==1.

or
Alw) =),
(Xlly) = ={x|w).
Since

AX)=|=x), or (X} = (X =(=x

21



we have

(xly) =<y,
or

w(=X) =y (X).

(b) Wavefunctions
In the Regions I, II, and III, the Schrédinger equation takes the form

2
((jj_xz w(X)— K‘zl//(X) =0 outside the well.

2

d
@W(X) + kzl//(X) = O inside the well.
Here we define

K’ :2h_T|E

2
: == U ~[E]).

Here we introduce parameters (£ and o) for convenience,

2m,_, 2mU |E| 4p°
ey,
or
43
and
2 2muU El. 45
T L N R
where
_E _ /mua’
VR 7

22



2mU 457

K a’
We note that
4,[)’2
2 2
K™ +x" =—-,
a

or
& =4,
where ¢ = kz_a and 7 = %a. The energy ¢1is given by

2 2
5:77—:1—§—

Vs g
The stationary solution of the three regions are given by

B () =A¢e",

@(\)=Be" +Be™,

@ (X)=Ce™.
(i) The wave function with even parity
A=C, Bl = B2 = E .
2

The wavefunctions can be described by
9 () =Ae",
@, (X) = Bcos(kx),
@) =Ae"™,

The derivatives are obtained by

23



d¢| (X) — AKeKX
dx ’

920 ) _ gy sin(ky)
dx

d¢|II (X) — _AKefr(x .
dx

At x=a/2, ¢(x) and % are continuous. Then we have
X
Ae **? _B cos(kz—a) =0,

—Axe ™ ? + Bk sin(kz—a) =0,

or
MX=0,
where
ka
—Kxal2
e —cos(?) (A
M = Rk X = 8
—xe ksin(;a)

The condition detM=0 leads to

k sin(k %)e"‘a/2 = ke 7 cos(k;) ,

or
ka, « .
tan(;) = for the even parity,
or
ka .
Ka =Kka tan(T) for the even parity.
or

24



n==~&tn & .

with

The constants A, B, and C are given by
A=C = Be*®”? cos(i;—a).

The condition of the normalization leads to the value of B.
(i) The wave function with odd parity

A=-C,

The wavefunctions are given by
¢ (X) =—A¢",
@, (x) = Bsin(kx),
@ (X)=Ae™,

The derivatives are obtained as

KX

MZ—AKE 5

dx

920 _ Bk cos(kx),
dx

doy, (%) —_A
dx

—KX

Ke

At X=a/2, p(x) and % are continuous. Then we have
X

25



—Ae 4+ B sin(k;) =0,

—Axe *** — Bk cos(k;) =0,

or
MX=0,
where

—-xa/2

—e sin(ka) A
M = N X == .
—xe " _k cos(k;) (B]

The condition detM=0 leads to
ka ka
k et e—r(a/z — _ e—r(a/z - -,
cos( 5 ) K sin( 5 )

or

a a ka .
Z ok Zcot(= for the odd parity,
K2 2c0(2) parity

or
n=-<¢fcoté.

We solve this eigenvalue problem using the Mathematica. The result is as follows.
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Fig.12

((Note-1))

and

U

) _ K& _lzmaz‘ B ma’U [E| _

,_ K& _lZma2| - maZUOE:E

8=5 “o. .
4ﬁ:4 ~~~~
d
I L 3
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L 3
A
L *
38=3 =k/2 &4 SR Y
L A Y
A Y
i \
A Y
2ﬁ:2 N

Ju—

B=1 . . .

é-..gve parity | Odfl parity Evyen parity

-
‘\

N pmum= ™

Y
Y
b
1

Graphical solution. One solution with even parity for 0</<z/2. One solution with even

parity and one solution with odd parity for 77/2<f<z. Two solutions with even parity

and one solution with odd parity for 7</<3 /2. Two solutions with even parity and two

solutions with odd parity for 3772<f<27x. n = £ tan & for the even parity (red lines).

n =—&cot & for the odd parity (blue lines). The circles are denoted by & ? +772 = ﬂz.
. _ EH. 7 &

The parameter fis changed as f=1,2,3,4,and 5. ¢= U _F —l—?. £ = > and

77=7-

pe

4 4 K 2 U

4 4 B



or

&V =pf¢e

with

L L _E
0 UOJ U’

U = 21’ mUa’* U
0 2 ﬁ: 2 =47
ma 2 u,

The normalized wavefunction for the even parity and odd parity are given by

e™*N Cos[€£] Cos[x €]
lllel = - ll/ell = ;

2 . 2 .
1+ Cos [£] + Sin [2 £] 1+ Cos [£] + Sin [2 ]
n 2¢ n 2¢

yelll = e’ Coslél ;

2 -
14 Cos [£] . Sin[2 €]
n 2¢

e™XN SiIn[&] SIn[x &]
yol = - ; yoll = :

- 2 - - 2 -
1+ Sin[€&] _ Sin[2 &] 14+ Sin [€] _ SIn[2 &]
n 2¢ n 2¢

yolll = L) ;

- 2 -
\/1 + Sin [§] _ Sin[2 §]

n 2¢

for the regions I, II, and III, where ye is the wavefunction with the even parity and o is the
wavefunction with the odd parity.

p=1

&1 =10.739085 mi1=0.673612 e =0.453753 even
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Be, =& =1x0.453753=0.453753 even

p=2
&1=1.02987 n21 =1.71446 a1 =10.734844 even
&2 =1.89549 122 =0.638045 &2=0.101775 odd
B, =& =4x0.734844 =2.9394 even
Be, =63 =4x0.101775=0.4071 odd
p=3
&1=1.17012 m1=2.76239 &31=0.847869 even
&30 =2.27886 m2=1.9511 &32=0.422976 odd
Bey, =) =9x0.847869 =7.63082 even
Be, =&Y =9x0.422976 =3.806784 odd
B=4
a1 =1.25235 ma =3.7989 a1 =0.901976 even
Ear =2.47458 a2 =3.14269 a2 =0.617279 odd
&3 =3.5953 m3 =1.75322 a3=0.192111 even
Be, =Y =16x0.901976=14.4316 even
Be, =Y =16x0.619279=9.908464  odd
Fe, =6 =16x0.192111=3.073776
p=5
&s1=1.30644 151 =4.8263, &1=0.931729 even
&s2=2.59574 152 =4.27342, &52=10.730486 odd
&s3=3.83747 153 = 3.20528, &3 =0.410954 even
&s4=4.9063 1754 =0.963467, &54=0.0371307 odd

Be, =& =25x0.931729=23.293225 even
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Be, =&Y =25x0.730486=18.26215 odd

Be, =€ =25%0.410954=10.27385 even
,B26‘54 = 8§2) =25x%0.0371307 =0.9282675 odd
Wavefunctions and energy eigenvalues.
A
/3 =]
=] I~
| Il I1I
—c11
—1

Fig.13 [U(X)/U, w(x)] vs X/a. f= 1. Square well potential U(x) of width 2a and depth U,

and the corresponding wavefunction y(X) which is normalized. There is one bound
state (even parity) (- €11 = -0.45735), where &= |E|/U. The horizontal axis is x/(a/2).
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ﬁ:=2
= H 111 x/a

—21

Fig.14 [UX)/U , w(x)] vs X/a. g = 2. There are two bound states. (i) The bound state

(denoted by red) with even parity (- &1 =-0.734844). (i1) The bound state (denoted by
blue) with odd parity (-&22 =-0.101775).

A
[}’::3
I 1l 111 X/a
—c3?
—c3]
=5}

Fig.15 [U(X)/U , w(x)] vs X/a. g = 3. There are two bound states. (i) The bound state

(denoted by red) with even parity (-&31 = -0.847869). (i1) The bound state (denoted by
blue) with odd parity (-&32 = -0.422976).
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—c12

—e41]

Fig.16 [U(x)/U, w(x)] vs X/a. g = 4. There are three bound states. (i) The bound state

(denoted by red) with even parity (-&1 = -0.901976). (i1) The bound state (denoted by
blue) with odd parity (-&s2 = -0.617279). (iii) The bound state (denoted by red) with
even parity (-&3 =-0.192111).

—53

—5?

—51
=

Fig.17 [UX)/U , w(x)] vs X/a. B = 5. There are four bound states. (i) The bound state

(denoted by red) with even parity (-&51 = -0.931729). (i1) The bound state (denoted by
blue) with odd parity (-&2 = -0.730486). (iii) The bound state (denoted by red) with
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even parity (-&3 = -0.410954). (iv) The bound state (denoted by blue) with odd parity
(-&54 =-0.0371307).

2. Kronig-Penney model for the 1D square well potential

The essential features of the behavior of electrons in a periodic potential may be explained by
a relatively simple 1D model which was first discussed by Kronig and Penney. We assume that
the potential energy of an electron has the form of a periodic array of square wells.

U(x)

|
Q
fan
O
(®N
>

Fig.18 Periodic potential in the Kronig-Penney model with the periodicity (a+b) and depth
U. E<O0. -U is the bottom of the 1D periodic square well potential.

We now consider a Schrodinger equation,

_;_d—za//(x) FUW(x) = Ep(x),
m dx

where Eis the energy eigenvalue (E= —| E| ) with 0<|E| <U.

(1) U(x) = 0 for 0<x<b

v (X) = Ae" +Be ™, di(x)/ dx = K(Ae* —Be ™),
HK? wK?
with [ =—, E=—
2m 2m
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(i)  U(X)=-U for -a<x<0
w,(X)=Ce'* + Dg™¥, di,(X)/ dx=iQ(Ce'™ —De ™),

with
U+E=U-|E| —"’—ZQ2
- oam T

We note that for simplicity we use

o

U )
* ma

The Bloch theorem can be applied to the wave function
Ux+a-+0)=e"*iyx),

where K is the wave number. The constants A, B, C, and D are chosen so that y and dy/dx are
continuous at X =0 and X = a.

(a) Atx=0,

A+B=C+D,

K(A-B)=iQ(C - D).
Thanks to the Bloch theorem, the boundary condition of the wave function at X =b is related to
that at X =—a. In other words, we have only to know the knowledge of the wave function in a unit

cell (the period is a+b).

(b) AtXx=-a,
l//l (b) — eik(a'Hrb)lV2 (_a) ’
v, '(0) ="y, (-a),
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or
AeKb + &—Kb — eik(a+b) (C\B—iQa + lea) ’
K(AeKb _ Be—Kb) — i@ik(&&b) (Ce—iQa _ [lea) .

The above four equations for A, B, C, and D have a solution only if det{M]=0, where the matrix M
is given by

1 1 -1 -1
M - K -K -iQ iQ
- eKb e Kb _e—iQa+ik(a+b) _eiQa+ik(a+b)

KeKb _Ke—Kb _iQe—iQa+ik(a+b) iQeiQa+ik(a+b)
The condition of det{M] = 0 leads to

cos[k(a+b)]=cos(Qa)cosh(Kb) + %_gz) sin(Qa)sinh(Kb).

The general case of g with £ =1

mUa’ 231
p= 28 U= ma’ :lBZUOa
where
mU_ a’ 2H*
ﬂo:\lﬁzl’ UO:maz’
2M\2 2172
U+E:hQ , E:—hK .
2m 2m
Note that
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2 2 2h2
U=—(K*+Q)= ﬁz , or
ma
Suppose that
Ka=2v-¢, Qa=2\e+p’

The ratio is given by

E (0)

AK? ma’
U, om 2K

= —%(Ka)2

where £ <0.

cos(k,) = cos(2y/ 7 + & ) cosh(2sv &) -

where

k =k(a+b), s= 2
a

When 6(0) =X

cos(k ) =cos(2y/ S +X)COSh(2S\/— X)—

((Note)) Evaluation of Uo

2
U, - 2h
ma’

=15.2399 [a(A)]* (V)

where m is the mass of free electron.

3. The case of E>0
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U(x)

-a 0O b X

-U

Fig.19 Periodic potential in the Kronig-Penney model with the periodicity (a +b) and depth
U. E>0. -U is the bottom of the 1D periodic square well potential.

We now consider a Schrodinger equation,

00+ U0 (0 = Ep),
m dx

where E'is the energy eigenvalue (E > 0).
(1) U(x) = 0 for 0<x<b

w(X)=Ae"* +Be™, d, (x)/ dx =iK(Ae"* —Be™),

mK?
B 2m -

with E

(i)  U(X)=-U for -a<x<0
Wy (X)=Ce' ¥+ De™¥, dy, (x)/ dx =iQ(Ce¥ —De ™),

with
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W,
U+E=—0Q".
2m
We note that for simplicity we use

o
ma’

UO

The Bloch theorem can be applied to the wave function
w(X+a+0) ="y (x),

where K is the wave number. The constants A, B, C, and D are chosen so that y and dy/dx are
continuous at X =0 and x = a.

(a) Atx=0,
A+B=C+D,
K(A-B)=iQ(C - D).
Thanks to the Bloch theorem, the boundary condition of the wave function at X =b is related to

that at X =—a. In other words, we have only to know the knowledge of the wave function in a unit
cell (the periodis a+b).

(b)  Atx=-a,
vi(b) ="y (-a),

v (b) ="y, (),

or
AeiKb + &—iKb — eik(a+b) (Cﬁ—iQa + ml@) ’

IK(Aele . Be—iKb) — i@ik(aer) (Ce—iQa _ lea) .
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The above four equations for A, B, C, and D have a solution only if det{M]=0, where the matrix
M is given by

1 1 -1 -1
iK —iK -iQ iIQ
M= oKD o Kb _p-iQatik(asb) _piQa+ik(arb)

iKe _jKe _iQe—iQa+ik(a+b) iQeiQa+ik(a+b)

The condition of det[M] = 0 leads to

cos[k(a+b)]=cos(Qa)cosh(iKb)+ %K_QQZ) sin(Qa)sinh(iKb)

= cos(Qa) cos(Kb) — % sin(Qa)sin(Kb)

where
cosh(ix) = cos X, sinh(ix) = isin X
2 2102
u+e"Q , eIk
2m 2m

We note that for simplicity we use

2K 5
Uo = mas U ::B Uo
2102 2
E:g(‘)):h K ma2 :l(Ka)2
U, 2m 2# 4

Ka=2\¢,, Qa=2{pB>+¢&"”

When x =@

cosk, = COS(2S\/;) cos(zm) _ (B +2x) Si;\(/és\/\/%zm)
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We solve this equation by using the Mathematica (ContourPlot, FindRoot programs).

4. Fourier transform of the 1D square well potential energy
Because of the periodicity in U (x) as

U(x+a+b)=U(x)

U (x) can be expressed by

U(x)=> U™

2r
where G is the reciprocal lattice, G = (mj N (n: integer). The coefficient Ug can be

calculated as

1 a+bh

U, = j dxU (x)e e
0

a+b

- Y idxe‘iGX
0

a+b

_ U() . e—iGa _1]
(a+h)iG

or

or
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|UG| — Un —
u, U, zn
AtG=0,
Mo 1
U, 1+s
1.0
0.8+

| s=b/a |
1 2 3 4

Fig.20 Fourier transform co-efficient of U (X) as a function of S=b/a.

The energy gap is given as

2|Ug|=2Ju,

, 2056 =2]U,].

and the base of the energy band is ‘UO

b

S. Energy band structure for the 1D periodic potential with the lattice constant a.

The above results on the energy dispersion relation are summarized as follows. Three different
zone schemes are useful. (a) The extended zone scheme where different bands are drawn in
different zones in wavevector space. (b) The reduced zone scheme where all bands are drawn in
the first Brillouin zone. (¢) The periodic zone scheme where every band is drawn in every zone.
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The formation of energy bands and gaps are generated. The main effects are at the zone boundary
of the Brillouin zone.

Extended zone
scheme

Reduced zone
scheme

AN

V4

Periodic zone
scheme

?

Fig.21 Three zone schemes for the 1D system with the lattice constant a. Extended zone
scheme. Reduced zone scheme. Periodic zone scheme. Note that the period of the
system is a in this case.

6. The energy dispersion for g =1

We calculate the energy dispersion £€” =E/U, as a function of k(a +b), where S=b/a is

changed as a parameter. Note that @ is kept constant. Hereafter we use ¢ instead of £'*, for
convenience.
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To this end, we use the ContourPlot of Mathematica 12.0, for the energy dispersion for g =1
(Kronig-Penney model).

"IN e
O /\_/\
S = 0 k(a+b) i

-3 -2 -1 0 1 2 3
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b
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v ™N
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&
4 ~ b/a=3 /,
yd N
> -
-1 -7 0 ‘k(a+b) T
N é N
e ™N
4 b/a=4
J /><\
-1t -JT ‘ ‘ 0 ‘k(a+b) JT

Fig.22 Energy dispersion curve [ & vs k(a +b)], where the ratio S=b/a is changed as a

parameter. f=1. kK==27/(a+b) is the zone boundary of the Brillouin zone.

7. The energy of the ground state as a function of S=b/a where g =1 and 2, and a is
kept constant



Fig.23 The energy of the ground state for g =1 (wavefunction with even parity) as a function

of s=b/a,where ka = 7X is changed as a parameter. x=0-0.9. x=0 forred. x=1
for purple.

The above result of Evs S=Db/a for g =1 is the same as that reported in the Kittel’s book

(C.Y. Fong). The energy eigenvalue & is equal to -1 for s = 0 and -0.453753 for S=©
corresponding to the ground state energy for the isolated atom. This indicates that the ground state
energy is much lower for atoms at the actual spacing in the metal than for isolated atoms. At the
fixed small value of ka, the lowest state energy increases with increasing ka.
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ka=x/7

odd parity

o even parity

"/

s=b/a

Fig.24  The energy of the ground state for g =2 as a function of S=b/a, where ka=7X is

changed as a parameter. x =0 —0.5.

The ground state energy eigenvalue & (even parity) for g =2 is equal to -4 for s = 0 and -2.9394
for s=o0. The first excited energy eigenvalue (odd parity) for g =2 is equal to 5.8696 for s =0 and

-0.4071 for S=oo. Note that the ground state energy is much lower for atoms at the actual spacing
in the metal than for isolated atoms. At the fixed small value of ka, the lowest state energy
increases with increasing ka. On the other hand, that the first excited state energy is much higher
for atoms at the actual spacing in the metal than for isolated atoms. At the fixed small value of ka,
the first excited state energy decreases with increasing ka.

8. The energy of the ground state as a function of S=b/a at various g =1
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M
T

0.0 0.5 1.0 1.5 20

Fig.25 B=1. Energy vs S=b/a, where a is kept constant. The parameter X of ka = 7X is
changed between 0 and 1. x = 0 for color red, and x =1 for color purple (see Fig.23).

The red lines denote the bound state in the limit of S—»00. There is one bound state.

9. The energy of the ground state as a function of S=b/a at g =2
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X is changed between 0 and 1.

b/a. The parameter X of ka
The red lines denotes the bound state in the limit of S—>00, There are two bound states.

2. Energy vs S

p =

Fig.26

p=3
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Fig.27 S =3. Energy vs S=Db/a. The parameter X of ka = zX is changed between 0 and 1.

The red lines denotes the bound state in the limit of s—o0. There are two bound states.

11.  The energy of the ground state as a function of S=b/a at g=4
p=4

20

10

-10

=20F
0.0 05 1.0 1.5 2.0
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0.0 0.5 1.0 1.5 2.0

Fig.28 B = 4. Energy vs S=Db/a. The parameter X of ka = 7X is changed between 0 and 1.
The red lines denotes the bound state in the limit of S—>00. There are three bound states.
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Fig.29 S =5. Energy vs S=Db/a. The parameter X of ka = 7X is changed between 0 and 1.

The red lines denotes the bound state in the limit of S—>00. There are four bound states.

13. Effective mass

Ground state (K =0) energy for an electron in a periodic square well (attractive) potential of
2

depth U, :E . The energy is lowered as the wells come closer together. Here a is held constant

and b is varied. The large b/a corresponds to separated atoms. The ground energy is much lower
for atoms at the actual spacing in the metal than for isolated atoms.

E
(a) The energy U =& vs ka, where S=D0/a is changed as a parameter.
0

hZ
E=E_ +2m* k?, (energy dispersion relation)
2w 2 2
Ezg:_h K ma2 :_l(Ka)z,
U, om 7' 4
2 2
&= E _ Ek2"+ f —k* maz = E"=°+ m*(ka)z.
Uyl U, 2m" " 27*  |U,| 4m

When m" =m, we have m/(4m)=0.25. The following figure show the wave number dependence
of the energy eigenvalue for B =1, where the ratio b/a is changed as a parameter. It can be well
E E, m

= +——(ka)’ The least squares fit of the data (, vs ka) to this
U] U] 4m

described by ¢ =

quadratic equation yields the relation of the mass ratio m/(4m’) as a function of the ratio b/a.

We find that the mass ratio M/(4M’) decreases with increasing the ratio b/a.
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Fig.30 Energy . vs ka as the parameter S=Db/a is changed. # =1. The maximum value of

ka, (ka) =ﬁ. (ka), . =7 at s=0. (Ka),, =2.244 at s=0.4.

max

0.252r
m/(4m”) G=1
0.250

0.248 -

0.246 -

0.244 -

0.1 0.2 0.3 0.4

0.242 -

Fig.31  Effective mass ratio m/(4m) vs s=b/a for the ground state with g=1. At
b/a=0,m =m
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0.26

m/(4m™) B =2

0.24+

0.22¢

0.20¢ 0.1 0.2 0.3 04

s=b/a

0.18"

Fig.32  Effective massratio m/(4m) vs s=b/a forthe ground state with 5 =2. At b/a=0,

m'=m

0.25

0.20+

0.15¢

01 L . . . . 1 . . . . 1 . . . . 1 . . . . ]
%.O 0.1 0.2 0.3 04

Fig.33 Effective mass ratio M/ (4m*) vs S=Db/a for the ground state with # = 3. At
b/a=0,m =m.
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Fig.34 Effective mass ratio M/ (4m*) vs S=b/a for the ground state with g=4. At
b/a=0,m =m.

14.  Conclusion

Using the 1D Kronig-Penney model on an electron in a periodic (attractive) square well
potential with the width a and the separation b, we have determined exactly the energy eigenvalue
of electron, as a function of ka, the ratio s = b/a, and the potential depth (S =U /U,). We use the
Mathematica 12.0 for the calculation of the energy eigenvalue. In this system, the wavefunction
of ground state has an even parity. For ka =0, the energy eigenvalue ¢ = E /U, for the ground

state increases with increasing the ratio b/a and reaches the ground-state energy of the isolated
system (in the limit of S — o), which is the origin of the cohesive energy of metals. For fixed ratio
s=Db/a, the energy-eigenvalue increases with increasing ka in the small value of ka. The
effective mass ratio defined by m/(4m’) is equal to 0.25 at s=b/a, and decreases with
increasing the ratio S. This result is in good agreement with that predicted from the perturbation
theory.
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APPENDIX ((Mathematica)) Derivation of Fig.27
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Clear["Global «"];
EN1[x , 4] :=Modu1e[{sl, x1, hl, h2, p1}, x1 = x;

Bl =453l
hi=-V-y \p12+y Cos[xl (1+5s1)] +
‘\:’__y'\/ g1+ y Cos[Z‘\} f.’.lz+y] Cosh[zsl‘\f—_y] -

2
Msin[z'\ﬂ ,@,12+y] Sinh[Z s1V —y];
2

ContourPlot [Evaluate[hl == @], {s1, @, 2}, {y, -1, 8},
ContourStyle -» {Hue[©.25x1], Thick}, PlotPoints - 60] ];

EN2[x , A ] :=Modu1e[{sl, x1, pl, p2, B1l}, x1 = x3
Bl= 743

p1=-Vy Vp12+y Cos[xLl (1+s1)] +
Vy \Bp12+ y Cos[z‘\) {312+y] Cos[z sl“v/;] -

M Sin[2'\j Jr_=.12+y] Sin[2 sl‘V’_y];

2
ContourPlot[Evaluate[pl == 8], {s1, 8, 2}, {y, @, 18}, PlotPoints -» 60,

ContourStyle » {Hue[©.25x1], Thick}]];
Ull = Show[Table[{EN1[a w, 3], EN2[am, 3]}, {a, ©, 1.0, ©.1}], PlotRange » All];
Ul2 = Graphics [ {Text[Style["s=b/a"™, Black, 15, Italic], {1.0, -1.2}],

Text[Style["e", Black, 15, Italic], {©.05, 9}],

Text[Style["3=3", Black, 15, Italic], {1, 9}]1, Black, Thick,

Line[{{@, @}, {2, ©}}1}1;
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al = -7.63082;

a2 = -3.806784;

U13 = Graphics[{Black, Thick, Line[{{©, al}, {2, al}}],
Line[{{®, a2}, {2, a2}}1}];

Show[U11, U12, U13, PlotRange -» {{©, 2}, {-18, 18}}]

10F°
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