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Abstract

The original article (2006) were put in my web site

http://www?2.binghamton.edu/physics/docs/ginzburg-landau.pdf
After six years, I realize that there are some mistakes in this article. In Spring 2012, I have
an opportunity to teach Solid State Physics (Phys.472/572). The present article is the
revised version of the original article. The Mathematica programs are also revised, since
they become old.

Here we discuss the phenomenological approach (Ginzburg-Landau (GL) theory) of
the superconductivity, first proposed by Ginzburg and Landau long before the development
of'the microscopic theory [the Bardeen-Cooper-Schrieffer (BCS) theory]. The complicated
mathematical approach of the BCS theory is replaced by a relatively simple second-order
differential equation with the boundary conditions. In principle, the GL equation allows
the order parameter, the field and the currents to be calculated. However, these equations
are still non-linear and the calculations are rather complicated and in general purely
numerical. The time dependent GL theory is not included in this article.

So far there have been many excellent textbooks on the superconductivity.'” Among
them, the books by de Gennes,' Tinkham,® and Nakajima® (the most popular textbook in
Japan, unfortunately in Japanese) were very useful for our understanding the phenomena
of superconductivity. There have been also very nice reviews,®’ on the superconducting
phenomena. We also note that one will find many useful mathematical techniques in the
Mathematica book written by Trott. '
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1. Introduction

It is surprising that the rich phenomenology of the superconducting state could be
quantitatively described by the GL theory,'' without knowledge of the underlying
microscopic mechanism based on the BCS theory. It is based on the idea that the
superconducting transition is one of the second order phase transition.'” In fact, the
universality class of the critical behavior belongs to the three-dimensional XY system such
as liquid “He. The general theory of the critical behavior can be applied to the
superconducting phenomena. The order parameter is described by two components

(complex number y = |W|e[9 ). The amplitude |W| is zero in the normal phase above a
superconducting transition temperature 7. and is finite in the superconducting phase below
T¢. In the presence of an external magnetic field, the order parameter has a spatial variation.
When the spatial variation of the order parameter is taken into account, the free energy of
the system can be expressed in terms of the order parameter y and its spatial derivative of

v . In general this is valid in the vicinity of 7¢ below 7¢, where the amplitude |W| is small
and the length scale for spatial variation is long.
The order parameter i is considered as a kind of a wave function for a particle of

charge ¢* and mass m". The two approaches, the BCS theory and the GL theory, remained
completely separate until Gorkov'® showed that, in some limiting cases, the order
parameter y/(r) of the GL theory is proportional to the pair potential A(r). At the same

time this also shows that ¢* = 2e (<0) and m" = 2m. Consequently, the Ginzburg-Landau
theory acquired their definitive status.
The GL theory is a triumph of physical intuition, in which a wave function y/(r) is

introduced as a complex order parameter. The parameter |1//(r)|2 represents the local

density of superconducting electrons, n (r) . The macroscopic behavior of
superconductors (in particular the type II superconductors) can be explained well by this



GL theory. This theory also provides the qualitative framework for understanding the
dramatic supercurrent behavior as a consequence of quantum properties on a macroscopic
scale.

The superconductors are classed into two types of superconductor: type-I and type-I1
superconductors. The Ginzburg-Landau parameter « is the ratio of Ato & where A is the
magnetic-field penetration depth and & is the coherence length of the superconducting

phase. The limiting value x =1/ J2 separating superconductors with positive surface
energy (x <1/ V2 ) (type-I) from those with negative surface energy (x >1/ V2 ) (type-1I),

is properly identified. For the type-II superconductor, the superconducting and normal
regions coexist. The normal regions appear in the cores (of size &) of vortices binding

individual magnetic flux quanta ®, = 27ic /‘q*‘ on the scale A, with the charge ‘q*‘ = 2|e|

appearing in ®o a consequence of the pairing mechanism. Since A>E, the vortices repel and
arrange in a so-called Abrikosov lattice. In his 1957 paper, Abrikosov'* derived the
periodic vortex structure near the upper critical field H.», where the superconductivity is
totally suppressed, determined the magnetization M(H), calculated the field H.1 of first
penetration, analyzed the structure of individual vortex lines, found the structure of the
vortex lattice at low fields.

2. Background
In this chapter we briefly discuss the Maxwell’s equation, Lagrangian, gauge
transformation, and so on, which is necessary for the formulation of the GL equation.

2.1 Maxwell's equation
The Maxwell’s equations (cgs units) are expressed in the form

V-E=4rnp
VxE:—lé
veoo T @D
VxB:4—ﬂj+l@
c ca

B: magnetic induction (the microscopic magnetic field)
E: electric field

p: charge density

J: current density

c: the velocity of light

H: the applied external magnetic field

The Lorentz force is given by

F=g[E+(vxB)]. (2.2)
C



The Lorentz force is expressed in terms of fields E and B (gauge independent, see the gauge
transformation below)).

V-j Oj—'flo =0, (equation of continuity) (2.3)

B=VxA, (2.4)
1 A

E=——-V¢g, 2.5
-2 ¢ (2.5)

where A is a vector potential and ¢ is scalar potential.

2.2 Lagrangian of particles with mass m* and charge ¢* in the presence of electric
and magnetic field
The Lagrangian L is given by

L:lm*vz—q*(¢—lv-A), (2.6)
2 c

where m” and ¢ are the mass and charge of the particle. Canonical momentum

pz%:m*thq?A. @7

Mechanical momentum (the measurable quantity)

n=mv=p-LA. (2.8)
C

The Hamiltonian is given by

*

H:p-v—L:(m*V+q—A)-V—L:%m*vz+q*¢:
c

: (p—%A)z +q'.
(2.9)

2m

The Hamiltonian formalism uses 4 and @, and not E and B, directly. The result is that the
description of the particle depends on the gauge chosen.

2.3 Gauge transformation: Analogy from classical mechanics'>'¢

When E and B are given, ¢ and A are not uniquely determined.
If we have a set of possible values for the vector potential A and the scalar potential ¢, we
obtain other potentials 4> and ¢ which describes the same electromagnetic field by the
gauge transformation,



A'=A+Vy, (2.10)

Loy

¢'=¢—Z& ; (2.11)

where y is an arbitrary function of r.
The Newton’s second law indicates that the position and the velocity take on, at every
point, values independent of the gauge. Consequently,

r'=r and v'=v,

or

n':n’ (212)

. *
Since m=m V=p—q—A, we have
c

*

p-LA=p-L A, (2.13)
C C

or

* *

p'=p+q7(A'—A)=p+q7V;(. (2.14)

In the Hamilton formalism, the value at each instant of the dynamical variables describing
a given motion depends on the gauge chosen.

2.4 Gauge invariance in quantum mechanics
In quantum mechanics, we describe the states in the old gauge and the new gauge as

We denote |1//> and |l//'> the state vectors relative to these gauges. The analogue of the

relation in the classical mechanics is thus given by the relations between average values.

<1//’|f'|1//'> = <1//|f‘|1//> (gauge invariant), (2.15)
<1//'|fr|1//'> = <1//|fr|1//> (gauge invariant), (2.16)
(w'Bly) = (wlp +%VZ|W>- (2.17)

We now seek a unitary operator U which enables one to go from |1//> to |l//'> :



). (2.18)

From the condition, <W'|l//'> = <l//|l//> , we have

~

UU =00" =1. (2.19)
From the condition, <l//’|f'|1//'> = <W|f'|l//> ,

U0 =F, (2.20)
or

[f*,U]=0=ih%—g. (2.21)

U is independent of p .

From the condition, <W'|f)|l//'> = <l//|f) + gV;(| W> ,
c

UpU=p+2ivy, (2.22)
C
or

aA U. (2.23)
or

A - h
p.U1=+L0vy ==
¢ i
Now we consider the form of U . The unitary operator U commutes with # and V2

U= exp(ﬂ) . (2.24)

ch
The wave function is given by
N — (rl0) iq’
<I’|l//> = <I’|U|l//> = exp(qc—hl)<r|l//>. (2.25)

For the wave function, the gauge transformation corresponds to a phase change which
varies from one point to another, and is not, therefore, a global phase factor. Here we show
that



since

and

2.5

or

Since

or

(wip-LAly)=(wp-LAly),
C C

(2.26)

wib-L Al )=l +Lvr—T@A+voly)= (v -LAly),

(wBly) = (wlp+Valy).

W-Aly) =l T ATly) = (|- A+ V).

Hamiltonian under the gauge transformation

in—ly)=Hly),

; a n _ ' '

lha W>_ |l//>9

in L Oly) = 0)y)
ot ’

oU ~ 0 -
h— —|w)1=H'Uly).
i l//>+Uat|l//>] Uly)

U _id o
ot hc ot

b

XG0 0l ) = 0
- U|l//>+Uzh6t|l//> H'U

),

(2.27)

(2.28)

(2.29)

(2.30)

2.31)

(2.32)

(2.33)

(2.35)

(2.36)



or
A0=-920 .08

Thus we have

*
A A

A=-L 9 ppo
c Ot

Note that
UpU=p +1V;(,
c

or
n A s g
pU—U(p+;Vz),
or
N
pU=Up+-=-UVy,
C
or

UpU* =<f)—%w>.

From this relation, we also have

*

Op-LAU =@p-TA-Tvy=p-Ta)
C C C C

Up-L AP0 =p-L-A),
C C
Then

H'= _q_a_;(+0

1 ~ q* 2 * T+
= —(PpP-—A)" + U-,
a [2m P ; ) +4q 9]

or
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(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)



1 . q .
—P-LAY 149, (2.46)
2m c

T q* aZ 1 ~ q* 1\2 *
H:———+—* —_A + =
c Ot 2m ® c yrad

Therefore the new Hamiltonian can be written in the same way in any gauge chosen.

2.6  Invariance of physical predictions under a gauge transformation
The current density is invariant under the gauge transformation.

| .
J=—Re[(yp—LAly)], (2.47)
m C
<‘/"|I3—q7A'|l//'>=<I//IU*(13—%A')UII//>, (2.48)
O p-LAW=p+Lvy-La=p-La, (2.49)
C C C C
1 . q 1 o q
I=—Rel(y'p—L Ay )1 =—Rel(y[p - L Aly)]. (2.50)
m C m C

The density is also gauge independent.

p=[(ely ) = o =[ixlv)f (2:51)

3. Basic concepts
3.1 London’s equation
We consider an equation given by

*

(o) =m'(v)+ LA G.)

We assume that <p> =0 or

*

m'(v)+LA=0. (32)
C

The current density is given by
%2 |2

l//|2<V> = —%A . (London equation) (3.3)
mc

*

J=¢q

This equation corresponds to a London equation. From this equation, we have

11



VXJ:——*VXA:——*I//BA (34)

Using the Maxwell’s equation

VsxB=Y%J and V-B=0.

¢
we ge
4 4m’q”
Vx(VxB)=—vxJ=—""9_p, (3.5)
c mc
where
n o= |l//|2 = constant (independent of r)
mc’
le =07 (AL; penetration depth)
4/m q
Then
Vx(VxB):V(V-B)—VZB:—%B, (3.6)
L
or
VB = LB (3.7)
2« 2 : .

L
In side the system, B become s zero, corresponding to the Meissner effect.

3.2 The quantum mechanical current density J
The current density is given by

% %2 2
ho_ . — q v
y=1 *.[va—l/fvl//]——*|A- (3.8)
2m i mec
Now we assume that
v =|yle”. (3.9)

Since

12



w'Vy vy =2iy've, (3.10)

we have
qgh, p q 52
J=2Z[ (VO-T-A) =qy| v, (3.11)
m ch
or
wWo=9LA+m'v,. (3.12)
C

This equation is generally valid. Note that J is gauge-invariant. Under the gauge
transformation, the wave function is transformed as

i *
w'(r) =exp<%>w(r>. (3.13)
This implies that

050=0+9% (3.14)
fic

Since A'= A +Vy, we have

*

J=n(VO-L AV =1vO+LL) - L (A+V]=nVOo-L A).(3.15)
ch fic ch ch

So the current density is invariant under the gauge transformation.
Here we note that

v (1) =y ()| explio )] (3.16)
and
Py (r)= ?wexp[ie(r)ﬂw(r)b - ?[iw(r)v O(r) + expli 00V ().
(3.17)

If |W(r)| is independent of r, we have

py(r)=[AVO(r)ly(r) (3.18)

13



or

Then we have the following relation

p=hVo(r).

*

p=hvo=LA+mv,
C

when |1//(r)| is independent of r.

3.3.

Here we assume that |l//|2 = n: = constant. Then we have

Then
p=mvo=LAa+ " .
¢ qn
We define
m*
A = * %2
n.q

Now the above equation is rewritten as

or

London gauge

*

p=vo=LA+m'v,,
C

J, = q*|l//|2VS = q*ns*vs.

*

p=vo=LA+qAJ,
C

*

N

Vxp=L(VxA)+qAVxJ,)=0,
C

VX(LA-I-JY):O,
cA ‘

14

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



or

LB+V><J§:0. (3.28)
cA ‘

From the expression

*

p=LA+q"AJ, (3.29)
C

and p = 0, we have a London equation

1
J,=——A. 3.30
ST (3:30)

For the supercurrent to be conserved, it is required that

V-], :—LV-A:O
‘ cA
or
V-A=0. (3.31)

From the condition that no current can pass through the boundary of a superconductor, it
is required that

J -n=0,
or
A-n=0. (3.32)

The conditions (V-A =0 and A-n=0) are called London gauge.
We now consider the gauge transformation:

A'=A+Vy

Joo_ LA (3.33)

: cA '

v.Jv—_Lv.A'——i(v-AJrvz )=0 (3.34)
Ky CA CA Z ’ )

15



1 1
J'n=—A'n=—(A-n+Vy-n). 3.35
S A cA( xn) (3.35)

The London equation is gauge-invariant if we throw away any part of A which does not
satisty the London gauge.

A'=A+Vy,
where V>y =0 and Vy-n=0 are satisfied,

3.4  Flux quantization
We start with the current density

* *

h *
Lol (vo-TA) =gy, (3.36)

J = -
ch

N

Suppose that ns* = |l//|2 =constant, then we have

* *

vo=—"1_3 +L 4, (3.37)
q hn, ch
or
m* q*
VO-dl=———9¢J, -dl+-—¢A-dl. 3.38)
§ q hn, § ‘ ch§ (

The path of integration can be taken inside the penetration depth where J =0.

*

§ve-d1=z—;§A-d1:%j(WA)-da:%jB-da:Z—hcp, (3.40)

where @ is the magnetic flux. Then we find that

*

AO=0,-6=2m=L0 (3.41)
ch

where 7 is an integer. The phase € of the wave function must be unique, or differ by a
multiple of 27 at each point,

o=, (3.42)

q*

16



The flux is quantized. When |g"| = 2|e|, we have a magnetic quantum fluxoid;

o, = 21 _ h 5 06783372 x 107 Gauss cm? (3.43)
2d 2l
4. Ginzburg-Landau theory-phenomenological approach

4.1 The postulated GL equation
We introduce the order parameter y(r) with the property that

v Oy (r)=n/(r), (4.1)

which is the local concentration of superconducting electrons. We first set up a form of the
free energy density Fy(r),

2

! . +B—, 4.2)
87

2m

N 2
h
(—.V—q—A)W
i c

1
F(r)=Fy +aly[ +§ﬂlwl4 +

where £ is positive and the sign of « is dependent on temperature.
4.2 The derivation of GL equation and the current density by variational method

We must minimize the free energy with respect to the order parameter y(r) and the
vector potential A(r). We set

I= j F.(r)dr, (4.3)
where the integral is extending over the volume of the system. If we vary

w(r) > w(r)+oy(r) and A(r) > A(r) + 0A(r), 4.4)
we obtain the variation in the free energy such that

I+ 53.

By setting 03 =0, we obtain the GL equation

N 2
2 1 (7
ay + By v+ *(—.V—q—Aj y =0, (4.5)
2m \ i c
and the current density
*h q*z W|2
1, =Ty vy -y -T2 A (4.6)
2m i mc

17



or

*

J = q v (—_V—q—A)y/+y/(—fV—q—A)V/ 1. (4.7)
2m i c ! ¢

At a free surface of the system we must choose the gauge to satisfy the boundary condition
that no current flows out of the superconductor into the vacuum.

n-J =0. (4.8)
4.2.1 Derivation of GL equation by variational method
((Mathematica program-1))

Variational method using “VarialtionalD” of the Mathematica.
Note that y_ is the complex conjugate of .

Derivation of Ginzburg Landau equation

Clear["Global %"]; << "VariationalMethods "; Needs["VectorAnalysis "];
SetCoordinates[Cartesian([x, y, z]]’
A= {Aal[x,y, z], A2[x, y, z], A3[x, y, z]};

1
eql=a (¥lx, y, z]¥elx, y, =] )+ B (vix, vy, z1%¥c[x, y, z]%) +

1 h q
— ((— Grad[¥[x, v, z]]-— A ¥[x, vy, z]].
2m i c

h q

(— - Grad[yc[x, vy, z]] -— A yYc[x, vy, z])] // Expand;
i c

eq2 = VariationalD[eql, yc[x, y, z], {x, y, z}] // Expand;

We need to calculate the following

h q h q
OP1 := (— D[#, x] -— Al[x, y, z] #&) ; OP2 := (— D[#, y] -— A2[x, y, z] #&);
i c i c
h q
OP3 := (— D[#, z] -— A3[x, y, z] #&);
i c
eq3 =

aylx, y, z1 +B¥Ix, vy, z1% ¥c[x, y, z] +
1
oo (OPLIOPL[W[x, y, z]]] +OP2[0P2[¥[x, y, =]1] + OR3[OP3[¥[x, y, =]11) //
m

Expand;
eg4 = eq2 - eq3

0

18



4.2.2. Derivation of current density by variational method
((Mathematica Program-2))

Derivation of Current density variational method
Clear["Global *"];

<< "VariationalMethods "; Needs["VectorAnalysis "];

SetCoordinates[Cartesian[x, y, z]];

A=({Al[x,y, z], A2([x, y, z], A3[x, y, z]}; H= {H1, H2, H3};

1 h q h q
eql = — (— Grad[y[x, y, z]] -~ A ¥[x, y, z]].(— = Grad[yclx, y, z]] -~ A yc[x, y, z]| +
2m \1 c i c

1 1
— (Curl[A]).(Curl[A]) -— H.Curl[A] // Expand;
8 4
eq2 = VariationalD[eql, Al[x, y, z], {x, vy, 2}] // Expand;

Current density in Quantum Mechanics

eq3 =
1 c q?
— |— Curl[Curl[a]] + v[x, y, z] ¥yc[x, y, z] A-
c (4n mc
- (Yclx, y, z] Grad[¥[x, v, 2z]] -¥[x, y, z] Grad[yc[x, y, 2]]) |
1 m

eqd = eq3[[1]] // Expand;

eq2 - eq4 // Simplify
0

5 Basic properties
5.1 GL free energy and Thermodynamic critical field H.
A=0and v =y _ (real) has no space dependence. Why y is real?

We have a gauge transformation;

A'=A+Vy and y'(r) = exp(%)l//(r). (5.1
c
We choose
A'=A+Vy=A

with y = yo = constant. Then we have

w'(r) = exp( L2y (r),
ch

19



or

w(r) = exp(— L 20y (r).
ch

Even if y'is complex number, ¥ can be real number.

F=Fyray s py.. (5.2)
oF ..
When P =0, F has a local minimum at
Vs

v, =(alp)?=(a/p)". (5.3)

Then we have

F-Fy =2 o A (5:4)

from the definition of the thermodynamic critical field:

c

) Ao 1/2_ _T_z
H _( 5 j H(O0)1= ). (5.5)

c

(parabolic law). Suppose that £is independent of 7, then

a=—1/—4ﬂ HC(O)(I——) 21/ H(O)(——l)— (——1) (5.6)
T

L | B
a, = 2‘/—47[HC(0).

The parameter « is positive above T and is negative below 7.. Note that #>0. For 7<T,
the sign of « is negative:

where

F,—Fy =a,(t-y,’ +%ﬂv/w4 : (5.7)

20



where av>0 and ¢ = T/T. is a reduced temperature.

1
0.8
0.6
- >¢/OC
0.4 ()
0.2
Fig.1 The GL free energy functions expressed by Eq.(5.7), as a function of v, .

oo =3. f=1.tis changed as a parameter. ¢ = T/7c. (t = 0 — 2) around 7 = 1.
Yoo

1.4?—
1.2;
Lol
0.8?—
0.6?—
04!

0.2}

0'0 L L L L I L L L I L L L I L L L I L L L L
0.0 0.2 0.4 0.6 0.8 1.0

Fig.2 The order parameter i/ as a function of a reduced temperature ¢ = 7/7.. We

use ap = 3 and =1 for this calculation.

5.2 Coherence length &
We assume that 4 = 0. We choose the gauge in which y is real.

21



h d?

ay + By ————y =0 5.8
v+ By or 2V (5.8)
Weputy =y, f .
nod’f 3
— - + f— =0. 5.9
2m'a dx? f=7 (5.9)

We introduce the coherence length

e = (5.10)

where
2 2
a_= c , l//w2=M=l’lq, (5.11)
20 8r g
or
P (5.12)
2m'a, T, '
Then we have
2
52%+f—f3=0, (5.13)
dx
with the boundary condition =1, df/dx =0 at x =co and f= 0 at x = 0.
df d°f s 4qf
a2 + — -—=0, 5.14
§dxdx2 (ff)dx (5.14)
or
d 2 d 2 d 4 2
284y L L-D, (5.15)
dx 2 \ dx dc« 4 2
or
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or

E(dY 1
Z[dxj _4(1 7, (5.16)

af

1 2
g_\/_Té(l—f ). (5.17)

The solution of this equation is given by

f= tanh(\/_%gJ . (5.18)

((Mathematica))

Ginzburg-Landau equation; coherence length

Clear["Global +"]; eql = f£'[x] == (1-£1x1%);
V2 ¢
eq2 = DSolve[{eql, £[0] =0}, £[x], x],

f[x ] =£[x] /. eq2[[1]] // ExpToTrig // Simplify

]

Tanh
[ﬁ@‘

fx)
1.2

1.0

081
0.6
045

02l

o . . . . .
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Fig.3 Normalized order parameter f{x) expressed by Eq.(5.18) as a function ofx/&.

')
2.0

1.5

1.0+

0.5 I
0.00 . 5 5 i : X/
Fig.4 Derivative f'(x) as a function of x/&.
5.3  Magnetic field penetration depth 4
*h q*z l//|2
3, =Ll ly'vy -y - LA (5.19)
2m i mc
We assume that =y (real).
%2 2
J, = —q—*“”A (London’s equation), (5.20)
mc
%2 2 %2 2
VxJ =4 Y yupa=-4Y= g, (5.21)
mc mc
where
4r
VxB="2J_, B=VxA, V-B=0. (5.22)
c
Then we have
%2 2
V(£ vxB)=-4 Y= g, (5.23)
4 mc
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or
4y"y,”
Vx(VxB)=V(V-B)-VB=-"4 Y= B
mc

Then we have London’s equation

VB = %B ,
where
%2
172 — 47Z-q l//ooz .
mc?

A is the penetration depth

1= I7’l*C2 _ I7’l*C2
472q*2l//w2 47zq*2|a| *

The solution of the above differential equation is given by

B,(x)=B,(x=0)exp(—x/4),

where the magnetic field is directed along the z axis.

e, e e
J-Cvyxp=C|9 9 2 =i(o,—ﬁBZ(x),0).
A Ar|lox Oy Oz Ar ox
0 0 B.(x)

The current J flows along the y direction.

J = cB_(x=0)

’ ) exp(—x/A1).
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(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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Fig.5 The distribution of the magnetic induction B(x) (along the z axis) and the
current density (along the y axis) near the boundary between the normal
phase and the superconducting phase. The plane with x = 0 is the boundary.

5.4  Parameters related to the superconductivity

Here the superconducting parameters are listed for convenience.

2
o

2 * 2
n =y, =—, H =4m |a|=4rlay, =47—, (5.31)
: | arlly.* =47
H’>=4zy'p (5.32)
H’ H’ 27he
|CZ| = - 22 = ) 4 (Do - PR (533)
Ary, dry,, q
* 9 *
a= |l e T Ao mAp (5.34)
Ang | 2m | ¢ 2r7hlq
Then we have
m'c? A/ 2, h cm H,
2‘: * 52 0 §: x 2 k= L (5'35)
4m; q HAm 2\/5727*111‘? q
A& 1 K \/Eq* H, K
Ao 1 xR S, =2V27H,, (536
@, 2327, 2 ch 20 o 339
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ch

V2|g'|ag
We also have
2222 H @
=TT e 2H =—9%| 5.38
T o, V2, 2TAE (5.38)

Note:
‘q*‘ =2e(>0) m =2m, n' =n/2.

((Mathematica Program-5))
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nl =ns*, ql = q*, al = Abs[e], m1 =m* *

Hc? Hc?
y B> —
4 7t nl 4 7t nl?

rulel = {al 5

h
£=——
Y 2mlal

A
— // PowerExpand

3

cmlx/ﬁ
V21 glh

A
I

Al = A /. rulel // PowerExpand

cvVml
24/ nl \/?ql

€l =& /. rulel // PowerExpand

Vnl V271 h
Hcv/ml
A€
—— /. rulel // PowerExpand

80
1

2\/?HC7T

k1l = x /. rulel // PowerExpand

c Hcml
242 nlmnglh

K
- /. rulel // PowerExpand
A

\/?chl

ch

X
— &0 /. rulel // PowerExpand

12

Z\EHCJT

2rhc

ql

o

ml c? B

471'q12 al
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6. Formulation of GL equation
6.1  General theory’
In summary we have the GL equation;

N 2
ay + Byl v+ HFV—q—Ajwo, (6.1)
2m \ i c
and
*h %2 |2
3, =S Vx(VxA) = [V(V-A) -V Al = L[y vy vy 1- LV 4
S drx 47 2m i mc
(6.2)
B=VxA. (6.3)

The GL equations are very often written in a form which introduces only the following
dimensionless quantities.

B
= , r= Z« 5 h == 6'4
v=y.f P J2H. ©9
where
P 7 R SR O
et 2m'a 2m*|a e g B B’
(6.5)
O, = @ = 27[?0 (since g* = 2¢<0), (6.6)
q q
L _27 Bap=200 & -2 (6.7)
\/EHCZ«Z CI)OK 27[ §
We have
1o =Y 2
v, +R | r=s-lrfr. (68)
where
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2r&
cI)0

A=""5A. (6.9)

Here we use the relation

B 1 1 (o) ~ ~
h= = VxA=———2V xA=V xA, 6.10
J2H, \2H, N2H 2m2E g (6.10)
or
h=V xA, (6.11)
c c )
J, =—Vx(VxA)=—[V(V-A)-V°A]
S Ar 4r
*h q*z W|2 ’ (6'12)
=Ly vy vy - A
2m i mc
@ 51 “y.? @
C 0 ~ q 2 * * q - 0 2~
———LLV x(V xA)=—"—vw  —[fV f- - O IfTA,
Az’ 2mE " vV, xA) 2miW A[f of =INI] mc 27z§|f|
(6.13)
~ l *, * ~
V,x(V,xA) =—Lf'V, - /Vf1-|f[A, (6.14)
2K
since
4mgy
i =t Ve (6.15)
mc
and
Az’ 278 q'h 2 1 AgA’ 278 q'h 1 m'c’ _ 278 he 1
c @, 2m T A ¢ Oy 2m A4gp @, 20 2
, (6.16)
_ 27 he 1 _ 1
D, 2‘q*‘1( K
%2
q 2 ¢
V., = . 6.17
mcw Axh ( )
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In summary we have the following equations:

[iiKvp+xj F=r-lIPs (6.18)
Vpx(VpxK):i[f*fo—ij*]—VFK, (6.19)
h=V, xA. (6.20)

Gauge transformation:

A=A,+Vy, (6.21)

w(r)= GXP( )wo(r) (6.22)

A2, v=w.f, (6.23)
CI)0

K:Kﬁwa:Zﬁzgf% pg=K0+%vp(%’Z;(), (6.24)

/= eXp( )fo = GXP(——Z)f (6.25)

2
Here we assume that —aﬂ X =®,. Then we have
0

. ~ = 1
S =explig,) /. A=A, _;V;ﬂ)o- (6.26)

We can choose the order parameter f as a real number fo such that fj is real, fo is a constant.

~

A=A,.

1 2
[ZKV +Ajf0:f0—f03, (6.27)
V,x(V,xA)=V, xh=-fA,, (6.28)
h=V_ xA,, (6.29)
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IK

[.ivp +Koj fo :fo _fo3
1

K2

Using the formula of the vector analysis

V, [V, x(V,xA)]=0=-V - (f,’A,)
:_vpfo2 'Ao _fozvp 'Ko :_2fovpfo 'Ko _fozvp 'Ko

or
~2A,-V, for = £V, - Ay,
We also have
V, (Af)=Ag -V fo+ iV, - A,.
We have

1

~ \ 1 ~ ~
fo _fo3 :_vazfo +(Ao) fo +l._K_[f0Vp 'Ao +2A0 'foo]

:_%szfo +(Ko)zfo

or

1 ~
=V, o+ A f A= h- A
We also have
V,xh=—fA,,

Koz—%vpxh,

0

~ 1
h=V xA,=-V x[—V xh]

0

1 1
==V, | — |x(V,xh)——V x(V  xh)
G e

0 0

32

2V, o+ R fo 1V, R £+ RV, 1)

b

b

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)



or

h:f%)}foox(Vpxh)—fLOszx(Vpxh),
or

f,'h =f30vpfo x(V,xh)=V x(V, xh).
In summary,

1 1
—vazfo +?(Vp Xh)z =fo— 1o
0

fozh=f3vpﬁ)x(vpxh)—vpx(vpxh),

0

KO =—LV xh.

2V p
Jo

6.2  Special case

We now consider the one dimensional case. For convenience we remove the subscript

pand r =(x, y, z) instead of p. We also use A4 for KO and f for fo. f'is real.

oty osop
K S

fzh:%fo(Vxh)—Vx(Vxh),

A=——Vxh,

h=VxA.
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(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)
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heo

=

Fig.6 The direction of the magnetic induction A(x).

x, y and z are dimensionless.

(¢ (¢ €

x y z
V=& OO0 Ty,
ox 0Oy Oz dx
0 0 Ax)
) ) d’h
Vx(Vxh)=V(V-h)-Vh=-V*h=—""e_,
X
1d°f dh
-— +—
K> dx* [dj =f=r
fh= _2df dn +— d’h for the z component,
fdx dx dx’
or
po? (Lo
ox f? ox
1 dh
=——e
f2 dx y

(a) x<<1 (type I superconductor)

1dy
K dx? '

f=r+

The solution of this equation is already given above.
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(6.49)

(6.50)

(6.51)
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(6.53)

(6.54)



(b)

7

7.1

(a)

(b)

x>>1 (type-1I superconductor)

s 1 (on)
{2

Free energy

Helmholtz and Gibbs free energies
The analysis leading to the GL equation can be done either in terms of the Helmholtz
free energy (GL) or in terms of the Gibbs free energy.

The Helmholtz free energy

(6.55)

It is appropriate for situations in which B =<H>; macroscopic average is held
constant rather than H, because if B is constant, there is no induced emf and no
energy input from the current generator.

The Gibbs free energy

It is appropriate for the case of constant H.

The analysis leading to the GL equations can be done either in terms of the Helmholtz

free energy or in terms of the Gibbs energy. The Gibbs free energy is appropriate for the
case of constant H.

g=f —%B -H (Legendre transformation).
v

(7.1)

B is a magnetic induction (microscopic magnetic field) at a given point of the
superconductors.

The Helmholtz free energy is given by

1
fo=foraul + 2 Bl +

1
2m’

The Gibbs free energy is expressed by

(1)

1
2m’

1
g =/, +alyl + 5ﬂ|w|4 +

At x =-00 (normal phase)

HZ

c
b

87

f(=0)=f, +

H> H®

g(-o0)=g,=f,+—=-——<=f, -

87z 4rx

h *
Ev-L Ay
1 C

. 2
h

N
1 C
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2 B2
+_7
87

BZ
87

1

+——-—B-H.
4

T

(7.2)

(7.3)

(7.4)

(7.5)



(i) At x = oo (superconducting phase)
2 1 4 CZZ H :
=g(o)=f=f +ay, +— =f —=f ——. 7.6
g =8 @) =fi=litay. +2By. =, 25 . (7.6)

The interior Gibbs free energy

E, =[drlg,(r)-g,]

2
1 1 | & ) B> 1
= [artf, —g, vyl + Al 5 S |CV =T Aw| - B
(7.7)

or

2

1 h " 1
Egzjdr[a|w|2+5ﬂ|w|4+ (TV—%A)V/ +g(B—HC)2] (7.8)

2m’

7.2  Derivation of surface energy
We have a GL equation;

" 2
ay + fly[ v + *@V‘q_“‘j v=0. (7.9)

2m c

If one multiplies the GL equation by ~ and integrates over all r by parts, one obtain the
identity

*

2
l*w*(ﬁ.V—q—AJ w1=0, (7.10)
1 C

jdr[a|l//|2 + ,6’|1//|4 + oy

which is equal to

2
1
2m’

Ev_L a0, (7.11)
1l C

I a’r[oz|1//|2 + ,8|1//|4 +

Here we show that the quantity / defined by

2

1. (7.12)

*

. 2
1=[ariy | 2v-Laly-lv-Lay
1 C 1 C
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is equal to 0, which is independent of the choice of wand " The variation of / is calculated
as

o = j dr[ASy + TSy (7.13)

using the Mathematica (VariationalD). We find that A=T'=0 for any w and . I is
independent of the choice of yand . When we choose w = i/ = 0. Then we have /= 0.

((Mathematica Program-6))

Clear["Global *"]; << "VariationalMethods "; Needs["VectorAnalysis "];
SetCoordinates[Cartesian[x, y, z]]’

A={Al[x, vy, z], A2[x,y, z], A3[x, vy, z]};

eql =

1 bal q

— [(— Grad[¥[x, v, z]] -~ A ¥[x, v, z]).
2m i c

jal
(— — Grad[yc[x, vy, z]] —3 A Yyclx, vy, z])] // Expand;
c

h q
OP1 := (_ D[#I X] - Al[x, Yy, Z] # &);
i c
h q
OP2 := (— D[#, y]-— A2[x,y, z] # &);
i c
h q
OP3 := (_ D[#I Z] - A3[x, Y, Z] # &);
i c
eq2 =
1
- lI’c[xl N z]
2 m

(OP1[OP1[¥[x, y, z]]] +OP2[OP2[¥[x, y, z]]] + OP3[OP3[¥[x, v, 2]1]) //
Expand;

eq3 = eql - eq2 // Expand;
VariationalD[eq3, yYc[x, vy, 2], {x, v, z}]

0

VariationalD[eq3, ¥ [x, v, z], {x, vy, z}]
0

Subtracting Eq.(7.11) from Eq.(7.8), we obtain the concise form
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E, :J.dr[—%ﬂ|(//|4+$(3—H6)2]. (7.14)

Suppose that the integrand depends only on the x axis. Then we can define the surface
energy per unit area as .

7 1,4 1 s
y= j ax[=— B[+ —(B=H,)'], (7.15)

which is to be equal to

7,:5_[_[62_ (7.16)
RY/4

Then we obtain a simple expression

5=Idx[—l/‘f—|4+(l—H£)2]. (7.17)

0 c

The second term is a positive diamagnetic energy and the first term is a negative
condensation energy due to the superconductivity. When f and B/H. are defined by

v B
A A 7.18
= NG (7.18)

Here we use x = Ax (X is dimensionless). For simplicity, furthermore we use x instead of
X . Then we have

5=2 de[—f“ +(1-2h)*]= 21de[%(l—f4)+h2 —\2h]. (7.19)

7.3 Surface energy calculation for the two cases
(a) x<<I (type-I superconductor)

4
When 4 = 0 for x>0 and % = f* with f = tanh[

['e]

X

NPIS

j , we have

W2 42
3 =y

S~ de(l— 4= & =1.8856¢ >0, (7.20)

a result first obtained by Ginzburg and Landau. So the surface energy is positive.
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((Mathematica Program-7))

Clear["Global %"];

© X
I1 = j [1 —Tanh[ ]4] dx // Simplify[#, x > 0] &

0 V2 k
4ﬁ}<

3

(b) x>>1 (type-1I superconductor)

Here we assume that A is much larger than &
onY’
Fa-rr(2)
Ox

As h must decrease with increasing x, we have

1 oh

Faz_(l_f )2, (7.21)
and
0 1 oh 0 212
h_a(Fa = (=" (7.22)

Here fobeys the following differential equation. From Eq.(7.22) we have

oh o

az—y(l—fz)”z. (7.23)
Using Eq.(7.21),

oh o

g=—§(l—f2)”2 =—(1-fH"f7, (7.24)

or
== R 1D = (- £ - )R (129)

When u =(1— f*)""?, we have
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-, (7.26)

2
(Z—uJ =u’ —%u“ + const . (7.27)
Z

When u =0,

ﬂ:O(athI(xzoo) atﬂ:O).
dx

So we have

du Y’ , 1 .
— | =u"——u =u"(l-=u’), 7.28
[dxj WU =u “( 2u %) (7.28)

or

du L 5
—=—u(l—-—u , 7.29
= ( 5 ) (7.29)

since du/dx must be negative. We solve the problem with the boundary condition; # = 1 at
x = 0. The solution for u is

_2(-2+42)¢"
—34+2J2-e”

which is obtained from the Mathematica Program-9 (see below).

5= ﬂde[%(l—f“th _2n], (7.30)
or

5= zjdx[zu (1——) V2u( -4 ”2] (7.31)
or

5= ljdu[Zu (1——) 2u(l- ”Z]szu, (7.32)
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0 X )
o= /1.[ dul2u*(1 _u?) - \/Eu(l _%)1/2];&1
|

1 25\1/2
—u(l-—u
(1=Zu”)

or

5= zjdu[zu(l—”—;)“ —\21du =—z§(\/§—1) <0,

Thus, for &>>1 the surface energy is negative.

(7.33)

(7.34)

((Mathematica Program-8))

Clear["Global *"];

1 u?
Il:i[ 2u 1-— - V2| du
0 2

(—1+\/?)

w I

((Mathematica Program-9)) Negative surface energy
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Negative surface energy

u[x]Z 1/2
Clear["Global %*"]; eql =u'[x] == -u[x] [1 - ] ;

eq2 = DSolve[{eql, u[0] == 1}, u[x], x] // Simplify;
u[x ] =u[x] /. eq2[[1]] // Simplify

2 (—2+\/?) e*

_3+24/2 —e2%

hl = Plot[u[x], {x, 0, 5}, PlotStyle » {Thick, Hue[0]}, PlotPoints - 100,
Background -» LightGray, AxesLabel -» {"x", "u"}];

h2 = Plot[\j 1 —u[x]2 , {x, 0, 5}, PlotStyle » {Thick, Hue[0]}, PlotPoints - 100,

PlotRange - {{0, 5}, {0, 1}}, Background - LightGray, AxesLabel - {"x", "f"}] ;

2 2\1/2

// Simplify;

u[x]

F=2u[x]2 [1-

] -V2 u[x] [1- u[:]

h3 = Plot[F, {x, 0, 10}, PlotStyle » {Thick, Hue[0]}, PlotPoints -» 100,
Background -» LightGray, AxesLabel -» {"x", "F"}];
Integrate[F, {x, 0, »}]

(—1+ﬁ)

(SRS

% // N

-0.552285
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F1l
h4

D[F, x];
Plot[Fl, {x, 0, 10}, PlotStyle » {Thick, Hue[0]},
AxesLabel -» {"x", "dFdx"},

PlotPoints -» 100,
PlotRange -» All];

Background - LightGray,
FindRoot[Fl == 0, {x, 1, 2}]

(x> 1.14622}

ptl = {hl, h2, h3, h4}; Show[GraphicsGrid[Partition[ptl, 2]]]
u f
1.0 1.0
0.8 0.8
0.6 0.6
04 04
0.2 0.2
‘ X 0.0 : X
0 1 2 3 4 5 0 2 3 4 5
F dFdx
; ; ‘ X
2 6 8 10 0.1 [\
—0.051 N .
_ 8 4 6 8 10
0.10 .
~0.15} Lo
~0.20 oal
—0.25+
u
‘ ‘ — .
1 2 3 4 5
Fig.7 Plot of u = (1— f?)""? vs x. x (dimensionless parameter) is the ratio of the

distance to A.
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Fig.8 Plot of /' =+1-u* vsx.

2 2
Fig.9 Plot of the surface energy o, = 2u’(1— u7) —2u 1- u?)“ * as a function of
x. o, = F(x).

44



dFdx

0.1}
— X
8 10
-0.1
-0.24
-03
Fig.10 Plot of the derivative doy/dx = dF/dx with respect to x.

7.4 Criterion between type-I and type-II superconductor: x =1/ ND)
The boundary between the type-II and type-I superconductivity can be defined by
finding the value of x which corresponds to a surface energy equal to zero.

gz de[%(l—f4)+h2 —2]. (7.35)

It is clear that this value is zero if

%(1—f4)+h2 _2h, (7.36)
or

(== ==+ )] =0 (7.37)
or

h =%(1—f2) (7.38)

Substituting this into the two equations

e LA A fan)
S f+,<2 o f3[axj 0 (7.39)
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2
dx~  f dx dx

From the calculation by Mathematica, we conclude that x =1/ V2.

((Mathematica Program-10))
Determination of x = 1/ ‘\/?

Clear["Global *"];

1
£lx] - £[x]3+— £''[x] - h'[x]2=0;
x? £[x]3

2

eql

eq2 = £f[x]?h[x] =h''[x] -

f'[x] h'[x];
[x]

rulel = {h—) [«/_1? (1-£1#17) &]};

eq3 = eql /. rulel // Simplify;
eq31l = Solve[eq3, £''[x]] // Expand;
eq32 = £7[x] /. eq31[[1]]

k% Fx] 4K F[x] e
eq4 = eq2 /. rulel // Simplify;

eqg4l = Solve[eqd4, £''[x]] // Expand;
eq42 = £ [x] /. eqdl[[1]]

£lx] f£[x]3 £[x]?
2 2 f[x]

Solve[eq32 == eq42, x]

1
K= —

(e b fe =)

8. Application of the GL equation
8.1  Critical current of a thin wire or film'*
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Fig.11 The direction of the current density.

The direction of current is the x axis. The direction of the thickness is the z axis. The
following three equations are valid in general.

*

v (VO-LA)=q [y, (8.1)

J =4 4
ch

h
N *
m

2 2

1 h i B
fi—fo=ayf += By + =GV -LAw| +——, (8.2)
2 2m | i c 87
p () =l @)l (83)
We consider the case when
|l//(r)|2 = ns* = constant (8.4)
Then we have
h * * .
(7V—%A)l// = (hve—%A)w =(m'v,)v, 8.5)
and
2 1 s m, p 2 B?
-f,=ayl +— +— +—. 8.6
fi—f,=ay| 2ﬂlwl > v, - (8.6)

We now consider a thin film. We assume that d<<{(7) in order to have |1//|2 =n =

constant. |1//| has the same value everywhere. The minimum of f; with respect to |1//| is
obtained for
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*

atflyf +7-v" =0, (8.7)
for a given v, where B?/(87) is neglected. Here a=—|a| and |l//|=l//m f with

v, =—alp :|a|/,6’ . Then we have

*
m 2

S =ma =By =l 1) (8.8)

The corresponding current is a function of f,
% 2 % 2 a
Jo=q'wlv.=q'v.’ %fzx/l—fz- (8.9)

We assume that J, = f*4/1— f* . This has a maximum value when &J,/9f =0 ;

2 2
J max = at f = \/: b
: 33 3

2 ) [2e] 2

. h
v_3\/§ql//oo

J =——q'y,’
m* 3\/5 0 m*é

(8.10)

((Mathematica Program-11))
Critical current of a thin wire

Clear["Global +"]; J1 = £ (1 - £2)/%;
k1l = Plot[J1l, {£f, 0, 1}, PlotStyle » {Red, Thick},
Background -» LightGray, AxesLabel » {"£f", "J1"}];

H1 =D[J1, £] // Simplify; H2 = Solve[Hl == 0, f]

(oo {02 ) (65,2 )

maxl = J1 /. H2[[3]]
2

3V3

w I
w I
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J1

0.2 0.4 06 08 1.0
Fig.12 The normalized current density Ji vs f. J, = f>4/1— 7.

8.2. Parallel critical field of thin film

'
H
//
/ y
Y J
d
Y > X
Fig.13 Configuration of the external magnetic field A and the current density J.
Helmholtz free energy:
2 1 s m, p ., B’
- f,=ay| +— +—y| v, +—. 8.11
Sfo=fo=apl + 2 Bl + =l v+ o (8.11)
Gibbs free energy:
2 1 s m, 2 ,» BY 1
=f,taly| +— +—1y| v, +——-—"B-H, 8.12
g = Suray[ o Ayl + vy - (8.12)

or
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m*| |2 S2+(B—H)2 H’ '

1
- frealyf <3 A+ 13

87 8

So the Gibbs free energy per unit area of film is

d/2 d/2

2 2
= [e.2)dz= [ 1, +apf += /;|W| | o2 BoHY Ay
—d/2 ~d/2 87 &7
(8.14)
hy 2,00 ¢ :
J =y =) =gl (8.15)
When @ is constant,
ppp— & (8.16)
B=(0,8,(2),0)=VxA=(0, 04.2) ) (8.17)
or
B,(z )_aA ) (8.18)
or
B,(z )—aAZ(Z) : (8.19)
or
A(z)=Hz, vxz—nf*cHz, (8.20)
d/2
= [g,(2)dz
—d/2
d/2 * * 2 2 H
m H B-H
R e
3 2 mc 87
(8.21)

When the last term is negligibly small, we obtain
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1 H m' ofqdHY)2
6.~y v+l =00 11 2

2 3
or
_ 2 1 4 _H_2 q*szd2 2
G~ F, +dl(ay] +2 Av] — )+~ [ 1.
Similarly,
FoF a2 2 1 e om | 2 Bzd
= n+J/2[a|W| +5,3|W| +7|W| v +g] z,
~ 2 1w B> ¢ Hd p
Minimizing the expression of F, with respect to |1//2, we find

H*d’

a+ﬁ|lﬂ|2+q24m*cz =Y,

Wl _(|_g’ma |\ H & | H &

w,) | 24m’clal)  H]24F  H’24°
or

HY 24

| =2 (1= 72

) -24-r),
where
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(8.22)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)



where H, is defined as

H., =2J6He. (8.32)
&

This parallel critical field H_, can exceed the thermodynamic critical field H. when ¢ is

lower than 2+4/6 = 4.899 .
We now consider the difference between Gs and Gn

2
G -rF -1 4 (8.33)
&
where
F =df,, and G, =dg,

The difference is given by

H*? 1 H
G, =G, =(— ) -[(aly[ +—ﬂ|w|4 ) q | . (8.34)
T 2
or
"Hd?
G, -G, =—{(a| +- /fl [+ q L. (8.35)
m C
Noting that
2
* HZdZ
a+ fyl +q24W=0, (8.36)
we obtain
1 1
G, -G, == Bl + Bl = > Bl >o0. (8.37)

The superconducting state is energetically favorable.

8.3.  Parallel critical fields of thick films'

We now consider the case when an external magnetic field is applied to a thick film
with a thickness d. The field is applied along the plane. We solve the GL equation with the
appropriate boundary condition. The magnetic induction and the current density are given

by
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cosh(z i)
B,(z2)=H 4

f
h(e -
cosh(e 2),
and
- f
)€ BB g )
SX Z)=—" = —
iz 4z cosh(ﬁ)
2 .
Note that
,  omc?
|W| = Wwf ” 47[q*212

e
J,(2)  J.(z) g AH Smh(z)

sx( ): * - % - %
h q ‘//|2 9/ v m cf cosh(z[)
d/2 2 %242 (Slnh(ff)_l)
1 ) 1 H*q72 o
—— dz =— -2
Helmholtz free energy:
il o B
£ —f”+a|l//| +2,6’|l//| + 5 |l//| 2 +87z
On minimizing this with respect to |l//|2 ,
8sz 0.
8|1//
o +,6’|1//|2 +m?vS2 =0,
or
m* 2
|l//|2 2 |a|_7<vs > m 2
== 2 - 2<vs>=l——
V., By ., 2By,

(8.38)

(8.39)

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)



*2 02 77 2 2 1 2
o aREH, (EJ LLZIJF

Aajm’e* \ H,

IT% i i coshz(ég)
i) oo ) Sinh(a)
g

We now discuss the Helmholtz free energy

_ 2 1 s om 2/ o <B>2
fi=1 +0‘|W| +§ﬁ|‘/f| +7|l//| <Vs >+g,
with
2

o +,6’|1//|2 +m7<vs> =0.

Then we have

(&)

1
fo= 1, a2 Bl ol o= Bl +

1 (B
—fn—5,3|W| A
or
_oH L, (B
ﬂ_ﬁ_gf +g,
2 _ld/z 2, & +sinh(gf) 2
(B) =g [T = o
and

(B)= % [B,(2)dz = %Itanh(%) .

-d/2
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(8.49)

(8.50)

(8.51)

(8.52)

(8.53)

(8.54)



Gibbs free energy:

8 :fs—<B>H =f _ch f4+<Bz> <B>H

47 " 8r 8 Az~

g =f M pa [H' o g +sinh(g) —itanh(%)].

8 87 &f[1+cosh(gf)] &

Since

H?> BH H?
= 4+ = -,
&=/, 87 4r Js 7

where B = H. From the condition that g = g, at the critical field H = H,,

ATl Ak U S L RTINS
& [1+ cosh(gf)] g 2

or

(ij e TESND) L o Ty = e,
H, &g 1+cosh(ef)] & 2

or

HY) A
H, . 1+ g +sinh(g) _ 4 tanh(i) .
&g1+cosh(ef)] & 2
In the limit of f —0,

2
24 11 24  8l¢’
L = 24— P (——+
(J R AT

)f*+OLfT.
From the above two equations, we get

i
cosh™ () 4
AP0 ) = L

[sinh(gf) o1+ & +sinh(gf) —itanh(
g &[1+cosh(ef)] & 2
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)

(8.55)

(8.56)

(8.57)

(8.58)

(8.59)

(8.60)

(8.61)

(8.62)



or

[ _1égleosh(g)-1]

+ = , . (8.63)
6(1-f7) 3 sinh(¢f)—¢f
In the limit of f —0,
LSy ettt oy (8.64)
6 5 6 12600 ' '
Using Mathematica,
1. we determine the value of f as a function of &.
2. we determine the value of (H T H, )2 as a function of f or /* for each &.

There occurs the first order transition because of discontinuous change of order
parameter.

(Mathematica Program-12))
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Here we discuss the problem dscribed in the book of de Gennes, page 189

Cosh[z—f d
Clear["Global *"]; hy[z ] = H——2= ; rulel = {e - — };
Cosh[e-f] A
2
c
Jx[z ] = -— D[hy[z], z] // Simplify
4
c fHsech|[LE] sinn[LZ]
_ 2 2
4 T A
o m c? 22
Lyl =£40, Y0« =——
47rq2
mc? A2 Jx[z]
rule2 = {zpo >, | }; vsx[z ] =——— /. rule2
4 n g? q £2 y0?
Hg h[f€] sinh[Lz
) g A Sec [2]Sln [A]
cfm
1 rd/2 o o m
Vavsq = — J vsx[z]“dz // Simplify; eql = £° == 1 + — Vavsq;
d J-d/2 2a

rule3 = {H2 - x}; eq2 = eql /. rule3

)

1)

q2></\2 (—df+/\Sinh[d—Af
=1+
2c?dfima (1+Cosh[fe

f2

eq3 = Solve[eqg2, x] /.d»>e€e A // Simplify

{{ 2 c? £3 (—1+f2>ma€(1+Cosh[f€])}}
X = -
g’ A% (fe-Sinh[fe])
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4 7 o? ) c?mp
Hc® = Lyl = lal /B, =2
B g’ 27 (-a) A2

47 q? air?
Calculation of HZ/ch , B=-——

sz

47 (-a) g2 A2 x/.eq3[[1]]
rule4 = {/3 - }; eq4d =
?m 4no?
B
2£3 (-1+f?) e (1+Cosh[fe])
fe-Sinh[f €]
1 (d/2 )
Hsgave = — hy[z]“dz /. d->eA// Simplify
d J-d/2

H? Sech[%e]z (fe+Sinh[fe])

2fe

1 (d/2
Bl = — J hy[z] dz /. d->e X // Simplify
d J-d/2

2HTanh[%€]

fe

58

/. rule4



Bl H

Gs=Fs-—";
47
H2
Gn=Fn-——;
8

eg6 =Gs-Gn /. H2—)yH02

f 2 .
fiHc? mHC?y Hc2ySech{f] (fe+Sinh[fe€e])
- +

+ _
8 7t 8 7t

2 f
Hc yTanh[—;]
16 frre

2frne
eq7 = Solve[eg6 == 0, y]

2 fd¢
{v-

2 fe4—feSech[%f]2+8ech[%f]2Sinh[fe]._8Tanh[%f]}}

eq8 =y /. eq7[[1]] // FullSimplify

f5€¢ (1+Cosh[fe€])
fe (2+Cosh[fe])-3Sinh[f €]

We now consider the solution of de Gennes model

£2 f € (Cosh[e £] -1)
K[f , e ]:=1+ ;

6 (1-£2) 3 (-f e+Sinh[f €])

Evaluation of critical magnetic field as a function of the thickness €

Series[K[f, €], {f, 0, 5}]

[1 62) 2, (2100 +€*) £

= +0[£]°®
12600

6 30
Ll[e ] := Module[{£fl, gl, €1, £2}, €l = ¢;

gl = FindRoot[K[f1l, €1] = 0, {f1, 0.2, 0.99}]; £2 = £1 /. g1[[1]]]

sl
hl

Table[{e, L1[e]}, {e, 0.22, 10, 0.01}];

ListPlot[sl, PlotStyle » {Hue[0], Thick}, Background - LightGray,
AxesLabel -» {"e", "f"}];
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h2 = Plot[Ll[e] , {e, Vs, 3}, PlotStyle - {Hue[0], Thickness[0.01]},

Background -» GrayLevel[0.7], PlotRange » {{2.1, 3}, {0, 0.7}},
AxesLabel » {"e", "f"}] ;

Evaluation of (H/ Hc) Zyse
Comparison with the approximation for (H/ Hc) yse: 24/62

273 (-1+£%) € (L+Cosh[£ €])
Hersql[e , £ ] :=

f € -8inh|[f €]

Series[Hcrsqg[e, £], {£, 0, 5}]

24 (24 24 24 1€?

— + ———)f2+[——+8—€ f4+O[f}6

e? 5 € 5 350
24

h3=Plot[{—2, Hcrsqle, Ll[e]]}, {e, V5, 8},
€

PlotStyle » {{Hue[0], Thickness[0.01]}, {Hue[0.7], Thickness[0.01]}},
Background -» GrayLevel[0.7], PlotRange » {{2, 8}, {O, 6}}];

Evaluation of £ vs (H/Hc) 2 witheasa parameter.

Approximation for (H/HI) yse: 24/62
<< "ErrorBarPlots ™ "; << "PlotLegends "

fsql[e , hsgl_ ] := Module[{£fl, gl, €1, £2, hsqg2}, €l = €; hsq2 = hsqgl;
gl = FindRoot[hsg2 == Hersq[el, £1], {f1, 0.6, 1}]; £2=£f1 /. g1[[1]]]
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The value of f for H/He= 1

h4 = Plot[fsql[e, 1], {e, 2, 10}, AxesLabel » {"e", "£f"},
PlotStyle » {Hue[0], Thickness[0.01]}, Background - GrayLevel[0.7]];

£f°vs (H/Hc)? withe = V5, 2.5, 3, 4, 4,5, 5, 7, 9, 11, 20, and 30

Xl[e ] := Table[{Hcrsq[e, fsql[e, hsql]], fsqlle, hsql]z},
{hsql, 0, 1, 0.01}];

h5 = ListPlot[{Xl[‘/?], X1[2.5°], X1[3], X1[4], X1[4.5"], X1[5],
X1[7], X1[9], X1[11], X1[20], x1[30]},
AxesLabel - {" (H/Hc\!\ (\*SuperscriptBox[\()\), \(2\)]1\)",
"\1\(\*SuperscriptBox[\(£\) , \(2\)1\)"}];

]
]

fSech[f—:] Sinh[%z] /. {)L—) -
€

Cosh [z

hny[t , £, € ] /- {x-

[N PR T

Cosh[e

Jnx[t , £ , €]

Magnetic field distribution

h6 = Plot[Evaluate[Table[hny[t, L1[e], €], {¢, 2.5, 10.0, 0.2}]],
{t, -1/2, 1/2}, PlotStyle » Table[Hue[0.05i], {i, 0, 20}],
Prolog -» AbsoluteThickness[1.5], Background - GrayLevel[0.7],
AxesLabel » {"x/d", "h"}];
Current density distribution

h7 = Plot[Evaluate[Table[Jnx[t, L1[e], €], {e, 2.5, 10.0, 0.2}]],
{t, -1/2, 1/2}, PlotStyle » Table[Hue[0.051i], {i, 0, 20}],

Prolog -» AbsoluteThickness[1.5], Background - GrayLevel[0.7],
AxesLabel » {"x/d", "J"}];

pl = {hl, h2, h3, h4, h5, h6, h7};
Show[GraphicsGrid[Partition[pl, 3]]]

f f 6
: 3
08 : 3
04 X 2
8.2 P 1
.0 € i € 0
0246 810 22242.62.83.0 2 3456 78
f h
f2
. e U [§ (H/Hc)? et x/d
2 4 6 8 10 0.00.2.49.60.8..0 -040.2.00.20.4
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Fig.14(a) The order parameter f'vs & (= d/A). ftends to 1 in the large limit of g—o0.

Fig.14(b) Detail of Fig.14(a). The order parameter f'vs & (= d/A). f reduces to zero at
g=A5.
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Fig.15 (H/H,) vs &(red line) and the approximation 24/& vs ¢ (blue line).
These agree well only in the vicinity of & = NER

Fig.16 Plot of f'at H/H. = 1 as a function of &
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1.00 "".i"'"‘“'maﬂm-.:
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0.96 %3"' e, T
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0.94 - %&aﬁ 000, %000,

| e, e

i BT .
0.92¢ i, o

r ..&‘:a:.. '-.'.

| 0gr0essSee, %,

[ oantet g,
0.9 orrtrestity,

r .'.o.."['
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0.2 0.4 0.6 0.8 1.0 HHO
Fig.17 Plot of 2 vs (H/Ho)* with e= /5, 2.5, 3, 4, 4.5, 5, 7,9, 11, 20, and 30.

Fig.18 Plot of (a) the magnetic field distribution and (b) the current density as a
function of x/A, where e is changed as a parameter. £=2.5 — 10.0. A¢=0.2.

8.4  Superconducting cylindrical film!

We consider a superconducting cylindrical film (radius R) of thickness (2d), where 2d«R.
A small axial magnetic field is applied to the cylinder.
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¥=-d ¥=0 ¥=d

Fig.19 Geometrical configuration of a cylinder (a radius R) with small thickness.
R>>d.
qgh, p q 5 2
3, =L ve-Lay=q'yl'v,. (8.65)
m ch

Suppose that ns* = |1//|2 =’ =constant, then we have

*

hgo- "C 3 +A. (8.67)

q q n

S

Integrating the current density around a circle running along the inner surface of the
cylinder,

A7 p?
c

_%§v9.d1= §Js-dl+§A-dl, (8.68)

and
A-dl=|(VxA)-da=|B-da=0,, (8.69)

where @, is the flux contained within the core of the cylinder. The magnetic flux @y is
defined as

)
O, =——2¢VEO-dl. 8.70
/ 272'§ ( )

Then we have
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Ak
== f3,-di+o, (8.71)

or

c
A7)

I, -dl=—— (@, -). (8.72)

The phase @ of the wave function must be unique, or differ by a multiple of 27 at each
point,

_ 2mch

¢, =
q

n. (8.73)

*

In other words, the flux is quantized.
When the radius is much larger than the thickness 2d, the magnetic field distribution is
still described by

d—ZBZ(x) =%Bz(x), (8.74)
x A

with the boundary condition, B_(-d)=H, and B_(d)= H,. The origin x = 0 is shown in
the above Figure.

X X
_ 7y sinh(—) cosh(+)
B.(x)= 2ot Ay o+ B, A (8.75)
2 Ginn(%y 2 cosh(®)
A A
The current density Jy(x) is given by
d—x d+x
¢ dB.(x) ¢ H_ cosh( P )— H, cosh( 7 )
J (x)=— = (8.76)
g 4r  dx AnA .. 2d
sinh(—)
A
The value of current flowing near the inner surface is
H, cosh(2j) -H,
J (=d)= 8.77
y(=d) P (8.77)

.. .2d
h(=——
sm(i)
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Then we have

c

§JS 1 =27R) (~d) = (@ =P, (8.78)
or
H, cosh(2j) -H, c
27R =—— (D, -D,), (8.79)
drA Sinh(%) Arh
y)
or
O + 2H R
s 2d
smh(7)
H, = . (8.80)
7zR2[1 + Mcoth(zd)j
R y)
The Gibbs free energy is given by
/12 2 1 2
AG:jdr[—(VxB) +—(B-H,)’], (8.81)
8 8
or
d 2 2
AG = j {i[Mj +[B.(x)— H,*}dx, (8.82)
28\ ox

where the constant terms are neglected and H; is given by Eq.(8.80). For a fixed Ho, we
need to minimize the Gibbs free energy with respect to the fluxsoid @, .

We find that the solution of 0AG/0® , =0 @, leadsto @, = ®@,, where R/A=10-50 and

d/A<1.
To prove this, we use the Mathematica for the calculation.

((Mathematica Program-13))
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de Gennes book p. 195 Cylinder

Sinh[i] HO + Hi

HO - Hi Cosh[i] .

Clear["Global "] ; Bz = + ;
2 Sinh[i] 2 Cosh[i]

2HO TR A
af + 24
: sian [55 | N
rulel = {Hl - a }; Bzl =Bz /. rulel // Simplify;
Cosh | =5~
R s [5F]
22 2 1 2
Cl =D[Bzl, x] // Simplify; G1 = — C1“+— (Bz1l-HO)“ // Simplify;
8 8
d/2
G2 = j Gldx // Simplify;
-d/2
G3 =D[G2, &f] // Simplify;
G4 = Solve[G3 ==0, &f] // Simplify; F1=38f /. G4[[1]] // Simplify;

rulel = {d->e€eA, R->uAi};
F2 = F1/ (H07rR2) /. rulel // Simplify

Sech[2 €] (uf/,lCoshP—Ze] +uCosh[5—2€] 728inh[3—2€] +28inh[5—2€]>

U

®f is the local minimum value of the Gibbs free energy. Plot

of 3f / (HO7R*) vs € = d/A = 0 - 1, whereyu =R/ X =10 - 50

gl = Plot[Evaluate[Table[F2, {up, 10, 50, 10}]], {e, O, 1},
PlotRange » {{0, 1}, {0.8, 1.5}}, PlotPoints - 100,
PlotStyle -» Table[ {Thick, Hue[0.21i]}, {i, 0, 5}],
Background -» LightGray , AxesLabel -» {"e", "F"}];

g2 = Graphics[ {Text[Style["u=10", Black, 12], {0.6, 1.2}],

Text[Style["u=50", Black, 12], {0.6, 1.07}1}]1;
g3 = Show[gl, g2]
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Lo}
o.9§
B o2 ea o o 1o
Fig.20 Plot of the normalized magnetic flux F = @/(nR*Ho) as a function of & (&=

0— 1), where 1= 10 — 50. Ax= 10.

8.5  Little Parks experiments'*
8.5.1 The case of d<<A and d<<{,

The thickness d of the superconducting cylinder is much shorter than the radius R. It
is also shorter than 4 and & Since d«A, the change of B inside the superconducting layer
is slight. The current density (proportional to derivative of B) is assumed to be constant.
The absolute value of the order parameter is constant in the superconducting layer.

The following three equations are valid in general.

3= wo-L ay=qulv,. (8.83)
m ch
| "y P op
2 4
fi—fo=apl +=pul +—= |GV -L Ay +, (8.84)
2 2m | i c 87
w(r) =y ). (8.85)
We consider the case when
|W(r)|2 =n, = constant or w(r) =|ple”". (8.86)
Then we have
o 4 v, o9 vy — (o
=V Ay =(hVE Ay =(mv)y, (8.87)
i c c
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and

_ 2 L my o B
fo=f, +alyl +2,8|1//| + > | v, +8ﬂ, (8.88)
vo=ds wWo=9LA+m'v,, (8.89)

q v ¢

Then we have

§hv9-d1=h[9]=§q7*A-d1+§m*vs-dl, (8.90)

where [@] represents the change in phase after a complete revolution about the cylinder.
[0]=2/m (n; arbitrary integer).

fA-d1=[[(VxA)-da=[[B-da=®=7R"B. (8.91)

@ represents the flux contained in the interior of the cylinder.

/] )]
e 2y, 8.92
nE ) (8.92)
where
®, =27 (8.93)
q

Here we see from the free energy density that the free energy will be minimized by

.
. . .. . . . m 2 2
choosing # such that |v| is minimum since f'is proportional to 7|1//| V..

milR ln+—1]. (8.94)

70



Fig.21

vs/(Zm* R)
0.5¢

0.4+

0.3

021

010

$. W (I)/(I)
3 0

Plot of the velocity vs as a function of ©/®,.

The current density is equal to zero when @ = n®, .

Since vs is known, we can minimize the free energy with respect to |1//| and find

or

or

or

o 1ol =0, (8.95)

a+ﬂpf+%mw3=o, (8.96)

|WF=4a+%mwaﬂzo, (8.97)
1 . I « >

—az—mv, or |a|2—m v, (8.98)
2 2
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v22/(2m*R)2
025~

L
L1
| |,
\ |
VA AL

-3 -2 -1 0 | 2 3

Fig.22 Plot of v vs ®/®, . The horizontal lines denote y = |a| for several a.

The transition occurs when

1 . )
o =2 mvS =aI=T( )/ T], (8.99)
0

where ¢, = 21/£HC (0).
4r

In the above figure, the intersection of the horizontal line of |a| at fixed 7 and the curve
vs2 gives a critical temperature. In the range of ®/® where the horizontal line is located
above the curve vsz, the system is in the superconducting phase. In the range of ®/®,

where the horizontal line is located below the curve vs2 , on the other hand, the system is
in the normal phase.

8.5.2 The case of d>>A and d>>¢£.

The thickness d of the superconducting cylinder is longer than A and & The current
density (proportional to derivative of B) is zero. The absolute value of the order parameter
is constant in the superconducting layer.

J‘Y:qfl
m

y['v, =0, (8.100)

v[(vo-La)=¢
ch
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or

*

vo=2L A, (8.101)
ch
§hv9-d1=h[9]=§q—A-d1=q—§B-da=q—cb, (8.102)
C C C
or
o=, o, (8.103)
q

Then the magnetic flux is quantized. We consider a superconducting ring. Suppose that
A’=0 inside the ring. The vector potential 4 is related to 4’ by

A'=A-Vy=0, (8.104)
or

A=Vy. (8.105)
The scalar potential y is described by

2(L)=70)=[d-A=[da-(VxA)=[da-B=® =0, +®,, (8.106)

where @ is the total magnetic flux.
We now consider the gauge transformation. 4’ and A4 are the new and old vector
potentials, respectively. y’ and y are the new and old wave functions, respectively.

A'=A+V(-y)=0, (8.107)

y'(r)= GXP(M)W (r). (8.108)
fic

Since 4° =0, v’ is the field-free wave function and satisfies the GL equation

2

ay's By V'O, (8.109)

In summary, we have
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w(r) = w'(r)exp[—ihiz] — (1) expl— @] = p'(r)exp[27i ], (8.110)
c hic D

0

*

since L = 2% 4nd q'<0.
he @,

9. Isolated filament: the field for first penetration’
9.1 Critical field Hc
We have the following equations;

[,vaﬂzj F=r-lrirs. ©.1)
IK

vV x(V, xA)= i[f*vpf — - /PA. 9.2)
h=V xA. (9.3)

The vector potential in cylindrical co-ordinates takes the form

B 2r&

A =(0,4,0), h:\/_2—HC, K:qTOA, r=/7p 9.4)
Stokes theorem:

§B-da:§(VxA)-da=§A-dr:27er¢:cb, (9.5)
or

4, :%:%% (9.6)

Far from the center of the vortex,

1-¢®_c @ 101 11

R =, 9.7)
r®, Apd®, kK, p kp

for ©=,.
Near the center of the vortex,
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KO

A2 =H(O)m?, or A

=L H(0).

We assume that
f=w(pe™,

where w(p) is a real positive function of p.

h=V xA=e li(,oZ)—e l(Z +p%)
’ Tpop T T pt Top”

18A 8A

0 1
V,xh= A, - )] = —e
X e¢[ ( p+ )] ap[

GL equation can be described by

11d
-———(p )+(——+A)w y -y
K pdp " dp Kp

The current equation: ey component.
d _1d -~ 1~
——[——(pA)]+ (——+ A4,)y* =0.
dp[p dp(p 21+ ( pos %

The above equations can be treated approximately when x»1.
We assume that () =1 in the region p >1/x .

d> 1d 1~
+————(+ —2)](—K—p+A¢)=0

[
dp*  pdp

The solution of this differential equation is
1 ~
-—+4,=¢K/(p)

or
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o  ~
p%(pAgy)] .

(9.8)

(9.9)

(9.10)

(9.11)

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)



h=L( s L dK(p)

—) = —[— +o K (p)+p(-——5+¢

op Kp’ dp

or

=K, (p)+ p KiP)
p dp

B %[—pKo(m] =—,K,(p).

or
h, =—cKy(p),
from the recursion formula

dK dK,(p)

+K,(x)=—pK,(p),
dp

What is the value of ¢1? When p=0, Z¢ should be equal to zero.

~ 1 1 ¢
4,=—+cK(p)r—-—+=0,
Kp Kp p

because K, (p)=~1/p. Then we have

c=—.
K

In fact,

q)O
__ B _ 2k _
“an Ky(p)= e J_sz Ky(p)= K(p)

or

1
h :_Ko(p) 9
K
since

2H 2 _ D0
2
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1,

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)

(9.25)



In summary, we have

~ 1 1
A¢=K——;K1(P)

1p : (9.26)
h=—K,(p)

K

((Note))
The total magnetic flux through a circle of radius of p »1 is given in the following way

~ 1 1 1
A =—-—K(p)~—. (9.27)
K Kp

Kp
Then we have

! —=0,. (9.28)
2m§ Kp

® =27(Ap)A, =

9.2  The center of vortex*
First we consider the behavior at the center of vortex, as p—0.

1 1d

—-————(p )+(——+A)'// v -y, (9.29)
K’ pdp " dp Kp
with
2
4, = %H(O) , (9.30)
0
or
11d, d 1 ?
i P T L HO Y =y v 931)
K> pdp Kp D,

We assume that i can be described by series
w=p"(a,+ap+ap +ap +..), (9.32)

where ao#0. Using the Mathematica 5.2, we determine the parameters;
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a,=0
2 2 2

a, =—a, ]l +M] = —a, 1+ H(0)
8 D, 8 H,

a,=0

where
— CI)0
et

Then we have

2 2
P+ H(0)
8 H,

w(p)=a,pll-= ).

The rise of (p) starts to saturate at p =2/« .

((Summary))

If the vortex contains 1 flux quantum, we have

f(p)=e"w(p),

v [+ H(0)

3 i 1+...}.

w(p) = app{l -

9.3 Far from the center of the vortex

_11d o dyy
szdp(pdp) v-y,

with

This differential equation is simplified as

(o) + 1w ()4 w(p) -w(p) =0.
K p
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]’

(9.33)

(9.34)

(9.35)

(9.37)

(9.38)

(9.39)

(9.40)



In the region where y(p) — 1, for simplicity we assume that

w(p)=1-9(p),

1-p(P) =1-g(p) - L PO,

K,Z

This equation can be approximated by

1-39(p) =1~ p(p) - L2 P2LP)

sz ’
or
" 1 ] 2
@ (p)+;¢(p)—2K p(p)=0.

The solution is given by

o(p) = C\1,(N2pK) + C, K, (V2px) .

Since 1, («/5 pK) increases with increasing p, Ci should be equal to zero.

Then we have
o(p) = C,K,(N2pK).

For large p,

Ky(x) = K (x) =

Te” e’

2 Jx’ 2 Jx’

10. Properties of one isolated vortex line (H = H.)
10.1 The method of the Green’s function

I, =qlylv,,

2

1
+_
87

1
fo= 1, vyl 2 Al +

*

2m

(E.V—q—AJW
1 C

When y =|y|e” and |1//|2 =n, =independent of r,
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(9.41)

(9.42)

(9.43)

(9.44)

(9.45)

(9.46)

(9.47)

(10.1)

(10.2)



= =ans*+%( 0 +m7n‘*v‘2 B (10.3)

vV, =5 and VxB=——1J_. (10.4)

Then the net energy can be written by

E:E0+ijdr[Bz+/12(V><B)2]. (10.5)
87
When
B—>B+0B,,E— E+dJE, (10.6)
5E=4ijdr[B+/12vX(vXB)]-éB. (10.7)
T

The integrand can be calculated by using VariationalD of the Mathematica 5.2.

((Mathematica Program-14)) Variation method
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Derivation of London' s equation
Clear["Global *"];
<< "VariationalMethods "
Needs ["VectorAnalysis "] ;

h = {hl[xl A4 z], h2[xl Yy, z], h3[xl y, z]};
eql = h.h + A2 (Curl[h]) . (Curl[h]) // Expand

hi[x, vy, z]°+h2[x, y, z]*+h3[x, y, z]°

eq3 = VariationalD[eql, h2[x, y, z], {x, v, z}] /2 // Expand;
eqg4 = VariationalD[eql, h3[x, vy, 2], {x, v, z}] /2 // Expand;
eq2 = VariationalD[eql, hl[x, vy, 2], {x, v, z}] /2 // Expand;

London's equation
eq5 = h+ 22 curl[Curl[h]];

Al = {egq2-eg5[[1]], egq3-eg5[[2]], egq3-eg5[[2]]} // Simplify
{0, 0, 0}

Demanding that £ be a minimum leads to the London equation; JF = 0,
B+ AVx(VxB)=0. (10.8)

This is called the second London’s equation.

((Note))
B’ > B’*+2B-6B, (10.9)
(VxB) = (VxB) +2(VxB)-(VxJB). (10.10)

Then we have
5E=4ljdr[B.éB+/12(V><B).(V><éB)]. (10.11)
T

Since

(VxB)-(VxB)=6B-[Vx(VxB)]+V:[6Bx(VxB)], (10.12)
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5E=ijdr[B+/12w(VxB)]-éB+ijda-[éBx(vXB)]. (10.13)
4 4

The second term is equal to zero.

Here we assume that

(1) >>E

(i) The hard core of radius & is very small, and we shall neglect completely its
contribution to the energy

Fig.23 Top view of the geometrical configuration of a single vortex.

The line energy is given by
gzj d’r—[B+ 2(VxB)]. (10.14)
V>§ 872'
Demanding that ¢ be a minimum leads to the London’s equation.
B+ A[Vx(VxB)]=0, (10.15)

for |r| > & . In the interior of hard core, we can try to replace the corresponding singularity
by a 2D delta function.

B+ A[Vx(VxB)]=®de.0,(r), (10.16)
[B-da+ Z[[Vx(VxB)]-da=[De.,(r) da=a,, (10.17)

Using Stokes theorem,
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[B-da+ 2 [(VxB)-dl = [®e.5,(r) da=D,. (10.18)

da
di

C .
"-q_\_\_\_“_'_'_'_,_,.nf"
Fig.24 The path of line integral

If the circle of the path integral has a radius r (& <<r<<A), the first term /; is on the order

of ® /2" and is negligibly small. In the second term I,

dl=erdg, (10.19)
d
Vsz—e¢—B(r). (10.20)
dr
Then we have

L=2[(VxB)-dl= 2 j[—e¢%8(r)]-e¢rd¢

, (10.21)
=-A 27zri3(r) =0,
dr
or
aB(r) __ q’g : (10.22)
dr 2nhr
or
B(r)= 2?;22 [ln(%) + const], (10.23)
for & <r << A. We now consider the exact solution
B+ A [Vx(VxB)|=®e.dr), and V-B=0. (10.24)

Note that
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Vx(VxB)=V(V-B)-V’B=-V’B. (10.25)
Thus we have

VB —%B - —%ezaz(r) : (10.26)

where o(r) is a 2D delta function.
((Note)) 2D case Green function

(1) Modified Helmholtz

(V) =k)G(r,r,) =—6r,-r,), (10.27)
1
G(r,,r,) =— K, (klr,—1,)). (10.28)
2z

(i) Modified Bessel function

(V= k() =—f(r), (10.29)

w(r) = j G(r,r") f(r"dr', (10.30)

(V2 =Ky () = [(V? = k)G, r) £ (e )dr'

, (10.31)
= [- 00— £ )dr'= 1 (r)
The solution of the equation
g_ Lp__ P

V‘B pE B gE e.0(r), (10.32)
is that

B(r)=e, | G(r,r')%é‘z(r') _ eZ%KO(%), (10.33)
or

D, Ty

B(r)= s KO(l) (in general). (10.34)
((Asymptotic form))
For &<r<<4,
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() r
B(r)=—"[In(—)+0.115932]. 10.35
(r) s [ n(/l) ] ( )
For r>>A,
®, |[7A r
B — 0 ——). 10.36
) 2728\ 2r exp( i) ( )

The magnetic flux ®(r) inside the circle with a radius 7 is

/A

o) = [20°d 5(") = %f K, () = @, [xdek (1) =01 L K, -

7 A
(10.37)
The current density
c c d
J=—VxB=-e,——B(r). (10.38)

4 4 dr

Fig.25 Schematic diagram for the plots of the magnetic induction B (blue line) and
the magnitude of the order parameter (red line) as a function of x (the
distance from the center of the vortex) for an isolated vortex line in a mixed
phase of type-II superconductor.

((Mathematica Program-15))
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the radial distribution of h(r)

Clear["Global %"];

hl = Plot[BesselK[O, x], {%, 0, 2}, PlotPoints -» 100,
PlotStyle » {Thick, Red}, Background - LightGray,
AxesLabel » {"r/A", "h/(20/272*"}];

X
] =J BesselK|[0, y] ydy // Simplify[#, x> 9] &
0

1 - x BesselK[1l, x]

h2 = Plot[&, {x, 0, 10}, PlotPoints » 100, PlotStyle » {Red, Thick},
PlotRange -» {{0, 10}, {0, 1}}, Background -» LightGray,
AxesLabel » {"r/A", "&/30"}];

hy/(@0/2722
2.5
15
Lol

0.5}

L I L L L L I L L L L I L L L L I r/)(
0.5 1.0 1.5 2.0

Fig.26 Plot of the normalized magnetic induction B(r)/ 2(1)% =K,(r/A) as a
TT.

function of »/ 4.
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Fig.27 Magnetic flux ®(r)/ @, =[1 —%Kl (%)] as a function of x =7/4. ®(r)/ D,

reducesto 1 as x — .

>
e

D

ANANA

(o<]

7



e

Cylinder with a radius &

Fig.28 Geometrical configuration of a single vortex. The vortex is approximated
by a cylinder.

Now let us find the line tension or free energy per unit length. neglecting the core, we
have only the contributions

g =jd3ri[132 + 2(VxB)]. (10.39)
8

Vector identity

(VxB) =B -[Vx(VxB)]+V-[Bx(VxB)]. (10.40)
gl=ijd3r[B+AZVX(VxB)]-B+ij'd3r/12v-[Bx(V><B)], (10.41)
87 87
or
L B+ [ da-[Bx(Vx
gl_gjd r[®qe.5,(r)] B+~ j da-[Bx(VxB)]. (10.42)

We use the Stokes theorem for the second term. We now neglect the core contribution (the
first term). The integral j da is to be taken over the surface of the hard core (cylinder of

radius &).
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& =§jda-[Bx(V><B)].

Note that
Bx(VxB):BZ(p)Mep and da=-e da
op
o= (im0 /PP, (e, - - L %% P
Since

de(p) _ CI)0 l

dp 278 p

B.(5)= [

we have

j [ln(g) +0.115932].

More exactly

(DY, £ £
EI—LWJ /IKO(/I)KI(/I)-

(see the derivation of this equation in the Mathematica Program-16).

(10.43)

(10.44)

p]p=§ :

(10.45)

(10.46)

(10.47)

(10.48)

((Mathematica Program-16))
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vortex line energy

Clear["Global %"]; << "VectorAnalysis "; SetCoordinates[Cylindrical[p, ¢, z]];
h={0, 0, hz[p]}; Cross[h, Curl[h]] // Simplify;

&0 "
rulel = {hz - [ BesselK[O, —] &]};
2 7t A? Py
AZ
€l=-— 2xn¢& hz[] D[hz[&], §] /. rulel // Simplify
8

& 302 BesselK[O, §] BesselK[l, é]
2 2

16 2 23
1 1 1
fl1=- BesselK[O, —] BesselK[l, - ]; Limit[fl - Log[x], x> ] // N
X X X

0.115932
graph, Comparison with In (A/£) + 0.115932

hl = Plot[{Log[x] +0.115932, £1}, {x, 1, 10}, PlotPoints - 100,
PlotRange » {{0, 10}, {0, 2.5}}, PlotStyle » {{Red, Thick}, {Blue, Thick}},
Background - LightGray, AxesLabel - {"A/&", "e1/ (20" /167°2°"}];

€1/(@02/167°22
25¢

1.5

L0}

05}

lo/f

Fig.29 Plot of ¢ /((1)0/47z2,)2 :lKO(l/x)Kl(l/x) [blue line] as a function of
X
x =A/¢& . For comparison, the approximation given by (Inx+0.115932) is

also shown by a red line.

10.3. Derivation of H
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G=F—£Ihd3r. (10.49)
4

By definition, when H = H.1, the Gibbs free energy must have the same value whether the
first vortex is in or out of the system;

Gislno flux = Gis|first vortex,” (10.50)
where

Gilno fux = F,, . (10.51)

Gilfirst vortex = F, + &, L — ZI; LD, (10.52)

where L is the length of the vortex line in the system and
de3r=Ldea=LcD0. (10.53)

Then we have

F =F +gL— H., LD, , (10.54)
‘ ‘ 47
or
H, = A : (10.55)
CI)0
or
0 A H
H =—"1In®)=—In(x). 10.56
a=7 2 (Sg) NP (x) ( )

10.4. Interaction between vortex lines
Suppose that there are two vortices in the 2 D plane.

1 0
VB —73 = —7;[52(r —1)+5(r-r,)]. (10.57)

Using the Green function
L e

G(r,r')=EKO(T). (1058)

Then we have
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B= jer(r r') 0[8,(r—1)+5,(r—1,)], (10.59)

or
B= j dr'K (| |)[52(r r)+5(r-r)], (10.60)
or
B(r)—2 e [K, (| |) K (| |)] B\(r)+ B,(r). (10.61)
where
B/(r)= ;;/012 K0(|r ;r‘|), (10.62)
By(r)= ;;/012 K0(|r ;r2|)- (10.63)
B, (r)) = B,(r)). (10.64)

The total increase in free energy per unit length can be rewritten as

g=%{{Bl(rl>+82(rl>}+{Bl(rz>+Bz<fz>}]
Z; . (10.65)
=2—"B,(r,) + 2" B,(r,)
87 87

The first tem is the energy of individual vortex line. We have the interaction energy

2

212

I8
Uy, = 1( n)=——5 K, 12) (10.66)
where 7, :|r1 —r2|

The interaction is fepulsive, in which the flux has the same sense in both vortices.
11. Magnetization curves

11.1 Theory of M vs H
We consider the Gibbs function given by
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G-G,=nme+Y U BH (11.1)

i :
i>j 4r

The first term is an individual energy of the lines. L is the number of lines per unit area
(cm?).

B=n,. (112)
The second term is a repulsive interaction between vortices.

o 7
U, =ﬁKo(—i’), (11.3)

where 7, =[x, — 1, |

One can distinguish three regimes between Hci and He.
(@) H~H_ :nX<<l, r>2
by  nA>>1 E<r<i

(c) H~H,:n& =1 r=x¢

B BH
G-G,=—¢+) U —— 11.4
s0 CDO 1 ; ij 472_ ( )
(a)
At very low densities (low B) the interaction is small and we neglect it completely.
G-G, = -tp. (11.5)
‘ O, 4r

. . H
When 2L >£ or H<H.;, the lowest G is obtained for B = 0. When & <—, We can
O, 4r O, 4r

lower G by choosing B#0. There is some flux penetration.

H, =27 CDOZ In2). (11.6)
O, 4zt &

(b) When H > H

d: distance between neighboring lines (d>1).
(1) Square lattice
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B L (1.7)
L CDO dsz
or
)
d =.—2 11.8
= (118)

(1) Triangular lattice

(11.9)

or

1/4
:[fj /% =1.07457 /% (11.10)
3 B B

We neglect all contributions except those of the nearest neighbors.

B \z @ Bz®, d
U, = =——>K 11.11
2.Uy ( jzg ¥E 0() oK) (11.11)

Then we have

B 1 @ d
G-G,=—1|(H, —H)+—z—2 K, (* 11.12
0 47{[( o —H) L 0(/1)] ( )
or
G-G, (H-H,) B . 27k, H
T T o ALY o) A UL LI )W
o o o, (0= G D (.
2 2k 2 2k
(11.13)
or
G-G, B _2zxH, H
i e TR 11.14
A S, (11.14)
\/5727('
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or

G-G, B 2z, H ®, )"
S e e DR ,
ZH [ 2 (HC1 ) (po[Bj )]
\/5727('

where
@, _ 24,
s K

The B vs H curve can be obtained from

%G o,
OB
or
N2md,  H 1d . d 1
D+Kk,GO Lk =0
zH, (HC1 )+ ( ) 21 O(A)B
or

zH

c cl

2 B

Here we note that

\/Eﬂ-KHcl
& :T’

and

where pp = 1 for the square lattice and 1.07457 for the triangular lattice.

K,'(x)=—K,(x)

11.2  Calculation of M vs H using Mathematica
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(11.15)

(11.16)

(11.17)

(11.18)

\/_m(H % ®, vy (@, 1/2 ®, 1/2 )
(H -+ K(po[Bj )+_p0E[_j Kl(po[?j )=0

(11.19)

(11.20)

(11.21)

(11.22)



We make a plot of the free energy vs B and B vs H using the Mathematica 5.2.

((Mathematica Program-17))
Gibbs free energy; h=K/Hcl

B

Fla , b ] :
4

a
BesselK[o, —] -b (h—l)];
B
K[a , b ] := Plot[Evaluate[Table[F[a, b], {h, 1, 3, 0.1}]]1, {B, O, 5},
PlotStyle » Table[{Hue[0.1 i], Thick}, {i, 0, 10}], Background - LightGray] ;

Gla , b ] := r>[4—E7r [BesselK[O, —a] -b (h—l)] , B] // Simplify;
B

pll = ContourPlot[Evaluate[G[1, 1] == 0, {h, 1, 1.15}, {B, 0.01, 0.15}],
PlotPoints » 50, ContourStyle » {Hue[0], Thick}, Background -» LightGray,
AxesLabel » {"h", "B"}];

pl2 = ContourPlot[Evaluate[G[1.2, 1] =0, {(h, 1, 1.03}, {B, 0.01, 0.08}],
PlotPoints » 50, ContourStyle » {Hue[0], Thick}, Background -» LightGray,
AxesLabel » {"h", "B"}];

(a) a=04

(b) a=04

96



Fig.30 Gibbs free energy given by i[—b(h —l)+K0(L)] as a function of B,
4r JB

where & (=H/H.1) is changed as a parameter (h=1-3, Ah=0.1). b (= 1)
is fixed.. The parameter a is chosen appropriately. (a) a = 0.4, (b) a = 0.8,
and (¢) a = 1.2.
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Fig.31 The magnetic induction B vs h (=H/H.1) above h=1. h=1(H = Ha).

Fig.32 The detail of the magnetic induction B vs & (=H/H.1) near h = 1 (H = H.1).
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12. The linearized GL equation (H = H.»).
12.1. Theory

When the term ,8|1//|21// can be dropped in the GL equation, we obtain linearized GL

equation

. 2
ay + 1*(EV—q—AJw=O. (12.1)
2m \ i c

This omission will be justified only if |l//|2 <<y’ = |a|/ g.

2 *
1 (& ’ K 2m'|a h?
(_'V_q_Aj y = | |l,,= -y =Ey, (122)

2m’ | i c 2m" h 2m'é
where
2 2
fzzh—*.andE: h*z.
2m’|a 2m’&

When B = H (//z), we choose the gauge

A = (0, Hx,0). (12.3)
Note that we use A = (Hxr)/2=(-Hy/2, Hx/2, 0). y = Hxy/2,

A —> A+ Vy=(0,Hx,0) (gauge transformation).
This problem is reduced to the eigenvalue problem in the quantum mechanics.

Hy =FEy, (12.4)

*

A=p+(p, — L HY + 521, (12.5)
2m c
This Hamiltonian A commutes with p, and p..
[H,p,1=0 and [H,p.]=0 (12.6)

H

nk,.k.)=E,

nk,.k.), (12.7)
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and

or

Py|nak, e ) =hk | nk, k), pulnik, k) =Rk |nk, k),

<x,y,z|f9y‘n,ky,kz> = hky<x,y,z‘n,ky,kz> ,

<x,y,z|f92‘n,ky,kz> = hkz<x,y,z‘n,ky,kz> ,

?%<y‘n,ky,kz> = 1k, (y|n.k,.k.).

E£<x,yaz‘n,ky,kz> = hkz<x,y.z‘n,ky,kz> <X,y,2‘n,ky,kz> ~ ok

<y‘n,ky,kz>zeik}y

Schrodinger equation for w(x, y,z) = <x,y,z‘n,ky,kz> ,

1

2

h
i

0
Ox

=) +(75

ho g

w(x,,2) =" g (x),

x:—, with g = 1/ 1[

So =

-B

chk

Yy _—

+— Hx)’ +(E.
C 1

ch

Wl

=0,k

ye

We assume the periodic boundary condition along the y axis.

or

or

w(x,y+L,z)=y(x,y,z2),

100

0
a_)z]W(xayaZ) = EW(xayaZ) 5
Y

(12.8)

(12.9)

(12.10)

(12.11)

(12.12)

(12.13)

(12.14)

(12.15)

(12.16)

(12.17)



2 :
k, = L—ﬁny (ny: integers).

y
Then we have

c

3"($)=1(5 —6,)" + = (=2m"E + 1*k.")]d(5) .

q |hH

We put

27 2
E=ho, (n +1)+ f kz* .
2 2m

where n =0, 1, 2, 3, ... (Landau level),

or

2n'E =1k + 2m'hw, (n+ %) _nk 4

or

E:h—1k2+—|q|*hH !

m n+—).
2m mc ( 2)

Finally we get a differential equation for ¢(s)

#"(c)+[2n+1-(c—5,)’1¢(s) =0.

The solution of this differential equation is

(5-50)’

8,(5)=Wz2'm) e 2 H,(c—g),

with
ch
S T
0, = <
q H
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M(I’l +l)’

C

2

(12.18)

(12.19)

(12.20)

(12.21)

(12.22)

(12.23)

(12.24)

(12.25)

(12.26)



Xo :&:€H§o :_gsz

i , (12.27)
The coordinate xo is the center of orbits. Suppose that the size of the system along the x
axis is Lx. The coordinate xo should satisfy the condition, 0<xo<Lx. Since the energy of
the system is independent of xo, this state is degenerate.

0<x, =g—[; =6 =—L, 'k, <L, (12.28)
or
2 27, >
0k, ="=0,’n <L, (12.29)
y
or
b (12.30)
n . .
Y2 al?
2 2 " Hh 2 " Hh
. *kf+—|q| A=t =ch+|q| sy 23
2m&° 2m mc 2" 2m mc 2
gl H
iz—kzz :_|q| (n+l):_4”H (n +1)_ (12.32)
& ch AR ON 2
or
iz—kj =i(n+1), (12.33)
4 Ly 2
where
27hc
CI)o =] | 0
q
g 2=t _ Do (12.34)
qg|H 2=H

Then we have
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_ @, (Lz—kf}- (12.35)
arn+1/2)| £

((Ground state))

If k=0 and n = 0, this has its highest value at H=H H_, = 2‘1’02 . (12.36)
T
or
H,=x\2H,. (12.37)

This is the highest field at which superconductivity can nucleate in the interior of a large
sample in a decreasing external field.

11 2aH

&

(12.38)

12.2 Numerical calculation of wave finctions

((Mathematica Program-18))

Simple Harmonics wave function: plot of ¢n[¢]

In[31]:= Clear["Global *"]; conjugateRule = {Complex[re , im ] :» Complex[re, -im]};
Unprotect[SuperStar]; SuperStar /: exp * := exp /. conjugateRule;
Protect[SuperStar];

(£-20)2

Win , £, £0 ] := 2772 g7l/4 (5y)-1/2 Exp[—
2

] HermiteH[n, & - {0]
In[34:= ptl = Plot[Evaluate[Table[¢ [0, &, £0], {£0, -2, 2, 0.4}]1, {&, -4, 4},
PlotLabel » {0}, PlotPoints -» 100, PlotRange -» All,
PlotStyle -» Table[ {Thick, Hue[0.1i]}, {i, 0, 10}], Background - LightGray] ;
pt2 = Plot[Evaluate[Table[¥[1, £, £0], {£0, -2, 2, 0.4}]11, {¢&, -4, 4},
PlotLabel » {1}, PlotPoints -» 100, PlotRange -» All,
PlotStyle -» Table[ {Thick, Hue[0.1 i]}, {i, 0, 10}], Background - LightGray] ;
pt3 = Plot[Evaluate[Table[¥[2, £, £0], {£O, -2, 2, 0.4}]1]1, {¢&, -6, 6},
PlotLabel » {2}, PlotPoints -» 100, PlotRange -» All,
PlotStyle -» Table[ {Thick, Hue[0.1i]}, {i, 0, 10}], Background - LightGray] ;

(a) n =0 (even parity)
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Fig.33. Plot of the wave function with the quantum number (a) n = 0 (an even
parity), (b) n =1 (an odd parity), and (c) n =2 (even parity) centered around

= (o, as a function of £ The position ¢ is changed as aparameter between
-2 and 2.

13. Nucleation at surfaces: H;
13.1 Theory

5= -¢,) +é,f(—§+ k4., (13.1)

and the boundary condition: Jg» = 0 at the boundary ({'= 0).
dg(c)/dsc =0 at {=0. (13.2)

For x,=/,¢,>> ¢, the harmonic oscillator function is nearly zero at = 0 and the

boundary condition is satisfied.

The problem is reduced to a model with a 1D parabolic potential well, where x is a
constant corresponding to the center of orbit. Let us now consider a double well consisting
of two equal parabolic well lying symmetrically to the plane {'= 0: the wave function is
either an even or an odd function). The corresponding wave function should be an even
function since d@(s)/ds =0 at {= 0. The ground level of a particle in the double well is
below that in the single wall. The eigenvalue associated with the double well potential is
smaller than the eigenvalues associated with the potential (¢ —¢,)*.

8" (5)=1(s —6,)" + g)Ip(s)- (13.3)
9'(c)=0 at{=0. (13.3)
where
g, = é,f(—?ﬂ«j). (13.4)
When k, = 0,
go=—i%2=—(2n+l), (13.5)

((Mathematica Program-19))
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Clear["Global #"]; f1 = (x-1)2;

£2[x ] := (x-1)2/; x>0

£2[x ] 1= (x+1)?/; x<0

Plot[{f1l, £2[x]}, {x, -2, 2},
PlotStyle » {{Thick, Hue[0]}, {Hue[0.7], Thick}},
PlotRange -» {{-2, 2}, {0, 2}}, AxesLabel » {"Z/E&o", "V (&))"},
Background -» LightGray]

V)

A T TR ) <
Fig.34 The harmonic potential (denoted by red line) and the symmetrical potential
(denoted by dark blue line).
From the book of Eugene Merzbacher,'® we have
P"()+[2v+1-(5-6))"1p(5) =0. (13.6)
We put
z=+2(s-¢5,). (13.7)
where ¢, > 0. Then the differential equation can be rewritten as
¢"(z)+(v+%—%2)¢)(z):0, (13.8)

where v is generally not an integer.
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The boundary condition:

(1) p(z=0)=0.

(2) ¢'(z=-2¢,)=0. (13.9)
The solution of this differential equation is

z T(-1/2)
V2T (-v/2)

rA2) o

D, (z)=2""¢€" [ml |

v 3
) 11( E

zlz_
2°2°2

where F, is the confluent hypergeometric (or Kummer) function. For even ¢(z) the
boundary condition is given by

D, (z=—/2¢,)=0. (13.11)

Imagine the potential well about = ¢y to be extended by a mirror image outside the
surface. Lowest eigenfunction of a symmetric potential is itself symmetric; ¢'(g)=0 at

the surface.

(1) gy >
Wave function ¢(z) will be localized around = ¢o, and nearly zero at the surface.
Therefore the boundary condition will automatically be satisfied.

(ii) ¢, > 0.
The function still satisfies the boundary condition and Eq.(13.8).

13.2 Numerical solution by Mathematica

((Mathematica Program-20))
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Nucleationof surface superconductivity
¥lz] =

2
z

2v/2 Exp[—— ]
4

Gamma[l/ 2] v 1 z2
T Hypergeometrichl[—— T ] +
Gamma[—;V 2 2

z Gamma[-1/2]
Vi cama]3]

eql = ¢ '[z] // Simplify;

1-v 3 22
/_/_];

HypergeometriclFl [
2 2 2

pll = ContourPlot[Evaluate[eql =0/.z--V2 r0, {£0, 0, 3}, {v, -0.3, o.1}],
PlotPoints -» 50, ContourStyle » {Red, Thick}, Background - LightGray,
AspectRatio » 1, AxesLabel -» {"Z0", "v"}] ;

0.1
0.0
—0.1r
021
=03} ) ) ) ) ) B
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Fig.35 Plot of v as a function of &, satisfying the condition. D,'(z = —\/Ego) =0.

v=0 at o = 0, corresponding to the ground-state wave function for the
simple harmonic potential.
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—0.20480

—0.20485 -

—0.20490 -

—0.20495 -

0.75 0.76 0.77 0.78 0.79 0.80

Fig.36 Detail of Fig.38. The plot of v as a function of ¢y around o = 0.768 (v=v
=-0.20494), satisfying the conditionD,'(z = —\/Ego) =0.

L 0
/
-1+ ) ) ) ) ) )
0 1 2 3 4 5
Fig.37 Plot of v as a function of &, satisfying the condition. D,'(z = —ﬁgo) =0.

v=2and v=4 at {, =0, corresponding to v for the wave function (n =2
and n = 4). The solid line denotes the curve given by .v = (.go2 -1)/2.
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Fig.38 The plot of the ground state wave function with ¢, =0.768 and v = -
0.20494.

Fig.39 Overview of Fig.41 for the same wave function with ¢, =0.768, v = -
0.20494
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It is clear by inspection that this new surface eigenfunction must have a lower
eigenfunction that the interior ones, because it arises from a potential curve that is lower
and broader than the simple parabora about ¢ =g, .

The exact solution shows that this eigenvalue is lower by a factor of 0.59.

H =2 16051 | —1.695(+/2xH ). (13.12)
0.59
2 H
E:h—*—ha) v+ ) ‘q‘ — (v +—) (13.13)
2m E?
When v=n=0,
2 hH
L = G (13.14)
2m & 2m ¢
or
H, =—th =—®°2 (13.15)
ql§” 278
where
o, = 2"
q
((Surface superconductivity))
When v=-0.20494, & = 0.768,
2 q'|hH q |hH .
— = (~0.20494 + 0.5) = =—20.29506 (13.16)
2m & mc
or
| C‘h = (0.29506x 2)H ., = 0.5901H , (13.17)
q|&
or
ch
———=H_,=0.5901H ,, (13.18)
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or

H,,=1.695H.,. (13.19)

13.3 Variational method by Kittel
We assume a trial function given by

w(x,y)=e"" exp(-ax?), (13.20)

The parameter a and ky are determined variationally so as to minimize the Gibbs free
energy per unit area

N 2
1 7l
g =/, +aul ++= Ay + ==V -L Ay (13.21)
2 2m | i c
or
oo 1. 2z [
2
~ f [ +|EV A ], 13.22
g~ Jy+ ol i w| G o, w1 (13.22)
with A = (0, Hx,0).
k ®
=-2". 13.23
0 27H ( )
We now calculate
e 1. 2z [
AG =— (= +|cV +ZZ Ayl 1dx. 13.24
2m .([[ éx:2|l//| (i D, W ] ( )
After the calculation of AG, we put
a=— (13.25)
28 :

Jz

- 207 (~4H [-47"x, &% + 7 (2x, E2 + EH]+ D7}

AG =

We take a derivative of AG with respect to xo.
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OAG _4H’ 7 (N7x, - &)é

ox, D,
We have
X, = % (13.26)
Do |7 _ | 6s580mH . (13.27)

H.=
S 2\ -2

((Mathematica Program-21))
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Kittel' s method for the surface superconductivity: Variational method

Clear["Global "] ;

conjugateRule = {Complex[re , im ] :» Complex[re, -im]};
Unprotect[SuperStar]; SuperStar /: exp * := exp /. conjugateRule;
Protect[SuperStar] ;

1 1 2
X = (— D[#, x] &);ny:: (— D[#, y]+—Hx#&);
i i 80

Y[x , v ] := Exp[—a x2] Exp[iky v]; K1l = nx[¢[x, y]] // Simplify;
K2 =ny [¢¥[x, y]] // Simplify;

1 -2t Hx0
K3=-— y[x, yI* ¥[x, y] + (KLKL* +k2K2") /. {ky > %%
o2 80

Simplify;

Gl

o 1
J K3dx; G2 = Simplify[Gl, a>0];G3=G2 /. a —>—2 // Simplify;
0 2¢

G4 = Simplify[G3, £ > 0]; G5 =D[G4, x0] // Simplify;

3
G6=G4 /. x0»>—— // Simplify
7

Vo (4 "% (-2 + ) 7T§4—®O2)
4 £ 30°

Solve[G6 == 0, H] // Simplify

&0 &0

{r-- o b {Ho > H
2N (=2+m) & 2N (=2 +m) 1 &

/ 7
— // N
T-2

1.6589

14.  Abrikosov vortex states'*
14.1 Theory

(1) All y, are orthogonal because of the different ¢ factor.

(2) Each of these solutions is equally valid exactly at H = Hc> and all give the same
ch.

3) ,6’|1//|4 term is not longer negligible. We expect a crystalline array of vortices to have

lower energy than a random one.
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with

where

i (g G (x=x. )
v, (x,0) =D C, " exp[-——— ] Zc Y exp[—————1,
ko 21,
(14.1)
g 2 Ch (DO 2
x=2 = : 1 =rr—= =£2, 14.2
7 HS Ty g (14.2)
2 2 22727’1
X =lise o =lik,, x =k =1 m=1, — (14.3)
ky:z—”n kn (14.4)
b
2
K=" 14.5
; (14.5)
ikny (x — lekn)z
v, (x,y) =Y C, " exp[-~——L4—], (14.6)
il 21,
x—1, nk
()= C, expl- (2—)+ inky]. (14.7)
n H

Here we assume that C, is independent of n. We define the period in the x direction.

2z

a=1k= , L’ (14.9)
w,(x,y) = CZexp[ (x=nay’ 5 ) +inky], (14.10)
WL(x+a,y)=CZexp[ thmky] (14.11)

y, (x+a,y)=Ce"™ ) exp[- 211 S(x—(n—=Da) +i(n-Dkyl=e“y,(x,y),
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(14.12)

2 .
(x—na) +27nny].

v, (x,y)=C) exp[-——— (14.13)
p 21, b
((Mathematica Program 22)) Square vortex lattice
Clear["Global %"]; rulel={a-»1, b>1, LH-» 0.40};
(x-na)? 2riny
fm ] :=Sum[Exp[— + ], {n, -m, m}] /.
2 LE? b
rulel
ContourPlot[
Evaluate[Table[Abs[f[ZOO] ]2 =a, {a, 0,1, 0.05}] ] ’
{x, -1.5, 1.5}, {y, -1.5, 1.5}, AspectRatio-~» 1,
ContourStyle » Table[{Hue[0.05i], Thick}, {i, 0, 20}],
PlotPoints -» 100]
-0.5r
-1.0r
—-1.5¢
Fig.40 The spatial configuration of |1//|2 near H = H, for a square vortex lattice. a

=1.b=1.u=04

This is a general solution to the linearized GL equation at H = Hc, periodic by construction.
The form of condition chosen by Abrikosov is given by (see also the paper by Kleiner et

al.)!’
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(x=x,)’

Vi(ny) = DG expl =t inky] (14.14)
n H
C., =C, (v=integer), (14.15)
(x+x, — xn)2 .
y (x+x,,9)=>.C, exp[—T+ inky], (14.16)
n H

or
2
v, (x+x,,y)= eM‘yZCnfve’A(”fv)ky exp[—%] ="y, (x, ),
n—v H
(14.17)
!
Fig.41 Rectangular vortex lattice
Each unit cell of the periodic array carriers v quanta of flux.
Hep=v 0 27 _ g (4.18)
2 k
2 (DO
= 4.19
T 2aH ( )
Lyl o @ (4.20)
2 2akH '
1 1
—=— (4.21
52 €H2 )
Triangular lattice:
c.,=C, C=iC,=iC (4.22)
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@) =CL S expl- 211 _(x—1,*nk)? +inky]

n=even H

(4.23)

+i Y exp[- ! (x—1,°nk)* +inky]

n=odd 2IH :
where k =27/b. We define the period in the x direction

a=21 k=%

; (14.25)

We note that b =+/3a for a triangular lattice.

F 3

Fig.42 Triangular vortex lattice, where red circles denote the centers of vortices.

@) =CL S expl- 211 _(x— 1, nk)? + inky] +

n=even H

IS explo— (x— 1, (n+ 1k)? +i(n+ Dhy]

2
n=even 211_1

(14.26)

or
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1 2 2 .
wi(xy)=C ), {eXp[—?(x—lH nk)" +inky]

n=even

+iexp[—

~(x =1, (n+Dk)* +i(n +Dkyl}

H

m(ac,y):cngm{exp[—zl} -2 4 inky]
+ieXp[—2lLZ =D iy
v, 2na .,
+iexpl- 211 (x- ‘2”;1)“)2 +i2n+ Diyl}

Vs (1,9) =C exp(i2nky) {expl——— (x - na)’]
" 2Ly (14.27)

(x—(n+1/2)a)* ]}

1
+iexp(iky) exp[—
p(iky) exp[ 52

H

or
7 (x—na)’]

2y (14.28)
s(x—(n+ 1/2)a)* 1}

w,(x,y)= CZeXp( ) fex xpl-

+ iexp(%) exp[— 5

H

((Mathematica Program 23)) Triangular vortex lattice

Clear["Global *"]; rulel = {a—> 1, b»>V3, LH> 0.31};
f[m ] :=

dniny (x-na)?

2niy (x'(n"i)a) ] ’

Sun [Bxp ] |exe[- |+ s w2 ] mep] -

2 LH? 2 L.H?

{n, -m, m}] /. rulel

ContourPlot[Evaluate[Table[Abs[f[200]]2 =a, {a, 0,2, 0.1}]], {x, -1.5, 1.5},
{yv, -1.5, 1.5}, AspectRatio-> 1,
ContourStyle -» Table[{Hue[0.05i], Thick}, {i, 0, 20}], PlotPoints -» 100]
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Fig.43 The spatial configuration of |1//|2 near H = H., for a triangular vortex . a =

1, b=+/3,and Iy = 0.31.

14.2  Structure of the vortex phase near H = H.,
We start with the following equation. This equation was derived previously.

2
L 1=0, (14.29)

L
Jardaly. [+ p] + 5 |GV =T-Aw,

where y, is a linear combination of the solutions of the linearized GL equation
A=A +A,.

Ao 1s the vector potential which would exist in the presence of the field He.
Ginzburg-Landau equation for y, is given by

. 2
av, +L{ﬁ_v—q—AoJ v, =0, (14.30)
2m \ i c
and
*h q*2!// |2
Jqu_*.[l//Lvl//L_!//Lvl//L]_ *L A, (14.31)
2m i mec
or
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* * *

'q

J, = 2 "V, - hqc Aw)-w, (Y, + LA, (14.32)
or
A e NI} (1433)

Ju is the current associated with the unperturbed solution. Denoting quantities of the form

1 :
;I by a bar (V is a volume),

2

=0. (14.34)

R A — (— —%A)V/L

Expanding Eq.(14.34) to the first order in A1, we obtain

2
aly.[ +Bw,| to (—V——A Wi AT, =0. (14.35)
((Note))
RN . 2 2
( V__(A +ADY, *(_v_q_Ao)'//L +_A1'JL:q_*A12WL*WL
2m’ i c c 2m
(14.357)
If the right term is negligibly small, we get
h * 2 1 h % 2 1
Ev-L (A, +A )y, | ———|EV-L Ay, =——A,-J,.
2m | i c m | i c c

((Mathematica Program 24))
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Proof
Clear["Global %"]; << "VariationalMethods ";
Needs["VectorAnalysis "];

A0 = {AO1[x, y, z], AO2[x, y, z], AO3[x, vy, 2]}’
Al = {All([x, y, z], Al2[x, y, z], Al3[x, vy, z]};
eq1 =

1 h q

— [— Grad[y([x, y, z]]-— (R0+Al) ¥[x, v, z]).
2m \1 c

h
(— - Grad[yc[x, vy, z]] —g (AO + Al) yc[x, vy, z]) // Expand;
i c

eq2 =

1 (ha q
— (— Grad[y¥[x, y, z]] -— A0 ¥[x, vy, z]).
2m \1 c

h
(— - Grad[yc[x, y, z]] —g A0 yc[x, vy, z]] // Expand;
i c

eql2 = eql -eq2 // Simplify;
Current density

Jeql =

q2
(—_ !II[X, Y, Z] %lfc[xr N Z] AQ +
mcC

qh

(Yc[x, y, z] Grad[¥[x, vy, 2]] -
12m

Y[x, y, z] Grad[yc[x, y, 2]])| // Simplify;

1
seq2 = -— Jeql.Al // Simplify;
c

eql2 - seq2 // Simplify
q2 (All[x, v, z]2+A12[X, Yy z]2+A13[x, Yy 2]2) Vix, y, z] ¥c[x, v, z]

2c2m

((Note))
If one multiplies the linearized GL equation by 1//L* and integrates over all the volume by
parts, one obtain the identity
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. 2
2 1 * h
[laly,[ +=—v, (—.V—q—Aoj v, 1dr =0 (14.36)
2m i c
or
Lng o 2
[tafy.[ + *(—.V—q—AoJm Jdr =0 (14.37)
2m |\ i c
or
1 |he 4 ’
2
oy, [+ (V=LA =0. (14.38)
2m | i c
Then we obtain
A
Pl A3, =0, (14.39)
1 qh * iq’ . g
=AY =y, Vy,———A) v, (Vy, +——A))].  (14.40)
c 2m ci hc hc
Note that
VxB(“):4—7[JL, B" =VxA,, (14.41)
c
1 1 () 1 o ()
——A - J, =—A, - VxBY=———[B" - (VxA))-V-(A, xB"Y)],
c 4 4
(14.42)
or
1 I o g, | ()
-—A,-J,=—BY B +—V.(A xB"Y)]. (14.43)
c 4r 4
We use the formula of vector analysis
V-(A,xB®)=BY . (VxA) —A,-VxBY (14.44)

We note that
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.[V (A, xBY).dr = .[(Al xB“)-da (Stokes theorem).

This value becomes zero on the boundary surface of the system. Then we have

— a4 1
;B|‘//L|4 - 4

—BY.B" =0.
T

What are the expressions for B and B* ?
BY=H-H_,+B",

where B" gives the effect of the supercurrent.
We introduce the canonical operator,

We introduce the raising (creation) and lowering (destruction) operators.

O =01 +ifl,, (1=, il
FL T 7= 211 1 1= 297
[ ) +]_ l[ X9 y]__ TBZ'

The linearized GL equation can be described by
ferLl// ;=0.

((Note))

. 2
ay, + 1*(E.V_q_Aoj v, =0,
2m

Since
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(14.45)

(14.46)

(14.47)

(14.48)

(14.49)

(14.50)

(14.51)

(14.52)

(14.53)



I +110 =111, +—B_, (14.54)
C
mere-nn - g, (14.55)
C
we have
" iy, +— M g vomay, -0, (14.56)
2m 2m c
with
* 2 *
L ‘q*‘ (B. - ’"C*“|)_ (14.57)
2mc 2mc hlg
We also note that
2m’cla
mc' [ fhz =Py, (14.58)
hlq q & 278
1 o~ hlg’
— My, +——(B.-H,y,=0. (14.59)
2m 2m ¢

When B, -H_, =0,

11y, =0. (14.60)

The ground state has the property

Iy, =0. (14.61)
or
ho L ho ’
My, =LAy i e L p My ) =0, (14.62)
i Ox ¢ i 0y ¢
or
_inVe 4 gy OV Ay ). (14.63)
ox ¢ oy c

125



The substitution of v, = |WL|ei9 into the above equation leads to

q* [+ A lhl%l 5 |aV;L| +y | 'a';’jj' 0.
The real part of Eq.(14.64) is e
qu‘t//L|—ha|gf|+h| |aaf 0, (14.65)
or
IWLI(gf @ A7) = |WL|. (14.66)
The imaginary part of Eq.(14.64) is
A0y| |- |'”L| —Hly L| (14.67)
or
vl -2, 7 gp)=- 6"“' (14.68)
Then the current density is given by
\2 90 _4q A )— L\a‘gf‘ g}: a‘gyL‘z, (14.69)
*I TG, ! q any=-Lhy, Al _dndnl (14.70)

ox 2m°  Ox

. . 2
We see that the current lines are the lines of constant (|WL|2 =const). We note that V|1//L|

is perpendicular to the lines of constant (|WL|2 =const).

5 .
V|WL|2 :exa|l//L|2+e |WL| __%(J@ —Lpe) (14.71)

and
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Since
e, e, e
VB :47zJ o & o (GBS 0B,
Be ox oy Oz oy Ox
0 0 B
we have
g'n .| 4 _ 0B,
2m" 9y ¢ - oy
_an [ ar 0B
2m" ox ¢ ox
or
27 h
Bs: 72? |l//L|2
mc
or
| I AT
T e Vil = Py
where
1, Y.
WED
: 27lq |h
2m C;a|=H62. and ch ﬁ‘q‘ |a|
hlg 2K m'cf

2 2m’
JLV|WL| :_H(JLxex—i_L ey) ( Ly X LLxey):_

Bl :H_Hc2+Bs’

,3|!//L|— —B,[H-H,+B]=0,

1
v f] ——(H-H_,)B +B’=0.
47
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2m
hgh

(.

X

Iy

y

LLxLLy) 0.

(14.72)

(14.73)

(14.74)

(14.75)

(14.76)

(14.77)

(14.78)

(14.79)

(14.80)

(14.81)



Since

H
B, =——2|f,", (14.82)
2K
we have
P H, 2 H, &
——J|—-(H-H €2 + c2 :0, 14.83
P ML = H) TS+ A (14.83)
or
a2 1 H 1 =2 1 17
+— -1)— - =0, 14.84
e o i (14.84)
or
1 H [ 2
8Lyt —(1- =0. 14.85
( e Sl = HCZ)IfLI (14.85)
Noting that
s g aglel el e H, _ 1
8Py, =8k f—5=4n—2k" =H 2x°, and &=,
B B H,, V2
(14.86)
we get the final form
1 4 H [ 2
(=] —a=——)[ =0. (14.87)

c2

The quantities | fL|2 and | fL|4 may be calculated, depending on the vortex lattice symmetry

and the lattice spacing. It turns out that near He, the ratio

B, _ Al (14.88)

(1nF)

is independent of H. Then the above equation can be rewritten by
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-

fif =—2— (14.89)

ﬂA(l_?)
and
o
] = ﬂA[Ilezj =~ (14.90)
B.(1-—)
2K

((Note)) Here we follow the discussion given by Tinkham. We assume that
wl=clf.| (14.91)

where c1 ia an adjustable parameter. Then the free energy is expressed by

L2 1 21 4
=) =all + vl =ac’|fi] +- 5el1] (14.92)
Minimizing this with respect to c¢1?, we find that
2
¢l = —ﬁ@ (14.93)
avl
Then the minimum free energy is given by
i)
2 | |/ 2 2
a [ L j a1 H=~ 1
fi—Iy)=—rm—= = (14.94)

IffL is constant, Sa = 1. If fL is not constant, Sa is larger than 1. The more S increases, the
less favorable is the energy. It is found that fa = 1.18 for the square lattice and fa = 1.16
for the triangular lattice. The latter case is slightly more stable.

14.3 Magnetic properties near H = H,'
We consider the magnetic properties near H = Hc based on the discussion given in the
previous section.

(a) The magnetic induction B.ltis given by
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E:H+E:H—H—c P = 2 (14.,95)
‘ 2K
or
B=H- 12 ool _ ch_zH : (14.96)
2K 1 B2k 1)
ﬁA(l_iz
2K
Note that B=H at H = Ho,
(b) The magnetization M . It is described by
—4;;M:H—§:M. (14.97)
B2k =1)

The magnetization M is negative as expected (since superconductors are diamagnetic) for
H<Hc. It vanishes at H = Hc. The transition at H = He is of second order.

() The deviation (AB) B —

B B and B’ — B are expressed as follows.

HH

: (14.98)

fL|2)2 =H’- |fL

— H
B* =(H - —<
( 2k?

—2 H, HH, 7 H, (7Y
B =(H-CS|f [y =t == 2 f [+ 4 [Ilezj- (14.99)

Then the deviation AB is calculated as

(AB)=\B*-B" = \/ﬁ)(m j (14.100)

or

(AB) =B —1——S5—— (14.101)
ﬁA(2
(d) The Helmholtz free energy F'is given by
1 1. ¢ [
F=Fy+[diayl +- Byl +—|cV-LAy| +—B’],  (14.102)
2 2m | i c T
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or

F= S +—B?
v YAl g
~ 1 4 4 1 2 1 2 .4 1 2
F=— +—B ' =——H +—B",
S P A < o e £ <
Here we also note that
— H, 2 H 1
B-Hg=H-H, -3 8l =Hil-0-7)-55l0.
Since
1 2 H
1-——— =1-
ﬁA( 2]('2 )|fL| ch
we have
— H 2
B-H,=-—%[1+4,2x* -D]f]
2K
or

[Eff 4 (B, |

TH N+ 5,2k -]

Using this relation, we obtain the expression

87 2K>

Z]K [WJZ(—ﬂ H+2)],

- L[Z_gz _
81
or

ol (Bon.f
8

1+ 8,2x° -1)

Using this relation, we have
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(14.104)

(14.105)

(14.106)

(14.107)

(14.108)

(14.109

(14.110)



— J— 2 — D
A Hc;) _LaCr DBYH, _ g (14.111)
0B 1+ 8,2k -1) 14,2k -1)
since
B,2xk*~DB+H_, =[1+,2x* -1)]H (14.112)
So we can verify the thermodynamic relation as expected.
(e) The Gibbs free energy G
The Gibbs free energy G is related to the Helmholtz free energy F by
G-F-Hp_Llp_ (B_Hfg -3 (14.113)
Arx 8 1+ 4,2x" -1 4rn
Using the relation
E:H—M, (14.114)
B, (2" 1)
we find that
2
Goo (W =Ho) | gy (14.115)

87 B,2x—1)

It is clear that the lower the value of fa, the lower the value of G . Thus the triangular
lattice is more stable than the square lattice.

14.4 The wall energy at x =1/+/2.!

We show that the wall energy in a type I superconductor vanishes for x =1/ J2 . We
consider the 2D GL equation, where the magnetic field is directed along the z axis.

%(ﬁi+ﬁi)ﬂ+aw+ﬁ|l/f|2y/:0, (14.116)
m
where
5 |9 _4 4 |= Ax—q_Ax ,f[y: ho g 4, |= “y_q_Ay ,
iox c c ioy c c

(14.117)
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I, =11, +ill,, I1_ =11, —iII,.
We note that
[[1_,I1,]==24I1,,11 ],

or

* * *

[ﬁx,ﬁy]=[ﬁx—%Aﬂﬁy —%Ay]=—%[ﬁx,Ayh%[ﬁy,Ay].

For any arbitrary function f, we have,

[fax,Ay]f{ﬁﬁ Ay}f{ﬁ.aiélyjf—[

R ’
i Ox i Ox

o hoA . hE _noA,

)/
=—A4 —+
i “ox i ox Vi ox

Similarly, we have

04
xf'

i
WRTEL
[p,,4.1f P o

Then we get the relation

Ayﬁijf

i Ox

i ox

R R * aA . *
=L Ay g
g ci Ox 0y c
where
L oA, o4,
oox oy

Using this commutation relation, we get

[f[f,f[+]:2i[flx,f[y]:—2q—h82
C
Since
I1.IT, =(I1, —il1 (I, +iT1,) == [12 + 112 +[I1_, 11
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(14.118)

(14.119)

(14.120)

(14.121)

(14.122)

(14.123)

(14.124)

(14.125)



we get

2+ 112 =111, e g (14.126)
C

Then the GL equation can be rewritten as

*Hff[+w+hL*le//+at// +,8|1//|21// =0. (14.127)
2m 2m ¢

We now look for the solution such that IT,y =0.

=20 4 4, (R0 4 41,0, (14.128)
iox ¢ ioy c¢ 7
or
oy oy q .
———i—="—(A4.+i4 . 14.129
o L Ch(x i4, )y ( )

When fI+W =0, the GL eq. reduces to

*

;’q B.+a+ful =0. (14.130)

*
mc

Note that the current density is given by

*

3= Ly GV =LAy (v =LAy ] (14.131)
2m i c I c

Then we have

oB. OB 21’ 1 4 Lo 4 oy
VxB=| =, —= 0| = VL Ay rp (v -L Ay,
i ch l ch

oy’ ox m'c
(14.132)
or
0B. 2ahg’. .10 ¢ 10 q ,\ »
o5, _ s ST Yy ywrw (2L y , 14.133
o v Co AWy A ] ( )
and
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OB, 2ahq . .10 q 10
— _Z:—* ____A + —
o me v (iay ch MWV i Oy

q .
=—A4
ch 2

Then we have

OB. _0B. 2nhq .0
S (A

oy ox oy ox ox oy

or

Oy, oy oy
o lax) w( o . )15

OB. .OB. 2mhg . .0
4 —i z *q [_W ( W
oy ox c

This relation must agree with the relation given by
Using the relation (14.130), we have

*

oB. 0B o 2m'c ) o 2m'c .
L j—f=—— —(a+ +i—[—(a+ ,
o rw ay[hq (a+ By y)l lax[hq (a+ By y)]
or
hq (0B, OB . 0 0 O + .0
; Loj—= |+ —w—i—y)+ py(=—y —-i—y)]=0,
2mc(6y laxj By (ayw laxw) ﬁw(ayw zaxw)]

From the comparison between Eqs.(14.137) and (14.138), we find that

%2

hzq

Y3
C m

p=r

%2 "

Since «is defined by

A _emp
¢ \/th* ’

we obtain

*

nla] 1

S Ay

((Note))
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(14.134)

.0 oy v . 2q . *
Sy =) =Sl A v id ),

(14.135)

(14.136)

(14.137)

(14.138)

(14.139)

(14.140)

(14.141)



2mc

e

B. =—%<a+ﬁ|w|2> ‘ ‘< o]+ Aly[) = 228 s

or

where

and

One can estimate the surface energy given by

3 1 4 1
y= j (= B[+ (B. = H)'].

In our case,
B, =~2kH - ﬂh‘q ‘
m'e
with
2
pone L
m ¢

Then the integrand of yis described by

87

c

This is equal to 0 when x =1/ V2, leading to y=0.
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(B.-H.) /3| = (\/_ ﬂh‘q*‘,(z 2 2 ”hz‘q‘ TR
mcH

(14.142)

(14.143)

(14.145)

(14.146)

(14.147)

(14.148)

(14.149)

(14.150)



15.  Conclusion
We show that the phenomena of the superconductivity can be well explained in terms
of the Ginzburg-Landau theory. The superconductors are classed into two types of

superconductors, type I and type-II. The GL parameter x has a limiting value x =1/ J2
separating superconductors with positive surface energy ( x <1/ V2 ) (type-I

superconductors) from those with negative surface energy at large x >1/ J2 (type-11
superconductors. The instability noticed by Ginzburg and Landau allowed the magnetic
field to enter the superconductor without destroying it. This leads to the appearance of the
mixed phase (the Abrikosov phase), where superconducting and normal regions coexist.
The normal regions appear in the cores (of size &) of vortices binding individual magnetic
flux quanta ®¢ = hc/2e on the scale A, with the charge '2¢' appearing in @y a consequence
of the pairing mechanism; since A>E, the vortices repel and arrange in a stable lattice. In
his 1957 paper, Abrikosov derived the periodic vortex structure near the upper critical field
Hc. In 2003, Abrikosov and Ginzburg got the Nobel prize in physics for their "pioneering
contributions to the theory of superconductors.
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Appendix
A. Superconducting parameters

137



The definition of the parameters are given in the text.

H = 4ra’ '
\ B

Thermodynamic field

Order parameter

The parameters

Quantum fluxoid

Magnetic field penetration depth

Coherence length

Ginzburg-Landau parameter

Wooz :ns* :|a|/lB'
H’ H’
|a|: ~, B=—%.
47Z7’ZS 47ms
®, - 2727:10
q
* 2 * 2
A= | C*Z,B ’ P m*c .
4 | 4m  q
h 2m. h
§=—T—> iy
2m |a HNm

T o

A cm*\/ﬁ

Some relations between H., H.i, and He

Upper critical field (type II)

Lower critical field (type II)

b

q*

Ao 1
D, 2\/§7zHC’

%CDO =22t

o
V2H, = —,
¢ 2mAé

o
H,=—0
¢ 2xE?
Hclz Q)Oz ln(i):

At &
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K=————%7
2\/§7zhns q
K \/Eq* H,
2 ch
B 2\/572'2,2[‘16
o,
H, 1
HcZ 2K

c

2k

In(x).




Surface-sheath field H_=1.695H,.

A.2. Modified Bessel functions
The differential equation for the modified Bessel function is given by

2”

Y'4xy'—(x* +n*)y=0,

" 1 1 nz
y'H=y=(l+—7)y=0,
X X
The solution of this equation is
v=¢cl (x)+c,K (x),
where
I (x)=i"J (ix),
K, (x)= ””[J (ix)+iN,(x)] = ””H“)(zx)
Recursion formula:
n+1(x) Kn l(x)+ X K (x)
. n
K,/'(x)=-K, [(x)— ;Kn (x)
K'(x)=—K  ()+2K (x),
X
d n n
—[x'K, ()] =—x"K,_,(x)
dx
d -n —n
—[x 7K, (x)]=—x"K,, (%)
dx
The parameter yis the Euler-Mascheroni constant: y= 0.57721.

K,(x) =—1n(§)—y =—Inx+In2-y=—Inx+0.11593718

K, (x) :i

for x~0.
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((Mathematica program-25))

Clear["Global "%"];

pl = Plot[Evaluate[Table[BesselI[n, x], {n, 0, 5}]]1, {x, 0.1, 4},
PlotPoints -» 50, AxesLabel -» {"x", "BesselI[n,x]"},

PlotStyle -» Table[{Thick, Hue[0.1i]}, {i, 0, 5}], Background - LightGray,
Epilog » {Text[Style["n=0", Black, 12], {1.8, 2}],

Text[Style["n=1", Black, 12], {2.3, 2}],

Text[Style["n=2", Black, 12], {3, 2}],

Text[Style["n=3", Black, 12], {3.5, 2}1],

Text[Style["n=4", Black, 12], {3.5, 0.8}1,

Text[Style["n=5", Black, 12], {3.5, 0.2}1}1;

P2 = Plot[Evaluate[Table[BesselK[n, x], {n, 0, 1}1], {x, 0, 1.5},
PlotPoints -» 50, PlotStyle » Table[ {Thick, Hue[0.2i]}, {i, O, 5}],
Background - LightGray, AxesLabel - {"x", "BesselK[n,x]"},
Epilog » {Text[Style["n=0", Black, 12], {0.4, 0.8}],

Text[Style["n=1", Black, 12], {0.4, 3}1}1;

Bessell[nx]

Fig. Modified Bessel function /u(x) withn =0, 1, 2, 3, 4, and 5.
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Fig. Modified Bessel function Ky(x) with n =0 and 1.
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